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Abstract: Let G be a graph and S(G) be the Seidel matrix of G. Let s1 > s2 >
-+ > sp be the eigenvalues of S(G). The spread of matrix S(G) defined as s(G) :=
max; j|s; — sj| = s1 — sp. The Seidel energy of G, denoted by SE(G), is defined to
be the sum of the absolute value of all eigenvalues of the Seidel matrix of G. Willem
Haemers conjectured that the Seidel energy of any graph with n vertices is at least
2n — 2. Motivated by this conjecture, we prove that the conjecture is true if s(G) < n.
Moreover, we present some new bounds for the Seidel energy and also we study some
properties of the Seidel eigenvalues of G. Our results improve some known results.

Keywords: Seidel energy of graphs, Haemers’s conjecture, Seidel eigenvalues.

AMS Subject classification: 05C07, 05C09, 05C31, 05C50

1. Introduction

Let G be a simple graph with vertex set {v1,...,v,}. The adjacency matriz A(G) of
G is defined by its entries as a;; = 1 if v; and v; are adjacent and 0 otherwise. In
1966, Van Lint and Seidel [17] introduced a (—1,0,1)-matrix for a graph G, called
the Seidel matrix of G, defined as S(G) = J — I —2A(G), where J is a square matrix
whose all entries are 1 and I is the identity matrix. Thus, S(G) = [s;;] has 0 on its
diagonal and £1 on its off diagonal, where s;; = —1 if v; and v; are adjacent and
545 = 1, otherwise.
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2 New bounds for Seidel energy of graphs

Let s1 > s = -+ > s, be the eigenvalues of the Seidel matrix S(G) (we call these
eigenvalues as Seidel eigenvalues of ). The Seidel spread of G, denoted by s(G),
is defined as s(G) := max; ;|s; — s;| = s1 — s,. The Seidel energy of the graph G
introduced by Haemers [7] and defined as

n

SE(G) =) |si-

i=1

By S*(G) (where G is a graph of order n) we mean S¥(G) = >, |s;|*. In particular,
SE(G) = SY(G) . Haemers posed the following conjecture in [7].

Conjecture 1. Let G be a graph of order n. Then
SE(G) > 2n — 2.

This conjecture was first investigated by Haemers for n < 10 and then was settled
for n < 12 in [6]. In [13] the Haemers’s conjecture has been proved for every k-
regular graph G of order n such that k # "T_l and G has no eigenvalue in (—1,0).
In [5] it was proved that the conjecture is valid for all graphs G of order n such that
n—1 < |det(S(G))|. This conjecture completely have been proved by Akbari et al.
in [2]. Akbari et al. [1], presented some properties of eigenvalues of the Seidel matrix
and obtained some bounds for the Seidel energy. In [7, 9, 13-16] there are some results
about the Seidel eigenvalues and some bounds for Seidel energy graphs.

Motivated by above papers, we investigate the Haemers’s conjecture in point view of
spread of Seidel matrices. In this paper we first show that the Haemer’s conjecture is
true for any graph G of order n and with s(G) < n. Then we present some properties
of eigenvalues of the Seidel matrix and obtain new bounds for the Seidel energy of a
graph. Moreover, we improve some of the well-known published bounds for the Seidel
energy of graphs.

2. Preliminaries and known results

In this section, we call up some bounds for the Seidel energy and some analytical
inequalities that will be used in proofs of theorems. The following result appears in
[7, 9] as well.

Lemma 1. [7, 9] Let G be a graph of order n. Then
SE(G) <nvn—1. (2.1)

Next lemma plays a key role in this paper.
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Lemma 2. [8] Let G be a graph of order n. The following hold:
(i) S*(G) =X, s =n(n—1),

(ii) For every integer k > 2, ny/(n —1)* < S*(GQ) <n(n—1)" +n—1.

In this paper we apply the following algebraic inequalities.

Lemma 3. [/] Let a,...,an be some positive real numbers. Then the following inequality
holds
a2+---+a2 _ar+---+a 1 =~ (na? — (af +--- +a2))?
- > = "+*Z(z 1 ( 3 2))2 Q. (2:2)
n n dn = nPai + (af + - +a7)
Lemma 4. [3] Let x1,...,z, be some non-negative numbers and s,k be some positive

integers where s < k. Then

(Zlmf) ! < ns1 (;xf> . (2.3)

Lemma 5. [11] Letp = (pi)i=1 be a sequence of non-negative real numbers and a = (a;)j—;
be a sequence of positive real numbers. Then for every r € R\ (0,1),

n r—1 n n r
(ZM) ZPM: > (Zlh‘%) , (2.4)
i=1 i=1 i=1

and the equality holds if and only if eitherr =0 orr =1 orai1 =a2 =+-- = an.

