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Abstract:  The power graph Z(G) of a group G is an undirected graph with all
the elements of G as vertices and where any two vertices are adjacent if and only
if one is the integral power of the other. So far, no spectral results had been done
for the complement of power graph on any group. In this paper, we compute the
adjacency, Laplacian, and signless Laplacian eigenvalues of the complement of power
graphs on finite cyclic, dihedral, and quaternion groups. Also we determine all the
linearly independent eigenvectors corresponding to these eigenvalues. Moreover, we see
that these eigenvectors, except possibly two, are common to all the above three type
of matrices.
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1. Introduction

Here we deal with simple and undirected graphs only. A simple undirected graph H
is represented by the pair H = (V(H), E(H)), where V(H) represents the vertex set
and E(H) represents the edge set made up of distinct, unordered pairs of vertices.
The notation v ~ w for v,w € V(H) indicates that v and w are adjacent in H. A
graph is considered to be r-regular if each vertex has degree r. The complete graph
K, on n vertices is a graph in which every pair of distinct vertices is adjacent. A
subgraph S of H is said to be an induced subgraph if a pair of vertices in S are adjacent
whenever the pair is adjacent in H. The complement of a graph H, represented by H,
is the graph with V(H) = V(H) and where vertices v and w are adjacent if and only
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2 Spectra of complement of power graphs on some finite groups

if v and w are non-adjacent in H. For more graph theoretical terminologies one may
refer [11]. The disjoint union G1UGs of graphs G; and Go with V(G1)NV (G2) =0,
is the graph with vertex set V(G1) UV (G2) and edge set E(G1) U E(G2). The join
of G; and G, represented by Gp V Ga, is the graph G; U G> in which each vertex
of G is adjacent to every vertex of Go. For an n-vertex graph H with vertex set
V(H)={1,2,...,n} and a family of vertex disjoint graphs G1,Ga,...,G,, Cardoso
et al. [3] defined the H-join of G1,Ga, ..., Gy, denoted as G = Vyl{Gi,Gs,...,Gr},

as a graph with vertex set V(G) = [J;_, V(G;) and edge set

E(G) = (U E(Gi)> Ul U fw:uwev(G)vev(a)) (1.1)
i=1

ij€E(H)

Let n; be the number of vertices in G; and v; € V(G;). Then degé(w)
degg, (vi) + X ijem) M-

In this paper, J, I and O stand for the matrix of all ones, the identity matrix and the
zero matrix of suitable order respectively. The characteristic polynomial det(M — \I)
for any square matrix M, is represented by ¥ (M;\), and the spectrum of the matrix
M is the set of all eigenvalues (with counting multiplicities) of M. An eigenpair of M
is a pair (A, v) where X is an eigenvalue and v is the corresponding eigenvector of M.
Let H be an n-vertex graph. Adjacency matriz A(H) of H is an n x n matrix
whose (i, 7)*"
of i and j'* vertices of H. The degree diagonal matriz D(H) of H is an n x n

entry is equal to 1 or 0 according to the adjacency or non-adjacency

diagonal matrix whose (i,7)" entry is the degree of i*" vertex of H. The Lapla-
cian and signless Laplacian matrices of H are respectively L(H) =D(H) — A(H)
and SL(H) = D(H)+A(H). For an n-vertex graph H, we consider the matrix
CH)=aJ+((n-1)8—a)l — («¢A(H) + BD(H)), where a(# 0),5 € R. This
matrix represents adjacency, Laplacian and signless Laplacian matrices of H while
taking («, 8) = (1,0), (1, —1), and (1, 1), respectively.

Chakarbarty et al. [4] developed the concept of an undirected power graph for groups.
The power graph &Z(G) of a group G is an undirected graph with all the elements
of G as vertices and two vertices v and v are adjacent if and only if u = v™ or
v =u", m € Z. Chattopadhyay and Panigrahi [5] explored the Laplacian spectrum
of #(Z,) and Z(D,,). Banerjee and Adhikari [2] investigated the signless Laplacian
spectrum of the power graph for the group Z,. Panda [8] investigated the Laplacian
spectrum of power graphs for several families of finite groups. Romdhini et al. [10]
investigated the adjacency and Laplacian spectra of the power graphs associated
with dihedral groups Ds,. Romdhini et al. [9] further explored the adjacency and
Laplacian spectra of the power graphs associated with generalized quaternion groups
Q.. For more results on power graphs one may refer the recent survey [6].
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It is to be noted that no spectral results had been done for the complement of power
graphs. Here we obtain spectra of the adjacency, Laplacian, and signless Laplacian
matrices of the complement of power graphs on the cyclic groups Z,~ and Z,, ,
dihedral groups Ds,r, and generalized quaternion groups (),,. Also we determine all
the linearly independent eigenvectors corresponding to these eigenvalues. Moreover,
we see that these eigenvectors, except possibly two, are independent of any kind of
the above spectra.

2. Spectra of the complement of power graphs on cyclic
groups

Notation 1. For integers n and r, efvr denotes the column vector of dimension n, where
the first entry is equal to 1, *" entry is equal to —1 and the remaining entries are equal to
0. The all one column vector of dimension n is denoted by j,, ;. The all zero column vector
of dimension n is denoted by 0,,:. For any positive integer n, ¢(n) denotes Euler’s totient
function, that is ¢(n) is the number of positive integers less than or equal to n which are
relatively prime to n.

We consider the group Z,, = {0,1,...,(n—1)}, where addition modulo n is the binary
operation. Now we consider a simple graph 2,,, where the vertices are the positive
divisors dy,ds, ..., d; (for some integer t) of n, that is, V(Q,,) = {d1,dz, -+ ,d:}, and
where two distinct vertices are adjacent if and only if one divides the other.

