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Abstract:  This paper introduces and investigates two new sequences, {Rslk)} and
{R;M ()}, which provide a distinct generalization of the Mersenne-Lucas numbers and
polynomials, respectively, where the index n is expressed in the form n = sk 4 r, with
0 < r < k. We derive several identities for these sequences in relation to the classical
Mersenne and Mersenne—Lucas numbers and polynomials. Furthermore, we examine
their algebraic properties and establish connections with existing sequences and poly-
nomial families. In addition, we obtain closed-form expressions, Cassini-type identities,
partial sums, recurrence relations, and various combinatorial identities associated with
these sequences.
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1. Introduction

The Mersenne sequence {M,,},>o is given [1, 11] by recurrence relation M, o =
3M,4+1 — 2M,, with initial values My = 0, M; = 1.

bers {R,},>0 are defined by the same recurrence relation but with the differ-
ent initial values Ry = 2, Ry = 3. The first few Mersenne-Lucas numbers are:
2, 3, 5,9, 17, 33, 65, 129, ....

The Mersenne-Lucas num-
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2 New generalizations and identities of Mersenne-Lucas numbers

In literature these numbers are termed as the Fermat numbers [21]. The Fermat num-
bers are special numbers that intrigued mathematicians for centuries. The Fermat
numbers named after the French mathematician Marin Fermat, who made significant
contributions to the study of prime numbers. These numbers have applications in cod-
ing theory, cryptography, prime number generation, and other areas of mathematics.
These numbers nowadays famous as "Mersenne-Lucas numbers’ which continues to be
an active area of research in mathematics.

The characteristic equation for the above sequence is 72 — 37 + 2 = 0 which have two
roots 71 = 2 and 75 = 1. So the Binet’s formula for the Mersenne and Mersenne-Lucas
numbers are given as

M,=2"-1 and R, =2"+1, (1.1)

and they are related as R, = M,, + 2 for all integers n > 0.
Using Binet form of Mersenne-Lucas numbers, the Cassini like identity for n > 1 is

R? — R, 1R, 1 =-2""1. (1.2)

In recent year, several papers appeared discussing the generalizations and new fam-
ilies of an existing sequence. A famous example is the Horadam sequence, which
generalizes almost all the second order homogeneous named sequences like Fibonacci,
Lucas, Mersenne, Balancing, Jacobsthal, Pell, etc. One different kind of generaliza-
tion of Fibonacci numbers was discussed by Mikkawy and Sogabe in [5]. Considering
[5] as reference many authors extended the work for other well-known sequences like
Fibonacci polynomials, Jacobsthal numbers, balancing numbers, Leonardo numbers,
etc. For instance, Catarino et al. [2] studied a new families of the Jacobsthal and
the Jacobsthal-Lucas numbers. Ozkan et al. discussed Gauss Fibonacci and Lucas
polynomials with an application in [13] while in [14] discussed d-Gaussian Fibonac-
ci/Lucas polynomials and associated matrices. Prasad et al. presented a new family
of the Leonardo numbers with Gaussian version in [20] while in [18] discussed about
new families of k-balancing and k-Lucas balancing numbers with polynomial version.
Recently, Kumari et al. [12] studied a new family of generalized k-Mersenne num-
bers (polynomials) and enumerated several identities. The generalized k-Mersenne
numbers {MT(Lk)} and k-Mersenne polynomials {M,(Lk) (z)} for n = sk + r are defined
as

Bl= (08 = AP (ST = A5TY™ where A\; =2 and Ay =1, (1.3)
M () = (A (2) = A3(2)* " (T (2) = A5 (@), (1.4)
where A1 (x) = (3z + V922 — 8)/2 and Ao(z) = (32 — V922 — 8)/2.