Lemma 6. [10] Let ai,...,a, be some non-negative numbers. If X = %Z:;l a; and
Y = ( :L:l ai)l/n} then

> (Vai - vay)*.

i<j i<j

S

5> (Wa - v@) <X -v<

n(n —

3. Main results

In this section, we establish new bounds for the Seidel energy that improves some of
known results. Among these results we prove that the Haemers’s conjecture is true
if s(G) < mn. We begin with the next result which gives a new bound on SE(G) in
terms of the spread of the Seidel matrix.

Theorem 1. Let G be a graph of order n. Then

2n(n —1)

SB(@) 2 2 1



4 New bounds for Seidel energy of graphs

The equality holds if and only if G has at most three distinct eigenvalues, which are s1 with
multiplicity k, 0 with multiplicity to and s, with multiplicity n — to — k.

Proof.  Since ZSH&O s; = 0, by the first part of Lemma 2, we have

nn—1)= ZS?:%‘Z(Qsi_Sl_S”)Si|

870 870
1
< 3 Z ‘ (28; — 81— Sp) Si (3.2)
s;7#0
—52‘ S; — 81 — Sp||Sil-
61350
Since for i =1,2,...,n, s, < s; < s1, one can easily see that
28; — 81— Snl||si| < (81— sn)|S4l. (3.3)
Combining (3.2) and (3.3) we obtain that
SS(@)SEC) = ¢ (51— 50) Y Isi
55 =5 (51— sn i
Si;ﬁo
1
= ) (51 - Sn) |51|
Si;éo
>n(n—1). (3.4)

Now suppose that the equality holds in (3.1). Then in the inequalities (3.2) and (3.3)
the equality holds. If s; = 0 for some i, then the equality occurs in (3.3). If s; # 0,
then the equality holds in (3.3) if and only if s; = s; or s; = s,. Therefore, the
equality holds in (3.1) if and only if every eigenvalue of S(G) is 0 or s; or s,. In other
words, the Seidel spectrum of G is

tr oto on—to—t
{81k70075n 0 k}7
for some tg and . O

Remark 1. Applying Theorem 1 for any graph with s(G) < n, we obtain that SE(G) >
2(n — 1). Hence, the Haemers’s conjecture [7] is true for any graph G of order n with
s(@) < n.

In the next result, we present an upper bound for the Seidel energy of graphs in terms
of order and the sum of powers of the eigenvalues of the Seidel matrix.
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Theorem 2. Let G be a graph of order n and |s}| > |s5] = -+ = |sy,| be the absolute
eigenvalues values of the Seidel matrixz. Then

SE(G) < nym—T— ! (is?j(;_"(f% V). (3.5)

Proof. If we take a; = |s;] for i = 1,2,...,n in inequality (2.2), we get

2ot N ‘81|+...+\sn|+izn:(ns?_(8%+...+s%))2|s.‘
> - 1

n n dn & n?st + (s + 52)2
ol sl |l g o = 0= 1)
n dn = s;+(n—1)?
sil 4+ +sn 8] o= (82 — (n—1))?
> sl [0l . | |z:(4 ( )Z
n dn s+ (n—1)
_ sl 4+ lsnl |5, -

3

dn (sl + (n—1)%) &

_ sl sl Jsul (Bl sf = n(n—1)?)
n 4n (s + (n —1)2)

The last inequality leads to the desired bound. O

Remark 2. Note that by Lemma 2, we have >, s{ —n(n—1)> > n(n—1)>-n(n—1)> =0,
this means that inequality (3.5) is stronger than (2.1).

In the next result, we provide a general upper bound for the Seidel energy of graphs.
(we recall that S*(G) is Y., |si|¥, where sq > --- > s, are the Seidel eigenvalues of
G).

Theorem 3. Let G be a graph of order n > 3 and with Seidel eigenvalues s; > -+ > s,.
Then for any real k > 2,

2
k

SE(G) < 51+ (n—1)"F (s% (@) — 315) : (3.6)

Proof. Setting x; = \/|s;| for i =2,3,...,n and s = 2 in Inequality (2.3) we have

=2 1=2
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that is,

| M 3
]
»
=
I IN
—~
s T
| 3
— |
~—
E -
?r‘ =
» >
|
N ‘l\?
= 1
» w
= =
[SEa N
v v
XN kN

This completes the proof.
O

Remark 3. Note that |s;| > |n — 1 — 4| [12], hence for k = 4, the inequality (3.6)
becomes

SE(G) < [s1] +/(n—1) (n2 —n - s?).