Theorem 1. ([7], Theorem 2.2) For n € N, P(Zn) = Kymyt1 V
Qn[Ké(dl))K(ﬁ(dg)?7K¢(dt)]

Theorem 2. ([/],Theorem 2.12) Let G be a finite group. Then P(G) is complete if and
only if G is a cyclic group of order 1 or p", where p is any prime and r € N.

Theorem 3. Letn=7p", p is a prime number. Then, the eigenvalue of C(P(Zy)) is 0
with multiplicity n and the eigenvectors are X1 = j:,l’ X = egﬂ- for2 <i<n.

Proof. By Theorem 2, #(Z,) is a null graph and hence the result follows. O

Theorem 4. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
C(P(Zy)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity ¢(pq) + 1, and corresponding eigenvectors Xi =
Uotpay+1,10 Os(a).1> Osp)1) s Xi = (€5pgy 11,0 Os(a).15 Oppya) ™5 2 < i < B(pg) + 1.

(i) The eigenvalue (p—1)B with multiplicity (¢—2), and corresponding eigenvectors Y;—1 =
(Os(p0)+15 €410 Op)1) " 2 < 0 < ().

(%i) The eigenvalue (q—1)8 with multiplicity (p—2), and corresponding eigenvectors Z;—1 =
(Ospa)+15 Os(o).15 €gp),0) > 2 <0 < 0(q).
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(p+q—2)B—D p+q—2)B+D
2 2

(w) The remaining two eigenvalues are and ! with correspond-
ing eigenvectors Wi = (Op(pgy+1.1, (B(p — @) — D)dgiy1r2a(q — Diyya)” and
Wz = (0s(pq) 41,1, (B0 — @) + D)dg(qy120(q — Digpy1)" respectively, where D =
Vi +a—-228 —4lp—1)(¢-1)(B? - ).

Proof. Let Vi = {z € Z, : gcd(z,n) = 1} U {0}, Vo ={z €
Z, : gcd(z,m) = p} and V3 ={z € Z, : gcd(z,n) = q}. Then,
C(Z(V1)s(pg)+1.6(pa)+1 O (pg)+1.6() O (pq) +1.6(p)
C(Z(Zy)) = Os(9).6(pa)+1 (C(2(V2) + (0 = 1)BI) g(a).6(a) aJy(q).6(p) :
Op(p),6(pa)+1 aJs(p).6(0) (C(2(Va)) + (¢ = V)BT yp).6()

where C(2(V1)) = Oypgy+1,60+1: C(Z(V2)) = Opg)p(q) and C(P(V2)) =
Op(p),0(p)- Let Xy = (j¢(pq)+171,0¢(q)71,0¢(p)71)T be a vector. Now,

O'jcﬁ(pq)ﬂ,l j¢(pq)+1,1
C(P(Zn)) X1 = O4yq1 | =0| Oy
0p(p),1 04 (p).1

Thus, 0 is an eigenvalue of C(Z(Z,)) with corresponding eigenvector X;. Let X; =
(eg(pq)ﬂ,iv 04(q),150(p),1)75 2 < i < ¢(pg) + 1. Then,

0.eT ) el
Fo(pg)+1,4 d(pq)+1,i
C(P(Za))Xi=| Oy | =0 041 | =0Xi
0p(p),1 04 (p),1

So, 0 is an eigenvalue of C(Z(Z,)) with multiplicity ¢(pq) + 1, and corresponding
eigenvectors are X;, for 1 < i < ¢(pq) + 1. Let ;1 = (O¢(pq)+171,e£(q) 06 1) 7,
2 <i < ¢(q) be a vector. Then,

O¢(pq)+%ﬂ1 O¢(gq)+1,1
C(P@)Yir = [ -1Bel, | =w-18| ely. | =m-18vi.
04(p).1 05(p).1

Therefore, (p — 1)5 is an eigenvalue of C(#(Z,)) with multiplicity (¢ — 2),
and corresponding eigenvectors are Y;_1, 2 < i < ¢(pg). Let Z;_; =
(04 (pg)+1,15 0¢(p)71,e£(p)7i)T, 2 <i < ¢(q) be a vector. Then,

04 (pg)+1,1 04 (pg)+1.1
C(P(Ln))Zi1 = 04(p),1 =(@-1DB Ogpma | =(q—1)BZi.
(a—1)Bef(,). €50).i
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Therefore, (¢ — 1)f is an eigenvalue of C(Z(Z,)) with multiplic-
ity (p — 2), and corresponding eigenvectors are Z;_1, for 2 < i <

(r — 2). Let. D = /(Blp+q—2)>+4p-1)(¢—1)(a?-5?), and
Wi = (0g09)+1,1, (B — @) — D)jsg)1:20(q — 1)j¢(p),1)T be a vector. Now,

Op(pg)+1,1
C(P(Ln))W1 = ((C(W(Vz)) (P = 1B y(q).6(0) BP = @) = D)igigra + @ Jo@).6()2(q = Vg1 | »
aJyp).0(0)(BP = @) = D)ig(g),1 + (C(P(V3)) + (4 = 1)BD g (p).0(r) 2(q = Digp) 1

Og(pg)+1.1
((p—a)B = D)jy(q)1 +20*(p—1)(q — 1)j¢(q>,1) ;
alg—1)((p = 0)B = D)iygpy1 + 208(0 — 12y 1
0p(pg)+1,1
—(q=1)8 = D)jyp1 +2°(p—1)(qg - 1)j¢<q>,1) ,

alg — )5 —(q=1)B8=D)jypy1 +2a8(q - 1)2j</>(p)71

0¢(pq)+1,1
-1)(g-1)-Dp-1)+2a%(p—1)(¢— 1))j¢<q),1) ;
1)(q —1)=Da(g—1)+ap(qg— 1)2)jd)(p),1

1)(
O¢(pg)+1,1
28%(p—1)>—28D(p—1)— 2(1} D (g=1)B%+40>(p—1)(g— 1)),]¢( e
alg—1)((p — 1)5 +(g=1)B = D)igpa

( 1+¢g—1)— D O¢<w>+1 1
polte —1)B=(¢—=1)B—=D))jyg1 | »
)M)_]
é(p),1

g
g
[
(
g

wy.

