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Abstract: Let R be a finite ring with identity. The idempotent graph I(R) is the
graph whose vertex set consists of the non-trivial idempotent elements of R, where two
distinct vertices = and y are adjacent if and only if 2y = yx = 0. The clean graph
CI(R) is a graph whose vertices are of the form (e, u), where e is an idempotent element
and u is a unit of R. Two distinct vertices (e, u) and (f,v) are adjacent if and only if
ef = fe =0 or uv = vu = 1. The graph Cla(R) is the subgraph of CI(R) induced by
the set {(e, ) : e is a nonzero idempotent element of R}. In this study, we examine the
structure of clean graphs over Z, derived from their Cl2 graphs and investigate their
relationship with the structure of their idempotent graphs. Furthermore, we obtain an
equivalence between the isomorphism of two clean graphs and the isomorphism of their
corresponding idempotent graphs over an Artinian ring.
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ring.
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1. Introduction

The study of zero-divisor graph and algebraic graphs over ring was first introduced
by Beck in [3], who considered all elements of a commutative ring R as vertices
and explored the structure of its zero-divisor graph, primarily focusing on graph
colorings. In [2], Anderson and Livingston formally defined the zero-divisor graph of
commutative ring R, denoted by I'(R). In their definition, the vertices of I'(R) consist
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2 Clean graphs and idempotent graphs over finite rings

of all nonzero zero-divisors of R, with two distinct vertices z and y connected by an
edge if and only if zy = 0.

In addition to the zero-divisor graph, there exists the unit graph over the ring Z,,
introduced by Grimaldi in [8], and the unit regular graph, introduced by Susanti et al.
in [17], and the idempotent graph introduced by Akbari et al. in [1]. The vertex set
of the unit graph over Z,, is Z,,, and two vertices x and y are adjacent if x +y is a unit
in Z,. The vertex set of the unit regular graph over a ring R is R, where two distinct
vertices x and y are adjacent if and only if x + y is a unit regular element of R. The
vertex set of the idempotent graph over a ring R consists of the nontrivial idempotent
elements of R, and two vertices x and y are adjacent if xy = yzr = 0. Further research
on idempotent graphs over matrix rings was conducted by [14], who determined the
structure of the idempotent graph over the ring Ms(F), where F is a field. Then, the
study of graphs associated with rings has become an active area of research (see, for
example, [8, 15, 16]). The concepts of idempotent graphs and clean rings motivated
Habibi et al. in [9] to define a clean graph over a ring R, denoted by CI(R), where
the vertices consist of all pairs of idempotent elements and unit elements of R. Two
vertices (e,u) and (f,v) are adjacent if and only if ef = fe = 0 or uv = vu = 1.
This naturally raises the question of how the clean graph over a ring is related to
its idempotent graph, which served as the primary motivation for defining the clean
graph.

Research on algebraic graphs has potential applications in coding theory. [7] con-
structed linear codes derived from the incidence matrix of the line graph of the Ham-
ming graph. This motivated [11] to construct linear codes based on the incidence
matrix of the unit graph over Z,,, by categorizing cases based on the number of prime
factors of n.

In this context, the theory of clean graphs can be utilized for further studies in
coding theory. However, additional research is needed, particularly focusing on the
construction of linear codes. This requires a thorough investigation of the structure
of clean graphs over finite rings, especially Z,,.

Before proceeding, we recall some basic terminology that will be used in this paper.
Let R be a ring with identity. An element e € R is called idempotent if €2 = e, and
an element u € R is called a unit if there exists v € R such that uv = vu = 1. The
sets of all idempotent elements and all unit elements of R are denoted by Id(R) and
U(R), respectively. Additionally, the set U(R) can be partitioned as follows:

U'(R)={ucU(R) :u* =1} and U"(R) = U(R) \ U'(R).

If an element a € R can be expressed as a = e 4+ u, where e is an idempotent and u
is a unit in R, then a is called clean. A ring R is said to be clean if every element
of R is clean. In [10], Immormino proved that every finite ring is clean. From [6],
a commutative ring R is said to be Artinian if whenever I; O I, D I3 DO ... is a
decreasing chain of ideals of R, then there is a positive integer m such that I, = I,
for all k > m. Furthermore, there are only finitely many maximal ideals in R. For
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any undefined notation or terminology in ring theory and further studies related to
clean rings, we refer the reader to [12] and [13].

Let G = (V(G), E(G)) be a graph, where V(G) and E(G) represent the set of vertices
and edges, respectively. A graph G is said to be connected if there exists a path
between every pair of distinct vertices, and complete if every pair of distinct vertices
is adjacent. The complete graph with n vertices is denoted by K,. The degree of
a vertex v in graph G, denoted by degq(v), refers to the number of edges in graph
G that incident to v. Two graphs G; and G2 are said to be isomorphic, denoted
G1 = Go, if there exists a bijection f : V(G1) — V(G2) between their vertex sets
such that for every pair of vertices u,v € V(G1), u and v are adjacent in G; if and
only if f(u) and f(v) are adjacent in G5. For additional background on graph theory
and relevant terminology, we refer the reader to [18].

