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Abstract: The power graph P(G) of a group G is an undirected graph with all

the elements of G as vertices and where any two vertices are adjacent if and only

if one is the integral power of the other. So far, no spectral results had been done
for the complement of power graph on any group. In this paper, we compute the

adjacency, Laplacian, and signless Laplacian eigenvalues of the complement of power
graphs on finite cyclic, dihedral, and quaternion groups. Also we determine all the

linearly independent eigenvectors corresponding to these eigenvalues. Moreover, we see

that these eigenvectors, except possibly two, are common to all the above three type
of matrices.
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1. Introduction

Here we deal with simple and undirected graphs only. A simple undirected graph H

is represented by the pair H = (V (H), E(H)), where V (H) represents the vertex set

and E(H) represents the edge set made up of distinct, unordered pairs of vertices.

The notation v ∼ w for v, w ∈ V (H) indicates that v and w are adjacent in H. A

graph is considered to be r-regular if each vertex has degree r. The complete graph

Kn on n vertices is a graph in which every pair of distinct vertices is adjacent. A

subgraph S of H is said to be an induced subgraph if a pair of vertices in S are adjacent

whenever the pair is adjacent in H. The complement of a graph H, represented by H,

is the graph with V (H) = V (H) and where vertices v and w are adjacent if and only

∗ Corresponding Author



2 Spectra of complement of power graphs on some finite groups

if v and w are non-adjacent in H. For more graph theoretical terminologies one may

refer [11]. The disjoint union G1∪G2 of graphs G1 and G2 with V (G1)∩V (G2) = ∅,
is the graph with vertex set V (G1) ∪ V (G2) and edge set E(G1) ∪ E(G2). The join

of G1 and G2, represented by G1 ∨ G2, is the graph G1 ∪ G2 in which each vertex

of G1 is adjacent to every vertex of G2. For an n-vertex graph H with vertex set

V (H) = {1, 2, . . . , n} and a family of vertex disjoint graphs G1, G2, . . . , Gn, Cardoso

et al. [3] defined the H-join of G1, G2, . . . , Gn, denoted as G̃ =
∨
H{G1, G2, . . . , Gn},

as a graph with vertex set V (G̃) =
⋃n
i=1 V (Gi) and edge set

E(G̃) =

(
n⋃
i=1

E(Gi)

)⋃ ⋃
ij∈E(H)

{uv : u ∈ V (Gi), v ∈ V (Gj)}

 (1.1)

Let ni be the number of vertices in Gi and vi ∈ V (Gi). Then degG̃(vi)
=

degGi
(vi) +

∑
ij∈E(H) nj .

In this paper, J , I and O stand for the matrix of all ones, the identity matrix and the

zero matrix of suitable order respectively. The characteristic polynomial det(M −λI)

for any square matrix M , is represented by ψ(M ;λ), and the spectrum of the matrix

M is the set of all eigenvalues (with counting multiplicities) of M . An eigenpair of M

is a pair (λ, v) where λ is an eigenvalue and v is the corresponding eigenvector of M .

Let H be an n-vertex graph. Adjacency matrix A(H) of H is an n × n matrix

whose (i, j)th entry is equal to 1 or 0 according to the adjacency or non-adjacency

of ith and jth vertices of H. The degree diagonal matrix D(H) of H is an n × n

diagonal matrix whose (i, i)th entry is the degree of ith vertex of H. The Lapla-

cian and signless Laplacian matrices of H are respectively L(H) =D(H) − A(H)

and SL(H) = D(H)+A(H). For an n-vertex graph H, we consider the matrix

C(H) = αJ + ((n − 1)β − α)I − (αA(H) + βD(H)), where α(6= 0), β ∈ R. This

matrix represents adjacency, Laplacian and signless Laplacian matrices of H while

taking (α, β) = (1, 0), (1,−1), and (1, 1), respectively.

Chakarbarty et al. [4] developed the concept of an undirected power graph for groups.

The power graph P(G) of a group G is an undirected graph with all the elements

of G as vertices and two vertices u and v are adjacent if and only if u = vm or

v = um, m ∈ Z. Chattopadhyay and Panigrahi [5] explored the Laplacian spectrum

of P(Zn) and P(Dn). Banerjee and Adhikari [2] investigated the signless Laplacian

spectrum of the power graph for the group Zn. Panda [8] investigated the Laplacian

spectrum of power graphs for several families of finite groups. Romdhini et al. [10]

investigated the adjacency and Laplacian spectra of the power graphs associated

with dihedral groups D2n. Romdhini et al. [9] further explored the adjacency and

Laplacian spectra of the power graphs associated with generalized quaternion groups

Qn. For more results on power graphs one may refer the recent survey [6].
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It is to be noted that no spectral results had been done for the complement of power

graphs. Here we obtain spectra of the adjacency, Laplacian, and signless Laplacian

matrices of the complement of power graphs on the cyclic groups Zpr and Zpq ,
dihedral groups D2pr , and generalized quaternion groups Qn. Also we determine all

the linearly independent eigenvectors corresponding to these eigenvalues. Moreover,

we see that these eigenvectors, except possibly two, are independent of any kind of

the above spectra.

2. Spectra of the complement of power graphs on cyclic
groups

Notation 1. For integers n and r, eTn,r denotes the column vector of dimension n, where
the first entry is equal to 1, rth entry is equal to −1 and the remaining entries are equal to
0. The all one column vector of dimension n is denoted by jn,1. The all zero column vector
of dimension n is denoted by 0n,1. For any positive integer n, φ(n) denotes Euler’s totient
function, that is φ(n) is the number of positive integers less than or equal to n which are
relatively prime to n.

We consider the group Zn = {0, 1, . . . , (n−1)}, where addition modulo n is the binary

operation. Now we consider a simple graph Ωn, where the vertices are the positive

divisors d1, d2, . . . , dt (for some integer t) of n, that is, V (Ωn) = {d1, d2, · · · , dt}, and

where two distinct vertices are adjacent if and only if one divides the other.

Theorem 1. ([7], Theorem 2.2) For n ∈ N, P(Zn) = Kφ(n)+1 ∨
Ωn[Kφ(d1),Kφ(d2), . . . ,Kφ(dt)].

Theorem 2. ([4],Theorem 2.12) Let G be a finite group. Then P(G) is complete if and
only if G is a cyclic group of order 1 or pr, where p is any prime and r ∈ N.

