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Abstract: In this paper, we determine the parameters of the unit Z,-
Simplex code under the homogeneous weight metric and show that it is

b

an [%7 k 7K_;’C*l((]u—l)pm’%] Zy-Simplex code when m = 2, and
ke

[Qefll, k ,@k*Q((p—z)p2’”*2+2pm’1)] when m > 2, where r = p™ and the

code has rank k. Furthermore, we derive the weight distribution of the Z,-Simplex
code under the homogeneous weight metric for the specific case of rank k = 2.
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1. Introduction

A fascinating field of study within the field of coding theory, which deals with error-
correcting codes, is linear codes over finite chain rings. These rings provide an inter-
esting framework for the development of linear codes with unique characteristics and
uses. A major contribution to coding theory is the study of codes over finite rings,
which has produced several families of nonlinear codes by using Gray images of linear
codes over finite rings [8, 9, 14, 24]. Over the past few decades, a number of coding
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2 A class of Unit Z,-Simplex codes

theorists have been researching codes over Z, [1-3, 6] and Hammons et al. [17] have
made a significant contribution to codes over Zj,.

The concept of a homogeneous weight metric is a generalisation of the traditional
Hamming weight metric. It is designed to extend the concept of distance from codes
over finite fields to codes over finite rings and more general algebraic structures.
In 1950, Richard Hamming introduced the Hamming weight [16], which counts the
number of nonzero entries in a vector over a finite field. In contrast, the homogeneous
weight offers a natural way to define a meaningful weight function on codes over finite
rings. The primary goal was to assign weights to ring elements in a manner that
conserves desirable attributes, such as linearity and compatibility with Gray maps.
Homogeneous weights preserve distances in code equivalencies by frequently aligning
with Gray isometries, which are mappings between various algebraic structures [18].
Homogeneous weights on integer residue rings were first introduced by Constanti-
nescu [5] and Heise et al. [25], who later extended them to finite Frobenius rings.
Carlet, in [4] expanded on this idea to Z,x with homogeneous weight, which helped
to identify the generalized Kerdock codes. These codes were nonlinear binary codes
with significant minimum distances. The idea of Gray maps was also expanded upon
by Greferath et al and Ling et al., in [13, 21, 26], to include more general rings with
particular homogeneous weights defined on them. In [21], Ling and Blackford no-

tably presented a Gray map from Z7., to 7 9, Additionally, in [32], the author
described a novel combinatorial approach for the coordinate-wise construction of the
homogeneous weight preserving Gray map for Galois rings using fundamental tools
from Affine-Geometries. Notably, the Gray image of the extended cyclic codes over
Z4 and Zye yielded several new families of nonlinear codes.

In the discipline of coding theory, the study of weight distribution holds significant
prominence since it serves as an intriguing research area offering insights into the
error detection and correction capabilities of codes. Being able to calculate the error
probabilities associated with error detection and correction through weight distribu-
tion Manish Gupta et al. in [15] investigated on punctured versions of Simplex codes,
specifically focusing on types « and 5. Additionally, binary linear codes, MDS codes
and convolutional codes are some popular linear codes having their weight distribu-
tions discovered by several authors [7, 12, 19, 22, 29-31]. Recent research includes
the examination of [n, k, d] Z,-Simplex codes under the Hamming distance for prime
power values of ¢ in [27], with subsequent extensions presented in [11], considering
any natural number ¢ > 2, and obtaining {4; }?:1 for Z4-Simplex codes when g = p™
or p is a product of primes and k = 2. Durairajan et al. [10] further analyzed
the parameters of punctured Z,-Simplex codes for k& = 2 and examined {A; }?:1 of
punctured Z,-Simplex codes in the same context. Moreover, in [23, 28], the param-
eters [n,k,d] and {A;}7_; of certain punctured versions of Z,-Simplex codes were
thoroughly investigated.

Inspired by previous research, we have achieved the following results. Preliminaries
and a few essential properties are presented in Section 2. In Section 3, we determined
the parameters of unit Z,-Simplex code with respect to homogeneous weight metric
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for rank 2, where r = p™ and then extended the same for rank k. Further, in Section
4, its corresponding weight distribution has been evaluated for rank 2, where r = p™.
In Section 5, the comparison of Gray images of Z,-Simplex code and unit Z,-Simplex
code concerning the code rate is provided.