For our study, we consider the form n = sk + r similar to [12]. The motivation
behind considering the form sk + r, where 0 < r < k is its nature that breaks n
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with respect to modulo k& and simplifies the larger terms of the sequence in terms of
classic Mersenne-Lucas sequence. This form partition the number n into k distinct
arithmetic progressions. The motivation is to create a more flexible framework where
the standard Mersenne properties are preserved at every k-th step, while allowing
the internal behavior (controlled by r) to follow a modified rule. Algebraically, this
structure allows the definition of the generalized k-Mersenne-Lucas numbers R%k)
using a modified Binet formula for new families. This work is also related to [3],
where the authors studied the k-Mersenne-Lucas numbers. In both works, for k =1,
we get the Mersenne-Lucas numbers, but for k£ > 2, they give two different families.
In [11], the authors examined a generalized form of the Mersenne numbers defined
with arbitrary initial values. They further derived various algebraic properties of the
Mersenne-Lucas numbers and polynomials, which exhibit significant connections with
the present work. Furthermore, this sequence is a companion sequence to [12], similar
to how the Mersenne-Lucas sequence is a companion to the Mersenne sequence.

Motivated by the above works on Mersenne-type sequences and [5], this article ex-
tends the study of Mersenne-Lucas numbers and polynomials in a generalized form,
analogous to (1.3) and (1.4). In our case, we have initial conditions 2 and 3 (2 and
3x for polynomials), which are defined in the next sections.

Here we identify algebraic properties of proposed sequences of numbers (polynomials)
and show their connections with existing numbers and polynomials. Furthermore,
we give closed form formula, Cassini’s identity, partial sums, recurrence relations and
various combined combinatorial identities of these sequences. For recent developments
on Mersenne like sequences and their applications, one can see [4, 6, 7, 9, 10, 15—
17, 19, 23-25].

For Mersenne and Mersenne-Lucas numbers, consider the following lemma consisting
useful identities, which can be easily proved using Binet’s formula (1.1).

Lemma 1. Forn,m € N, we have

1. M, R, = Mos,.

4- R7n+n + R'mfn = 2m7nR2n + 2.
9. Mysn + Mu_n = 2™ Ropy — 2.

5. Rinin — R = 2™"" May,.
3. Mm+n - Mm—n - 2man2n'

The organization of this article is as follows: In Section 2, we define and study the
generalized k-Mersenne-Lucas numbers {R%k)} and present their properties. In Sec-
tion 3, we introduce the generalized k-Mersenne-Lucas polynomials {RSZ“ ) (2)} and
study its new families. Section 4 is devoted to the combined combinatorial identities
where we present numerous identities showing interrelation and recurrence relations
among Mersenne and Mersenne-Lucas polynomials.
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2. Generalized k-Mersenne-Lucas numbers
Definition 1. For k, n € N there is always unique s,r € NU {0} such that n = ks + 7,
0 < r < k. Using these parameters we define the generalized k-Mersenne-Lucas numbers
{RP} as

RE) = (rf + 7)) "(ri T + YT with R =28, (2.1)

Substituting 7, = 2 and 79 = 1 in the above formula, we can have a closed formula
for R%k) as follows

R®) — (25 4+ 1)*=7(25*1 +1)"; where n=ks+7r, 0<r <k

Using (1.1) and Definition 1, the generalized k-Mersenne-Lucas numbers and
Mersenne-Lucas numbers can be associated as

R¥ =RFT"RI,, n=ks+r (2.2)

Thus for different values of k, some identities showing connection between the gen-
eralized k-Mersenne-Lucas numbers and Mersenne-Lucas numbers are enumerated

below:
(2) _ p2
1. Ry, = R:. @ ,
@) 7. R38+2 = RSRS+1-
2. R2s+1 == R3R5+1.

8. R\Y = R,

5 R =3 —2r) )
9. Ryoy = R§R§+1-
4. RYY = R3. )
“ ) 10. R{YY,, = R2R2, .
5. Ry 1 = R{Rsy1. @ -
) @) @) 11. Ry 3 = RyRy 4.
6. Ryjy = 3Ry — 2Ry .

From Definition 1, we should note that if & = 1 then » = 0 and hence n = s, so
R%l) = Rs. Thus for £ = 1 the sequence R%k) gives the classic Mersenne-Lucas
numbers. Also from (2.2), forn =1, we have s=1, r=0ifk=1land s=0, r=1
3 if k=1
it k> 2, thus R =7 1
Ry'Ry =2F13 if k> 2.

Example 1. If n is of the form n = ks then r = 0 hence from (2.2)
R® = RET°RY,, = RE.

