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Abstract: Let T be a tree of diameter at most 5. We investigate homological invari-
ants of its edge ideal, including the projective dimension, the Castelnuovo-Mumford
regularity, and the graded Betti numbers. For trees of diameter at most 3, all nonzero
Betti numbers lie on the linear strand. For trees of diameter 4 and 5, we determine
the regularity and the projective dimension explicitly. In the case of caterpillar trees
of diameter 4, we compute all graded Betti numbers and provide an explicit formula
relating them to the f-vector of the independence complex. Our results refine the com-
binatorial description of Betti numbers for forests and highlight structural features of
trees with small diameter.
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1. Introduction

Let K be an arbitrary field. Every simple graph G with vertex set Vg =
{v1,v9,...,v,} and edge set Fg determines the ideal I(G) of the polynomial ring
R = Klz1,22,...,2,] generated by the set {x;x; | v;v; € Eg}. The ideal I(G) and
the quotient R/I(G) are called, respectively, the edge ideal and the edge ring of G
[28]. By Hilbert’s Syzygy Theorem, the edge ring of G has a minimal free resolution
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2 Homological properties of the edge ideals for trees with small diameter

which is unique up to isomorphism. Since I(G) is homogeneous, this resolution is
bigraded and takes the following form

Se S S1
0= P R(=i) = — P R(-5)" — - >@R(-§)"? - R— R/I(G) —0,

j=e+1 j=i+1 j=2
(1.1)

where e < n, and R(—j) denotes the one-dimensional graded free R-module such that
1 € R(—j) has (internal) degree j. The number e in (1.1) is called the projective
dimension of R/I(G), and denoted by pd®(G). By definition, the number f; ; in
(1.1), denoted from now on by ﬁfj (G), is the Betti number of R/I(G) in homological
degree ¢ and internal degree j. In general, these numbers depend on G and K, but
there are cases where the field is irrelevant [16].

The Castelnuovo-Mumford regularity (or simply regularity) of R/I(G) and I(G) are
given by the numbers

regK(R/I(G)) = max{j—i | ﬁ]fj(G) # 0} and regK(I(G)) = regK(R/I(G))+1.

Computing all the nonzero Betti numbers in (1.1) is in general very difficult. One of
the tools to work them out is Hochster’s formula, which allows to retrieve the several
ffj (G)’s from the reduced homology of suitable simplicial complexes (see Theorem 5
in Section 2).
The literature on the resolutions of edge ideals of graphs is really extensive. The
Betti numbers involved in the linear strand (i.e. the numbers §f;,(G)) and the
extremal ones (the nonzero 8;(G)’s such that 5.(G) =0, for all 1 >i,7 > j+1 and
r —1 > j — i) received special attention [2, 11, 12, 20, 24, 25].
The inspection of the Betti numbers related to specific graphs is another active area of
research; for instance, there exist results on Ferrer’s graphs [5]; some split graphs [26];
ladder graphs [27]; Grimaldi graphs [1]; multiple complete split-like graphs, clique
stars and their generalization [22]; threshold graphs [6, 19] and chain graphs [23].
Moreover, Jacques [15] gave a recursive formula for the Betti numbers of edge ideals
of forests and Hang and Wu recently dealt with unicyclic graphs [9].

This paper focuses on trees with diameter at most 5 and is organized as follows:
Section 2 contains some terminology on graphs and some basics on the independent
simplicial complex associated to an edge ideal. In Section 3, we discuss the homologi-
cal invariants of edge ideal of trees of diameter 3 and 4. We find their regularity, initial
Betti numbers, that is, those lying on the linear strand, and projective dimension.
Section 4 is devoted to the detection of all the nonzero Betti numbers of caterpillars
with diameter 4, proposing in particular a formula relating the graded Betti numbers
of their Stanley-Reisner rings with the numbers f; counting the i-dimensional faces
of the associated complex.

While general descriptions of Betti numbers for forests are available via Hochster’s
formula and Kimura’s combinatorial characterization, explicit closed formulas are
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rare even for restricted classes of trees. The case of small diameter turns out to
exhibit a rich interplay between induced matchings, combinatorial decompositions,
and the topology of independence complexes. Our results provide a complete and
explicit description of homological invariants for trees of diameter at most 5, and in
particular yield a direct connection between graded Betti numbers and the f-vector
of the independence complex for caterpillar trees of diameter 4.

2. Preliminaries on graphs and their independent simplicial
complex

All graphs considered in this paper are simple. The complement of a graph G =
(Va, Eg) is as usual denoted by G.

For a given pair of vertices u,v € Vg, we write u ~ v if they are adjacent. In this case,
we say that u is a neighbor of v and vice versa. We set Ng(v) = {u € Vg | u ~ v}
and Ng[v] = Ng(v) U{v} (the subscript will be omitted when the context makes it
clear). The vertex degree of v € Vi is the number degv = |Ng(v)|, The symbol Ag

denotes the maximum degree of G.

The complete graph, the path and the cycle with n vertices will be respectively
denoted by K,,, P, and C,, whereas kG is the graph consisting of k£ disjoint copies

of G. Clearly, K,, = nKj.

We write H = (Vi, E) € G to mean that the graph H is an induced subgraph of G.
This happens when Vg C Vi and Ep is the set of all edges of G joining vertices in
V. The induced subgraph H can be also denoted by G[Vg] and called the subgraph
of G induced by V.

A set S consisting of m vertices of G is independent (for G) if G[S] = mK;. The
complete bipartite graph with maximal independent sets of cardinality m and n is
denoted by K, .

We say that G is H -free if none of its induced subgraphs is isomorphic to H. A graph
G is said to be chordal if every induced cycle has three vertices. In other words, a
chordal graph is C,-free for all n > 4. If instead both the graph G and G are C,,-free
for all n > 5, we say that G is weakly chordal. It is easy to see that every chordal
graph is weakly chordal.