2. Preliminaries

Let » = p™, where p is a prime number. A code C is a subset of Z]' represented
k is size and dpom is
minimum non-zero homogeneous distance. If C is a submodule of Z!' then C is

using its parameters (n,7% dgom), where n is length, r

said to be a Z,-linear code. A matrix G is referred to be the generator matrix of
a Zp-linear code C if each row in the matrix G represents a basis element of the
code. An [n,k,dpom) Z-linear code is a Z,-linear code with length n, rank k and
minimum homogeneous distance dgom,. The weight distribution of code C' can be
expressed as (1, Ay, Aa, As, ..., A,) if A; is the cardinality of the codewords in
C with homogeneous weight ¢ of length n. A code with s nonzero A; in the weight
distribution is said to be s-weight code.

Let C be a Z,-linear code and ¢, ¢y € C. Since ¢; —co € C, the minimum homogeneous
distance dg o of C is

min{dgom(c1,¢2) | c1,¢2 € C, ¢1 # ¢} = min{wtgyom(c) | c € C, ¢ # 0}.

That is, dgom(C) and the minimum homogeneous weight denoted by wt g, of the
code C will be equal. Let o(y) denote the additive order of y, where y € Z, and
N,(c) denotes the number of coordinates of additive order r in the codeword c.

The generalised Gray map of finite chain rings under the homogeneous metric was
developed in [13]. For this occasion, the homogeneous weight of Z,m is defined in [5]
as

0 if y=0,
wtiom(y) = 4 p"1 if y € p" T Zyn \{0},
p" 2(p—1) otherwise.

For j = 1, define M; = (1). For m > 2, the sequence of matrices M, is constructed
0 1 .- p-1

Mj1 M1 -+ Mj

The Gray map ) : Zym — Fg(mfn , defined in [21], is given by

recursively as M; =

Y(a) = Y(ap+par+--+p" tam,_1)

[aO ap o amfl] Mm,
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where ag, a1,...,am-1 € {0,1,2,...,p — 1} C Z,m-1. The mapping 1 interprets
(m—1)

an isometry from (Zpm, Wtgom) to (Iﬁ‘g , tham), that is, wtgem(z —y) =

Wiam ($(x) =¥ (y)).

3. Parameters of unit Z,-Simplex code under the homoge-
neous weight metric

In this section, we obtain the various parameters of unit Z,-Simplex code under the
homogeneous weight metric.

Let

1‘0‘0[1 Q2 - Qg(y)

Ga(r) = ojtr[ 1 t - 1]

where ¢(r) is the Euler’s ¢-function. Obviously, the rank of G4 (r) is 2 and the number
of columns in the matrix G5 (r) is ¢(r)+2, which represents the length of the Z,-linear
code. Let z = (10a1cp - - - ag(yy) and y = (01111 ---1). Then, C = { Az +ny [ A\, n
€ Z, }. Now, we define inductively

1‘ 00---0 ‘alal"'al‘042&2"'@2""‘aqﬁ(r)aqb(r)"'aqﬁ(r)
/
K(r) =
r—1(7) k—1(7) 1 (r) | k—1(r)
0
. ’ kE_1 .
for k > 2. Clearly, the matrix Gj(r) generates [n, = £=,k, drom] Z,-linear code of

rank k, where o = ¢(r) + 1. The code S(r) generated by the matrix G/,(r) is called
unit Z,-Simplex code of rank k. Hence,

Sk(r) ={n(10ay az...ayr)) + (0 cc...c) | n€Zp,ce Sp_1(r),
$(r)+1
ai:Oéiai---ai’():oo...oEZ?k—l}.

Consider the sets E,; = {y € Z, | o(y) = p’} for 0 < j < m. Now, the sets

{Epi | 0 < j < m} form a partition of Z,. Furthermore, observe that the set E, U {0}
with the operation of addition forms a group. Additionally, when 2 < j < m, the set
E,; is closed under additive inverse.