Example 2. Forn=3andk=2,wehaves=1andr =1, so R:(f) = RIR} =3x5=15.
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Remark 1. If k£ > n, then s = 0 and r = n, thus in this case
R = (23"

Thus, Definition 1 can be explicitly given as

28+ T2t 4 )7, n>k
R%’C){( 1P U nzk where n=ks+r, 0 <r <k.

gk—ngn, n <k,

The following lemma shows interrelations between the generalized k-Mersenne-Lucas
numbers and Mersenne-Lucas numbers:

Lemma 2. Fork,s € N, we have
1. RY) = RF = (2° + 1)*
2. R" =R, \RF.

3. R = RFIR.

Note that the notation R%k) does not mean a kth power of R, it represents the nth
generalized k-Mersenne-Lucas numbers and RF is the kth power of R,,.

Using the above relations, the first few values of generalized k-Mersenne-Lucas num-
bers {RS{“)} are given in Table 1:

RPlk=1k=2k=3k=4k=5k=6k=7k=28

RMl 2 4 8 16 32 64 128 256
rRP| 3 6 12 24 48 96 192 384
rRP| 5 9 18 36 72 144 288 576
R 9 15 27 54 108 216 432 864

R®| 17 25 45 81 162 324 648 1296
rRM| 33 45 75 135 243 486 972 1944
R 65 81 125 225 405 729 1458 2916
RM| 120 145 207 351 621 1134 2187 4374

Table 1. Generalized k-Mersenne-Lucas numbers RSZ“) for k=1to8and n=0to 7

The graph Figure 1 is added to visualize the exponential growth and the smooth
transition of the piecewise function Rg,k) across the different values of n and k.

Theorem 1. Fork,s € N, we have R,(:'S)H =3R\" — 2R .
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Graph of generalized k-Mersenne-Lucas numbers Rflk) with respect to k and n

Proof. The result follows from Lemma 2, i.e.

3RM —2r™ — 3Rk 2R,  RF!
= RF1(3R, — 2R,_)
— k
=R, 'Ry1 = Rl(cs)+1' =

Theorem 2. For k,s,m,n € N, we have the following relations:

LR, — RY = RSy — RY

s s
2. R

_ n+m-—2
2(n+m—1) R"+mR"+m72 =2 :

Proof. 1. Using (2.2), we have

RY .~ RY = [REIRY, ] — [REOR,,] = RE,, — R

S

2. Using 1 of Lemma 2 and (1.2), we obtain

2 ntrr—
R;(2L+m—1) - R”+mRn+m—2 = R(27L+m—1) - R"+mRn+m—2 = -2 2' 0

Theorem 3 (Cassini’s identity). For n,k > 2, we have

(k) (k) (k)
Rks+aRks+a—2 - (Rks+a— 1

)2_ 25TIRZ2 g =1
o ta# 1.
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Proof. 1If a # 1 then from (2.2), we substitute LHS as

k k k —a pa —a — —a —
R R~ (R, )% = (REORY)(REOF2RTY) — (REHI R
— RZ20F2[Re RY7 — (Ryyr)* ]

=0,
and if ¢ = 1, then
k k k _ _
RM L RP | — (RY)? = (RERy41)(Re1RETY) — (RY)?
= R§k72[Rs+1RS—1 - (RS)Q]

=2°"1R?*=2  (using (1.2)).

Theorem 4. For s,k € N, the following summation identities hold true.

1
1. E Rsk+a:( 29)(R§+1—R§)~
k 2 pk k+1
RF'Roypy — kR2R® | + (k — 1)R.R
(k) s +1 sdls41 s+1
2. E aRg’ = 92 .
a=0
k—1 k 1
(k)
= (2 2 2
3 a§_0j( . )Rsm (2 + 13 +2)

Proof. 1. From (2.2) we can write R(k)Jra = RFR? | = R¥(Rys11/Rs)®. Thus

ZRsk+a = Rk Z ( SH)

:Rk( s+1/R8) —1
S Ryei1/Rs—1
:RS(R’SH —R’S)
Rs+1 *Rs
3 (28+1
25

(using arithmetic sum)

) (R = RE).