We now state the characterization due to Froberg of the graphs whose edge ideal has
regularity 2.

Theorem 1. [7] The edge ideal I(G) of a graph G has regularity 2 if and only if the
complement G is chordal.

A matching M in a graph G is a subset of Eg containing vertex-disjoint edges. The
size of a matching M is just its cardinality. If M is the edge set of an induced
subgraph, then M is said to be an induced matching. The induced matching number
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ind(G) of G is the largest size of an induced matching in G. In other words, ind(G) K,
but not (ind(G) + 1)Ko, is an induced subgraph of G.

The following result relates the regularity of edge ring of a weakly chordal G with
its induced matching number, showing in particular the independence of the numbers
reg(R/I(G)) and reg®(I(GQ)) = reg®(R/I(G)) + 1 from the field K.

Theorem 2. [29] If G is a weakly chordal graph, then reg®(R/I(G)) = ind(G).

A collection of complete bipartite subgraphs B = {Bj, ..., B:} of a graph G is said to
be strongly disjoint if the B;’s are pairwise vertex-disjoint and there exists an induced
matching {m1,...,m;} such that m; is an edge of subgraph B; for 1 <i < t. In [21],

t}, (2.1)

where Vp, is the vertex set of the complete bipartite subgraph B;, and the maximum
is considered over all the strongly disjoint collections of complete bipartite subgraphs
of G. The following theorem is an immediate consequence of [21, Theorem 7.7].

Nguyen and Vu defined the number

D(G) = max {Z|VB7?

Theorem 3. Let G be a weakly chordal graph. Then, the projective dimension of R/I(G)
is independent from the field K and is equal to D(G).

It is easily seen that every tree T is weakly chordal. In fact, C5 = C5 and C3 C C,,
for all n > 6. Thus, T is C,-free for all n > 4, since its complement, i.e. the tree T,
does not contain cycles. It follows that Theorems 2 and 3 apply to every tree T' and
we are entitled to write reg(R/I(T)) and pd(T) instead of reg®(R/I(T")) and pd*(T).
Let now F be a forest, i.e. a disjoint union of trees. Every complete bipartite subgraph
of F' is necessarily a star. A strongly disjoint collection of star subgraphs

t
S={Kiq,....Kiq}, where) g =g,
=1

is said to be of type (q,t). Kimura found in [17] a very nice characterization for the
Betti numbers of the edge ideal of forests. Next theorem is essentially a rewording
of [17, Theorem 4.1].

Theorem 4. Let F be a forest. The Betti number B,Hiq+t(F) is equal to the number of
subsets W C Vg with q 4+t vertices such that GIW| contains a strongly disjoint collection of
star subgraphs of type (q,t).
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A simplicial complex A on a finite set V' = {v1, va,...,v,} is a collection of nonempty
subsets of V' containing each singleton of V' and satisfying the following property: if
o € A, then every nonempty subset of ¢ also belongs to A. Thus, A is closed under
set inclusion.

Each finite set belonging to A is equivalently called simplex or face of A. The maximal
simplexes under inclusion are called facets. A face o € A is said to be ¢-dimensional
(or an ¢-face) if |o] = £ + 1. The dimension of A is the number dim A := max{|o] |
oA} —1.

A simplicial complex A’ is a subcomplex of A if A’ C A. The subcomplex Ag induced
by S C V is by definition the simplicial complex Ag :={oc € A | o C S}.

The simplicial complex A determines the Stanley-Reisner ideal Ia of the ring R =
Klz1,22,...,2v|] [28]. The squarefree monomial ideal Ia is generated by all the
squarefree monomials ;, T4, - - - 2;, such that {v,,vs,,...,v;,} is not a face of A. The
quotient ring K[A] = R/Ia is called the Stanley-Reisner ring of A. The following
theorem, due to Hochster, provides a formula that relates the graded Betti numbers
of R/IA to the reduced homology of suitable induced complexes of A.

Theorem 5. [14] The graded Betti numbers of the Stanley-Reisner ring K[A] = R/Ia
satisfy the equality

Bi,5 (K] Z dlmKH] i-1(As; K),
SCV
|S]=j

for each i,j > 0.

Suppose now V = Vg, the vertex set of a graph G. The simplicial complex
A(G) = {o | o is an independent subset of Vg },

on Vg is known as the independent complex of G. It is straightforward to check that
I(G) = Ia(c); therefore, the Stanley-Reisner ring K[A(G)] is isomorphic to the edge
ring R/I(G). That is why the Hochster formula allows to compute the Betti numbers

ffj (@) by looking at the simplicial homology of induced subcomplexes of A(G). For
basic background on simplicial homology the reader may usefully consult [10].

Another useful tool to compute the Betti numbers of the Stanley-Reisner ring K[A(T')]
is its Hilbert series expressed in terms of the numbers of the faces of A(T") with fixed
dimension.

For a simplicial complex A with dim A = d — 1, its face vector (f-vector from now
on) is (f-1, fo,---, fa—1), where f; is the number of i-dimensional faces of A. The
first component f_; is always equal to 1, and it refers to the single empty face of A.
If we replace ¢t with ¢ — 1 in the polynomial p(t) = Z?:o fi1t?, we arrive at

Zfllt—l th'“
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vq
vy Vs

Vo ve

Figure 1. The double star D3 > and its independent simplicial complex

The vector h = (hg, ..., hy) where b = max{i | h; # 0} is called the h-vector of A,
Clearly, b < d. The h-polynomial (see, [4, Lemma 5.1.8]) can also be obtained as

d
Z hzl‘l = Z fi_lxi(l — :C)dii.
% =0

The f-vector and h-vector are related as follows:

hi = zi:(—nw' (fl‘J) fio1, and fi = Z (d_j> hy, (2.2)

i— i i
j=0 J j=0 J

where 0 < i < d. Obviously, fg_1 = 3.0 hi.
For the simplicial complex A on n vertices with f-vector (f_1, fo,..., fa—1) and h-
vector (hg,h1,...,hq), the Hilbert series (Hilbert-Poincaré) of Stanley—Reisner ring
K[A] of A is
d .
fi—att ho + hyt + - + hgt?
K[A], t) = - = .
H( [ ]7 ) Z(l—t)l (l—t)d