0

D ¢(pq)+1,1 _ - D

_pta-2f-D 3 L ((B(p —q) - D)j¢<q>,1) _(pte-2p-D 22)6
2a(g = Dig(p)1

Thus, W is an eigenvalue of C(£(Z,)) corresponding to the eigenvec-

tor Wi. Let Wa = (04(pg)+1,1, (B(0—0)+D)jg(g).1, 20(¢—1)jg(p).1)" be a vector. Now,

Og(pg)+1.1
C(P(Ln))Wo = ((C(J(Vz)) (0 = DB g(q),6(0) B® — @) + D)igy1 + o906 20(q — Dipy1 | »
oy Blp—a) + D)jgig1 + (C(P(V3)) + (¢ — DB ()60 204(q — L)ig(p.1

Op(pq)+1,1
P OB+ D)jggy + 202 (p—1)(q — Diga)1 | »
—@)B+ D)1 +2a8(q — 1)? Jo(p)1

)ﬁ —(g—=1)p+ D)j¢>(p),1 +2a8(q — 1)2j¢(p),1

0¢(pg)+1,1
—B%(p—1)(g—1)+D(p—-1)B+2a? (P—l)(q—l))jqa(qm ;

( a(g—1)(
04 (pg)+1.1
— (g =B+ D)jy(g1 +20%(p = 1)(q = Dijyg)a | »
alg — 1
( *1)(q*1)+Da(q* 1) +af(q—1)?)ism)a
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04(pg)+1.1
— (2[3 (p—1)*+28D(p—1)— 2(10 1) (g=1)B%+40>(p—1)(g— 1))

(alg=1)((p— 1)ﬂ + (¢ = 1B+ D)jsp)1

0p(pg)+1,1

(=t DBED (5 — 1) — (¢ — 1) + D))ig(q)a
2 D
(2a(q — 1) @FL2EDY;

#(q),1 |

Wa.

p+q-2)+D Hpatll p+q—2)+D
= % ((ﬁ(p = @)+ D)y | = %
2a(gq = Dg(py 1

Thus, w is an eigenvalue of C(Z(Z,,)) corresponding to the eigenvector Wo.

O

Remark 1. We note that the eigenvectors of C(£(Z,)) obtained in Theorem 4 (i) — (4i%)
are independent of « and 5. So A(P(Zy)), L(P(Z,)), and SL(P(Zy)) have the same
eigenvectors, may be except possibly two.

Corollary 1. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
A(P(Zy)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity pqg — 2, and corresponding eigenvectors are X1 =
Gpar+1.10 Osta1> Osm),1)" 5 Xi = (€5pg) 41,0 Osa) 1, Osmy1)" > 2 < 0 < 6(pg) + 1,
Yie1 = (Os(pq)+15 €5g).i0 Os)1)"+ 2 < 0 < 6(0), Zie1 = (Os(pa)+1: Os(p),1 €op)0) " »

2 <4 < ().
(i) The remaining two eigenvalues are —/(p — 1)(q — 1) and \/ q — 1) with corre-
sponding eigenvectors Wy = (0¢(pq)+1 1, —2\/ = 1)(q = Dig(q),152(a = Vg, DT and

W2 = (0p(pg)+1,1, 24/ (p — 1)( ]¢(q),17 )]¢<p)’1)T, respectwely.

Corollary 2. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
L(P(Zy)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity ¢(pq) + 2, and corresponding eigenvectors are X1 =
(jga(pq)ﬂ,p O0s(q),1, 0¢(p),1)T, X = (eg(pq)Jrl,iv 04 (q),15 0¢(p),1)T; 2<i< ¢(pg) +1 and
Wy = (0¢(pq)+1,1:2(1 - Q)j¢(q),l7 —2(q - 1)j¢(p),1)T

() The eigenvalue (p — 1) with multiplicity (¢ — 2), and corresponding eigenvectors are
Yic1 = (Oppa)+1> €hegy.i0 Osma)” > 2 < i < ¢(q).

(#i) The eigenvalue (¢ — 1) with multiplicity (p — 2), and corresponding eigenvectors are
Zi—l - (0d>(pq)+17 0¢(p),17 e’g(p)’i)Tf 2 S i S ¢(Q)

(iv) Th'e etgenvalue (p +q —TQ) with corresponding eigenvector Wa = (0Og(pq)+1,1,2(p —
1)J¢(q),17 —2(q — 1)J¢>(p),1)



K. Kumari, P. Panigrahi 7

Example 1. Let n =6 and (o, 8) = (—1,1). Then C(#(Z¢)) = 61 — J — (—A(P(Z¢)) +
D(P(Z))) is the complement of the Laplacian matrix of Z?(Zg). Therefore,

000 0 0 O
0000 0 O
0000 0 O
C(PZe) =L(ZZs) =500 1 0 -1
000 0 1 -1
000 -1 -1 2

By Theorem 4, the eigenvalues of L(Z?(Zs)) are 0,0,0,0,1, and 3. And their corre-
sponding eignevctors are respectively (1, 1,1,0,0,007, (1,-1,0,0,0,0)”, (1,0,-1,0,0,0)7,
((07 0705 745 747 74))7 (07 Oa 07 1a 717 0) and (0 0707 2a 2 4)

Corollary 3. Let n = pq, where p and q are distinct primes. Then, the eigenvalues of
SL(P(Zyn)) and their corresponding eigenvectors are as given below:

(i) The eigenvalue 0 with multiplicity ¢(pq) + 2, and the corresponding eigenvectors are
X1 = Usay+1.10 Os(a1s Osm)1)” s Xi = (€4(pgy41,15 0015 Oppy1)” s 2 <0 < d(pa) +
1, and Wi = (Op(pgy+1,15 2(1 — Q)dg(q),1- 2(q — 1)j¢<p)71)T

(i) The eigenvalue (p — 1) with multiplicity (¢ —2), and the corresponding eigenvectors are
Yio1 = (0¢>(pq)+l> eg(q),iy 0¢(p),1)T; 2<:< (b(q)

(#i) The eigenvalue (g — 1) with multiplicity (p — 2), and the corresponding eigenvectors are
Zie1 = (Ospqr+15 O 15 €hpy.) "+ 2 <0 < (q).