2. Since

k k
Z aRi?_M Z aRf (Rs—‘rl/Rs)a 71R9+1 Z ( o+l )
a=0 a=0
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and we should note that

(1 — kx*=1 + (k — 1)z%)
Zam = e . (2.3)

So substituting * = Rsy1/Rs in (2.3), we can write

k

_ R, a—1 _ 1—k(Rsy1/Rs)F 1+ (k= 1)(Rop1/Rs)*
k—1 s+1 _ pk—1 s+1 s s+ s
R RS“;“( R, ) R RS“( (1= Ryp1/R.)? )

_ REIR, .y — kRE | + (k— 1)REFY/R,

(1 = Rs41/Rs)?
_ REY'Ryp — KRIRY, + (k— )RR
(R‘ Rs+1)2
k E+1 k k+1
RIT R, kR2RE | + (k—1)RsR
ZaRil,ila =— e 2;51 (b = )RRy 1 (using Equn. (1.1)).

3. Using relation (2.2) in LHS, we write

k—1 k—1
kE—1\ k—1 .
N (O FCIED Y G F e

a=0 a=0

Bl
RSZ< >Rk 1meRe,

a=0
= Ry(Ry + Roy1)" ' (using the Binomial theorem)
= (2°+1)(2° x 3+ 2)F L.

4. The argument is very similar to identity 3, i.e. using (2.2) in LHS, we write

k—1 k 1 k—1 E—
a - k a a
Z(il) < a )R.(sk)-‘ra = Z(il) ( a )Rk R9+1
a=0
k—1

-1
= R, (ka )Rf‘“(—RHl)a

a=0
= Ry(Rs — Ro41)" ! (using the Binomial theorem).
= (2° +1)(—2%)"L O

Theorem 5. For integers s, a, b and k > 1, we have
1. RY) = (2% + 1)k

2. (Rasv + Ra_p)" = (27" Rap + 2)".
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8. (Rayp — Ra_p)* = 280 Mk

4. Réi) _ Rﬁ) — 92a _92b | gatl _ b+l

Proof. 1. From Lemma 2 and Eqn. (1.1), we have Rggc = R, = (225 + 1)~
2. From 4 of Lemma 1, we have (Rqyp + Ra_p)* = (297° Ry + 2)F.
3. From 5 of Lemma 1, we have

(Ragp — Rap)® = (277" Myy)* = 250 g
4. From Lemma 1, we write

RY) — RS} = R? — R} = (Ry — Ry)(Ra + Ry)
= (2% —25)(2% 4 2° 4 2)
— 22(1 _ 2217 + 2a+1 _ 2b+1‘ D

3. Generalized Mersenne-Lucas polynomials and new families

The Mersenne polynomial {M,,(z)} are given by M,12(x) = 3xMy41(x) — 2M,(x)
with My = 0, Mj(z) = 1 which generalizes the Mersenne numbers . Similarly, a
generalizations of the Mersenne-Lucas numbers are the Mersenne-Lucas polynomials
defined as follows [11].

Definition 2. For n > 0, the Mersenne-Lucas polynomials { R, (z)} are given by
Rut2(x) = 3zRn+1(x) — 2Rn(z)  with Ro =2, Ri(z) = 3=x. (3.1)
For x = 1, the above definition gives the Mersenne-Lucas numbers and for =z = k

it gives the k-Mersenne-Lucas numbers[3]. The characteristic equation for the above
recurrence relation (3.1) is 72 — 3z7 + 27 = 0 which have two roots 7 (z) = (3z +

V922 — 8)/2 and 73(z) = (3z — /922 — 8)/2. These roots satisfy
m(z)+ (z) =3z, n(z)n(z)=2 and 7(z)— (z) =922 -8. (3.2)
Hence for n > 0, the Binet type formula for the nth Mersenne-Lucas polynomials is
R () = ' () + 3 (2), (3-3)
whereas the Binet type formula for Mersenne polynomials is

M, (z) = % (3.4)
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The first few Mersenne-Lucas polynomials are

Ro(x) =2, Ri(z) = 3z, Ro(x) = 92? — 4, Rz(x) = 272 — 182, Ry(zx) = 81a* — 7227 + 8,
Rs(z) = 2432° — 27023 + 60z, Rg(x) = 72925 — 9722* + 3242 — 16, .. ..

Note: As per study of Horadam [8], the above polynomial sequence (3.1) is named as
the Fermat-Lucas polynomial while the well-known Mersenne polynomial is named as
Fermat polynomial.