=0

When G is a graph with n vertices and we are considering the independent complex
A(G), it is useful to rewrite the above series as

4 fiatt —t)n—d d
H(K[A],t):;({zj;)i:(l t) (h(zl+_ht1)tn+ + hat)

After setting h/(t) = (1 — )" ~%(hg + hit + - -+ + hqt?) = 31", hlt' we obtain

i=0""

hi = zi:(—l)i‘j (7 - d) hy, (2.3)

i
i=0 J
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where 0 < ¢ < n and the h;’s are given by (2.2). Thus, the Hilbert series of K[A] can
be written as

1 t
K[A]lt) = ——— hitt. 2.4
HIALO = [ D (24)
Let M be a graded finite K[z1, 2, ..., z,]-module with finite projective dimension

and graded free resolution (see [4, Lemma 4.1.13]). The relation between the Hilbert
series and graded Betti numbers can be retrieved by

N EL
H(M,t) = Z”((l _)gn’ + (2.5)

3. Homological invariants of trees

The double star graph D, is a tree formed by joining the central vertices of K; ,
and K, by an edge (see Fig. 2). We assume that a > b and note that D, has
n = a + b+ 2 vertices. The double star D, > along with its independent simplicial
complex is shown in Fig. 1.

Vi+1

Figure 2. Trees with diameter at most 3

The only tree with diameter 1 is P, = Kj ;. The trees with diameter 2 are stars of
type Ki,,—1 with n > 3, whereas each tree of diameter 3 is isomorphic to a double
star D, for suitable positive integers @ > b. An arbitrary tree of diameter 4 can be
represented as in Fig. 3, where r > 2, s > 0O and s1 > s9 > --- > s, > 0. Fig. 4
depicts a tree with diameter 5, where h,k > 1, sg,tg > 0, 81 > s9 > --- > s, > 0 and
12t 2 21 >0,

We emphasize that the parametrizations adopted in this section are exhaustive. In
particular, every tree of diameter at most 5 is isomorphic to exactly one of the types
considered above, and all results proved in Section 3 hold for all trees with the given
diameter, without any genericity or non—degeneracy assumption.

The nonzero Betti numbers of trees belonging to the linear strand can be computed
according to the following proposition which is a direct consequence of Corollary 2.6
in [25]. Nowadays, Proposition 1 can also be deduced from Theorem 4.
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.. 80 ...

Figure 3. The tree T(so;5s1,...,5:)

uo

Figure 4. The tree T(So,to;sl, ooy 8hit1, .. .,tk)

Proposition 1. LetT be a tree. For each field K, the Betti numbers of R/I(T) belonging
to the linear strand are

|[E(T)] ifi=1;
S (T) = 3.1
Biiv1(T) Z (de§v> fiso (3.1)
veVg

From (3.1) we immediately see that ﬂgfiH(T) =0 foralli> Ag and
B 011 = |{v € va | degv = Ag}.

Proposition 1 and Fig. 2—4 allow to compute the Betti numbers in the linear strands for
all trees with diameter up to 5. We give the explicit formulae in Corollary 1. Observe
that only non-pendant vertices give a non-trivial contribution in the summation of

the formula (3.1).
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Corollary 1. Letr > 2. The following equalities hold.

n—1 ifi=1;

Birit1(Kin1) = _ (3.2)
(” ‘ 1) ifi>2
7
at+b+1 ifi=1;
Birit1(Dayp) = (3.3)
(1) (1) s
7 7
So+S1+--+S-+7 Zflzl,
Bii+1(T(s0; 815---,8r)) = s r ) (3.4)
' o+ r s;+1 .
()5l o
j=1
L+h+k+30 osi+30 t ifi=1;

K h k
Bisi+1(T) <5° h 1) + (to k 1) <51 + 1> 3 <t1 . 1> ifi>2
1 1
=1 j=1

where T := T(80,t0; 81, -+, Sh;t1, -, k).

We point out that (3.1) and (3.2) are known (they appeared, for instance, in [23, 25]).
Let T be any tree. As explained in Section 2, the regularity of R/(I(T)) does not
depend on K, The next theorem computes reg(I(T)) = reg(R/I(T)) + 1 whenever
diam (T") < 5.

Theorem 6. The following equalities hold.

reg (I(Ki,n—1)) =reg (I(Dayp)) =2 foralln>2anda>b>1; (3.5)

reg ([(Ty))=7r+1 and reg(I[(T5)) =h+k+1, (3.6)

where Ty := T(s0; 81,.-.,8r) (resp. Ts = T(s0,t0;81,...,8n;t1,...,tk)) is the tree depicted
in Fig. 3 (resp. Fig. 4).

Proof. By Theorem 2, reg®(I(T)) = ind(G) + 1 for every tree T. Thus, Equation
(3.5) holds since stars and double stars are 2Ks-free (see Fig. 2).

Let now Ty := T'(s0; 51, - - - , S») be the tree depicted in Fig. 3. If an induced matching
contains an edge incident with vy, then its cardinality is necessarily 1. It follows
that every maximal induced matching is of type {e1,...,e,}, where ¢; is an edge
connecting v; with one of its pendant neighbors. Hence, reg (I(Ty)) = r + 1. The
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argument to prove the other equality of (3.6) is similar. A maximal induced matching
is one of the following three types:

{eo, €l,..., e}, {ep,e1,...,ent and {e1,...,en,€],...€x},

where e; for 0 <4 < h) (resp. e} for 0 < i < k) is an edge connecting u; (resp. v;)
with one of its pendant neighbors. O

From Theorem 6 one sees that the nonzero Betti numbers for nonempty trees of
diameter < 3 all belong to the linear strand. Therefore, they can be all obtained
from (3.1) and (3.2).