In [9], Habibi et al. defined the subgraphs Cl;(R) and Cly(R) as the induced sub-
graphs of CI(R), where the vertex sets are given by

Cli(R) ={(0,u) : w € U(R)} and Cl2(R) = {(e,u) : e € Id(R) \ {0},u € U(R)}.

Moreover, Remark 2.6 in [9] provides a formula for the degree for any vertex x = (e, u)
in the graph Clz(R) as follows:

{Id(R)| + 0.|U(R)| -2, ifueU'(R),

degci,(r)(x) = .

[Id(R)| + O.|U(R)| — 1, ifueU"(R),

where O, := |[{f € Id(R) \ {0} : ef = fe = 0}|. However, a counterexample can
be found in the clean graph Cly(Z10). Specifically, the vertex (6,3) has a degree of
6, whereas applying the given formula in the remark results in a degree of 7. To
address this discrepancy, this paper provides a correction to the degree formula for
vertices in Cly(R). Additionally, we investigate the structure of the graphs Cla(Zy,)
on clean graphs Cla(Z,») and find a relation about the structure of clean graph
Cla(R) with their idempotent graph I(R), for arbitrary ring R. Furthermore, we
get corollary about the structure of clean graphs Cls (Zp;up;z ), Cla(Zn1 yn2n3), and

Cly(Zym yrzyrsyra ), from which we derive a generalization for the structzzllrepgf%lg (Zy,).
Moreover, we show that for Artinian rings, the problem of determining whether two
clean graphs are isomorphic reduces to checking the isomorphism of their correspond-
ing idempotent graphs. This observation highlights an important advantage of our
approach: the structure of a clean graph can be understood and extended in a more

efficient manner by analyzing only its idempotent graph.

2. Result

The following theorem provides a correction to the vertex degree formula in the graph

Cly(R).
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Theorem 1. Let R be a ring with identity. For every x = (e,u) € V(Cl2(R)) we have

[Id(R)| + O (JU(R)| — 1) — 2, ifu e U'(R),

degci,(r)(z) = {|Id(R)| +0.(JUR)|-1)—1, ifuecU"(R).

Proof.  For every x = (e,u) € V(Cl2(R)) we have two cases as follows.

(i) If u € U'(R), then u? = 1. For every vertex (f,v) € V(Clz(R)),
(f,v)(e,u) € E(Cl3(R)) < fe=ef =0or uv=1.

(i.a) Suppose uv = 1, it means v = u, thus (f,u)(e,u) € E(Cly(R) for every
f e Id(R)\ {0,e}. There are |Id(R)| — 2 possibilities.

(i.b) Suppose fe = ef = 0, then (f,v)(e,u) € E(Cly(R)) for every v € U(R).
However, the vertex (f, u) has been included in the previous case, and there
are O, (|[U(R)| — 1) remaining possibilities.

(i) If u € U”(R), then u? # 1. For every vertex (f,v) € V(Clz(R)),
(f,v)(e,u) € E(Cl3(R)) < fe=ef =0o0r uv=1.

(ii.a) Suppose uv = 1, it means v # wu, thus (f,v)(e,u) € E(Cly(R) for every
f € Id(R) \ {0}. There are [Id(R)| — 1 possibilities.

(ii.b) Suppose fe = ef = 0, then (f,v)(e,u) € E(Cl2(R)) for every v € U(R).
However, the vertex (f,u~!) has been included in the previous case, and
there are O, (JU(R)| — 1) remaining possibilities.

O

2.1. Structure of clean graphs over Z,»

This section is concerned with the structural description of the clean graph associated
with Z,». We examine how the properties of clean elements determine the adjacency
relation and shape the overall structure of the graph. The following key lemma is
instrumental in determining the structure and characteristics of the clean graph over
Lin .

Lemma 1. Given ring Zyn with a prime number p and a natural number n. Let a € Zpn .
(i) If p # 2, then a®* = 1 (mod p™) if and only if a € {1,p™ — 1}.
(ii) If p = 2 and n > 3, then a®> = 1 (mod p™) if and only if a € {1,2"71 —1,2""! +
1,2" — 1}.

Proof. Let a € Zpn.
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(i) Let a € {1,p" — 1}. If a = 1, then a®> = 1 (mod p™). On the other hand, if
a=p"—1,then a = (—1) (mod p"). Hence, a®> =1 (mod p").