For algebraic properties of Mersenne like polynomial sequences, one can see [3, 11,
12, 22]. By virtue of [11], we have the following identities for R, (z) where n,m € N:

1. (Cassini’s identity) R,41(z)R,_1(z) — R2(x) = 2"~ 1(922% — 8).

_ 2" M3 Ry, (1) — 2Ryt (2)]?
922 — 8 ’

2. (Catlan’s identity) Ry, (2)Ry—m(7)—R2 ()

3.1. Generalized k-Mersenne-Lucas polynomial

Now, we define a new family of the Mersenne-Lucas polynomial called generalized k-
Mersenne-Lucas polynomial {R%k)(x)} and give their properties in context of existing
polynomial sequences.

Definition 3. Let n,k € N, then there exist unique s,7 € NU {0} such that n = sk + 7,
0 <r < k. Then the generalized k-Mersenne-Lucas polynomial {R;}O(m)} is defined as

R (2) = (7§ (2) + 75(2))" " (i (@) + 5 (@) with R§Y () = 2", (3.5)
where 11 (z) = (3z + v/922 — 8)/2 and m2(x) = (3z — V922 — 8) /2.

Note that for z = 1, (3.5) gives the generalized k-Mersenne-Lucas numbers as de-
fined in the previous section. From (3.3) and Definition 3, the relation between the
generalized k-Mersenne-Lucas polynomials and Mersenne-Lucas polynomials is

R®)(z) = RF" () ti1(®), n=ks+rand 0<r <k. (3.6)
If £ =1 then » = 0 and hence n = s. So, from (3.6) Rgl)(x) = Ry ().
Example 3. For k=2 and n = 3, we have s =1 and r = 1, thus
R (x) = Ri(x)Rs(x) = 3x(92° — 4) = 272° — 12z.

From (3.6), we have the following relations between the generalized k-Mersenne-Lucas
polynomials and Mersenne-Lucas polynomials for & = 2, 3, 4:
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1. RP(2) = R2(x). 6. RS, (x) = Ry(z)R2,,(2).
2. RS, | (2) = Ru(x)Rus (2). 7. R{) (x) = Ri(w).

3. R, (2) = 3R (x) = 2RS) 1 (x). 8 Rii(v) = R3(2)Rosa(a).
4. R (x) = R(x). 9. R{Y,,(x) = R2(2) B2, ().
5. R, 1 (¢) = R2(2) Ryya (). 10. R, 4(x) = RL(2)R3,, (2).

Similar to the generalized k-Mersenne-Lucas numbers, the generalized k-Mersenne-
Lucas polynomials posses the following properties:

Theorem 6. For k,s € N, we have
1. R (z) = Ry_1(z)RF ().
2. R (z) = R: ().
5. REY, () = REy ().
4o R (@) = 3R (@) — 2R, ().
5. RGL(x) = R (@) = REy () — RE(w).
Proof. 1. R,iill(x) = R,(flzl_l)+(k_1)(x) = R,_1(z)RF¥1(x) using (3.6).

2. & 3. The identity follows from (3.6) by taking r = 0 and r = k, respectively.
4. Using (3.6) and the first identity in RHS, we have

3R(Y (2) — 2R | () = 3uRE(2) — 2R, 1 (2)RE (w)
= RFM1(2)[32Rs(x) — 2Rs_1 ()]
= Rf_l(x)RHl(sc) (using (3.1))
= Rl(ci)+1($)~

5. The result follows from the second and third identities. O

Thus, the first few values of the generalized k-Mersenne-Lucas polynomials are as
follows. Note that R (z) means ¢ times multiplication of R, (z).

