
CCO
Commun. Comb. Optim.

c© 2026 Azarbaijan Shahid Madani University

Communications in Combinatorics and Optimization

Vol. xx, No. x (xxxx), pp. 1-10

https://doi.org/10.22049/cco.2026.30809.2627

Research Article

New bounds for Seidel energy of graphs

Mohammad Reza Oboudi1,∗, Akbar Jahanbani2, Reza Sharafdini3

1
Department of Mathematics, College of Science, Shiraz University, Shiraz, Iran

mr oboudi@yahoo.com; mr oboudi@shirazu.ac.ir

2
Sama Technical and Vocational School, Dolatabad Branch, Isfahan, Iran

akbar.jahanbani92@gmail.com

3
Department of Mathematics, Persian Gulf University, Bushehr 75169, Iran

sharafdini@pgu.ac.ir

Received: 19 July 2025; Accepted: 12 April 2026
Published Online: 22 April 2026

Abstract: Let G be a graph and S(G) be the Seidel matrix of G. Let s1 ≥ s2 ≥
· · · ≥ sn be the eigenvalues of S(G). The spread of matrix S(G) defined as s(G) :=
maxi,j |si − sj | = s1 − sn. The Seidel energy of G, denoted by SE(G), is defined to

be the sum of the absolute value of all eigenvalues of the Seidel matrix of G. Willem
Haemers conjectured that the Seidel energy of any graph with n vertices is at least

2n− 2. Motivated by this conjecture, we prove that the conjecture is true if s(G) ≤ n.

Moreover, we present some new bounds for the Seidel energy and also we study some
properties of the Seidel eigenvalues of G. Our results improve some known results.
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1. Introduction

Let G be a simple graph with vertex set {v1, . . . , vn}. The adjacency matrix A(G) of

G is defined by its entries as aij = 1 if vi and vj are adjacent and 0 otherwise. In

1966, Van Lint and Seidel [17] introduced a (−1, 0, 1)-matrix for a graph G, called

the Seidel matrix of G, defined as S(G) = J − I − 2A(G), where J is a square matrix

whose all entries are 1 and I is the identity matrix. Thus, S(G) = [sij ] has 0 on its

diagonal and ±1 on its off diagonal, where sij = −1 if vi and vj are adjacent and

sij = 1, otherwise.

∗ Corresponding Author



2 New bounds for Seidel energy of graphs

Let s1 > s2 > · · · > sn be the eigenvalues of the Seidel matrix S(G) (we call these

eigenvalues as Seidel eigenvalues of G). The Seidel spread of G, denoted by s(G),

is defined as s(G) := maxi,j |si − sj | = s1 − sn. The Seidel energy of the graph G

introduced by Haemers [7] and defined as

SE(G) =

n∑
i=1

|si|.

By Sk(G) (where G is a graph of order n) we mean Sk(G) =
∑n

i=1 |si|k. In particular,

SE(G) = S1(G) . Haemers posed the following conjecture in [7].

Conjecture 1. Let G be a graph of order n. Then

SE(G) ≥ 2n− 2.

This conjecture was first investigated by Haemers for n ≤ 10 and then was settled

for n ≤ 12 in [6]. In [13] the Haemers’s conjecture has been proved for every k-

regular graph G of order n such that k 6= n−1
2 and G has no eigenvalue in (−1, 0).

In [5] it was proved that the conjecture is valid for all graphs G of order n such that

n − 1 ≤ |det(S(G))|. This conjecture completely have been proved by Akbari et al.

in [2]. Akbari et al. [1], presented some properties of eigenvalues of the Seidel matrix

and obtained some bounds for the Seidel energy. In [7, 9, 13–16] there are some results

about the Seidel eigenvalues and some bounds for Seidel energy graphs.

Motivated by above papers, we investigate the Haemers’s conjecture in point view of

spread of Seidel matrices. In this paper we first show that the Haemer’s conjecture is

true for any graph G of order n and with s(G) ≤ n. Then we present some properties

of eigenvalues of the Seidel matrix and obtain new bounds for the Seidel energy of a

graph. Moreover, we improve some of the well-known published bounds for the Seidel

energy of graphs.

2. Preliminaries and known results

In this section, we call up some bounds for the Seidel energy and some analytical

inequalities that will be used in proofs of theorems. The following result appears in

[7, 9] as well.

Lemma 1. [7, 9] Let G be a graph of order n. Then

SE(G) ≤ n
√
n− 1. (2.1)

Next lemma plays a key role in this paper.
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Lemma 2. [8] Let G be a graph of order n. The following hold:
(i) S2(G) =

∑n
i=1 s

2
i = n (n− 1),

(ii) For every integer k ≥ 2, n
√

(n− 1)k ≤ Sk(G) ≤ n (n− 1)k + n− 1.