Conversely, let a> = 1 (mod p"). It follows that a> — 1 = 0 (mod p") and so
(a—=1)(a+1) =0 (mod p™). Thus, we get p" | (a —1) or p™ | (a+1). It means
a—1=0 (mod p™) ora+1=0 (mod p™). Hence a =1 (mod p™) or a = (—1)
(mod p™) = p™ — 1 (mod p"). As a result a € {1,p" — 1}.

(ii) Assume that a € {1,271 —1,2""1+1 27" —1}.Ifa = 1, then a®> = 1 (mod 2").
Suppose that a = 2"~ £ 1. It follows that a®> = (2! £ 1)? (mod p") and so
a? = ((2")(2"7%) £ 2" +1) (mod p"). Thus a* = 1 (mod 2"). Suppose now
that @ = 2" — 1. Then a = (—1) (mod 2") and hence a®> =1 (mod 2").
Conversely, let a> =1 (mod p"). Analogously to the previous point, we obtain

(a—1D(a+1)=0 (mod 2").

Consequently, it follows that 2¢ | a+1 and 2" ¢ | a—1 for 0 < ¢ < n. Assuming
2<c<n-—2, wecan write a +1 = 2°t and a — 1 = 2"k, where t, k € ZT.
Hence, 2¢t—2""¢k = 2 if and only if 2 (2“‘225 - 2"_0_216) = 1. This is impossible
since t and k are integers.

Thus, the possible values of ¢ that satisfy the condition are {0,1,n — 1,n}. Conse-
quently, there are several possible cases: 2° | @+ 1 and 2" | a — 1, or 2! | a + 1 and
2"t a—1,0r2" ' |a+1and 2! |a—1,0r 2" |a+1and 2° | a — 1. Therefore, the
possible values of a are {1,271 — 12771 41,27 — 1}. O

Lemma 1 characterizes the elements of Z,~ that are self-inverse under multiplication.
This characterization plays a central role in determining the adjacency relations in the
clean graph, and consequently in describing the structure of Cly(Z,n) as presented in
Theorem 2.

Theorem 2. Given ring Zyn with a prime number p and a natural number n. It holds
that

Ky, ifpzzan:L
2Ky, ifp=2,n=2,
Cl2(Zp"): 4K1U(2n—1 _2n—2_2) [{27 pr:27n237
2K, U (P”*g"’l —1) Ko, ifp#£2,n>1.

Proof.  Suppose p = 2 and n = 1, we have Zyn = Zo, then Cly(Z2) = K;. Suppose
p =2 and n = 2, we have Cla(Zyn) = Cla(Z4) = 2K;. For any prime number and
any natural number not included in the cases above, the following holds:
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Using Lemma 1, we get

2, ifp#2,
U (Zp)| = .

4, ifp=2andn > 3.
Since |U"(Zyn)| = |U(Zyn )| — |U'(Zpn)|, we derive

no__ n—1_2’ if 2’
U @) = {7 P o7
n—on—l 4 ifp=2andn>3.

Consequently, we obtain

n n—1
2K, UR =L =20, ifp+#2,
Cl2(ZP") = 2”,23—1,4 .
4K U =———Kj, ifp=2andn>3
2K, U (P"—p"“ 1) K if p#£2
1 = 2, i p )
Cla(Zpn) = ’

AU (201 =272 —2) K, jikap=2and n > 3.

2.2. Structure of clean graphs over Zplu P2 Z

generalized structure of clean graph over 7,

p§3 ) p?lp;2p§3pz4 ) and

Before discussing the structure of graphs over Z, for any natural number n, we
introduce a generalization of the shuriken graph, referred to as the shuriken operation
on a graph, as defined below.

Definition 1. Let G = (V(G), E(G)) be a graph and let n,t be the positive integers such
that n —t is even. The (¢, n)-shuriken graph of G, denoted by Shu’,(G), is constructed from
G by first adding a new vertex z and then creating n copies of the resulting graph. Let G
for 1 < ¢ < n denote the i-th copy of G after the addition of the new vertex. The vertex set
and edge set of the graph Shu’,(G) are given by:

V(Shuy,(G)) = | J{zi,vi 1 v € V(G)} and
i=1
E(Shul,(G)) ={uivj : wv € BE(G),i,7 € {1,2,...,n}}
U {wivi : ui,v; € V(G),ui # viyi € {1,2,...,t}}

u {an+t+1i cu; € V(GY), vngid1—i € V(Gryir1i)

i€ {t+1,t+2,..‘,n;t}}.
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Given graph P3, with V(P3) = {a,b,c}. The (2,4)-shuriken graph of P3, Shu3(Ps) is
presented in Figure 2.2.

)
[
9.9-.6
NN
/i' L))
\gé‘
N

Figure 1. Graph Shu?(P3). The visualization of the shuriken graph obtained from the path
graph P; with parameters ¢t = 2 and n = 4.