Theorem 7 (Cassini’s identity). For s,k >0, we have

2" 1(92% —8)R%*%(2) :a=1,
R @) R o(@) = (R, (2) = {0 fat1
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R (2) k=1 k=2 k=3 k=4 k=5
R (z) 2 22 23 2 25
R (x) 3z 2(3z) 22(32) 23 (3) 24(32)
R (x) 922 — 4 (32)2 2(3z)2 22(32)2  23(3x)2
R () 272 — 18 (3z)Ra(z)  (3z)3 2(3z)3  22(3z)3
R () 81zt — 7222 + 8 Ri(z)  (32)2Rao(z)  (3z)* 2(3z)*
R (x)  2432° — 27023 + 60 Ro(x)Ra(x) (3z)R3(z) (3x)3Ra(z)  (3z)°
R (z) 72928 — 97204 + 32422 — 16 R3(w) R3(z)  (3z)2R%(z) (3z)*Ra(z)
R¥ (x) 218727 — 34022° R3(z)Ra(z) R2(z)Rs(z) (3z)R3(z) (3z)3R%(x)
+15122% — 168z
R (z) 65612% — 1166425 R2(z)  Ro(z)R%(z) Ri(z) (3z)2Ri(z)

+6480z* — 1152x2 + 32

Table 2. Generalized k-Mersenne-Lucas polynomials R,Sf)(x) for k=1,...,5

Proof. Let a # 1, so from (3.6), we have

RY. ()R, _(x) — (RY, . (2))?
= (RE(2) R, (2)) (RE“ () RAT2 () — (RFF () ReH(x))?
— RP22(0)[(Ryy1 (1)) — (Roga (@)
=0

and if ¢ = 1 then using Theorem 6, we have

RY, (2)RE | (2) — (R (2))? = (RE(¢)Rosr (2)) (Re—1 R (2)) — (RE(2))?
= R¥%(2)[Ros1(2)Ro—1(z) — (Ro(2))?]
=2""1(922 — 8)R?*~2(x) (using Cassini’s idenity 1).

4. Combined combinatorial identities

In this section, we provide some combined combinatorial identities of Mersenne and
Mersenne-Lucas polynomials. We give some results showing interrelation between
Mersenne and Mersenne-Lucas polynomials which we used later to establish many
new results.

Throughout the article we adopted the notation M, (x) for the nth Mersenne polyno-
mials, R, (z) for the nth Mersenne-Lucas polynomials, and M (x) for the rth power
of M, (x). Similarly for the Mersenne-Lucas numbers and polynomials.

Note that the notations of type MM (z) does mean a kth power of M, (x), it represents
the k-Mersenne polynomials and M,(Lk) for the k-Mersenne numbers.
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Theorem 8. For m,n € N, we have the following combined interrelations:
1. Mon(z) = Mn(z)Rn(z).
2. Ron(x) = (922 — 8)M2(x) + 2.
3. R2(z) = (922 — 8)M2(x) + 2" 12,
4. Ron(x) = R2(z) —2"T1.

_ 2" B3z Rm (z) — 2Rm+1(2)]

2
Ron ontl
922 — 8 + Ro (l’) +

5. Rntm(2)Rn—m(x)

_ JMu(z)Rnyai(z) + 27, and
6. Manyi(7) = {MnJrl(:c)Rn(I) -2

7. Mania(z) & Man(z) = {Mn(m)[R"H(x)

Proof. 1. Using Binet type formulas (3.3) and (3.4) in RHS, we can write

' (z) — 7' ()

My (@) Ru() = ( ) (71 (@) + 73 (@)

922 — 8
_ mi(e) " (x) Mon ().
922 — 8 "

2. Since

" 922 — 8
_ (A=) o) — 2 (e (o)
972 — 8
_ Rap(x) —2x 2" . -
=T o2’ (using (3.3) and 71 (x)12(x) = 2).

Thus, on rearranging the above equation, we get the required result.
3. From 2, we have

M2(z) = (T?”(w) + 73" (2) — 271"(96)T§(93))

912 — 8
_ ([ﬁ”(x) + 75 (2)]* - 471"(96)72"(93))
972 — 8
= (R”(g)ﬁ#) (using (3.3) and 71 (z)72(z) = 2)

(92 = 8)M;3(x) = R} (w) — 2"*2,
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which on rearrangement gives the required result.
4. Substituting 2 from 3 gives

R%(x) — Rop () = 2"+2 — 2ntl = ontl

5. Since the Catalan’s identity is

2" 32 R,y () — 2Ry g1 (7))
2

Rn—!—m(‘T)Rn—m(I) - Rn(z) = 9r2 — 8 '
So using fourth identity, substituting R (z) gives

Rn+m(33)Rn—m(m) = 2n7m[3xRTgEcz2):82Rm+l(x)]

2
+ Rgn(l‘) + 2n+1.