Theorem 3. Let n = pr, p is a prime number. Then, the eigenvalue of C(P(Zn)) is 0
with multiplicity n and the eigenvectors are X1 = jTn,1, Xi = eTn,i for 2 ≤ i ≤ n.

Proof. By Theorem 2, P(Zn) is a null graph and hence the result follows.

Theorem 4. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
C(P(Zn)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity φ(pq) + 1, and corresponding eigenvectors X1 =
(jφ(pq)+1,1, 0φ(q),1, 0φ(p),1)T , Xi = (eTφ(pq)+1,i,0φ(q),1, 0φ(p),1)T , 2 ≤ i ≤ φ(pq) + 1.

(ii) The eigenvalue (p−1)β with multiplicity (q−2), and corresponding eigenvectors Yi−1 =
(0φ(pq)+1, e

T
φ(q),i, 0φ(p),1)T , 2 ≤ i ≤ φ(q).

(iii) The eigenvalue (q−1)β with multiplicity (p−2), and corresponding eigenvectors Zi−1 =
(0φ(pq)+1, 0φ(p),1, e

T
φ(p),i)

T , 2 ≤ i ≤ φ(q).
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(iv) The remaining two eigenvalues are (p+q−2)β−D
2

and (p+q−2)β+D
2

with correspond-
ing eigenvectors W1 = (0φ(pq)+1,1, (β(p − q) − D)jφ(q),1, 2α(q − 1)jφ(p),1)T and

W2 = (0φ(pq)+1,1, (β(p − q) + D)jφ(q),1, 2α(q − 1)jφ(p),1)T respectively, where D =√
(p+ q − 2)2β2 − 4(p− 1)(q − 1)(β2 − α2).

Proof. Let V1 = {x ∈ Zn : gcd(x, n) = 1} ∪ {0}, V2 ={x ∈
Zn : gcd(x, n) = p} and V3 ={x ∈ Zn : gcd(x, n) = q}. Then,

C(P(Zn)) =

C(P(V1))φ(pq)+1,φ(pq)+1 Oφ(pq)+1,φ(q) Oφ(pq)+1,φ(p)

Oφ(q),φ(pq)+1 (C(P(V2)) + (p− 1)βI)φ(q),φ(q) αJφ(q),φ(p)
Oφ(p),φ(pq)+1 αJφ(p),φ(q) (C(P(V3)) + (q − 1)βI)φ(p),φ(p)

 ,

where C(P(V1)) = Oφ(pq)+1,φ(pq)+1, C(P(V2)) = Oφ(q),φ(q) and C(P(V2)) =

Oφ(p),φ(p). Let X1 = (jφ(pq)+1,1,0φ(q),1,0φ(p),1)T be a vector. Now,

C(P(Zn))X1 =

0.jφ(pq)+1,1

0φ(q),1
0φ(p),1

 = 0

jφ(pq)+1,1

0φ(q),1
0φ(p),1

 .

Thus, 0 is an eigenvalue of C(P(Zn)) with corresponding eigenvector X1. Let Xi =

(eTφ(pq)+1,i, 0φ(q),1,0φ(p),1)T , 2 ≤ i ≤ φ(pq) + 1. Then,

C(P(Zn))Xi =

0.eTφ(pq)+1,i

0φ(q),1
0φ(p),1

 = 0

eTφ(pq)+1,i

0φ(q),1
0φ(p),1

 = 0Xi.

So, 0 is an eigenvalue of C(P(Zn)) with multiplicity φ(pq) + 1, and corresponding

eigenvectors are Xi, for 1 ≤ i ≤ φ(pq) + 1. Let Yi−1 = (0φ(pq)+1,1, e
T
φ(q),i,0φ(p),1)T ,

2 ≤ i ≤ φ(q) be a vector. Then,

C(P(Zn))Yi−1 =

 0φ(pq)+1,1

(p− 1)βeTφ(q),i
0φ(p),1

 = (p− 1)β

0φ(pq)+1,1

eTφ(q),i
0φ(p),1

 = (p− 1)βYi−1.

Therefore, (p − 1)β is an eigenvalue of C(P(Zn)) with multiplicity (q − 2),

and corresponding eigenvectors are Yi−1, 2 ≤ i ≤ φ(pq). Let Zi−1 =

(0φ(pq)+1,1,0φ(p),1, e
T
φ(p),i)

T , 2 ≤ i ≤ φ(q) be a vector. Then,

C(P(Zn))Zi−1 =

 0φ(pq)+1,1

0φ(p),1
(q − 1)βeTφ(p),i

 = (q − 1)β

0φ(pq)+1,1

0φ(p),1
eTφ(p),i

 = (q − 1)βZi−1.
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Therefore, (q − 1)β is an eigenvalue of C(P(Zn)) with multiplic-

ity (p − 2), and corresponding eigenvectors are Zi−1, for 2 ≤ i ≤
(p − 2). Let D =

√
(β(p+ q − 2))2 + 4(p− 1)(q − 1)(α2 − β2), and

W1 = (0φ(pq)+1,1, (β(p − q) − D)jφ(q),1, 2α(q − 1)jφ(p),1)T be a vector. Now,

C(P(Zn))W1 =

 0φ(pq)+1,1

(C(P(V2)) + (p− 1)βI)φ(q),φ(q)(β(p− q)−D)jφ(q),1 + αJφ(q),φ(p)2α(q − 1)jφ(p),1
αJφ(p),φ(q)(β(p− q)−D)jφ(q),1 + (C(P(V3)) + (q − 1)βI)φ(p),φ(p)2α(q − 1)jφ(p),1

 ,

=

 0φ(pq)+1,1

(p− 1)β((p− q)β −D)jφ(q),1 + 2α2(p− 1)(q − 1)jφ(q),1
α(q − 1)((p− q)β −D)jφ(p),1 + 2αβ(q − 1)2jφ(p),1

 ,

=

 0φ(pq)+1,1

(p− 1)β((p− 1)β − (q − 1)β −D)jφ(q),1 + 2α2(p− 1)(q − 1)jφ(q),1
α(q − 1)((p− 1)β − (q − 1)β −D)jφ(p),1 + 2αβ(q − 1)2jφ(p),1

 ,

=

 0φ(pq)+1,1

(β2(p− 1)− β2(p− 1)(q − 1)−D(p− 1)β + 2α2(p− 1)(q − 1))jφ(q),1
(αβ(p− 1)(q − 1)−Dα(q − 1) + αβ(q − 1)2)jφ(p),1