We now present a discussion on the properties of the (¢,n)-shuriken graph for any
given graph G, as presented in the following theorems.

Theorem 3. Given any graph G and positive integers n >t > 2 such that n —t is even.
The (t,n)-shuriken graph of G is disconnected if and only if the graph G is a null graph.

Proof.  Let G be null graph. Let |[V(G)| = k. We have
BE(Shuy,(G)) ={uwi : ui,v; € V(Shuy,(G)),u; # viyi € {1,2,...,n}}

) {uianrtJrli D UG Ungi41—4 € V(SthL(G))

¢
ie{t+1,t—|—2,...,n;}}.

There exists sets of vertices X1 = {z1,v1 : v € V(G)} and X3 = {22,v2: v € V(G)} C
V(Shul (G)), such that no two points in X; and X5 are connected to each other.
Conversely, let G be a graph that is not null. This means that there exists an edge
w € E(G). Let x;,y; € V(Shul,(Q)) be arbitrary, with 4,7 € 1,2,...,n. This implies
that z; € V(G}) and y; € V(G’). The following cases are considered:

7
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1. Case x; # u; and y; # v;. Several paths are available as follows:

Ty — Up — Vj — Yy, if 1 <4,j <t,
i — Ui = Untitl—j — Yj) ifl<i<tandt+1<j<n,
Ti = Ungt+1—i — U5 — Yjs ift+1<i<nandl1<j<t,
Ti = Unti+1—i — Unpt+1—j — Yjs ift4+1<4,j<n.

2. Case z; = u; and y; # v;. The following paths are obtained:

Ti =V = Y5, if1<i,5<t,
Ti = Untt4+1—5 — Yjs ifl<i<tandt+1<j<n,
T — Vj — Y, ift+1<i<nandl1<j<t,
Ti = Untt+1—j5 — Yj» ift+1<4,5<n.

3. Case z; # u; and y; = v;. The following paths are obtained:

T — Ui — Yj, if1<s,j<t,
Ty — Ui = Yy, ifl<i<tandt+1<j<n,
Ty — Ungt+1—i — Yj» ift+1<i<nandl1<j<t,
Ti = Un+t+1—i — Yj ift+1<4,5<n.

4. If z; = u; and y; = v;, then z;y; € E(Shul,(Q)).
O

Having established the connectivity condition of the (¢,n)-shuriken graph, we now
investigate whether the shuriken construction preserves the graph isomorphism, as
stated in Proposition 1.

Proposition 1. Given any connected graphs G1 and G2, and positive integers t and n,
with 2 <t <n andn —t even. The following holds:

Shul (G1) = Shul,(G2) <= G1 = Ga.
Proof.  Since Shul (G1) = Shul (G2), we have
|V (Shuy, (G))| = |V (Shuy, (H))| and |E(Shuy, (G))| = | E(Shu,, (H))|.
Thus, |V(G1)| = |V(G2)| = k. Let i,j € {t + 1,t +2,...,n} be arbitrary. Let

Xy ={u; :u e V(G1)}
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and
XQ = {’Uj NS V(GQ)}

The following bijective functions can be constructed.
Y V((X1)shut (cr)) = V(G1) and ¢ 2 V((X2) shut (a,)) = V(G2),

with ¥(u;) = u for each u; € V((X1)shut(c,)) and é(v;) = v for any v; €
V(<X2>Shu%(G2))' Let Ti,Yi € X1 and Uj, V5 € XQ, such that XY € E(<X1>Shufl(G1))
and w;v; € E((X2)shut (). We have z,y € V(G1) and u,v € V(Gz), such that
z;y; € E(Shul(G1)) and wjv; € E(Shul,(G)). Since 4,5 € {t +1,t+2,...,n}, it
must be ¢¥(z;)Y(y;) = zy € E(G1) and ¢(u;)o(v;) = uwv € E(G2). Conversely, let
z;,y; € X1 and uj,v; € Xo, such that 2y € E(G1) and uv € E(G2). Based on
the definition of adjacency in the graphs Shu! (G1) and Shu! (G2), we obtain z;y; €
E(Shul,(G1)) and ujv; € E(Shul,(G2)). In other word, z;y; € E((X1)shut (¢,)) and
ujv; € E((X2)shut (a,))- Hence,

(X1)shut,(G1) = G1 and (Xa)shut, (Go) = Go-
Since Shu! (G1) = Shut,(G5), there exists a graph isomorphism