Lemma 1. Let Cbe an [n,k,duom] unit Z-Simplex code generated by the matriz G(r).
Letc € C andn € Z, such that o(n) = p’, where 1 <j <m. If =n(10 a1 az - ayr))+
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(0ce...c), then

¢(r)+1
wtiom(c) + h[L +n(p™ —p™ )] if o(n)=p",
wtHom(c) + hQPE?;Q Ny i(c) +p™” 1[(17 2)p™" 1Np(c)
Wtom(c') = + phN1(c) + 1] if o(n) =

Wtiom(c) + ph*(n — N, (c))
+ hp™ T [N, () (P’ 2 = 1) + 1] + b otherwise,

where h = (p — 1)p™ ™2 and N,(c) denotes the number of r-th order elements in c.

Proof. We consider the following cases.
Case i:  o(n) = p™. Then,

Wtgom(c) = P TING(e) + (p — ) “[n— Np(c) = Ni(0)] +p™ Hp — 1) Npm (c)
+(p—1)p" 2™ = p" " = p)Npm (c)
+(p—1)p" (" —p™ )n— Nym(c)] + (p— 1)p™ 2

= Wtpom(c) + (P"7 2( DNy () [p+ (@™ —p" ) —p
—@"=p™ ] +p" - D™ —p" n+p" 2 (p—1)
= thom(C) +h[1 ( pm 1)]

Case ii: o(n) = p. Then,

’

Wtgom(c) = p" ' Np(e) + (p— Dp™ ?[n — Np(c) — Ni(c)]

+(p—p™2(p <Z Ny ) +p" (o= 2)p™ N (0)

1 =2
+p"H(p™ = p™ )Ny (e) + p™ !

m

= wtgom(c) + h°p <ZN ) +p" H(p — 2)p™ N,y (c) + phNi(c) + 1].
Case iii: o(n) = p’/, where 2 < j < m — 1. Then,

WEirom (¢) =p™ N, (€) + (p — 1)p™2[n — Ny(e) — Ni(c)]

+(p—1p" 2" (Z Ny )

i =7+1
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+(p—1p" 2 (p™ = p™ Ni(e) + (p— 1)p™ 2
=wtgom(c) + ph*(n — Nyi(c)) + hp™ 7T [Ny (o) (2 = 1) + 1] + h.

O

Theorem 1. Let Sa2(r) be a unit Z.-Simplex code generated by the matriz G5(r). If
r =p™ then the parameters of the code are

{[¢(r> +2,2,(p-1)(P*—p+1)]  whenm=2,
[6(r)+2, 2, ((p—2)p"" 2 +2p™"")] when m > 2.

Proof. We know that Sa(r) = {AM10 a1 az---agp)) +1(10 L1---1) | A\,n € Z,.}.

é(r)
Now, consider the following cases:

Case i: A =0 and n = 0. Then, wtgom(Az + ny) = 0.
Case ii: A # 0 and n = 0. Then, for A ¢ p™~'Z,, we have

Wt Hom(AT) = Wlgom (M1 00y g -+ ag(ry)) = (p — Dp™2(p™ —p™t+1).
AEZ, AEZ,

Case iii: A = 0 and 1) # 0. Then, for n ¢ p™~'Z,,

WtHom(MY) = Wtgem(M(1011 --- 1)) = (p — 1)pm_2(pm - pm_l +1).
NELy NELr

Case iv: A #0and n#0. Then, for A € p™~ ! Z, and n € p™~! Z,,

WEgom (AT 4+ nY) = Wtgem (A1 0ay az -+ agey) +n(1011 -+ 1)) = (p—2)p>" > +2p™ "
A\ NEL, ANELy

By the above four cases, if r = p? then the minimum homogeneous distance for rank
k=2is

di1om(S2(r)) = min{(p — )p™ > (p™ —p™ ' +1),p" H(p — 2)p™ ! + 2]}

=(p—Dp" (™ —p" ' +1),

and if r = p™, where m > 2, then the minimum homogeneous distance for rank k = 2
is

ditom(S2(r) = min{(p — Lp™2(p™ — p™ L 4+ 1), p"[(p — 2)p™ " +2])
=(p-2)p"" 2+ 2p"