(iv) Th'e eigenvalue (p +4q - 2) with corresponding eigenvector Wa = (Op(pg)+1,1,2(p —
Dio(q).1:2(a = Dippya)” -

3. Spectra of the complement of power graphs on dihedral
groups

The dihedral group (Da,) with n > 3 is defined by (a,bla™ = e = b?,bab = a~1),
where o(a) = n and o(b) = 2. Now, we partition V(Da,,) into three sets. Let V; = {e},
Vo =(a)/{e} and V3 = {a’b:0<i<n—1}. So, |Vi| =1, |Vao| =n —1 and |V3]| = n.

Theorem 5. [1] Let n =p", p is a prime number and r € N. Let 2 (D2,) be the power
graph of Day, and deg(v) be the degree of vertex v, then
1. deg(v) =2n —1, Vv € V1,
2. deg(v) =n—1, Yv € Vs,
3. deg(v) =1, Yv € V3.
Theorem 6. Let n = p", where p is a prime number. Then, the eigenvalues of
C(P(D2n)) and their corresponding eigenvectors are as follow:

(i) The eigenvalue O with the associated eigenvector X{ = (1, 0¢n—1y1, On,1).
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(i) The eigenvalue nf with multiplicity (n — 2), and the associated eigenvectors are X; =
(0, e(n—1),js On,1)" for2<i<mn-—1.

(@ii) The eigenvalue —a + (2n — 2) B with multiplicity (n — 1), and the corresponding eigen-
vectors are Y; = (0, 0n—1),1, €n.j))", 2 < j < n.

nB+(28+a)(n—1)+D nB+(28+a)(n=1)—D
2 2

(w) The remaining two eigenvalues are and with cor-
responding eigenvectors Z1 = (0,(a + 28 — (@ + B)n + D)ju,_1y1,2a(n — l)jml)T
and Zz = (0,(a + 28 — (a + B)n — D)j,_1y,1,20(n — 1)j,1)" respectively, where

D=+/(nB+ 28+ a)(n—1))2% —dn(n — 1)(B(28 + a) — a?).

Proof. We have

c(2(W)) O1,(n-1) O1n
C('@(DQ’VL)) = O(nfl)J (O(W(%)) + nﬁj)(nfl),(nfl) aJ(nfl)m, )
On,l aJm(n—l) (0(9(V3)) + (TL - 1)/81)717n

where C(Z(V1)) =0, C(£(Va)) = Op—1n—1, and C(Z(V3)) = a(J — D)y + (n —
1)BI,,n. Let X1 = (1,0(n,1)71,0n71)T be a vector. Now,

0.1 1
C(P(D2n))X1 = | O—1)1 | =0 | O(n—1)1
On,l On,l

Thus, 0 is an eigenvalue of C(#(Day)) corresponding to the eigenvector Xj.
Let X; = (07e(n_1),j,0n’1)T for 2 < i < n — 1 be a vector. Then,

0 0 0
C(:@(Dgn))X] = ((C(@(Vg)) + n,[?])e(nl),j) = ((0 + nﬁ)e(nlm) =npg (e(nl),j> .
On,l On,l On,l

Therefore, nS is an eigenvalue of C(#(Dzy,)) with multiplicity (n — 2), and cor-
responding eigenvectors are X;, 2 < j < n —1. Let Y;_; = (070(n_1),1,e(n7j))T
2 < j <n. Now,

)

0
C(P(D2n))Yj-1 = O(n—1),1 ,
(C(Z(V3)) + (n = 1)BI e, j)

0
C(Z(D2n))Yj—1 = 0(n—1),1 = (—a+2(n—1)B)Yj-1.
(70{ + (n - 1)6)e(n,j) + (n - 1)Be(n,j)
Thus, (—a 4+ 2(n — 1)) is an eigenvalue of C(Z(Da,)) with multi-
plicity (n — 1), and corresponding eigenvectors are Y;_1, 2 < j < mn.
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Let D = VB + 28+ a)(n—1))2—4n(n—1)(B(28 +a) —a?), and
Zy = (0,(a + 28 = (@ + B)n + D)ju—1)1,2a(n — 1)j, ;)" be a vector. Now,

0
C('@(DQn))Zl = ((C(gﬂ(‘/z)) + /,L/BI)(’VL—I),(’VL—I)(Q + 25 - ((Y + 6)” + D)j(n—l),l + a‘](n—l),n2a(n - 1)jn,1)
p n-1)(@+28 = (a+ B)n+ D)jo,_1y1 + (C(Z(Vs) + (n = DB )npn2a(n — 1)j,

0
= ( nf(a+28 — (a+ B)n+ D)ji,_1y1 +202n(n = 1)jg_1y1 )
an—1)(a+28 - (a+B)n+D)j,1 + ((n—Da+2(n—1)B)2a(n — 1)j, 1

0
_ 2nB(a+28— (a+B)n+D)+4a n(n—1).
J(n 1),1
((a +28—(a+B)n+ D+ 2(n —Da+4(n—-1)B)a(n — 1)jn‘1)

0
= | (2EHCEEIO=DED Y (4 1 28 — (a + B)n + D)ju_1y4
(nB+ (28 + a)(n — 1) + D)a(n — 1)j, ,

0
_npr@ron-D+D ((a +28— (ot B + D)jml),l)
20(n = Djn
B+ (28+a)(n—1)+D
B 2

Z1.