 ,

=

 0φ(pq)+1,1

( 2β2(p−1)2−2βD(p−1)−2(p−1)(q−1)β2+4α2(p−1)(q−1)
2 )jφ(q),1

(α(q − 1)((p− 1)β + (q − 1)β −D))jφ(p),1

 ,

=

 0φ(pq)+1,1

( (p−1+q−1)β−D
2 ((p− 1)β − (q − 1)β −D))jφ(q),1

(2α(q − 1) (p+q−2)β−D
2 )jφ(p),1

 ,

=
(p+ q − 2)β −D

2

 0φ(pq)+1,1

(β(p− q)−D)jφ(q),1
2α(q − 1)jφ(p),1

 =
(p+ q − 2)β −D

2
W1.

Thus, (p+q−2)β−D
2 is an eigenvalue of C(P(Zn)) corresponding to the eigenvec-

tor W1. Let W2 = (0φ(pq)+1,1, (β(p−q)+D)jφ(q),1, 2α(q−1)jφ(p),1)T be a vector. Now,

C(P(Zn))W2 =

 0φ(pq)+1,1

(C(P(V2)) + (p− 1)βI)φ(q),φ(q)(β(p− q) +D)jφ(q),1 + αJφ(q),φ(p)2α(q − 1)jφ(p),1
αJφ(p),φ(q)(β(p− q) +D)jφ(q),1 + (C(P(V3)) + (q − 1)βI)φ(p),φ(p)2α(q − 1)jφ(p),1

 ,

=

 0φ(pq)+1,1

(p− 1)β((p− q)β +D)jφ(q),1 + 2α2(p− 1)(q − 1)jφ(q),1
α(q − 1)((p− q)β +D)jφ(p),1 + 2αβ(q − 1)2jφ(p),1

 ,

=

 0φ(pq)+1,1

(p− 1)β((p− 1)β − (q − 1)β +D)jφ(q),1 + 2α2(p− 1)(q − 1)jφ(q),1
α(q − 1)((p− 1)β − (q − 1)β +D)jφ(p),1 + 2αβ(q − 1)2jφ(p),1

 ,

=

 0φ(pq)+1,1

(β2(p− 1)− β2(p− 1)(q − 1) +D(p− 1)β + 2α2(p− 1)(q − 1))jφ(q),1
(αβ(p− 1)(q − 1) +Dα(q − 1) + αβ(q − 1)2)jφ(p),1

 ,



6 Spectra of complement of power graphs on some finite groups

=

 0φ(pq)+1,1

( 2β2(p−1)2+2βD(p−1)−2(p−1)(q−1)β2+4α2(p−1)(q−1)
2 )jφ(q),1

(α(q − 1)((p− 1)β + (q − 1)β +D))jφ(p),1

 ,

=

 0φ(pq)+1,1

( (p−1+q−1)β+D
2 ((p− 1)β − (q − 1)β +D))jφ(q),1

(2α(q − 1) (p+q−2)β+D
2 )jφ(p),1

 ,

=
(p+ q − 2)β +D

2

 0φ(pq)+1,1

(β(p− q) +D)jφ(q),1
2α(q − 1)jφ(p),1

 =
(p+ q − 2) +D

2
W2.

Thus, (p+q−2)+D
2 is an eigenvalue of C(P(Zn)) corresponding to the eigenvector W2.

Remark 1. We note that the eigenvectors of C(P(Zn)) obtained in Theorem 4 (i)− (iii)
are independent of α and β. So A(P(Zn)), L(P(Zn)), and SL(P(Zn)) have the same
eigenvectors, may be except possibly two.

Corollary 1. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
A(P(Zn)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity pq − 2, and corresponding eigenvectors are X1 =
(jφ(pq)+1,1, 0φ(q),1, 0φ(p),1)T , Xi = (eTφ(pq)+1,i,0φ(q),1, 0φ(p),1)T , 2 ≤ i ≤ φ(pq) + 1,

Yi−1 = (0φ(pq)+1, e
T
φ(q),i, 0φ(p),1)T , 2 ≤ i ≤ φ(q), Zi−1 = (0φ(pq)+1,0φ(p),1, e

T
φ(p),i)

T ,
2 ≤ i ≤ φ(q).

(ii) The remaining two eigenvalues are −
√

(p− 1)(q − 1) and
√

(p− 1)(q − 1) with corre-

sponding eigenvectors W1 = (0φ(pq)+1,1, −2
√

(p− 1)(q − 1)jφ(q),1, 2(q− 1)jφ(p),1)T and

W2 = (0φ(pq)+1,1, 2
√

(p− 1)(q − 1)jφ(q),1, 2(q − 1)jφ(p),1)T , respectively.

Corollary 2. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
L(P(Zn)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity φ(pq) + 2, and corresponding eigenvectors are X1 =
(jφ(pq)+1,1, 0φ(q),1, 0φ(p),1)T , Xi = (eTφ(pq)+1,i,0φ(q),1, 0φ(p),1)T , 2 ≤ i ≤ φ(pq) + 1 and

W1 = (0φ(pq)+1,1, 2(1− q)jφ(q),1,−2(q − 1)jφ(p),1)T .

(ii) The eigenvalue (p − 1) with multiplicity (q − 2), and corresponding eigenvectors are
Yi−1 = (0φ(pq)+1, e

T
φ(q),i, 0φ(p),1)T , 2 ≤ i ≤ φ(q).

(iii) The eigenvalue (q − 1) with multiplicity (p − 2), and corresponding eigenvectors are
Zi−1 = (0φ(pq)+1, 0φ(p),1, e

T
φ(p),i)

T , 2 ≤ i ≤ φ(q).

(iv) The eigenvalue (p + q − 2) with corresponding eigenvector W2 = (0φ(pq)+1,1, 2(p −
1)jφ(q),1,−2(q − 1)jφ(p),1)T .
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Example 1. Let n = 6 and (α, β) = (−1, 1). Then C(P(Z6)) = 6I − J − (−A(P(Z6)) +
D(P(Z6))) is the complement of the Laplacian matrix of P(Z6). Therefore,

C(P(Z6)) = L(P(Z6)) =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 −1
0 0 0 0 1 −1
0 0 0 −1 −1 2

 .

By Theorem 4, the eigenvalues of L(P(Z6)) are 0, 0, 0, 0, 1, and 3. And their corre-
sponding eignevctors are respectively (1, 1, 1, 0, 0, 0)T , (1,−1, 0, 0, 0, 0)T , (1, 0,−1, 0, 0, 0)T ,
((0, 0, 0,−4,−4,−4)), (0, 0, 0, 1,−1, 0)T and (0, 0, 0, 2, 2,−4).