O

Example 1. By Theorem 1, the parameters [n, k, dpom] of the code generated by G5(r)
when p = 2,3 and 5 and m = 2,3,4 and 5 are given in the Tables 1-3.
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Table 1. Parameters of Sz (p™) for m =2

So(r) [[é(r)+2, 2, (p— Dp™2(p™ —p™ T +1)]
p=2 [4, 2, 3]

p=3 8, 2, 14]

p=5 [22, 2, 84]

Table 2. Parameters of Sx(p™) for m = 3

Sa(r) [[o(r)+2, 2, (p—2)p°™ 2 +2p™ "}
p=2 6, 2, 8]

p=3 20, 2, 99]

p=5 [102, 2, 1925]

Table 3.  Parameters of S»(p™) for m = 4

Sy(r) [[o(r) +2, 2, (p—2)p*™ 2+ 2p™ 1]
p=2 [0, 2, 16]

p=3 56, 2, 783]

p=5 (502, 2, 47125]

Theorem 2. Let r =p™, where p is a prime number. Then the parameters of Si(r) are

k— — .

gg,117 k 7Qk 1(]7 — 1)j| zf m = 27

k - m— m— .

e kL0 A ((p -2 P+ 2p 1ﬂ if m>2,

where o0 = ¢(r) + 1.

Proof. Let us prove this theorem using induction on k. By Theorem 1, the
assertion holds for Sy(k). Assume that the assertion is true for all j less than
k. Now, we show that the result is true for k. Based on the assump-
o -1

—1’

j,gj_l[(p—l)]} Z,-linear code for m = 2 and an
o -1

o—1’
be an [ng_1,k — 1, dgom] linear code and

3,007 2(p — 2)p*™ 2 + 2pm_1]] Z.-linear code for m > 2. Now, let Si_1(r)

Sk(r)={n10aiaz --- ayy)) +(0cc---c)|n€ZpceSp_1(r)}
¢(r)+1
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Then,

dHom(Sk(r)) = min{wtgom (N(1001 @2 -+ agry)+(0cc - c) |n € Zp,c€ Sp_1(r)}.
o(r)+1

Now, consider the following cases:
Case i: n = 0. Then,

gkil(pil) if m:27

min{wtgem(0ce -~ ¢)|ce C,c£0} =
{whtom( )| 70} {ng((p—Q)p27”2+2pm1) it m>2.

Case ii: ¢c=0.
Subcase i: If n € E,;, where 2 < j < m, then

Wigom(N(10 @10 - - ay(r))) = [(gkl) (Qk11>} ((p—1)p™?)

o—1 o—1
_ Qk—l((p _ l)pm_Q).

Subcase ii: If n € E, then

k k—1
o —1 o —1 m—1 k—1,m—1
tHom 1 r = — .
Wtgom(N(10 10z - - - Qy(y))) [( o1 ) ( P )]p 0" p

Case iii 7#0,and ¢#0. Set ¢ =7(10a; az --- agr))+(0cce --- ¢). By Lemma
1, we have
Subcase i: If n € E,m then

/

Wtgom(c) = min{wtpom(c) + A1+ ne_1(p™ —p™ ) = pNpm ()]}

Qkfl -1

P (p—1) 0"+ (p™ —p™ "t —p)+1].

o—1

Subcase ii: If n € E ;, where 2 < 7 < m, then

thom(C/) = min{wt gom(c) + ph*(np_1 — Npi(c))
+hp™ I [N, () (p' 7% — 1) + 1] + h}

2 k-2 1 -1
A e VI A o (p—l)(g_1>

+pm—j+1(gk—2(pj—2 _ 1) + 1) + 1:| -
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Subcase iii: If n € E, then

thom(c/) = min{wt gom(c) + h*p (Z N, )
" (p = 2)p™ " Np() + phNi(c) + 1]}

1| k-2 1 k-2 (o2 -1
Thus,
dHom('Sk(r)) — min {Qk—2((p _ 2)p2m—2 4 2pm—1), Qk—l((p _ 1)pm—2), Qk—lpm—l}.

dHom (Sk(r)) =
Hom (Sk(T)) Qk—Q((p_Z)me—2+2p"L—l) otherwise.

{gk_l(p —1) if r=p?