In this paper we apply the following algebraic inequalities.

Lemma 3. [4] Let a1, . . . , an be some positive real numbers. Then the following inequality
holds √

a2
1 + · · ·+ a2

n

n
≥ a1 + · · ·+ an

n
+

1

4n

n∑
i=1

(na2
i − (a2

1 + · · ·+ a2
n))

2

n2a4
i + (a2

1 + · · ·+ a2
n)2

ai. (2.2)

Lemma 4. [3] Let x1, . . . , xn be some non-negative numbers and s, k be some positive
integers where s ≤ k. Then

(
n∑

i=1

xs
i

) k
s

≤ n
k
s
−1

(
n∑

i=1

xk
i

)
. (2.3)

Lemma 5. [11] Let p = (pi)
n
i=1 be a sequence of non-negative real numbers and a = (ai)

n
i=1

be a sequence of positive real numbers. Then for every r ∈ R \ (0, 1),

(
n∑

i=1

pi

)r−1 n∑
i=1

pia
r
i ≥

(
n∑

i=1

piai

)r

, (2.4)

and the equality holds if and only if either r = 0 or r = 1 or a1 = a2 = · · · = an.

Lemma 6. [10] Let a1, . . . , an be some non-negative numbers. If X = 1
n

∑n
i=1 ai and

Y =
(∏n

i=1 ai

)1/n
, then

1

n(n− 1)

∑
i<j

(√
ai −

√
aj

)2 ≤ X − Y ≤ 1

n

∑
i<j

(√
ai −

√
aj

)2
.

3. Main results

In this section, we establish new bounds for the Seidel energy that improves some of

known results. Among these results we prove that the Haemers’s conjecture is true

if s(G) ≤ n. We begin with the next result which gives a new bound on SE(G) in

terms of the spread of the Seidel matrix.

Theorem 1. Let G be a graph of order n. Then

SE(G) ≥ 2n(n− 1)

s(G)
. (3.1)
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The equality holds if and only if G has at most three distinct eigenvalues, which are s1 with
multiplicity k, 0 with multiplicity t0 and sn with multiplicity n− t0 − k.

Proof. Since
∑

si 6=0 si = 0, by the first part of Lemma 2, we have

n(n− 1) =
∑
si 6=0

s2i =
1

2

∣∣∣ ∑
si 6=0

(2si − s1 − sn) si
∣∣

≤ 1

2

∑
si 6=0

∣∣∣ (2si − s1 − sn) si

∣∣∣ (3.2)

=
1

2

∑
si 6=0

∣∣∣2si − s1 − sn∣∣∣∣∣∣si∣∣∣.
Since for i = 1, 2, . . . , n, sn ≤ si ≤ s1, one can easily see that

∣∣∣2si − s1 − sn∣∣∣|si| ≤ (s1 − sn)|si|. (3.3)

Combining (3.2) and (3.3) we obtain that

1

2
s(G)SE(G) =

1

2
(s1 − sn)

∑
si 6=0

|si|

=
1

2

∑
si 6=0

(s1 − sn) |si|

≥ n(n− 1). (3.4)

Now suppose that the equality holds in (3.1). Then in the inequalities (3.2) and (3.3)

the equality holds. If si = 0 for some i, then the equality occurs in (3.3). If si 6= 0,

then the equality holds in (3.3) if and only if si = s1 or si = sn. Therefore, the

equality holds in (3.1) if and only if every eigenvalue of S(G) is 0 or s1 or sn. In other

words, the Seidel spectrum of G is

{
stk1 , 0

t0 , sn−t0−tkn

}
,

for some t0 and tk.

Remark 1. Applying Theorem 1 for any graph with s(G) ≤ n, we obtain that SE(G) ≥
2(n − 1). Hence, the Haemers’s conjecture [7] is true for any graph G of order n with
s(G) ≤ n.

In the next result, we present an upper bound for the Seidel energy of graphs in terms

of order and the sum of powers of the eigenvalues of the Seidel matrix.
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Theorem 2. Let G be a graph of order n and |s′1| > |s′2| > · · · > |s′n| be the absolute
eigenvalues values of the Seidel matrix. Then

SE(G) ≤ n
√
n− 1−

|s′n|
(∑n

i=1 s
4
i − n(n− 1)2

)
4 (s41 + (n− 1)2)

. (3.5)