Corollary 3. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
SL(P(Zn)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity φ(pq) + 2, and the corresponding eigenvectors are
X1 = (jφ(pq)+1,1, 0φ(q),1, 0φ(p),1)T , Xi = (eTφ(pq)+1,i,0φ(q),1, 0φ(p),1)T , 2 ≤ i ≤ φ(pq) +

1, and W1 = (0φ(pq)+1,1, 2(1− q)jφ(q),1, 2(q − 1)jφ(p),1)T .

(ii) The eigenvalue (p− 1) with multiplicity (q− 2), and the corresponding eigenvectors are
Yi−1 = (0φ(pq)+1, e

T
φ(q),i, 0φ(p),1)T , 2 ≤ i ≤ φ(q).

(iii) The eigenvalue (q− 1) with multiplicity (p− 2), and the corresponding eigenvectors are
Zi−1 = (0φ(pq)+1, 0φ(p),1, e

T
φ(p),i)

T , 2 ≤ i ≤ φ(q).

(iv) The eigenvalue (p + q − 2) with corresponding eigenvector W2 = (0φ(pq)+1,1, 2(p −
1)jφ(q),1, 2(q − 1)jφ(p),1)T .

3. Spectra of the complement of power graphs on dihedral
groups

The dihedral group (D2n) with n ≥ 3 is defined by 〈a, b|an = e = b2, bab = a−1〉,
where o(a) = n and o(b) = 2. Now, we partition V (D2n) into three sets. Let V1 = {e},
V2 = 〈a〉/{e} and V3 = {aib : 0 ≤ i ≤ n− 1}. So, |V1| = 1, |V2| = n− 1 and |V3| = n.

Theorem 5. [1] Let n = pr, p is a prime number and r ∈ N. Let P(D2n) be the power
graph of D2n and deg(v) be the degree of vertex v, then

1. deg(v) = 2n− 1, ∀v ∈ V1,

2. deg(v) = n− 1, ∀v ∈ V2,

3. deg(v) = 1, ∀v ∈ V3.

Theorem 6. Let n = pr, where p is a prime number. Then, the eigenvalues of
C(P(D2n)) and their corresponding eigenvectors are as follow:

(i) The eigenvalue 0 with the associated eigenvector XT
1 = (1,0(n−1),1,0n,1).
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(ii) The eigenvalue nβ with multiplicity (n− 2), and the associated eigenvectors are Xj =
(0, e(n−1),j , 0n,1)T for 2 ≤ i ≤ n− 1.

(iii) The eigenvalue −α+ (2n− 2)β with multiplicity (n− 1), and the corresponding eigen-
vectors are Yj = (0,0(n−1),1, e(n,j))

T , 2 ≤ j ≤ n.

(iv) The remaining two eigenvalues are nβ+(2β+α)(n−1)+D
2

and nβ+(2β+α)(n−1)−D
2

with cor-

responding eigenvectors Z1 = (0, (α + 2β − (α + β)n + D)j(n−1),1, 2α(n − 1)jn,1)T

and Z2 = (0, (α + 2β − (α + β)n − D)j(n−1),1, 2α(n − 1)jn,1)T respectively, where
D =

√
(nβ + (2β + α)(n− 1))2 − 4n(n− 1)(β(2β + α)− α2).

Proof. We have

C(P(D2n)) =

C(P(V1)) O1,(n−1) O1,n

O(n−1),1 (C(P(V2)) + nβI)(n−1),(n−1) αJ(n−1),n
On,1 αJn,(n−1) (C(P(V3)) + (n− 1)βI)n,n

 ,

where C(P(V1)) = 0, C(P(V2)) = On−1,n−1, and C(P(V3)) = α(J − I)n,n + (n −
1)βIn,n. Let X1 = (1,0(n−1),1,0n,1)T be a vector. Now,

C(P(D2n))X1 =

 0.1

0(n−1),1
0n,1

 = 0

 1

0(n−1),1
0n,1

 .

Thus, 0 is an eigenvalue of C(P(D2n)) corresponding to the eigenvector X1.

Let Xj = (0, e(n−1),j ,0n,1)T for 2 ≤ i ≤ n − 1 be a vector. Then,

C(P(D2n))Xj =

 0

(C(P(V2)) + nβI)e(n−1),j
0n,1

 =

 0

(0 + nβ)e(n−1),j
0n,1

 = nβ

 0

e(n−1),j
0n,1

 .

Therefore, nβ is an eigenvalue of C(P(D2n)) with multiplicity (n − 2), and cor-

responding eigenvectors are Xj , 2 ≤ j ≤ n − 1. Let Yj−1 = (0,0(n−1),1, e(n,j))
T ,

2 ≤ j ≤ n. Now,

C(P(D2n))Yj−1 =

 0

0(n−1),1
(C(P(V3)) + (n− 1)βI)e(n,j)

 ,

C(P(D2n))Yj−1 =

 0

0(n−1),1
(−α+ (n− 1)β)e(n,j) + (n− 1)βe(n,j)

 = (−α+2(n−1)β)Yj−1.

Thus, (−α + 2(n − 1)β) is an eigenvalue of C(P(D2n)) with multi-

plicity (n − 1), and corresponding eigenvectors are Yj−1, 2 ≤ j ≤ n.
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Let D =
√

(nβ + (2β + α)(n− 1))2 − 4n(n− 1)(β(2β + α)− α2), and

Z1 = (0, (α + 2β − (α + β)n + D)j(n−1),1, 2α(n − 1)jn,1)T be a vector. Now,

C(P(D2n))Z1 =

 0

(C(P(V2)) + nβI)(n−1),(n−1)(α+ 2β − (α+ β)n+D)j(n−1),1 + αJ(n−1),n2α(n− 1)jn,1
αJn,(n−1)(α+ 2β − (α+ β)n+D)j(n−1),1 + (C(P(V3)) + (n− 1)βI)n,n2α(n− 1)jn,1


=

 0

nβ(α+ 2β − (α+ β)n+D)j(n−1),1 + 2α2n(n− 1)j(n−1),1
α(n− 1)(α+ 2β − (α+ β)n+D)jn,1 + ((n− 1)α+ 2(n− 1)β)2α(n− 1)jn,1