The projective dimension for trees of small diameter will be now obtained with the
aid of Theorem 3.

Theorem 7. The following equalities hold.

pd (Kin-1)=n—1 for allm > 2; (3.7)

pd(Dap) =a+1 foralla>b>1; (3.8)

pd (T(so; 81,.-.,5r)) = max{so +r,n — (so +7)} (see Fig. 3), (3.9)
pd (T5) = max{prs, qr5, 713 }, (3.10)

where Ts = T(s0,t0;81, ..., 8h;t1,...,tk) s the tree depicted Fig. 4, and

k h h k
pT5280+h+1+Zti, QT5:t0+k+1+ZSi and TT5:2+ZSi+Zti. (3.11)
=1 i=1 i=1

i=1

Proof. Equations (3.7) and (3.8) are immediately deduced from (3.2), (3.3) and (3.5).
Let now Ty = T'(so; 81, - - -, Sr) be a tree of diameter 4. Since T} is a tree, the complete
bipartite subgraphs of Ty are all stars. By Theorem 3, we have the equality pd(Ty) =
D(Ty); and this number is achieved by one of the following two collections of strongly
disjoint complete bipartite subgraphs of Tj:

B(T4) = {Bl} and B/(T4) = {Bi, PN ,B;},
where B1 = T4[N[’L)0” = KLSO"FT? Bi = T4[N[’U1]] = K1781+1, and
B =Ty[Nv;] — {vo}] 2 K1 5, for 2 <i<r.

Now, Equation (3.9) comes from (2.1) once you note that

T

Z|VB£|fr:1+Zsi:nf(so+r).

i=1 i=1
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The argument to prove (3.10) is similar. The number pd(T5) = D(T5) is achieved
by one of the following three collections of strongly disjoint complete bipartite sub-
graphs of Ty: B(T5) = {Bo,Bi,..., By}, B(Ts) = {By,By,...,B;,} and B"(T5) =
{BY,..., B} .}, where

By = T5[N[ug] — {vo}] = Ki sp+n By = T5[Nvo] — {uo}] = Ki 5otk

By =T5[N[n]] = K14, 41 Bl = T5[N[u1]] = K15, 41

Bi = T5[N[vi] = {vo}] = K11, 2<i<k) B =T5[N[u1] = {uo}] = K15, (2<i<h)
B/ =B, 1<i<k) B, =Bl (1<i<h)

The proof ends by taking into account (2.1) and the equalities

k h h+k
Z'VBL _(k+1) = D155 Z|V31|_<h+1) =qr;, and Z|VB{"_(h‘+k) =TTs-
=0 =0 i=1

O
Example 1. Consider the following three trees with diameter 5:
T :=T(0,0;1;1) = Ps; T":=T(2,0;1;1); and T :=T(1,2;2;1).
By looking at (3.11) and Fig. 5, one computes
(prrs qres o) = (3,3,4),  (prvsqro, o) = (5,3,4); and  (pror, qron, rpo) = (5, 6,5).

Consistently with Theorem 7, the software Macaulay2 [8] confirms that pd(T’) = rq = 4,
pd(T") = prn = 5 and pd(T"") = qr.v = 6; furthermore, as predicted by (3.6), reg(I(T")),
reg(I(T")) and reg(I(T"")) are all equal to 3. O

It is natural to ask whether, for a given tree T', the maximal homological dimension
for a nonzero Betti number in the linear strand can be equal to pd(T"). A quick look
at Theorems 6 and 7 suffices to realize that this never happens for trees of diameter
5. On the contrary, for a tree T := T'(sg; s1, .. ., s) of diameter 4 and n vertices,

max{i | Bji+1(T) # 0} = pd(T) <= so +1 > g

As the regularity of a tree T increases, it becomes quite hard to find all its Betti
numbers, in spite of Theorems 4 and 5. These two achievements allow us to prove
our Theorem 8 in two different ways. Before showing the homological proof of it (our
preference is due to its cross-disciplinary flavour) we insert next Lemma 1 which is in
any case considered folklore among scholars.
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ul v1 U1 vy ul v1

Figure 5. The trees considered in Example 1.

Lemma 1. Let G be a graph and let (1, p) := (pd®(GQ),reg®(R/I(G)). The graph G has
a unique extremal (K )-Betti number if and only if BY. .1 ,(G) # 0.

Proof. By definition of projective dimension and regularity, the integers

a = max{i | BE&H(G) #0} and b= max{j| 5§TH—(G) # 0}

are well-defined. Moreover, 85, ,(G) and BETM(G) are both extremal. Thus, if G

has only one extremal Betti number, then @ = 7 and b = p. Assume now 5§T+p(G) #*

0. It is clear that any other nonzero Betti number gfj(G) # 0 cannot be extremal,
since surely ¢ < pd®(G) = 7, and if i = 7 then j < reg®(R/I(G)) = p. O

Theorem 8. Let T := T(so;s1,...,5-) be a tree of diameter 4 and n vertices. Then
Br—(so+r),n—s0 (T) = 1. Moreover, if (so + 1) < %, then Bn_(sg4r),n—so(I) is the only
extremal Betti number of T'.

Proof. For each S C Vi we denote by |Ag| the geometric realization of the complex
Ags. As usual, we denote by S™ the n-dimensional (real) sphere in R"™1, and, for each
topological space X, by C'X and ¥ X the cone and the suspension of X respectively. It
is well known that the space C'X, being contractible, has trivial homology in positive
degrees and ¥S™ is homeomorphic to S**!. Furthermore, it is straightforward to show
that |Ag| is homotopy equivalent to the space obtained, for every fixed i € {0,...,r},
by collapsing to a single point, say N;, all the subcomplex generated by the vertices
in N(v;) NS which are pendant (in 7'). By writing X ~ Y we mean that the two
topological spaces X and Y are homotopy equivalent.