Thus, Zy is an  eigenvector of C(Z(Ds,))  corresponding  to
the eigenvalue ”5“2[”“)(" D+D Let Zy = 0,(« + 28 —
(@ + Bn — Djp_1, 17201( - Dj,1)"  be  vector. Now,

0
C(P(D2n))Z2 = | (C(Z(V2)) + nfI)(n-1),(n-1)(@ + 28 — (@ + B)n = D)jn1)1 + @Jin—1)m20(n — 1).in,.1)

an,(n-1)(@+28 = (@ + B)n — D)ji_1)1 + (C(Z(Vs)) + (n = 1)B)nn20(n — 1)j,

0
a+28 = (a+B)n— D)j_1)1 +20°n(n = Dji,_1y, )
a(n —1)(a + 28— (a+B)n— D)j, 1 + ((n — Da+2(n —1)B)2a(n — 1)j,

0
( 2nB(a+26— (a+[3)n D)+4a’n(n— 1) i )

—1),1
(a+28— (a+ﬂ)n—D+2(n—1)a+4(n— DB)a(n = 1),

0
(nAHEE)=DZD) (o 1 98 — (a4 B)n — D)j(u-1).1
nﬂ+(2ﬁ+a)n71 —D)a(n —1)j,,

0
_nf+ Q26+ C; Y(n—1)—D ((a +28— (a+B)n — D)j(nl)‘l)
2&(77, - l)jn,l
_ nf+ 28+a)(n—1)—

D
Zs.
D) 2

Thus, Z, is an eigenvector of C(Z(Dasy,)) corresponding to the eigenvalue
np+(2+a)(n—1)—D O
5 .

Remark 2. We note that the eigenvectors of C(Z?(Da,r)) obtained in Theorem 6 (i) — (4i7)
are independent of o and 8. So A(Z(D2pr)), L(Z(Da2pr)), and SL(L(D2pr)) have the same
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eigenvectors, may be except possibly two.
Corollary 4. Let n = p". The eigenvalues of A(P(Dan)) and their corresponding
eigenvectors are as follows:

(i) The eigenvalue 0 with multiplicity n — 1, and the corresponding eigenvectors are X1 =
(1, 0(n—1),15 On1)", X; = (0, €(n-1y,5, On1)" for2<i<n-—1.

(i) The eigenvalue —1 with multiplicity (n — 1), and the corresponding eigenvectors are
Y; = (0, Om-1).1 €)', 25 <

e . . . n— i\ (n— n(n—
(i) And  the remaining two  eigenvalues  are S RRA 21)2+4 (n=1) and
—1)—/(n— - ) ) )
(n=D=(n 21)2+4n(" Y with corresponding eigenvectors Z; = (0,(1 — n +
V=12 +4n(n = 1))j 11,20 = Dj,1)" and Zo = (0,1 — n -

V=12 +4n(n —1))jg, _1y.1,2(n — 1)j,1)", respectively.
Corollary 5. Let n = p". The eigenvalues of L(F(Day)) and their corresponding
eigenvectors are as follows:

(i) The eigenvalue 0 with multiplicity 2, and the associated eigenvectors are X1 = (1,
O(nfl),lv 0n71)T} Zy = (07 2(1 - n)j(n—l),h 72(” - 1)jn,1)T

(i) The eigenvalue n with multiplicity (n — 2), and the corresponding eigenvectors are
X; = (07 €(n—1),j, On, 1) for2<i<n-—1.

(i1) The eigenvalue (2n — 1) with multiplicity (n — 1), and the corresponding eigenvectors
are YJ = (0, 0(1171),17 e(n,j))Tv 2 SJ S n.

(iv) The eigenvalue 2n — 1 with corresponding eigenvector Zz = (0,2nf,,_1y 1, —2(n —
1).771, l)T

Corollary 6. Let n = p". The eigenvalues of SL(ZP(Day)) and their corresponding
etgenvectors are as follows:
(i) The eigenvalue 0 with the associated eigenvector X1 = (1, Opn—1),1, On,1)"

(i) The eigenvalue n with multiplicity (n — 2), and the corresponding eigenvectors are
Xj = (0, E(n_l),]‘, On’l)T fOT‘ 2 S 7 S n—1.

(4ii) The eigenvalue (2n — 3) with multiplicity (n — 1), and the corresponding eigenvectors
are Y; = (0, Ou-1).1, €ny)’ > 2 <5 <.

4n— 3+\/8n2 16n+9 4n— 37\/871 —16n+9
(w) And the remaining two eigenvalues are

corresponding eigenvectors Z1 = (0, (3 — 2n + \/Sn2 - 16n + )j(n .15 (n —1)3,. l)
and Zz = (0,(3 — 2n — v/8n? — 16n + 9)j(,,_1)1,2(n l)jml) , respectively.
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Example 2. Let n =4 and (o, 8) = (1,1). Then C(Z(Ds)) = J + 61 — (A(P(Ds)) +
D(Z(Dsy)) is the signless Laplacian matrix of &?(Ds).Therefore,

C(2(Ds)) = SL(Z(Ds))

I
DO OO OO OO
=== O O O
Y = N I e W )
== RO OO
e e =)
e e e =)
—_ O = = = O
[ I N e e =)

By Theorem 6, eigenvalues of SL(Z(Ds)) are 0,4,4,5,5,5,2.2280, and 10.7720.
Also by the same theorem, eigenvectors corresponding to eigenvalues 0,4,4,5,5,
and 5 are respectively (1,0,0,0,0,0,0,0)", (0,1,-1,0,0,0,0,0)", (0,1,0,-1,0,0,0,0),
(0,0,0,0,1,-1,0,0)", (0,0,0,0,1,0,—1,0)”, (0,0, 0, 0, 1,0,0,—1)T, (0,5 — V73, -5 —
V73, —5—/73,6,6,6,6)" and (0, —5 + /73, =5 + /73, -5 + \/73,6,6,6,6)".