=

 0
2nβ(α+2β−(α+β)n+D)+4α2n(n−1)

2 j(n−1),1
(α+ 2β − (α+ β)n+D + 2(n− 1)α+ 4(n− 1)β)α(n− 1)jn,1


=

 0

(nβ+(2β+α)(n−1)+D
2 )(α+ 2β − (α+ β)n+D)j(n−1),1

(nβ + (2β + α)(n− 1) +D)α(n− 1)jn,1


=
nβ + (2β + α)(n− 1) +D

2

 0

(α+ 2β − (α+ β)n+D)j(n−1),1
2α(n− 1)jn,1


=
nβ + (2β + α)(n− 1) +D

2
Z1.

Thus, Z1 is an eigenvector of C(P(D2n)) corresponding to

the eigenvalue nβ+(2β+α)(n−1)+D
2 . Let Z2 = (0, (α + 2β −

(α + β)n − D)j(n−1),1, 2α(n − 1)jn,1)T be vector. Now,

C(P(D2n))Z2 =

 0

(C(P(V2)) + nβI)(n−1),(n−1)(α+ 2β − (α+ β)n−D)j(n−1),1 + αJ(n−1),n2α(n− 1)jn,1
αJn,(n−1)(α+ 2β − (α+ β)n−D)j(n−1),1 + (C(P(V3)) + (n− 1)βI)n,n2α(n− 1)jn,1


=

 0

nβ(α+ 2β − (α+ β)n−D)j(n−1),1 + 2α2n(n− 1)j(n−1),1
α(n− 1)(α+ 2β − (α+ β)n−D)jn,1 + ((n− 1)α+ 2(n− 1)β)2α(n− 1)jn,1



=

 0
2nβ(α+2β−(α+β)n−D)+4α2n(n−1)

2 j(n−1),1
(α+ 2β − (α+ β)n−D + 2(n− 1)α+ 4(n− 1)β)α(n− 1)jn,1


=

 0

(nβ+(2β+α)(n−1)−D
2 )(α+ 2β − (α+ β)n−D)j(n−1),1

(nβ + (2β + α)(n− 1)−D)α(n− 1)jn,1


=
nβ + (2β + α)(n− 1)−D

2

 0

(α+ 2β − (α+ β)n−D)j(n−1),1
2α(n− 1)jn,1


=
nβ + (2β + α)(n− 1)−D

2
Z2.

Thus, Z2 is an eigenvector of C(P(D2n)) corresponding to the eigenvalue
nβ+(2β+α)(n−1)−D

2 .

Remark 2. We note that the eigenvectors of C(P(D2pr )) obtained in Theorem 6 (i)−(iii)
are independent of α and β. So A(P(D2pr )), L(P(D2pr )), and SL(P(D2pr )) have the same
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eigenvectors, may be except possibly two.

Corollary 4. Let n = pr. The eigenvalues of A(P(D2n)) and their corresponding
eigenvectors are as follows:

(i) The eigenvalue 0 with multiplicity n− 1, and the corresponding eigenvectors are X1 =
(1,0(n−1),1, 0n,1)T , Xj = (0, e(n−1),j , 0n,1)T for 2 ≤ i ≤ n− 1.

(ii) The eigenvalue −1 with multiplicity (n − 1), and the corresponding eigenvectors are
Yj = (0, 0(n−1),1, e(n,j))

T , 2 ≤ j ≤ n.

(iii) And the remaining two eigenvalues are
(n−1)+

√
(n−1)2+4n(n−1)

2
and

(n−1)−
√

(n−1)2+4n(n−1)

2
with corresponding eigenvectors Z1 = (0, (1 − n +√

(n− 1)2 + 4n(n− 1))j(n−1),1, 2(n − 1)jn,1)T and Z2 = (0, (1 − n −√
(n− 1)2 + 4n(n− 1))j(n−1),1, 2(n− 1)jn,1)T , respectively.

Corollary 5. Let n = pr. The eigenvalues of L(P(D2n)) and their corresponding
eigenvectors are as follows:

(i) The eigenvalue 0 with multiplicity 2, and the associated eigenvectors are X1 = (1,
0(n−1),1,0n,1)T , Z1 = (0, 2(1− n)j(n−1),1,−2(n− 1)jn,1)T .

(ii) The eigenvalue n with multiplicity (n − 2), and the corresponding eigenvectors are
Xj = (0, e(n−1),j , 0n,1)T for 2 ≤ i ≤ n− 1.

(iii) The eigenvalue (2n − 1) with multiplicity (n − 1), and the corresponding eigenvectors
are Yj = (0, 0(n−1),1, e(n,j))

T , 2 ≤ j ≤ n.

(iv) The eigenvalue 2n − 1 with corresponding eigenvector Z2 = (0, 2nj(n−1),1,−2(n −
1)jn,1)T .

Corollary 6. Let n = pr. The eigenvalues of SL(P(D2n)) and their corresponding
eigenvectors are as follows:

(i) The eigenvalue 0 with the associated eigenvector X1 = (1,0(n−1),1,0n,1)T .

(ii) The eigenvalue n with multiplicity (n − 2), and the corresponding eigenvectors are
Xj = (0, e(n−1),j , 0n,1)T for 2 ≤ i ≤ n− 1.

(iii) The eigenvalue (2n − 3) with multiplicity (n − 1), and the corresponding eigenvectors
are Yj = (0, 0(n−1),1, e(n,j))

T , 2 ≤ j ≤ n.

(iv) And the remaining two eigenvalues are
4n−3+

√
8n2−16n+9

2
and

4n−3−
√

8n2−16n+9

2
with

corresponding eigenvectors Z1 = (0, (3 − 2n +
√

8n2 − 16n+ 9)j(n−1),1, 2(n − 1)jn,1)T

and Z2 = (0, (3− 2n−
√

8n2 − 16n+ 9)j(n−1),1, 2(n− 1)jn,1)T , respectively.
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Example 2. Let n = 4 and (α, β) = (1, 1). Then C(P(D8)) = J + 6I − (A(P(D8)) +
D(P(D8)) is the signless Laplacian matrix of P(D8).Therefore,

C(P(D8)) = SL(P(D8)) =



0 0 0 0 0 0 0 0
0 4 0 0 1 1 1 1
0 0 4 0 1 1 1 1
0 0 0 4 1 1 1 1
0 1 1 1 6 1 1 1
0 1 1 1 1 6 1 1
0 1 1 1 1 1 6 1
0 1 1 1 1 1 1 6


.