Recall that, in our assumptions, > 2. By Theorem 5,

/Bn—(so-l—r),n—so (T) = Z dimKﬁr—l(AS; K)

scv
[S|=n—s0
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We claim that
~ K fS—Sr— geees Up U 4 N i)
F[r 1( 2 ’ Eg) { 1 {UO v } Uz,1 ('U )

0 otherwise.

The equality H,_1(Ag,;K) = K comes from |Ag | ~ S""!. The inductive argument
to prove this consists in showing that |Ag, | ~ X|Ag, | for all r > 2.

We illustrate the situation for € {2,3} in Fig. 6, where Ag, ~ Ag, and Ag, ~ Ag,
are depicted. Note that the shaded simplex voN; Ny in A52 (resp. v9N1N3N3 in
Asg) and its faces of positive dimensions can be replaced by the simplex Nj Ny (resp.
N; N3 N3) without altering its homotopy type (we are actually considering a sequence
of elementary collapses [18, p. 94]). Clearly, |Ag,| =~ |Ag,| ~ S' and |Ag,| =~ |Ag,| ~
Y|Ag,| ~ DSt ~ §2,

Let now S be any other subset of Vp containing n — so vertices. Since S # S,
then N(vg) NS contains at least one pendant vertex. We set P = {v € N(vg) NS |
degr(v) = 1} and distinguish two cases.

Case 1. SNU._,;(N[v;] — {vo}) = @. Then, possibly apart from vy, the set S only
consists of pendant vertices in N(vg). Thus, Ag is a either a full simplex A, _s, 1 (if
vg € S) or Ap_s,—2UAg (if vg € Ag). In both cases, the geometric realization of Ag
has trivial homology in positive dimensions.

Case 2. SNJ_;(N[v;] — {vo}) # @. We first note that the geometric realizations
of Ag and Ag_y,,} have the same homotopy type. Moreover, after identifying all
vertices in P with a single point Ny, we realize that |Ag_ (3] =~ C|Ag_({ve3up)| (the
vertex of the cone is Ny), and the latter is contractible. Hence, H,_1(Ag;K) = 0.

So far, we have proved that 3, (s,4r)n—s, (1) = 1. If (so+7) < 5, by (3.9) we obtain
p:=pd(T) =n — (sg +r). According to (3.6), p :=reg(R/I(T)) = r. Thus, in our
case, Brr1p(T) = Bp—(sy+r),n—so (I') = 1. The result now follows from Lemma 1. [

Remark 1. It is known that if an ideal I C R is Cohen-Macaulay, then I has a unique
extremal Betti number (see [3, Lemma 3]). Moreover, by [28, Theorem 6.3.4] the only trees
with diameter 4 whose edge ideal is Cohen-Macaulay are those of type T'(1;1,...,1). Thus,
trees of type T'(so;s1,...,Sr) with n vertices, so +r < n/2 and at least one s; not equal
to 1 represent examples of graphs whose edge ideal I has a unique extremal Betti number,
although I is not Cohen-Macaulay. m|

4. Betti numbers of the linear strand

Theorem 4, i.e. Kimura’s purely combinatorial description of Betti numbers for the
edge ideal of forests leads to very explicit formule for all the Betti numbers of I(T),
for T being a tree with regularity 3 and diameter up to 4. By Theorem 6, trees of this
kind are necessarily caterpillars of type T(so; $1,52) (see Fig. 3 and Fig. 7). Graphs
of type T'(0; s1, s2) are also a special type of double brooms.
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v2 v1

Ny N2

vo

Figure 6. The complexes A§2 ~ Ag, and Agg ~ Ag,.

Theorem 9. The Betti numbers for 1(T(so; s1,s2)) which are possibly nonzero are given
by the following formule.

S0+ 81+ 852+ 2 ifg=1
Baa+1(Tu(s0; 51, 82)) = (4.1)
a.q S0 + 2 4 s1+1 I Ss2+1 ifq>2
q q q
Ba,atr2(Ta(s0; 51, 52)) = cq(50; 51, 52) + ¢4 (s0; 51, 52) (4.2)

where

min{sy,q—1}
S1 52
cq(S03 51, 82) = > i Ng=i)
i=max{1l,g—sa}

min{s;+1,g—1}
(50581, 82) = E 51 52
a1903 51 , i—1)\qg—1i)
i=max{2,q—sa}

and cq(so0; S1,52) (resp. cq(so;s1,52)) is understood to be 0 when
max{1l,q — s2} > min{s1,q — 1} (resp. max{2,q — s2} > min{s1 +1,¢ — 1}).

Proof. By looking at Fig. 3, Equation (4.1) is straightforwardly deduced from (3.4).
In order to prove (4.2), it is not restrictive to assume that every strongly disjoint
collection of two star subgraphs {B;, B2} satisfies the following properties for ¢ €
{1,2}: i) v; is the non-pendant vertex of B;, ii) B; contains a pendant edge attached
to v;. Now we use Theorem 4, and note that, among all the strongly disjoint collections
of two star subgraphs involving g + 2 vertices, cq(s¢; 51, s2) of them does not contain
v in their vertex set, and the remaining ones are c;(so; S1,82). O

Remark 2. The pendant edges attached to ug in a tree of diameter 4 (see Fig 3) cannot
be involved in any strongly disjoint collection of two star subgraphs. Thus, as expected from
Theorem 4, and as confirmed by (4.2),

Ba,q+2(T(50; 51, 52)) = By q+2(T(s0; 51,52)) for all ¢ > 0 and for all s; > sg > 0.

In other words, for every fixed pair of positive integers (s1,s2), the Betti tables for the
sequence of trees {T'(j; s1,2)},>0 all share their third row. O
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S1 52

Double Broom 7T4(0; s1, s2)

50

52

Caterpillar T4(so; s1, $2)

Figure 7. Types of trees of diameter 4.