Observe that:

degsnut (1) (2i) = degsnut (G,)(2i) = k, for 1 <i <t,
degshut (c1)(2i) = degshut (a,)(2i) =k + 1, fort +1 <i <,
degsnut (G,)(ui) = n(degg, (u)) + k, for u € V(G1) and 1 <i <t,
degsnut (G,)(ui) = n(degg, (v)) +k +1, for u € V(G1) and t +1 < i < n,
degsnut (G2)(vi) = n(degg, (v)) +k, for v € V(Gq) and 1 <i < t,
degshut (Go) (Vi) = n(degg, (v)) +k +1, for v € V(G2) and t +1 <i <,
therefore
fHzizi=1,2,.. i) ={z:i=1,2,...,t}
and
fHzizi=t+1,t+2,...,n}) ={z:i=t+1,t+2,...,n}.
Furthermore,
Nshut (G (i) = {ui u € V(Gr)}, for 1 <i <t
Nshut (1)(2a) = {zZntt+1-a> Unttt1-a s u € V(G1)}, fort +1<a <n,
Nshut (a2)(2) = {vj 1 v € V(G2)}, for 1 <j <t,
Nshut (@2)(26) = {Zntt+1-b, Vnttr1-b 1 v € V(Ga)}, for t +1<b <.
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Consider u,, € V(Shul(G1)) for any u € V(Gy). Since u,2z41 € E(Shul,(Gy)),
we have f(un)f(zi41) € E(Shul,(G2)). Assume that f(u,) = vy, and f(ze41) =
Zntt+1—m With t +1 < m < n. Consequently,

fHup :u e V(G1)}) = {vm 1 v € V(Ga)}.

Let X1 = {u, : u € V(Gy)} and Xy = {v,, : v € V(G2)}. As f is a graph isomor-
phism, it follows that (X1)gsnut (1) = (X2)shut (G)- Hence,

G1 = (X1)shut (G1) = (X2) shut (Go) = Ga-

For the converse, if G; & Gy, it follows trivially that Shu! (G1) = Shul,(Gs). O

The preservation of structure under shuriken construction naturally leads to its appli-
cation in algebraic graph theory. The following theorem shows that the clean graph
over a ring can be represented as a shuriken graph over its idempotent graph.

Theorem 4. Let R be an arbitrary ring with an identity element. It holds that

Cl>(R) = Shulg; 1 (1(R)).

Proof. Let Id(R)\ {0} = {e1 = 1,e2,€3,...,e,} and

U(R) = {ula U2,y ... 7ut7ut+17ut+25 ce ,Un}
where
UI(R) = {ur,u2, ..., u} and Ulpip1—i = Untt41—iU; = 1
n-+t

foreachi=t+1,t4+2,..., 5

We get V(Cla(R)) = {(es,uy) 14 =1,2,...,k,j =1,2,...,n}. On the other hand,
V(I(R)) ={ea,€3,...,er}, thus

V(Shulgy | (I(R))) = V (Shu, (I(R))

=

{e15,v; ;v € V(I(R))}

=1

-
Il

=1€11,€12,...,€1n,€21,€22,...,€2n,

63176327"'7637’“'")eklaek27"'7€k}n}
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and

t
E(Shu;(I(R))) {eliej(7z+t+1—i) : l’] S {17 27 ey k}al S {t + 17t + 27 ceey n; } }

U{eia€jp : €ie; € E(I(R)),a,be {1,2,...,n}}
U{e”eji 2,5 € {172,...7k}7l #],Z S {1,2,,t}}

Consequently, we obtain |V (Cla(R))| = nk = |V (Shul,(I(R)))|. Subsequently, define
the function f: V(Cla(R)) — V(Shul,(I(R))), where

flej,ui) = eji

foralli=1,2,...,nand j =1,2,...,k. Let (ej,,u), (€5, u,) € V(Clz2(R)) such
that f((ejuuh)) = f((ejzvuiz))a we get

Cjris = €jaiy == J1 = jo and i1 =iz <= (ej,,uiy) = (&), Usy)-
Hence, f is bijective function.

Let (ej,,ui,), (€j,,us,) € V(Cla(R)) such that (ej,,u;, )(ej,,ui,) € E(Cla(R)). We
have two possibilites, e;, e;, = ej,e;, = 0 or u;, ui, = wzu;, = 1.