By Theorem 6, eigenvalues of SL(P(D8)) are 0, 4, 4, 5, 5, 5, 2.2280, and 10.7720.
Also by the same theorem, eigenvectors corresponding to eigenvalues 0, 4, 4, 5, 5,
and 5 are respectively (1, 0, 0, 0, 0, 0, 0, 0)T , (0, 1,−1, 0, 0, 0, 0, 0)T , (0, 1, 0,−1, 0, 0, 0, 0),
(0, 0, 0, 0, 1,−1, 0, 0)T , (0, 0, 0, 0, 1, 0,−1, 0)T , (0, 0, 0, 0, 1, 0, 0,−1)T , (0,−5 −

√
73,−5 −√

73,−5−
√

73, 6, 6, 6, 6)T and (0,−5 +
√

73,−5 +
√

73,−5 +
√

73, 6, 6, 6, 6)T .

4. Spectra of the complement of power graphs on generalized
quaternion groups

For n ≥ 2, the dicyclic group Qn =< a, b|a2n = e, b2 = an, ab = ba−1 > is of

order 4n. If n is a power of 2, then Qn is known as the generalized quaternion

group. Let T1={e, an}, T2={a, a2, . . . , an−1, an+1, . . . , a2n−1}, and for 3 ≤ i ≤ n+ 2,

Ti={ai−3b, an+i−3b}. Therefore, T1∪T2∪T3∪T4 . . .∪Tn+2 is a partition of V (P(Qn)).

We see that T2 induces the complete graph K2n−2 and each Ti induces K2, for 1 ≤
i ≤ n+ 2 (i 6= 2). Let T be the star graph K1,n+1 with V (K1,n+1) = {1, 2, . . . , n+ 2}
and where 1 is a non-pendent vertex. Then

P(Qn) =
∨
T

{P(T1),P(T2), . . . ,P(Tn+2)}

Theorem 7. [1] Let P(Qn) be the power graph of Qn and deg(v) be the degree of vertex
v, then

1. deg(v) = 4n− 1, ∀ v ∈ T1,

2. deg(v) = 2n− 1, ∀ v ∈ T2,

3. deg(v) = 3, ∀ v ∈
⋃n+2
i=3 Ti.

Theorem 8. The eigenvalues of C(P(Qn)) and their corresponding eigenvectors are as
given below:

(i) The eigenvalue 0 with multiplicity 2, and the associated eigenvectors are
X1 = (eT2,2,0(2n−2),1, 02,1, . . . ,02,1︸ ︷︷ ︸

n times

)T , X2 = (j2,1,0(2n−2),1,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T .
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(ii) The eigenvalue 2nβ with multiplicity (2n − 3), and the associated eigenvectors are
Yj−1 = (02,1, e(2n−2),j ,02,1, . . . ,02,1︸ ︷︷ ︸

n times

)T for 2 ≤ j ≤ 2n− 2.

(iii) The eigenvalue (4n−4)β with multiplicity n, and the associated eigenvectors are Wi =
(02,1, 02n−2,1, w1, . . . , w(n−1), wn)T , i = 1, 2..., n, where for l = 1, 2, . . . , n,

wl =

{
eT2,2, if l = i,

02,1, otherwise.

(iv) The eigenvalue −2α+(4n−4)β with multiplicity n−1, and the associated eigenvectors
are Zi = (02,1, 02n−2,1, j2,1, z1, . . . , z(n−2), z(n−1))

T , i = 1, 2..., (n − 1), where for
l = 1, 2, . . . , (n− 1),

zl =

{
-j2,1, if l = i,

02,1, otherwise.

(v) And the remaining two eigenvalues are 2(n−1)α+(6n−4)β−D
2

, 2(n−1)α+(6n−4)β+D
2

with

corresponding eigenvectors U1 = (02,1,
((2−2n)α+(4−2n)β−D)

2
j(2n−2),1, 2α(n − 1)j2n,1)T ,

U2 = (02,1,
((2−2n)α+(4−2n)β+D)

2
j(2n−2),1, 2α(n − 1)j2n,1)T respectively, where D =

2
√

((n− 1)α + (3n− 2)β)2 − 4n(n− 1)(αβ + 2β2 − α2).

Proof. We have

C(P(Qn)) =



C(P(T1)) O2,(2n−2) O2,2 O2,2 . . . O2,2

O(2n−2),2 C(P(T2)) + 2nβI αJ(2n−2),2 αJ(2n−2),2 . . . αJ(2n−2),2
O2,2 αJ2,(2n−2) C(P(T3)) + (4n− 4)βI αJ2,2 . . . αJ2,2
O2,2 αJ2,(2n−2) αJ2,2 C(P(T4)) + (4n− 4)βI . . . αJ2,2

...
...

...
...

. . .
...

O2,2 αJ2,(2n−2) αJ2,2 αJ2,2 . . . C(P(Tn+2)) + (4n− 4)βI


,

where C(P(Ti)) = αJ2,2 − αI2,2 − αA(P(Ti)) = O2,2 for 1 ≤ i(6= 2) ≤ (n + 2) and

C(P(T2)) = αJ(2n−2),(2n−2) − αI(2n−2),(2n−2) − αA(P(T2)) = O(2n−2),(2n−2). Let

X1 = (eT2,2,0(2n−2),1,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T be a vector. Now,

C(P(Qn))X1 =


(−α+ α)eT2,2

0(2n−2),1
02,1

...

02,1

 = 0


eT2,2

0(2n−2),1
02,1

...

02,1

 .

So, 0 is an eigenvalue of C(P(Qn)) corresponding to the eigenvector X1 =

(eT2,2,0(2n−2),1,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T . Let X2 = (jT2,1,0(2n−2),1,02,1, . . . ,02,1︸ ︷︷ ︸
n times

) be a vector.

Now,
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C(P(Qn))X2 =


0.jT2,1

0(2n−2),1
02,1

...

02,1

 = 0


jT2,1

0(2n−2),1
02,1

...

02,1

 .

Thus, X2 is an eigenvector of C(P(Qn)) corresponding to the eigenvalue 0. Therefore,

0 is an eigenvalue of C(P(Qn)) with multiplicity 2, and corresponding eigenvectors

are X1, X2. Let Yj−1 = (02,1, e(2n−2),j ,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T for 2 ≤ j ≤ 2n− 2 be vector.

Now, C(P(Qn))Yj−1 =


02,1

(C(P(T2)) + 2nβI)e(2n−2),j
02,1

...