6. Using Binet formulas (3.3) and (3.4) in RHS, we can write
n+1 n+1

_ 71 (m) — T2 (1‘) n n

My 1) Ra() = ( = ) (71 (@) + 73 (@)

_ @) = " () + ()78 (2) (11 (2) — 7o ()
V92 — 8
= Mopy1(x) + 2"  (using 71 (z)m2(z) = 2).

Similarly M, (2)Rp+1(x) = Map41(z) — 2™ holds.
7. The result is established by taking sum (difference) of first and sixth identity. O
Theorem 9. For positive integers n, m with m > n, we have
1. Rypin(z) + 2" Rin—n(x) = R (z) Rn(z).
. Rinin(z) = 2" Rp—n(z) = (922 — 8) My (z) M ().
Riyn (@) = 22" R3, 0 (2) = Ro(men) (@) = 2" Ra(m—n) (@)

2Rpmin(7) = Ry () R () + (922 — 8) My, (2) M ().

SN

2" Ry () = Ry (2) R () — (92 — 8) M,y () My ().
6. R2, . (x) —2*"R2,_, (x) = (927 — 8) Mo, (z) M2y ().

Ry (z)Rnt1(z) — 2™ (3x), and

7. Ronyi(z) = {(99:2 — 8) My (2) Myy1 () + 27 (32).

8. Rant1(x) & Ron(x) = Ry(2)[Rut1(x) & Ry (z)] — 27"(3z) ¥ 27T
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Proof. 1. Let us assume that m > n, then using Binet type formula (3.3), we have

R (2) B () = (" (%) + 73" (2)) (71" (2) + 72 (2))
=" (@) + 7" @) + N (@)75 (@) + 1 (2)757 ()
= Rnpm (@) + 71 (2) 75 (2) [ 7" (2) + 75" 7" (2)]
= Ryim(x) + 2"Rp—pn(z) (using (3.2)).

2. Proceeding similar to 1 using (3.4), we have

M) M (@) = (FU )y () T )y

922 — 8 922 — 8
_ @) + (@) — (@) (2) — 1 (2) T8 (@)
922 — 8
_ Ringn(2) = 7' (@) 7' (@) [ " (2) + 75" " ()]
9z2 — 8
~ Rpqn(x) — 2"Rpp—p () , B
— 0 8 (Since 11 (x)mo(z) = 2).

Rearranging the above equation gives the required identity.
3. On doing product of respective sides of first and second identity, in LHS we get
RZ .(z)—2°"RZ_ () and the RHS is

Ry, (@) = 22"R;,_(2) = (927 = 8) (R () R (2) Mo () My ()
= (92% — 8) Moy, (2) Mo, (x) (using 1 of Theorem 8)
= Ro(min)(x) = 2" Ro(sn—p)(x) (using second identity).

4,5, & 6. The fourth identity is obtained from addition of first and second while fifth
identity is obtained from difference of first and second. The sixth identity is derived
from identity 3.

7. Substituting m = n + 1 in the first and second identity proves it.

8. The result is established by taking sum (difference) of the seventh identity of
Theorem 9 and fourth identity of Theorem 8. O

Theorem 10. Let m and n be any positive integer, then we have
1. Ron(z) = (92° — 8)M7(z) + 2"

R3,. (%) = Ran(x) + 2" My 1.

2Ran(z) = (92° — 8)M2(2) + R (2).

R2(x) = (92 — 8) M2 (x) + 2" 2.

S N

. Rot1(z) + 2Rm—1(z) = 3zRm ().
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6. Rmi1(x) — 2Rm_1(z) = (922 — 8) M ().
7. 2Rp41(x) — 3R (2) = (922 — 8) M, ().

8. 3xRm(2) — 4Rp—1(x) = (92% — 8) My, (z).

Proof. For identities 1 to 4, substituting m = n in identities 2 to 5, respectively, of
Theorem 9 and some manipulations proves them. For identities 5 & 6, substituting
n = 1 in identities 1 to 2 of Theorem 9 gives the required result. Identity 7 is the
sum of 5 & 6 and 8 is the difference of 5 & 6. O

Theorem 11. Letn andt be any positive integers such that n > t, then we have
1. Rn(x)Rnt(x) = Rn(tJrl)(l') + Qan<t,1)($).