1. If ej,e5, = ej,e;, =0, then e, e;, € E(I(R)). Hencce,
f((ejlﬂuil))f((ejw uiQ)) = €j1i1 €jain € E(Shu;(I(R)))

2. Ifwgug, = uguy, =1, thenio =n+t+1—14; withi; € {t+1,t+2,...,n} or
i1 =19 € {1,2,...,t}. Consequently,

f((ej17ui1))f((ej27 uiz)) = €101 €y (ntt4+1—iy) € E(Shuﬁz(I(R))L or
f((ejlauil))f((ejw uiz)) = €j101€j2i; € E(Sth(I(R)))

Let (ej,,ui, ), (€j,,ui,) € V(Cl2(R)) such that

f(6j17ui1)f(ej2’ uiz) € E(Shufz(I(R»)

In other words, €j,;,€;,i, € E(Shu!,(I(R))). Based on the definition of the elements
in E(Shu!,(I(R))), the following three possibilities are obtained:

1. If eje;, € I(R), then eje;, = eje;, = 0. Hence, (ej,,u;)(€ej,,U,) €

E(Cl(R)).
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2. If iy =49 € {1,2,...,t} and e;, # ej,, we have u;, u;, = wj,u;, = 1. Thus,
(ejlﬂuil)(ejwuiz) € E(CZQ(R))

3 Ifio=n+t+1—i€{t+1,t+2,...,n}, then

Uiy Uiy = Ujy Unpgt1—iy = L= Unppp1—y Uiy = Uiy Us, -

Hence, (e, ,ui,)(ej,,ui,) € E(Cla(R)).
O

After establishing the general structure theorem for clean graphs by relating them
to the idempotent graph of a ring, we can now apply this result to determine the

clean graph structures over rings such as Zp;up;z , anlpnz pl3 Zpl 1pn2pna pna and more
broadly over Z,, for any positive integer n.
Corollary 1.  For any distinct prime numbers p1,p2 and natural numbers ni,nz2, the

following holds
|U/(Z " n2)|

CZQ(ZP;HP;IQ) =~ Shu na-1y (Pg)

n 1
(py —p11 )(pa?—py

Building upon Corollary 1, we now specify the explicit form of the clean graph over
Z, 1 pne according to the values of p}'* and p5?. The following proposition provides a
detaﬂed classification of its structure.

71

Proposition 2. For any distinct prime numbers p1,p2 and natural numbers ni,nz, the
following holds

Shu2n2_pn2*1(P2)7 pr’ill = 27

Shu2< "o pn271)(P2), ifpit =4,

Shu p"17 ny—1 ng—1 (P2)7 ’prl :2777/1 237
1

it ) (a2 -py2 )

Shu?pfl 7p?171)(p;2 7});271)(]32), if p1,p2 # 2.

Il

Cl, (Zp;n D2 )

Proof. From Corollary 1, we know that

Cla(Z = Shu i) P
2( p?lpf}z)_ u(p"l P ) (s 271}5271)( 2)-

Based on Lemma 1, the following four cases are considered.

1. Case pi* = 2. Therefore, py # 2. We have |U(Zp;v/1p;2)| =py? —py>~ ! and

(|U'(Zp?1)| =1, [U'(Z,2)| = 2) = (U (Zypsprz)| = 2.
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2. Case pi* = 4. It must be that py # 2. We have |U(Z,m n2)| = 2(p3” —pyrh
and (|U’(Z )| =2, [U(Zyp)| = 2) = U (Zy 2)| = 4.

pyt
3. Case p; = 2 and ny > 3. This implies po # 2. We have
U(Zya 2| = (07" = o) (P52 — p52 1)
and

(U (Zyi)| = 4, U (Zy2)| = 2) = U (Zyra p2)| = 8.
4. Case p1,p2 # 2. We have [U(Z,m n2)| = (pi* — p* ") (05* — p5>~") and
(|U'(zp;u )| =2, |U'(Z,p2)| = 2) = U (Zy1 )| = 4.

O

For example, the clean graph Clz(Zao) = Shufys g2 51_g0)(P2) = Shujg(P,), which
is illustrated in the Figure 2.2.

Figure 2. Graph Cl3(Z40). The visualization of the clean graph Cl3(Z40), which is isomorphic
to the shuriken graph constructed from K, with parameters t = 8 and n = 16.
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Before presenting the next result, we explicitly describe the idempotent graph as-
sociated with the ring Zp;n pr2pla The graph G illustrated in Figure 2 represents
the adjacency relations among its idempotent elements. Using this structure, the fol-
lowing corollary characterizes the clean graph over the ring as a shuriken graph over

Gi.

Corollary 2. For any distinct prime numbers p1,p2, ps and natural numbers ni,n2,ns,

the following holds
1oy (Z ny n9 "a)|

P
Cl2(Zp;L1p;2pg3) ShU‘U 7 ;le;z n3)l (G ),

where the structure of the graph G1 is shown in the Figure 2:

Figure 3. Graph G;. The visualization of the idempotent graph I(anl anQ an;;), where
1 2 3

p1,p2, ps are distinct prime numbers and ni,n2,n3 are positive integers.

Based on Corollary 2, we can derive a more explicit form of the clean graph depending
on the values of pi*, py?, and p3®, as shown in the following proposition.