02,1

 =


02,1

(2n)βe(2n−2),j
02,1

...

02,1

 = 2nβ


02,1

e(2n−2),j
02,1

...

02,1

 .

Thus, 2nβ is an eigenvalue of C(P(Qn)) with multiplicity (2n−3), and corresponding

eigenvectors are Yj−1 for 2 ≤ j ≤ (2n− 2).

Let Wi = (02,1, 02n−2,1, w1, . . . , w(n−1), wn)T , i = 1, 2..., n, where for l = 1, 2, . . . , n,

wl =

{
eT2,2, if l = i,

02,1, otherwise.

Now, C(P(Qn))Wi =



02,1

0(2n−2),1
02,1

...

(C(P(Ti)) + (4n− 4)βI)e2,2

...

02,1


=



02,1

0(2n−2),1
02,1

...

(4n− 4)βe2,2

...

02,1


= (4n− 4)β



02,1

0(2n−2),1
02,1

...

e2,2

...

02,1


.

Thus, (4n−4)β is an eigenvalue of C(P(Qn)) with multiplicity n, and corresponding

eigenvectors are Wi, for 1 ≤ i ≤ n. Let Zi = (02,1, 02n−2,1, j2,1, z1, . . . , z(n−2),

z(n−1))
T , i = 1, 2, . . . , n− 1, where for l = 1, 2, . . . , (n− 1),

zl =

{
-j2,1, if l = i,

02,1, otherwise.

be a vector. Now,
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C(P(Qn))Zi =



02,1

0(2n−2),1
(C(P(T3)) + (4n− 4)βI)j2,1 − αJ2,2j2,1

J2,202,1

...

αJ2,2j2,1 − (C(P(Ti)) + (4n− 4)βI)j2,1
...

J2,202,1


=



02,1

0(2n−2),1
(−2α+ (4n− 4)β)j2,1

02,1

...

−(−2α+ (4n− 4)β)j2,1
...

02,1


.

This implies that

C(P(Qn))Zi = (−2α+ (4n− 4)β)



02,1

0(2n−2),1
j2,1
02,1

...

−j2,1
...

02,1


.

Thus, (−2α + (4n − 4)β) is an eigenvalue of C(P(Qn)) with multiplic-

ity n − 1, and corresponding eigenvectors are Zi, for 1 ≤ i ≤ (n − 1).

Let D = 2
√

((n− 1)α+ (3n− 2)β)2 − 4n(n− 1)(αβ + 2β2 − α2), and

U1 = (02,1,
((2−2n)α+(4−2n)β−D)

2 j(2n−2),1, 2α(n − 1)j2n,1)T be a vector. Now,

C(P(Qn))U1 =

 02,1

2nβ ((2−2n)α+(4−2n)β−D)
2 j(2n−2),1 + 4α2n(n− 1)j(2n−2),1

α(2n− 2) ((2−2n)α+(4−2n)β−D)
2 j2n,1 + (2αβ(n− 1)(4n− 4) + 4α2(n− 1)2)j2n,1


=

 02,1

(nβ((2− 2n)α+ (4− 2n)β −D) + 4α2n(n− 1))j(2n−2),1
(α(n− 1)((2− 2n)α+ (4− 2n)β −D) + 8αβ(n− 1)2 + 4α2(n− 1)2)j2n,1


=

 02,1

(−2αβ(n− 1)− 2β2n(n− 2)−Dnβ) + 4α2n(n− 1))j(2n−2),1
α(n− 1)((2− 2n)α+ (4− 2n)β −D + 8β(n− 1) + 4α(n− 1))j2n,1



=

 02,1
(2(n−1)α+(6n−4)β−D)((2−2n)α+(4−2n)β−D)

4 j(2n−2),1
α(n− 1)(2(n− 1)α+ (6n− 4)β −D)j2n,1


=

2(n− 1)α+ (6n− 4)β −D
2

 02,1
((2−2n)α+(4−2n)β−D)

2 j(2n−2),1
2α(n− 1)j2n,1


=

2(n− 1)α+ (6n− 4)β −D
2

U1.
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Thus, 2(n−1)α+(6n−4)β−D
2 is an eigenvalue of C(P(Qn)), corresponding to the

eigenvector U1. Let U2 = (02,1,
((2−2n)α+(4−2n)β+D)

2 j(2n−2),1, 2α(n − 1)j2n,1)T be a

vector. Now,

C(P(Qn))U2 =

 02,1

2nβ ((2−2n)α+(4−2n)β+D)
2 j(2n−2),1 + 4α2n(n− 1)j(2n−2),1

α(2n− 2) ((2−2n)α+(4−2n)β+D)
2 j2n,1 + (2αβ(n− 1)(4n− 4) + 4α2(n− 1)2)j2n,1


=

 02,1

(nβ((2− 2n)α+ (4− 2n)β +D) + 4α2n(n− 1))j(2n−2),1
(α(n− 1)((2− 2n)α+ (4− 2n)β +D) + 8αβ(n− 1)2 + 4α2(n− 1)2)j2n,1


=

 02,1

(−2αβ(n− 1)− 2β2n(n− 2) +Dnβ) + 4α2n(n− 1))j(2n−2),1
α(n− 1)((2− 2n)α+ (4− 2n)β +D + 8β(n− 1) + 4α(n− 1))j2n,1



=

 02,1
(2(n−1)α+(6n−4)β+D)((2−2n)α+(4−2n)β+D)

4 j(2n−2),1
α(n− 1)(2(n− 1)α+ (6n− 4)β +D)j2n,1


=

2(n− 1)α+ (6n− 4)β +D

2

 02,1
((2−2n)α+(4−2n)β+D)

2 j(2n−2),1
2α(n− 1)j2n,1


=

2(n− 1)α+ (6n− 4)β +D

2
U2.

Thus, 2(n−1)α+(6n−4)β+D
2 is an eigenvalue of C(P(Qn)), corresponding to the

eigenvector U2.

Remark 3. We note that the eigenvector of C(P(Qn)) obtained in Theorem 8 (i)− (iv)
are independent of α and β. So A(P(Qn)), L(P(Qn)), and SL(P(Qn)) have the same
eigenvectors, may be except possibly two.