Rn(t+1) (I) - Qan<t71) (I)

2. Mp(x)Mpni(z) = (922 — 8)

3. Ru(x)Rui(z) + (92° — 8) My (2) Mpi () = 2R, (141 (2).

Theorem 12. Let k,s, s1, s2 € N, then the following identities are provided:
1 My () = M (@) R ().
2. RS (z) = [(922 — 8) M2 (x) + 251",
3. 2R (2) = [Rin (@) Ru(2) = Rngom (2)]".

4. R (z)R™)

s1k sok

() = [Rsy 455 () + 2" Ry —s, (x)]k
Proof. 1. Using Theorem 6 and identity 1 of Theorem 8, we have
k k k
My () = Mg, (2) = [M(2) Ry(2))F = ML (2)RE(2) = M) ()R} ().

2. Result follows from identity 2 of Theorem 8.
3. Result follows from identity 6 of Theorem 8.
4. Result follows from identity 1 of Theorem 9 and 2 of Theorem 6. O

4.1. Combined combinatorial identities for the Mersenne-Lucas numbers

For positive integers m and n, here we provide several combined combinatorial iden-
tities for the Mersenne and Mersenne-Lucas numbers. Since for z = 1, M,,(z) and
R, (x) gives M,, and R, respectively, so all the results given below can be proved
easily by substituting £ = 1 and some manipulations in the above given identities for
M, (z) and R, (z). Hence we omitted the proof of below theorems.
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Theorem 13. Let M,, and R, be the nth Mersenne and Mersenne-Lucas numbers,
respectively. Then for m,n € N, we have the following combined results:

1. Ry = M7 +2"1 5. MpmMy = Rnyn — 2" R .
2. Ry = R2 — 2+, 6. Moy Mo, = R2, ., — 2°"R2 _,.
3. Ri(x) = M7 +2"+2, 7. 2Rmin = Ron R + M M,.

4. RnRy = R, + 2" Rip—n.. 8. 2" "' Ry_n = RnRn — My M,,.

Theorem 14. Let m and n be any positive integer, then we have

1. Rop = M2 4271,

7. Rm4+1+ 2Rm—1 =3Rm.
2. R3, = Run + 2" ' M, 1.

8. Rmy1 — 2Rm_1 = M,,.
3. 2Rop = M2 + R2.

9. 2Ri1 — 3Rm = M,,.
4. Ro =M} +2"2,

10. 3Ry — ARy 1 = M,,.

5. RnoRn: = Rn(t+l) + 2an(t71)-
11. RoRpt + My My = 2Rn(t+l)'
6. MM, = Rn(z+1) - 2an(t71)-

Theorem 15. The following combined results holds true for the Mersenne and Mersenne-
Lucas numbers.

1. R}y — 22" R% = Ro(min) — 2" Ra(m—n)-

2. Ront1 + Ron = Ru[Rug1 + Rn] —27(3) — 2"H.

3. Rant1 — Ron = Ru[Rny1 — Rn] —27(3) + 2.

4 RogmBo—m = 2"""[32Rm — 2Rm 1] + Ran + 271

Rn(x)Rnt+1 —27(3), and
Ront1 = n
My M1 +27(3).

Man+1 —+ 2”, and
Mapi1 = o
M1 Ry — 27,

M, (z)[Rn+1 £ R])+2", and

7. Mapsr £ Mo, =
= {Rn(m)[Mn+1:|:Mn]—2”.

5. Conclusion

This article presents a study on two new sequences {R%k)} and {Rg,k)(x)} claiming
a new generalization of the Mersenne-Lucas numbers with restrictions n have the
structure n = sk +r, 0 < r < k. The study gives several new identities for these
newly sequences in terms of existing Mersenne and Mersenne-Lucas numbers and



18 New generalizations and identities of Mersenne-Lucas numbers

polynomials. Also, we identified their algebraic properties in connections with existing
numbers and polynomials. Moreover, the closed form formula, Cassini’s identity,
series sums, recurrence relations, etc. are obtained. This study provides several key
identities uncovering previously unexplored patterns and relationships.
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