Proposition 3. For any distinct prime numbers p1, p2, p3 and natural numbers ni,na, ns,
the following holds

Shu%pgz 71732*1) (p;L37p3L3*1) (Gh), ifpit =2,
8 ; ny __
CZQ(Z ny, _no n3) =~ Shu?(p;2 —93271)(10;3 _P;371)(Gl)7 prl o 4’
Py py 2Dy 16 )
Shum(G1)7 if pr = 2,1 > 3,
Shug, (G), if p1,p2,p3 # 2,

where m = (p* —p}" ") (p3* —p5* ") (p5° —p5° 7).

Proof. Based on Corollary 2, we have

Z nq _ng n
~ Py Py p
ClQ(anlpnzpns) = Sh“\U(Z nll p;ngz)‘ (Gl)

From Lemma 1, we obtain four possibilities.
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1. Assume that p* = 2.
Therefore, pa,ps # 2. We get |U(Z n1pn2 s )| = (p5? — 32~ 1) (P — P~ 1)
and |U'(Z,m)| = 1,|U(Zy2)] = 2,|U(Zys)] = 2 leading that
U (Zyyr1 poz )| =4.

2. Assume that pi* = 4.
Hence, pa, ps # 2. We get [U(Zyr ynana)| = 2057 — p3? ) (p5* —p5°~") and

P} Py py
|U’(Zp71l1)|:2, |U,(Zp;2)| = 2, |U( ;3)| =2 1mply1ng that |U (an1p"2pg3)‘ =
8.

3. Assume that p; =2 and ny > 3.
It must be pa,ps # 2. Thus, \U(an1pn2pn3)|—( —pnTY) (ph - ph)

(p52 —p5*~") and |U'(Z pr1)| = 4, [U'(Zyp2)| = 2, U (Zyps)| = 2 leading to
\U"(Zyyr1 2 s )| = 16.

4. Assume that P1,P2,P3 7é 2.

We have |U(Zp?1p;2p§3)| = (p1 —P?l 1) (pz p;m 1) (p3 pgg 1) and
\U"(Zy1 )| =2, |U'(Zyn2)| = 2, |U'(Zyns )| = 2 leading that |U'(Z,n1 n2 ns )| = 8.
O

Following the previous case with three prime factors, we now analyze the case of four
distinct primes. The idempotent graph of Zp;up prAple s denoted by G5 and shown in
Figure 4, is used to describe the clean graph Cls (mepnz ple pm) which is isomorphic
to a shuriken graph over G, as established in the following proposition.

Proposition 4. For any distinct prime numbers p1,p2,ps,ps and natural numbers
ni,n2,ns, N4, the following holds

Shugl(%) if pit =2,
Shu (Gz) ifp1n1 = 4,
Cl2(Z n1 nzpn3p24) =~ Shu?ﬁi”l pnlfl) (Gz), ifp1 =2,n1 > 3,
1 7Py m
Shu1(6n1 ny—1 (G2)7 ifp13p25p37p4 5& 27
Pyt —p )m

1

no—1 nz—1 ng—1

where m = (p2 — Dy ) (p3 — ps ) (p4 —py ) and the structure of the graph Ga is
shown in the following figure:
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Figure 4. Graph Gs. The visualization of the idempotent graph I(anl anQ ang an4 ), where
1 2 3 4

p1, P2, 3, pa are distinct prime numbers and ni,n2,n3,ny are positive integers

Proof. Based on Theorem 4, we have

|U"(Z, 1

~ pitey2eyeeyt)]
CZQ (Zp;Llp;L2pg3pZ4 ) = ;S’hulU(Zp;’/1 pg/z pg’s p2'4 )‘ (I(vaflpéepgsplq ))

In this case, G5 = I(Zp;"lp;@p;’/spz%;), with ¢ = (1,0,0,0), b= (0,1,0,0), c= (0,0, 1,0),
d = (0,0,0,1), e = (0,0,1,1), f = (0,1,1,0), g = (1,0,0,1), h = (1,1,0,0), i =
(0,1,0,1), j = (1,0,1,0), k = (0,1,1,1), I = (1,0,1,1), m = (1,1,0,1), and n =

(1,1,1,0). From Lemma 1, we have four possibilities below.

1. pI* =2.

It must be that ps,p3,ps # 2. We get |U(Zp¥1pgzp;3pz4)|=(p§2 —pgrl)

(p5* —p5> 1) (Pi* =i h) and (U (Zym))| = 1, |U' (Zy2)| = 2, [U'(Zyra)| = 2,

|U/(sz4)| = 2 implying that |U/(vall1p;2p§3pz4)| = 8.

2. p7t =4.

It follows that ps,ps,ps # 2. Therefore, |U(Zp;up;zp§3pz4)|:2 (p3? —pgrl)

(p5* = p5° ™) (P4 — P ™) and [U"(Zym)| = 2, (U (Zyr2)| = 2, [U'(Zy2s)] = 2,

Dy
|U/(sz4)| = 2 leading that |UI(ZP;11p;2p;3pz4)| = 16.