Apart from (4.2) the Betti numbers off the linear strand for the edge ideal of a tree
T of diameter 4 and regularity 3 may be computed in function of the f-vector of the
independence complex A(T') introduced in Section 2. A first step toward this goal is
the next lemma.

Lemma 2. Let T be a tree such that reg(I(T)) = 3, and let (h{,...,h,) be the h'-vector
associated to the complex A(T) (see Section 2). Then,

Baa+2(T) = Bar1.q+2(T) + (=1) hgy2.
Proof. In the case at hand, Equation (2.5) becomes
H(K[AL t) (1 — t (1 + Z ﬂq q+1tq + ﬂq,q+2tq+2)>
q>0
A comparison with (2.4) leads to the result. O

The remainder of the paper will be devoted to prove the next Theorem 10, which
highlights a structural feature of caterpillar trees of diameter 4: their nonlinear strand
is entirely determined by the linear strand together with the face numbers of the
independence complex. This provides a direct bridge between homological invariants
and combinatorial data of the associated simplicial complex.

Theorem 10. Let T := T(so;s1,s2) be a caterpillar of diameter 4 and n vertices, and
let fi—1 be the number of i-dimensional faces of A(T). Then,

q+2
5q,q+2(T) = ﬁq,q+1(T) + kZ:O(*l)k (q i; >fk 1. (4~3)
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The proof of Theorem 10 essentially consists in proving the equality

q+2 n—k
/ _ -1 k+q -
=2 (1

)i (4.9

More precisely, Theorem 10 immediately follows from (4.4) and Lemma 2. Clearly,
(4.3) is useful only after computing the f-vector of A(T'(sp; s1,$2)). That is why we
insert here the next two propositions.

Proposition 2. Let T := Ty(so; s1,52) be a caterpillar tree of order n = so + s1 + s2 + 3
and so > 0 (see Fig. 7). Then, the number of (i —1)-dimensional faces for the complex A(T)

18
_[(n-=3 s1+ s2 so + s2 S0 + s1 S0
o= () () () (1) ()

Proof. For 0 < j < 2 we denote by wuji,...,ujs, the vertices in Nr(v;) that are
pendant. The simplicial complex A(T") has the following five facets

Fi = (5015150805 8115« » S1s1, 521, + - - 152550,  F2 = (V0, S11, -+ 815155215+ -, 52555
F3 - <0178013"'780503521;"'33252>7 F4 - <’l)2,8017...,8050,811,...78151>,
F5 = (v1,v2, 501, - - -, 80s) -

Fig. 8 helps to figure out the shape of A(T).

vo

S1

Fy

Figure 8. The complex A(T(so;51,52)

The simplex F} has (*°7%**?) (i — 1)-dimensional faces. The (i — 1)-dimensional
faces in ‘Fp — Fy’ (i.e. those belonging to F5, but not to to Fy) are precisely those
containing vy among their vertices. The total number of them is (‘Sifz) For a
similar reason, the (i — 1)-dimensional faces of ‘F3 — Fy’ and ‘Fy — Fy" are (*07+2) and
(S‘;ff 1) respectively. Lastly, the (i — 1)-dimensional faces of F5 which are not faces of
F1 UF3U Fy contain both vy and vs in their set of vertices. That is why we find (Z‘Q’fQ)

faces of this type. O



B.A. Rather, et al. 17

Proposition 3. Let Ty := T(0; s1, s2) be a double broom tree as in Figure 7. Then, the
number of (i — 1)-dimensional faces for the complex A(Ty) is

S1+ 82+ 3 if’i:17
fir(To) = (75 ) +s1+s2+1 ifi=2,

(rre )+ (L) + () ifi =B

Proof. The complex A(T,(0;s1,s2)) can be thought as a subcomplex of
A(Ty(s0; 51, s2)) considered in Proposition 2. Following the notation introduced along
its proof, we need to count the (i — 1)-dimensional faces not containing so;’s of Fi,
‘Fy — Fy’, ‘F3 — F\, ‘Fy — Fy’ and F' = F; — (F1 U F3 U Fy). Recall now that
fo(To) = |Vr,| = 81+ s2 + 3. For i > 1 the statement follows easily from the equality

-3 1
n. " 81.+82 _ Sl‘i.‘sz n 31.—|—52 _ 51+§2+
) i—1 1 1—1 7

(the former only holds for sy = 0) once you realize that vivs is the only face in F’
having positive dimension. O

The following corollary is an immediate consequence of Propositions 2 and 3.

Corollary 2. Let d — 1 be the mazimal dimension for a simplex belonging to
A(T(s0; 51, 52)). Then
dl—{n3 if so =0,

n—4 ifso>0.

In the remainder of the paper we denote by f;(G), h;(G) and h;(G) the i-th compo-
nents of the f-vector, the h-vector and the h’-vector associated to the independent
complex A(G).

Proposition 4. For Ty := T(0; 51, 82) and T := T(so; s1, s2) with so > 0, the following
equalities involving the h- and the h'-vectors hold.

q .
i 1-—
ha(To) = _(=1)* <Sl ’ Zz—Jri Z

>fi_1(T0), with 0 < q < S1 + S2 + 1,
=0
and

ha(T) = 3 (-1

=0

! S0+ S1+s2—1
(0 ! 2 )fi_l(T), with 0 < ¢ < so + s1 + s2.
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Moreover,
hg(To) = hq(To) — 2hq_1(To) + hq_z(To) with 0 < q < 51+ s2+ 3,
and
ho(T) = he(T) — 3hq—1(T) + 3hg—2(T) — hq—3(T) with 0 < q < so + s1 + 82 + 3,
where the h_p’s and the h'_,’s for b > 0 are understood to be 0.
Proof. In order to specialize Equations (2.2) and (2.3) to the cases Tp and T', the

number d must be replaced, according to Corollary 2, with n — 2 = s; + s 4+ 1 for the
tree Ty, and with n — 3 = sg + s1 + so for the tree T O]

We are finally able to prove (4.4) (and, consequently, Theorem 10). Let us deal with
Ty and T separately.