Since the function f(z) = z++/(n — 1) (n? — n — 22) decreases on the interval [n—1— 22| <
x < v/n? — n, therefore we have

SE(G)gn—1—‘T|+J(n—1) <n2—n—<n—1—4;n)2>.

The above inequality was proven in [12]. This means that these results are corollaries of
(3.6).

Since the proof of the next result is similar to Theorem 3, we omit its proof.

Theorem 4. Let G be a graph of order n > 3. Then for any real k > 2,

BN

SE(G)<n'F (s%(c;)) . (3.7)

Remark 4. If we take kK = 4 in (3.7), then the inequality (2.1) is obtained. This means
that (2.1) is a result of (3.7).

The next result gives a relationship between the Seidel energy of a graph G and S*(G).

Theorem 5. Let G be a graph of order n and r € R\ (0,1). Assume that n is even.
Then

SE(G) < {/(n(n—1))"" $27(G) (3.8)

and the equality holds if and only if G is a conference graph.
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Proof.  Since n is even, all Seidel eigenvalues of G are non-zero [1]. Assume that
81,..., 8y are Seidel eigenvalues of . Thus by the first part of Lemma 2, s3+- - -+52 =
n(n—1). Let p; = s? and a; = ﬁ, for i =1,...,n. Using inequality (2.4) of Lemma
5, we obtain that

(n(n = 1) Y Jsif* = (Z |sz-|> (39)

and the equality holds if and only if r =0 or r = 1 or |s1| = --- = |s,|. This shows
that

SE(G) < {/(n(n— 1)) §2-(G)

and the equality holds if and only if |s1| = - - - = |s,|. Now we investigate the equality.
Suppose thta all eigenvalues of S(G) have equal absolute value. Then the spectrum
of S(G) can be written as

Since tr(S(G)) = 0, we obtain that (2k — n)a = 0. Thus k = Z. Since > ;" s7 =

n(n — 1), we find that o® = n — 1. Hence the spectrum of S(G) is exactly

{Vn—1,...,vV/n—1,—vVn—1,...,—V/n—1}.

n/2 n/2

Since S(G) is a real symmetric matrix, it is diagonalizable. Its minimal polynomial
divides 2% — (n — 1), so S(G)? = (n — 1)I. By definition, a symmetric {0, +1}-matrix
S with zero diagonal and satisfying S? = (n — 1)I is a conference matrix. Therefore
S(Q) is the Seidel matrix of a conference graph.
Conversely, if G is a conference graph, then S(G)? = (n — 1)I and every eigenvalue
satisfies A2 = n —1, so s; = £1/n — 1. Thus all eigenvalues have equal absolute value.
This completes the proof.

O

Remark 5. Note that Inequality (2.1) is an immediate consequence of Theorem 5, for
r=2.

Corollary 1. (Theorem 3.9. [1] also Theorem 4.1. [9]) For any graph G of order n > 2,

SE(G) > \/n(nf 1) + n(n — 1) (| det S(G))*/™. (3.10)

In the next theorem , we determine a lower bound on the SE(G) in terms of the order
of G and | det S(G)|.
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Theorem 6. Let G be a graph of order n > 3. Then

n 4 2

SE(G) = \/”("*1)+”("*1)(\det5(c)\)2/ R e— Z (\/\SzHSJ *v|3kHSl‘) :
i<j,k<l and i<k ori=k and j<l

Proof. First note that

SE(G)? = lsil> +2) _ Isills;l. (3.11)

i=1 i<j

Setting N = % and

(a1, a2,...,an) = (|s1lls2l, [s1llsal, - - [sullsals -y [s2llsnl, - - [Sn—1llsnl])

in Lemma 6, we obtain

n 2/n
n(n—1
> fsillsil = 2 (_Hm)
1<i<j<n i=1
9 2
T E o Z Vsillsil = V/lskllsi]

i<j,k<l and i<kori=k and j<I
yielding
23 sillsg = n(n— 1) (det S(G)*™
1<i<j<n
4 2
+m Z (\/m_ |5k||3l> :
1<j,k<l and i<k ori=k and j<lI

Combining the above inequality with (3.11) leads to the desired inequality. O

2
Remark 6. Since (\/|51Hsj| — \/|sk|\sl|) > 0, we have

SE@G) > \/n(n “1) 4 n(n — 1) (| det S(G))/™ + m 3 (VTsillss] — VIselladl)”

i<j,k<l and i<kori=k and j<I

> \/n(n — 1) +n(n — 1) (|det S(G))*".

Therefore the bound of Theorem 6 is better than the bound of Corollary 1.
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