Corollary 7. The eigenvalues of A(P(Qn)) and their corresponding eigenvectors are as
given below:

(i) The eigenvalue 0 with multiplicity 3n − 1, and associated eigenvectors are X1 =
(eT2,2, 0(2n−2),1, 02,1, . . . ,02,1︸ ︷︷ ︸

n times

)T , X2 = (j2,1, 0(2n−2),1,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T , Yj−1 = (02,1,

e(2n−2),j ,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T for 2 ≤ j ≤ 2n − 2, Wi = (02,1, 02n−2,1, w1, . . . , w(n−1),

w(n))
T , i = 1, 2..., n, where for l = 1, 2, . . . , n,

wl =

{
eT2,2, if l = i,

02,1, otherwise.

(ii) The eigenvalue −2 with multiplicity n− 1, and associated eigenvectors are Zi = (02,1,
02n−2,1, j2,1, z1, . . . , z(n−2), z(n−1))

T , i = 1, 2, . . . , (n−1), where for l = 1, 2, . . . , (n−1),

zl =

{
-j2,1, if l = i,

02,1, otherwise.
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(iii) The remaining two eigenvalues are
2(n−1)−

√
20n2−24n+4

2
and

2(n−1)+
√

20n2−24n+4

2
with

corresponding eigenvectors U1 = (02,1,
(2−2n−

√
20n2−24n+4)

2
j(2n−2),1, 2(n−1)j2n,1)T and

U2 = (02,1,
(2−2n+

√
20n2−24n+4)

2
j(2n−2),1, 2(n− 1)j2n,1)T , respectively.

Example 3. Let n = 2, and (α, β) = (1, 0). Then, C(P(Q8) = J − I − A(P(Q8) is the
adjacency matrix of P(Q8). Therefore,

C(P(Q8) = A(P(Q8)) =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 0 1 1 0 0 1 1
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0


.

By Theorem 8, we get the eigenvalues of A(P(Q8)) are 0, 0, 0, 0, 0. − 2,−2, and
4. Also corresponding eigenvectors are (1,−1, 0, 0, 0, 0, 0, 0)T , (1, 1, 0, 0, 0, 0, 0, 0),
(0, 0, 1,−1, 0, 0, 0, 0)T , (0, 0, 0, 0, 0, 0, 1,−1)T , (0, 0, 0, 0, 1,−1, 0, 0)T , (0, 0, 0, 0, 1, 1, −1,−1)T ,
(0, 0,−4,−4, 2, 2, 2, 2)T and (0, 0, 2, 2, 2, 2, 2, 2)T .

Corollary 8. The eigenvalues of L(P(Qn)) and their corresponding eigenvectors are as
given below:

(i) The eigenvalue 0 with multiplicity 3, and corresponding eigenvectors are
X1 = (eT2,2,0(2n−2),1, 02,1, . . . ,02,1︸ ︷︷ ︸

n times

)T , X2 = (j2,1,0(2n−2),1,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T and

U1 = (02,1,−2(n− 1)j(2n−2),1,−2(n− 1)j2n,1)T .

(ii) The eigenvalue 2n with multiplicity (2n−3), and corresponding eigenvectors are Yj−1 =
(02,1, e(2n−2),j ,02,1, . . . ,02,1︸ ︷︷ ︸

n times

)T for 2 ≤ j ≤ 2n− 2.

(iii) The eigenvalue 4n − 4 with multiplicity n, and corresponding eigenvectors are Wi =
(02,1, 02n−2,1, w1, . . . , w(n−1), wn)T , i = 1, 2, . . . , n, where for l = 1, 2, . . . , n,

wl =

{
eT2,2, if l = i,

02,1, otherwise.

(iv) The eigenvalue 4n − 2 with multiplicity n, and corresponding eigenvectors are U2 =
(02,1, 2nj(2n−2),1, −2(n − 1)j2n,1)T and Zi = (02,1, 02n−2,1, j2,1, z1, . . . , z(n−2),

z(n−1))
T , i = 1, 2, . . . , (n− 1), where for l = 1, 2, . . . , (n− 1),

zl =

{
-j2,1, if l = i,

02,1, otherwise.
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Corollary 9. The eigenvalues of SL(P(Qn)) and their corresponding eigenvectors are
as given below:

(i) The eigenvalue 0 with multiplicity 2, and associated eigenvectors are
X1 = (eT2,2,0(2n−2),1, 02,1, . . . ,02,1︸ ︷︷ ︸

n times

)T , X2 = (j2,1,0(2n−2),1,02,1, . . . ,02,1︸ ︷︷ ︸
n times

)T .

(ii) The eigenvalue 2n with multiplicity (2n − 3), and associated eigenvectors are Yj−1 =
(02,1, e(2n−2),j ,02,1, . . . ,02,1︸ ︷︷ ︸

n times

)T for 2 ≤ j ≤ 2n− 2.

(iii) The eigenvalue 4n− 4 with multiplicity n, and associated eigenvectors are Wi = (02,1,
02n−2,1, w1, . . . , w(n−1), wn)T , i = 1, 2, . . . , n, where for l = 1, 2, . . . , n,

wl =

{
eT2,2, if l = i,

02,1, otherwise.

(iv) The eigenvalue 4n−6 with multiplicity n−1, and associated eigenvectors are Zi = (02,1,
02n−2,1, j2,1, z1, . . . , z(n−2), z(n−1))

T , i = 1, 2, . . . , (n−1), where for l = 1, 2, . . . , (n−1),

zl =

{
-j2,1, if l = i,

02,1, otherwise.

(v) The rest of two eigenvalues are
8n−6−

√
(8n−6)2−32n(n−1)

2
and

8n−6+
√

(8n−6)2−32n(n−1)

2
with corresponding eigenvectors U1 = (02,1, (3 − 2n −√

(4n− 3)2 − 8n(n− 1))j(2n−2),1, 2(n − 1)j2n,1)T and U2 = (02,1, (3 − 2n +√
(4n− 3)2 − 8n(n− 1))j(2n−2),1, 2(n− 1)j2n,1)T , respectively.

Concluding Remark: Using the matrix C(H) of a graph H, one can compute

adjacency, Laplacian and signless Laplacian spectra of complement of any other graph

not necessarily a power graph. For example, we consider the cycle C4 on 4 vertices.

One sees that C4 is not a power graph because in a power graph there is a vertex

(identity element) which is adjacent to every other vertex. Now, C(C4) = αJ + (3β−

α)I − (αA(C4) + βD(C4)) =


β 0 α 0

0 β 0 α

α 0 β 0

0 α 0 β

. Taking α = 1, β = 0, the spectrum of the

matrix C(C4) is the adjacency spectrum of C4.
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