In the first formula of Proposition 4, we find the number f;_1(7p) multiplied by
(-1)9=%(*Z%), where a := s1 + s2 + 1. Therefore,

hyio(To) = hgra(To) — 2hq—1(To) + hq—2(To)
= (072 () + 20,550 + () Fin (Th)
= (0™ (50 + () + () + () (@) (45)
= (0 () + (D) fima(T)
= (=17 (0550 fia (To).

Thus, Equation (4.4) is proved for Ty, since a + 2 = n. Now, (4.4) also holds for T"
ifb=s9+5s1+8 =n—3,

1+2(T) = hgya(T) = 3hg i1 (T) + 3hy(T) — hy1(T)
= (D7 (R 20,50 + ()
+ (n) + 202D + (L) i (@)
= 0 (05 + (159 £ ()
= (1) (0755 fioa(T)
= ()7 (157 ) fima (T).

Just note that, along the sequence of equalities considere here, we used twice the

() () (1) = (")

extrapolated from (4.5).

identity
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Example 2. The graph 7'(0;3,2) is a caterpillar tree with 8 vertices and diameter 4.
Following (4.1), the nonzero Betti numbers of R/I(7T(0;3,2)) in the linear strand are

Bi2="T7, [p23= <;> + (g) +1=10, f34= (g) + (g) =5, fas= <j> =

The nonzero Betti numbers off the linear strand, computed according to (4.2), are:

P13 =0, Bas = (5)(3)
B2,4 = (i’) (?) =6 Bs7 = (i) (3)
Bos=(D)(E)+ D)+ GG =15 Bes=(5)(5) =

[

From Proposition 3, it turns out that the f-vector is (1,8,21,24,16,6,1). Thus, we can
retrieve the nonzero Betti numbers off the linear strand by using Theorem 10. We just
compute in this alternative way 51,3 and [2,4:

B1,3 = P23+ <§>f1— <;)fo+ (?)ﬁ— <g>f2—10—1—56~1—21-8-|—6~21—1-24_07
B2,4 =P34+ <i> f-1— (;) fo+ (g) fr— <i)> fo+ (3) f3

=54+70-1-35-8415-21-5-2441-16 =6.

Our calculations are consistent with the output of Macaulay2, which provides the following
Betti table for T'(0;2, 3):

01 2 3 456
total: 1 7 16 20 15 6 1
o: 1. . . ...
1: . 710 5 1 . .
2: 6 15 14 6 1

Figure 9. Betti table of the minimal free resolution of R/I(T(0;2,3)).

Example 3. The caterpillar T' 2 T'(2; 2, 2) has 9 vertices. According to (4.1), the nonzero
Betti numbers of R/(I(T(2;2,2))) in the linear strand are

B12=38, Ba3z= <;1>+ (g)—i— (g) =12, fBza= (3)-&-(2) +(§> =6, Bas= <j> =1.
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The nonzero Betti numbers off the linear strand, computed through (4.2), are:
Brs =0, Bro=()G)+ (DG +EGE) =5
Boa=()(5) =4 Bor=(3) =1
Bas = (1)) + QA+ GG =8

From Proposition 3, the f-vector is (1,9,28,40,28,9,1). As done in Example 2, we may
compute the several 84,412 by means of Theorem 10. For instance:

9 8 7 6
B1,3 = P23+ <3>f1— (2)f0+ <1>f1— <0>f2:12—|—84-1—28~9+7~28—1~40:0
e (e (e (- (e ()

=6+126-1-56-9+21-28—6-40+1-28=4

Once again, our computational results are confirmed by the software Macaulay2, which
provides the following Betti table for the graph 7(2;2,2):

01 2 345
total: 1 8 16 14 6 1

0: 1 . .
1: . 812 61 .
2: .. 4 851

Figure 10. Betti table of the minimal free resolution of R/I(T(2;2,2)).

The explicit relation between the graded Betti numbers and the f-vector established
in Theorem 10 shows that trees of diameter 4 exhibit a particularly transparent inter-
action between homological invariants and the combinatorics of their independence
complexes. For chordal graphs, more general connections between Betti numbers and
combinatorial data are known; for instance, it has been shown that the total Betti
sequence of the edge ideal of a chordal graph coincides with the f-vector of a suit-
ably associated simplicial complex (see [13]). Moreover, recursive descriptions via
shellability and linear quotients are available for related classes of ideals. It would be
natural to investigate whether explicit closed formulas, in the spirit of Theorem 10
and expressed directly in terms of the independence complex, can be obtained for
broader families of graphs beyond the small-diameter case considered here.

Acknowledgements: Maurizio Brunetti acknowledges the support of ISARP (Italy-
South Africa Joint Research Programme) 2023-2025 and Project ASpecT3G from



B.A. Rather, et al. 21

University of Naples. Jianfeng Wang is supported by the National Natural Science
Foundation of China (No. 12371353) and by the Special Fund for Taishan Scholars
Project.

Data Availability: There is no data associated with this article.

Conflict of interest: The authors declare that they have no competing interests.

References

[1] T. Ashitha, T. Asir, D.T. Hoang, and M.R. Pournaki, Betti numbers of edge
ideals of Grimaldi graphs and their complements, Bull. Malays. Math. Sci. Soc.
47 (2024), no. 4, 136.
https://doi.org/10.1007 /s40840-024-01731-2.

[2] D. Bayer, H. Charalambous, and S. Popescu, Extremal Betti numbers and appli-
cations to monomial ideals, J. Algebra 221 (1999), no. 2, 497-512.
https://doi.org/10.1006/jabr.1999.7970.