Proof. If we take ai = |si| for i = 1, 2, . . . , n in inequality (2.2), we get

√
s21 + · · ·+ s2n

n
≥ |s1|+ · · ·+ |sn|

n
+

1

4n

n∑
i=1

(ns2i − (s21 + · · ·+ s2n))2

n2s4i + (s21 + · · ·+ s2n)2
|si|

≥ |s1|+ · · ·+ |sn|
n

+
|s′n|
4n

n∑
i=1

(s2i − (n− 1))2

s4i + (n− 1)2

≥ |s1|+ · · ·+ |sn|
n

+
|s′n|
4n

n∑
i=1

(s2i − (n− 1))2

s41 + (n− 1)2

=
|s1|+ · · ·+ |sn|

n
+

|s′n|
4n (s41 + (n− 1)2)

n∑
i=1

(s2i − (n− 1))2

=
|s1|+ · · ·+ |sn|

n
+
|s′n|

(∑n
i=1 s

4
i − n(n− 1)2

)
4n (s41 + (n− 1)2)

.

The last inequality leads to the desired bound.

Remark 2. Note that by Lemma 2, we have
∑n

i=1 s
4
i−n(n−1)2 ≥ n(n−1)2−n(n−1)2 = 0,

this means that inequality (3.5) is stronger than (2.1).

In the next result, we provide a general upper bound for the Seidel energy of graphs.

(we recall that Sk(G) is
∑n

i=1 |si|k, where s1 ≥ · · · ≥ sn are the Seidel eigenvalues of

G).

Theorem 3. Let G be a graph of order n ≥ 3 and with Seidel eigenvalues s1 ≥ · · · ≥ sn.
Then for any real k ≥ 2,

SE(G) ≤ s1 + (n− 1)
k−2
k

(
S

k
2 (G)− s

k
2
1

) 2
k

. (3.6)

Proof. Setting xi =
√
|si| for i = 2, 3, . . . , n and s = 2 in Inequality (2.3) we have

(
n∑

i=2

|si|

) k
2

≤ (n− 1)
k
2−1

(
n∑

i=2

|si|
k
2

)
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that is,

n∑
i=2

|si| ≤

(
(n− 1)

k−2
2

n∑
i=2

|si|
k
2

) 2
k

= (n− 1)
k−2
k

(
n∑

i=2

|si|
k
2

) 2
k

.

This completes the proof.

Remark 3. Note that |s1| ≥ |n − 1 − 4m
n
| [12], hence for k = 4, the inequality (3.6)

becomes

SE(G) ≤ |s1|+
√

(n− 1) (n2 − n− s21).

Since the function f(x) = x+
√

(n− 1) (n2 − n− x2
1) decreases on the interval |n−1− 4m

n
| ≤

x ≤
√
n2 − n, therefore we have

SE(G) ≤ |n− 1− 4m

n
|+

√√√√(n− 1)

(
n2 − n−

(
n− 1− 4m

n

)2
)
.

The above inequality was proven in [12]. This means that these results are corollaries of
(3.6).

Since the proof of the next result is similar to Theorem 3, we omit its proof.

Theorem 4. Let G be a graph of order n ≥ 3. Then for any real k ≥ 2,

SE(G) ≤ n
k−2
k

(
S

k
2 (G)

) 2
k
. (3.7)

Remark 4. If we take k = 4 in (3.7), then the inequality (2.1) is obtained. This means
that (2.1) is a result of (3.7).

The next result gives a relationship between the Seidel energy of a graph G and Sk(G).

Theorem 5. Let G be a graph of order n and r ∈ R \ (0, 1). Assume that n is even.
Then

SE(G) ≤ r

√
(n(n− 1))r−1 S2−r(G) (3.8)

and the equality holds if and only if G is a conference graph.
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Proof. Since n is even, all Seidel eigenvalues of G are non-zero [1]. Assume that

s1, . . . , sn are Seidel eigenvalues ofG. Thus by the first part of Lemma 2, s21+· · ·+s2n =

n(n− 1). Let pi = s2i and ai = 1
|si| , for i = 1, . . . , n. Using inequality (2.4) of Lemma

5, we obtain that

(n(n− 1))
r−1

n∑
i=1

|si|2−r ≥

(
n∑

i=1

|si|

)r

(3.9)

and the equality holds if and only if r = 0 or r = 1 or |s1| = · · · = |sn|. This shows

that

SE(G) ≤ r

√
(n(n− 1))

r−1
S2−r(G)

and the equality holds if and only if |s1| = · · · = |sn|. Now we investigate the equality.

Suppose thta all eigenvalues of S(G) have equal absolute value. Then the spectrum

of S(G) can be written as

{α, . . . , α︸ ︷︷ ︸
k

,−α, . . . ,−α︸ ︷︷ ︸
n−k

}, α > 0.