4. Spectra of the complement of power graphs on generalized
quaternion groups

For n > 2, the dicyclic group Q, =< a,bla®” = e,b> = a",ab = ba~! > is of
order 4n. If n is a power of 2, then (), is known as the generalized quaternion
group. Let Ty={e,a"}, To={a,a?,...,a" 1 a" ' ... a®>" '}, and for 3 <i <n+2,
T;={a'=3b,a"**=3b}. Therefore, Ty UT,UT3UTy ...UT, 1o is a partition of V/(2(Q,,)).
We see that T, induces the complete graph Ko, o and each T; induces K5, for 1 <
i <n-+2 (i #2). Let T be the star graph K; p4+1 with V(K7 n41) ={1,2,...,n+2}
and where 1 is a non-pendent vertex. Then

P(Qn) = \{2(T), 2(T2),..., P (Tns2)}
T

Theorem 7. [1] Let 2(Qy) be the power graph of Q, and deg(v) be the degree of vertex
v, then

1. deg(v) =4n — 1,V v € T1,
2. deg(v) =2n—1,V v €Ty,

3. deg(v) =3,V ve L T
Theorem 8. The eigenvalues of C(Z(Qrn)) and their corresponding eigenvectors are as
given below:

(i) The eigenvalue 0 with multiplicity 2, and the associated eigenvectors are
X1 =(e32,00n-2)1, 02,1,...,021)", X2 = (J2.15 O2n—2),15 02,1, - - -, 0:1)7.
S — S —

n times n times
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(i) The eigenvalue 2nf with multiplicity (2n — 3), and the associated eigenvectors are
Y; 1 =021, ean—2)j,021,..., 0:1)" for2<j<2n-—2.
—_———

n times

(#i) The eigenvalue (4n —4)B with multiplicity n, and the associated eigenvectors are W; =
(02,1, Uzn_gﬂl, Wiy ..., w(n_l), 'wn)T, = 1, 2.‘., n, where fOT‘ = 1, 2, e, n,

T . .
{62,27 Zf l= 23
w; =

02,1, otherwise.

(w) The eigenvalue —2a+ (4n — 4) with multiplicity n — 1, and the associated eigenvectors
are Zi = (02,1, O2n—21, Jo 1,21, Z(n—2), z(n,l))T, i = 1,2...,(n — 1), where for

I=12,...,(n—1),
) he, U=
2] =
02,1, otherwise.

(v) And the remaining two eigenvalues are 2("71)0‘”26"74)37[), 2("71)a+(26”74)6+D with
(0 ((2—2n)a+(4—2n)B—D)
2,1, 2

corresponding eigenvectors Uy = Jon—ay,1, 20(n — Djon1)7,
Uy = (021, ((272")a+(2472")B+D) Jan—2),1,20(n — 1)jan,1)T respectively, where D =
2y/((n — 1)a+ (3n —2)B)2 —4n(n — 1)(aB + 282 — a?).

Proof. We have

C(2(1)) O2,(2n-2) 02,5 Og» .. Os
O@n-2)2 C(Z(12)) +2nBI a(an—2),2 aJian—2)2 oy aJian—2)2
. 022 s (2n-2) C(2(T3)) + (4n — 4)BI alyy S a2
C(2(Qn)) = 02 ady (an_2) adys C(P(Ty)) + (4n — 4)BI ... oo
03,2 ady (an-2) ada s ads oo C(P(Tny2)) + (4n —4)BI

where C(Z(T})) = adaa — alz o — aA(P(T;)) = Oz for 1 < i(# 2) < (n+2) and
C(«@(Tz)) = aJ(2n72),(2n72) - Oéf(znfz),(znfz) - CYA(QZ(TQ)) = O(2n72),(2n72)' Let

X1 = (e£270(2n72)717 021,..., 02,1)T be a vector. Now,
—_————
n times
(—a+a)es, €39
O2n—2),1 O2n—2),1
C(2(Qn) X1 = 02,1 =0 02,1
021 02,1

)

So, 0 is an eigenvalue of C(£(Q,)) corresponding to the eigenvector X; =

T T 5T
(8272, 0(2,,7,_2),1, 02717 e ,02)1) . Let XQ = (_]271, 0(2.”_2),1, 0271, e ,0271) be a vector.
————— ————
n times n times

Now

)
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0-j2T,1 j2T,1

O2n-2),1 O2n-2),1
C(P(Qn)) X2 = 021 =0 021
021 021

Thus, X5 is an eigenvector of C(Z(Q,,)) corresponding to the eigenvalue 0. Therefore,
0 is an eigenvalue of C'(#(Q,,)) with multiplicity 2, and corresponding eigenvectors

are X1, Xo. Let Yj_1 = (02,1,€(2p—2),;,02,1, . .. ,091)T for 2 < j < 2n — 2 be vector.
—_————
n times
021 021 021
(C(2(T2)) + 2npl)e@n-2), (2n)Be@n—2),; €(2n—2),
Now, C(2(Qn)Yj_1= 021 - 021 =2nj3 02,1
021 02,1 021

Thus, 2nf is an eigenvalue of C(Z(Q),,)) with multiplicity (2n—3), and corresponding
eigenvectors are Y;_q for 2 < j < (2n —2).
Let W; = (02,1, 02,21, W1,..., W(p_1), w,)T,i=1,2...,n, where for [ = 1,2,...,n,

e{z, if =41,
W = .
051, otherwise.