3. p1 =2 and ny; > 3.

It must be po, p3, ps # 2. Thus, |U(Zp?1p;2pgspg4)|: (P —pi =) (ph2 —p2h)

(=) (B =), and by (U (Zy )| = 4, (U (Zypa)| = 2, |0/ (Zy0)| =
2, |U(Zna)| = 2 it follows that (U’ (Z,n1 jn2 ns na )| = 32.

ng
Py Py P27 P37 Py

4. p1.po.ps.ps £ 2.
‘?Alf p}i ps };;'L Z . 1o 111—1 n2 ’I‘L2—1 n3 7L3—1 ng
e have [U(Z,rn2mspma )= (01" —p1" 7)) (P2 —p2® ) (p3° —p5° ) (p)
i), and U (Zyr)|l = 2, [U'(Zyr2)| = 2, [U(Zyns)| = 2, U (Zypa)| = 2
leading that |U’(Z 1 jn2ns na )| = 16.

Py P27 P3Py

ng
b3

O
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The results obtained for specific cases naturally extend to a general framework with
any finite number of distinct prime factors.

Corollary 3. For any natural number n, there exist distinct prime numbers p1,pz, ..., Pk
and positive integers ni,na, ..., n, such that n = pi'py?...py*. The following holds

Shu%fil(l(Zn)), if2|n and 44 n
2k+l

Cla(Zn) = § Shuz,  (I(Z,)), if8|n
Shuf,}: (I(Zn)), otherwise

ni—1 no—1 ng—1

where m = (p* —p" " )(py> —py® ) (DRF — PR

2.3. Relationship between isomorphism two clean graph and isomor-
phism two idempotent graph over ring Artinian

We note that if R is a local ring, then R does not have a non-trivial idempotent
element. Consequently, we can not find the idempotent graph over R. Furthermore,
in [6], it is proved that every Artinian ring is isomorphic to the direct product of a
finite number of Artinian local rings. Let R be an Artinian ring with n > 1 distinct
maximal ideals. Assume R = R; X Ry X -+ X R,, where R; is a local ring for
i=1,2,...,n. We obtain

Id(R) = {(e1,e2,...,en) ¢, € {0,1} for all i =1,2,...,n}.

As a result, for any a = (a1, a2,...,a,),b = (b1,bs,...,b,) € Id(R) \ {0, 1}, it means
there is s,t € {1,2,....n} such that a; = by = 0. We can get e = (e1,€9,...,€,) and
f = (fla f27 .- 7fn) in Id(R) \ {03 1}5 where

1, ifi=s 1, ifi=t
e; = and fl =
0, otherwise 0, otherwise

such that a —e — f — b is a walk in the graph I(R) if s # ¢. On the other hand, if
s =t, then a —e—bis a walk in the graph I(R). Hence, the graph I(R) is connected.

Theorem 5. Let R and S be Artinian rings with identity, each having more than one
distinct mazimal ideal. The following three statements are equivalent:

(1) CI(R) = CI(S)
(2) Cla(R) = Cla(S)
(3) I(R) = I(S), [U(R)| = |U(S)|, and [U'(R)| = [U'(S)|-

Proof.  From Theorem 1 in [5], we get (1)< (2). Therefore, it is sufficient to prove
(2)<(3). From Corollary 1 in [5] and Lemma 2 in [5], we know that [Id(R)| = |Id(S5)],
|U(R)| = |U(S)| = k, and |U'(R)| = |U'(S)| = t. Since Cly(R) = Cl3(S), we have
Shul (I(R)) = Shul(I(S)). Since graphs I(R) and I(S) are connected, based on
Proposition 1, we get I(R) 22 I(.S). The converse also involves using Proposition 1. [
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Conclusion

This study investigates the structure of clean graphs over the ring Z,,, with particular
focus on the subgraph Cly(Z,) formed by pairs of nonzero idempotents and units.
We examine its relationship with the idempotent graph I(Z,) and establish a strong
structural correspondence between a clean graph and its associated idempotent graph.
Formally, the structure of the clean graph Cla(R), where R is a ring with identity, is
the (t,n)-shuriken of its idempotent graph I(R), where ¢ and n denote the number of
self-inverse units in R and the total number of units in R, respectively. These results
show how the algebraic properties of idempotents and units in a ring influence the
topology of their associated graphs. Moreover, they enrich the theoretical framework
of algebraic graph theory and support further studies on structural and combinatorial
properties. Moreover, for two Artinian rings with identity, each having more than one
distinct maximal ideal, we demonstrate that the isomorphism of their clean graphs
can be determined by checking the isomorphism of their corresponding idempotent
graphs.
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