[3] M. Bigdeli and J. Herzog, Betti diagrams with special shape, Homological and
Computational Methods in Commutative Algebra: Dedicated to Winfried Bruns
on the Occasion of his 70th Birthday, Springer, 2017, pp. 33-52.
https://doi.org/10.1007/978-3-319-61943-9_2.

[4] W. Bruns and H.J. Herzog, Cohen-Macaulay Rings, no. 39, Cambridge university
press, 1998.

[5] A. Corso and U. Nagel, Monomial and toric ideals associated to Ferrers graphs,
Trans. Amer. Math. Soc. 361 (2009), no. 3, 1371-1395.

[6] A. Engstrom, C. Go, and M.T. Stamps, Betti numbers and anti-lecture hall com-
positions of random threshold graphs, Pacific J. Math. 319 (2022), no. 1, 75-98.
https://doi.org/10.2140/pjm.2022.319.75.

[7] R. Froberg, On Stanley—Reisner rings, Topics in Algebra, Part 2 (Warsaw, 1988)
26 (1990), no. 2, 57-70.

[8] D.R. Grayson and M.E. Stillman, Macaulay2, a software system for research in
algebraic geometry.

[9] N.T. Hang and T. Vu, Projective dimension and regularity of 3-path ideals of
unicyclic graphs, Graphs Combin. 41 (2025), no. 1, 18.
https://doi.org/10.1007/s00373-024-02877-3.

[10] A. Hatcher, Algebraic Topology, Cambridge Univ. Press, Cambridge, 2002.

[11] J. Herzog and G. Rinaldo, On the extremal Betti numbers of binomial edge ideals
of block graphs, Electron. J. Combin. 25 (2018), no. 1, #P1.63.
https://doi.org/10.37236/7689.

[12] T. Hibi, K. Kimura, and K. Matsuda, Eztremal Betti numbers of edge ideals,
Arch. Math. 113 (2019), no. 2, 149-155.
https://doi.org/10.1007/s00013-019-01322-9.



22 Homological properties of the edge ideals for trees with small diameter

[13] T. Hibi, K. Kimura, and S. Murai, Betti numbers of chordal graphs and f-vectors
of simplicial complexes, J. Algebra 323 (2010), no. 6, 1678-1689.
https://doi.org/10.1016/j.jalgebra.2009.12.029.

[14] M. Hochster, Cohen-Macaulay rings, combinatorics, and simplicial complezes,
in” ring theory II”, Lect. Notes in Pure Appl. Math. (1977), no. 26, 171-223.

[15] S. Jacques, Betti numbers of graph ideals, Ph.D. thesis, The University of
Sheffield, Western Bank, Sheffield S10 2TN, United Kingdom, 2004.

[16] M. Katzman, Characteristic-independence of Betti numbers of graph ideals, J.
Combin. Theory Ser. A 113 (2006), no. 3, 435-454.
https://doi.org/10.48550/arXiv.math/0408016.

[17] K. Kimura, Non-vanishingness of Betti numbers of edge ideals, Harmony of
Grobner bases and the modern industrial society, World Scientific, 2012, pp. 153~
168.
https://doi.org/10.1142/9789814383462_0009.

[18] D.N. Kozlov, Combinatorial Algebraic Topology, vol. 21, Springer, Berlin, 2008.

[19] J. Martinez-Bernal, O.A. Pizd-Morales, and M.A. Valencia-Bucio, Nonvanishing
Betti numbers of edge ideals of weakly chordal graphs, J. Algebraic Combin. 58
(2023), no. 1, 279-290.
https://doi.org/10.1007/s10801-023-01248-0.

[20] F. Mohammadi and S. Moradi, Resolution of unmized bipartite graphs, Bull.
Malays. Math. Sci. Soc. 52 (2015), no. 3, 977-986.
https://doi.org/10.4134/BKMS.2015.52.3.977.

[21] H.D. Nguyen and T. Vu, Linearity defect of edge ideals and Fréberg’s theorem,
J. Algebraic Combin. 44 (2016), no. 1, 165-199.
https://doi.org/10.1007/s10801-015-0662-6.

[22] B.A. Rather, Betti numbers of edge ideals of some graphs with application to
graphs assigned to groups, Filomat 38 (2024), no. 6, 2185-2204.
https://doi.org/10.2298 /FIL2406185R.

[23] B.A. Rather, M Brunetti, and J.F. Wang, Betti numbers of chain edge ideals and
some cozero divisor graphs, submitted.

[24] B.A. Rather, A. Diene, and M. Imran, Linear strand of edge ideals of comazimal
graphs of commutative rings, Comm. Algebra 52 (2024), no. 4, 1486-1500.
https://doi.org/10.1080/00927872.2023.2263559.

[25] M. Roth and A.V. Tuyl, On the linear strand of an edge ideal, Comm. Algebra
35 (2007), no. 3, 821-832.
https://doi.org/10.1080/00927870601115732.

[26] P. Singh and R. Verma, Betti numbers of edge ideals of some split graphs, Comm.
Algebra 48 (2020), no. 12, 5026-5037.
https://doi.org/10.1080/00927872.2020.1777559.

[27] R. Verma, On some algebraic properties of edge ideals of ladder graphs, Comm.
Algebra 50 (2022), no. 6, 2296-2311.
https://doi.org/10.1080/00927872.2021.2006206.

[28] R.H. Villarreal, Monomial Algebras, Chapman and Hall/CRC, Boca Raton, FL,
2015.



B.A. Rather, et al. 23

[29] R. Woodroofe, Matchings, coverings, and Castelnuovo-Mumford regularity, J.
Commut. Algebra 6 (2014), no. 2, 287-304.
https://doi.org/10.1216/JCA-2014-6-2-287.



	Introduction
	Preliminaries on graphs and their independent simplicial complex
	Homological invariants of trees
	Betti numbers of the linear strand
	References