021 021 021
O2n-2)1 O2n-2)1 O(2n-2),1
021 021 021
Now, C(2(Q.)W; = : = : =(4n—4)B :
(C(2(13)) + (4n — 4)BI)e2 (4n — 4)Bes 2 e
0271 02,1 0271

Thus, (4n —4)p is an eigenvalue of C'(Z(Q,,)) with multiplicity n, and corresponding
eigenvectors are W;, for 1 < i < n. Let Z; = (021, O2p—21, J215Z15 oy Z(n-2),
z(n_l))T, i=1,2,...,n—1, where for [ = 1,2,...,(n—1),

-j2 1 if l - i,
7 = ?
02,1, otherwise.

be a vector. Now,
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02,1 021
0(2n72),1 0(2n72),1
(C(2(T3)) + (4n — 4)B1)jy 1 — ad22jaq (—2a+ (4n — 4)B)j2 1
J2,2021 021
C(P2(Qn)Z; = : = f
aJa2jo 1 — (C(2(T7)) + (4n — 4)BI)ja 4 —(—2a+ (4n — 4)B)j2
J2,202 1 021
This implies that
021
Oi2n-2)1
Joa
021
C(Z(Qn))Zi = (—2a+ (4n — 4)B) :
—J21
021

Thus, (—2a + (4n — 4)B) is an eigenvalue of C(L(Q,)) with multiplic-
ity n — 1, and corresponding eigenvectors are Z;, for 1 < i < (n — 1).
Let D = 2y/((n—1Da+ (3n—2)B)2 —4n(n — 1)(af + 282 — a?), and
U1 _ (O 21, ((2— 2n)a+(4 2n)B—D) .

J@n—2)1,20(n — 1)jan1)" be a vector. Now,

021

J@n—2y1 T4an(n = Djan_2)1
(2 2n>a+(4 an- D)yt + (208(n — 1)(dn — 4) + 4a?(n — 1)?)j,,

((2 2n)(x+(4 2n)3—D) .

C(2(Qn))ls

a(n—1)((2-2n)a+ (4 —2n)3 — D) +8aB(n — 1)% + 4a2(n — 1)2)j2m1

021
(=2aB(n — 1) — 26%n(n — 2) — Dnf) + 4a’n(n — 1))j(2n72),1 )
(n—=1)((2 - 2n)a + (4 —=2n)8—D+86(n—1)+4da(n —1))js,1

02,1
(2(n—1)a+(6n—4)8— D)((Z 27L)Ut+<4 2n)3—D) .

021
( (nB((2 —2n)a+ (4 — 2n)B — D) + 4a?n(n — D)in—2)1 )

.](2n 2),1
n—]_ TL—1)CM+(677/_ )5 D)Jan
021
o n — 1 (Gn - )/B -D ((2— 2n)a+(4 Zn)ﬁ D).
= B .](271 2),1

2a(n — Djana

_ 2(n—Da+ (26n —4)8 _DUl.




K. Kumari, P. Panigrahi 15

2(n—1)a+(6n—4)8—D
Thus, 20=Doc(on=4)

eigenvector Uy. Let Us = (
vector. Now,

is an eigenvalue of C(Z(Q,)), corresponding to the
02,1, ((Q_Qn)a+(24_2n)ﬁ+mj(2n72),172a(n — 1)j2n,1)" be a

021

2”/3((272n)a+(2472n)B+D)j(2n72),1 + 40‘2”(” - 1).1(277,72),1

a(2n — 2) B2t QEBBED);, |+ (208(n — 1)(4n — 4) + 402 (n — 1)),

C(:@(Q,J)Ug =

021
(nB((2 —2n)a + (4 — 2n)B + D) + 4an(n — Di@n-2)1 )
(a(n = 1)((2 = 2n)a + (4 = 2n)B + D) +8af(n — 1)* + 4a*(n — 1)*)ja, 1

an—=1)((2—-2n)a+ (4 —2n)8+ D +86(n — 1) +4a(n — 1))jap 1

021
(2(n—1)a+(6n—4)B+D)((2—2n)a+(4—2n)B+D) «
1 J2n-2),1

a(n —1)2(n —Na+ (6n —4)5 + D)l 1

02,1
( (=2aB(n — 1) — 26%n(n — 2) + Dnp) + 4a’n(n — 1))j(2n,2)’1 )

021
2(n —Da+ (6n—4)B+ D [ (2-20)at@—20}5+D)
9 2 J(en—2),1

20[(71 — 1)‘]‘2”71

_ 2(n—1)a+(6n—4),8+DU2
5 .

Thus, 2("71)0‘“26"74)/”13 is an eigenvalue of C(Z(Q,)), corresponding to the

eigenvector Us. O

Remark 3. We note that the eigenvector of C(£(Qr)) obtained in Theorem 8 (i) — (iv)
are independent of a and 8. So A(Z(Qn)), L(Z(Qr)), and SL(Z(Qr)) have the same
eigenvectors, may be except possibly two.

Corollary 7. The eigenvalues of A(Z(Qn)) and their corresponding eigenvectors are as
given below:

(i) The eigenvalue 0 with multiplicity 3n — 1, and associated eigenvectors are X1 =
(652, 0(2»,1_2)’1, 0271,...,0271)T, Xg = (j2’170(2n_2)71,02,1,.“,02,1)T, )/j_1 = (02,17
———— ———

n times n  times
€2n—2)5,021,...,0:1)7 for 2 < j < 2n—2, Wi = (021, O2n—21, Wi,..., W_1),
—_——

n  times
w(n))T, 1=1,2...,n, where for | =1,2,... n,

T . .
{62,27 Zf l =1,
w; =

021, otherwise.