Since tr(S(G)) = 0, we obtain that (2k − n)α = 0. Thus k = n
2 . Since

∑n
i=1 s

2
i =

n(n− 1), we find that α2 = n− 1. Hence the spectrum of S(G) is exactly

{
√
n− 1, . . . ,

√
n− 1︸ ︷︷ ︸

n/2

,−
√
n− 1, . . . ,−

√
n− 1︸ ︷︷ ︸

n/2

}.

Since S(G) is a real symmetric matrix, it is diagonalizable. Its minimal polynomial

divides x2− (n− 1), so S(G)2 = (n− 1)I. By definition, a symmetric {0,±1}-matrix

S with zero diagonal and satisfying S2 = (n− 1)I is a conference matrix. Therefore

S(G) is the Seidel matrix of a conference graph.

Conversely, if G is a conference graph, then S(G)2 = (n − 1)I and every eigenvalue

satisfies λ2 = n−1, so si = ±
√
n− 1. Thus all eigenvalues have equal absolute value.

This completes the proof.

Remark 5. Note that Inequality (2.1) is an immediate consequence of Theorem 5, for
r = 2.

Corollary 1. (Theorem 3.9. [1] also Theorem 4.1. [9]) For any graph G of order n ≥ 2,

SE(G) ≥
√

n(n− 1) + n(n− 1) (| detS(G)|)2/n. (3.10)

In the next theorem , we determine a lower bound on the SE(G) in terms of the order

of G and |detS(G)|.



8 New bounds for Seidel energy of graphs

Theorem 6. Let G be a graph of order n ≥ 3. Then

SE(G) ≥
√

n(n− 1) + n(n− 1) (| detS(G)|)2/n +
4

n2 − n− 2

∑
i<j,k<l and i<k or i=k and j<l

(√
|si||sj | −

√
|sk||sl|

)2
.

Proof. First note that

SE(G)2 =

n∑
i=1

|si|2 + 2
∑
i<j

|si||sj |. (3.11)

Setting N = n(n−1)
2 and

(a1, a2, . . . , aN ) = (|s1||s2|, |s1||s3|, . . . , |s1||sn|, . . . , |s2||sn|, . . . , |sn−1||sn|)

in Lemma 6, we obtain

∑
1≤i<j≤n

|si||sj | ≥
n(n− 1)

2

(
n∏

i=1

|si|

)2/n

+
2

n2 − n− 2

∑
i<j,k<l and i<k or i=k and j<l

(√
|si||sj | −

√
|sk||sl|

)2

yielding

2
∑

1≤i<j≤n

|si||sj | ≥ n(n− 1) (detS(G))
2/n

+
4

n2 − n− 2

∑
i<j,k<l and i<k or i=k and j<l

(√
|si||sj | −

√
|sk||sl|

)2

.

Combining the above inequality with (3.11) leads to the desired inequality.

Remark 6. Since
(√
|si||sj | −

√
|sk||sl|

)2
≥ 0, we have

SE(G) ≥
√

n(n− 1) + n(n− 1) (| detS(G)|)2/n +
4

(n+ 1)(n− 2)

∑
i<j,k<l and i<k or i=k and j<l

(√
|si||sj | −

√
|sk||sl|

)2
≥
√

n(n− 1) + n(n− 1) (| detS(G)|)2/n.

Therefore the bound of Theorem 6 is better than the bound of Corollary 1.

Conflict of Interest: The authors declare that they have no conflict of interest.

Data Availability: Data sharing is not applicable to this article as no datasets were

generated or analyzed during the current study.



M.R. Oboudi, et al. 9

References

[1] S. Akbari, J. Askari, and K.C. Das, Some properties of eigenvalues of the Seidel

matrix, Linear Multilinear Algebra 70 (2022), no. 11, 2150–2161.

https://doi.org/10.1080/03081087.2020.1790481.

[2] S. Akbari, M. Einollahzadeh, M.M. Karkhaneei, and M.A. Nematollahi, Proof

of a conjecture on the Seidel energy of graphs, European J. Combin. 86 (2020),

103078.

https://doi.org/10.1016/j.ejc.2019.103078.

[3] D.S. Bernstein, Matrix mathematics: Theory, facts and formulas, Princeton Uni-

versity Press, Princeton, USA, 2009.

[4] S. Filipovski, Improved Cauchy-Schwarz inequality and its applications, Turkish

J. Ineq. 3 (2019), no. 2, 8–12.

[5] E. Ghorbani, On eigenvalues of Seidel matrices and Haemers’ conjecture, Des.

Codes Cryptogr. 84 (2017), no. 1, 189–195.

https://doi.org/10.1007/s10623-016-0248-x.

[6] G. Greaves, J.H. Koolen, A. Munemasa, and F. Szöllősi, Equiangular lines in
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