(i) The eigenvalue —2 with multiplicity n — 1, and associated eigenvectors are Z; = (02,1,
02n72,17 j2‘1, Zlye vy Z(n—2) z(n_l))T, 1= 1, 2, ey (’I’L—l), whereforl = 1, 2, ey (n—l),

o1, f =1
zl:{.72,1 f s

051, otherwise.
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. . 2(n—1)—4/20n2 —24n+4 2(n—1)+4/20n2—24n+4 .

(#ii) The remaining two eigenvalues are (n—1) 2” ntt gnd 2= 2" " with

V/20n2 —24n+4)
2

. . 2—2n—
corresponding eigenvectors Uy = (0a,1, (

2—2n+414/20n2 —24n+4
Uy = (02,1, ( 5 )

j(2n72),17 2(n_1)j2n,l)T and

Jean—2).1,2(n — 1)jon,1)T, respectively.

Example 3. Let n =2, and (o, 8) = (1,0). Then, C(Z(Qs) = J — I — A(Z(Qs) is the
adjacency matrix of 22(Qs). Therefore,

C(7(Qs) = A(Z(Qs)) =

OO O OO o oo
O OO OO oo o
=== O O OO
=== -0 O OO
= =00 ~=MF~=OO
= =0 0O ~=MF=OO
OO K RFEFHOO
OO KR HOO

By Theorem 8, we get the eigenvalues of A(4(Qs)) are 0,0,0,0,0. — 2,—2, and
4. Also corresponding eigenvectors are (1,-1,0,0,0,0,0,0)7, (1,1,0,0,0,0,0,0),
(0,0,1,-1,0,0,0,0)", (0,0,0,0,0,0,1,-1)", (0,0,0,0,1,-1,0,0)%, (0,0,0,0, 1,1, =1, —1)T,
(0,0,—4,-4,2,2,2,2)T and (0,0,2,2,2,2,2,2)7.

Corollary 8. The eigenvalues of L(Z(Qr)) and their corresponding eigenvectors are as
given below:

(i) The eigenvalue 0 with multiplicity 3, and corresponding eigenvectors are

X1 = (e2,0c2n-2)1, 021,...,021)", Xo = (4o1,02n-2)1,021,-..,021)" and
——— ———
n times n  times

U1 = (02’1, —2(n — 1)]'(27172)’1, —2(77, — 1)j2n’1)T.

(i) The eigenvalue 2n with multiplicity (2n—3), and corresponding eigenvectors are Y;_1 =
(02,1, €225, 021, -, 02,1)" for 2 < j < 2n—2.
—_———

n times

(#i) The eigenvalue 4n — 4 with multiplicity n, and corresponding eigenvectors are W; =
(0271, 02n72,17 Wi, ..., Win-1), 'wn)T, 1= 1, 2, ey, where fOT l= 1, 2, ey Ny

T . .
{32,27 if 1=1i,
wl =

021, otherwise.

w e eigenvalue 4n — 2 with multiplicity n, and corresponding eigenvectors are U =

w) The e lue 4 2 with multiplicit d di ; t U
(02»17 2nj(2n—2),1? 72(” - 1)j2n,1)T and Z; = (02,17 O2n—2,1, j2,17 21y Z(n—2),
z(n_l))T, 1=1,2,...,(n—1), where forl =1,2,...,(n—1),

-J if l=1
zl_{.b,la f )

02,1, otherwise.
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Corollary 9. The eigenvalues of SL(P(Qr)) and their corresponding eigenvectors are
as given below:

(i) The eigenvalue 0 with multiplicity 2, and associated eigenvectors are

T T . T
X1 =(e2,2,02n-2),1, 02,1,-..,021)", X2 = (do1,002n2)1,02,1,...,021)" .
N—— N——
n times n times

(i) The eigenvalue 2n with multiplicity (2n — 3), and associated eigenvectors are Y;—1 =
(02,1, €n-2),5,021,...,0:1)" for2<j<2n-—2.
—_————

n times

(#i) The eigenvalue 4n — 4 with multiplicity n, and associated eigenvectors are W; = (02,1,
O2n—2,1, Wi, ..., Wr_1), wy)’,i=1,2,...,n, where forl =1,2,...,n,

6527 if 1= Z‘,
w; = ’ .
021, otherwise.

(iv) The eigenvalue 4n—6 with multiplicity n—1, and associated eigenvectors are Z; = (02,1,
O2n—2,1, 021,21, - Z(n—2), z(n,l))T, 1=1,2,...,(n—1), where forl =1,2,...,(n—1),

“Joq, if 1=1,
z = ’ .
051, otherwise.

8n—6—1+/(8n—6)2—32n(n—1)

(v) The rest of  two eigenvalues are 5 and
Sn6t (8n726)2732n(n71) with corresponding eigenvectors Uy = (021,(3 — 2n —
V(An —3)2 =8n(n —1))jzn_2),1,2(n — Djena)’ and Uz = (021,(3 — 2n +

V/(4n —3)2 —8n(n — D)dan—2),1:2(n — 1)jon.1)T, respectively.

Concluding Remark: Using the matrix C(H) of a graph H, one can compute
adjacency, Laplacian and signless Laplacian spectra of complement of any other graph
not necessarily a power graph. For example, we consider the cycle Cy on 4 vertices.
One sees that C is not a power graph because in a power graph there is a vertex
(identity element) which is adjacent to every other vertex. Now, C(Cy) = aJ + (38 —
80 a0
080 «
a0 60
0 0p
matrix C(Cy) is the adjacency spectrum of Cj.

a)I — (aA(Cy) + BD(Cy)) = . Taking o = 1, 8 = 0, the spectrum of the
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