Hence, Sk( ) is a [nk =
k0" 2 (p — 2)pPm 2 + 2pm*1)} Z,-linear code if k > 2 and m > 2. O

=i Lk, o (p— 1)} Z-linear code if k > 2 and m = 2, and

ank.—gl

Example 2. Let » = 25. Then the generator matrix of S2(25) is

&4@) = [glTiT T
Moreover,
10 0---0]1 1---1[2 2---2|---|24 24..-24
Gr(25) = (_)
(1) }=1(25) | Gj—1(25) | Gj—1(25) | -+ | Gr—1(25)

for k£ > 2. By Theorem 2, the parameters of the codes generated by the matrices
G5(25), G5(25), - -+, G4(25) are given in Table 4.

4. Weight Distribution of S;(r) under the homogeneous metric
where r = p™

In general, weight distribution plays an essential role in error-detection and error-
correction of codes. In [28], the weight distributions of unit Z,-Simplex codes are
determined. In this section, we find the weight distribution of S3(r) under the homo-
geneous weight metric.
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Table 4. Parameters of Si(r)

0" —1 Clrm—
Si(r) || S b @ ™ 20— 1)]
Sa [22,2,84]
3 [463, 3, 1764]

(9724, 4, 37044
[204205, 5, 777924]
[4288306, 6, 16336404]
[90054427, 7, 343064484]
(1891142968, 8, 7204354164]
[39714002329, 9, 151291437444]

(SIS
P e eele e e ey
NN N DNDNDNNDN
ot Ot Or Ot Ot Ot Ot Ut
NSRS S AN

NN nnhn
oo (=)

©

Theorem 3. Letr =p™, where p is a prime. Then, Sa(r) has the weight distribution

Ao =1,
A(pfl)pm”(pmfpm—wl) = 2(p™ - p),
pm—1(pm_pm—141) = 2(p - 1)7
A _ _ P — ( _ 1)2 Z 2(i—1)
(p—D)[pm—14+(pm —pm—142—p)pm—2] p ] 2p )
i=
_ 2
Apm—1[pm _opm=144] = (»-1)7,
A(P—l)Pm”[Pm—p’"*1+1]+pm*1 = 200" —p)p - 1)

The other A;’s are equal to zero.

Proof. Consider the generator matrix G5(r). Then, Sa(r) = {a12 + asy | a1, a0 €
Z.}. Now, consider the following cases:

Case 1: «j,as € E;. Then, wtgom (@12 + asy) = 0. Therefore, Ag = 1.

Case 2: «a; € E; and ap € Ep;. Then,

Subcase i: If as € E ;, where 2 < j < m, then

P>

Wt om(2y) = Wtgem(a2(011-+-1)) = (0 ag g+ az) = (p — l)pm_Q(pm —pml 4 1).
| ——

P —pml 41

Subcase ii: If ap € E, then

WEHgom (@2y) = Wtgom(2(011---1)) = (0 ag g -+ - ag) = pm_l(pm —p™ 1),
—_———

P —pm 1

So, there are p™ — p codewords of homogeneous weight (p — 1)p™=2(p™ — p™~1 +1)
and p — 1 codewords of homogeneous weight p™~!(p™ — p™~! + 1). That is,
A(p_l)pm72(pm_pmfl+1) = pm —p and Apmfl(pm_pmfl_)'_l) =p— 1.
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Case 3: a1 € Ey; and as € E;. Then,
Subcase i: If a7 € E,i, where 2 < j < m, then

Wtgom(012) = Wom(a1(10 ay az -+ ayp)) = (p— Dp™2(p™ —p™ 1 +1).

Subcase ii: If oy € E, then

Wtprom(012) = Wtpom(a1(10 a1 ag - agy)) =p™ (™ —p™ ! +1).
—_————
m m—1

p =P

So, there are p™ — p codewords of homogeneous weight (p — 1)p™~2(p™ — p™ =1 +1)
and p — 1 codewords of homogeneous weight p™~!(p™ — p™~! + 1). That is,

A(p_l)pm—2(pm_pm—1+1) = pm —p and, Apm—l(p7n_pm—l+1) =p— 1.

Case 4: a1, ¢ E;.
Subcase i: If o(a;) = p’ = o(az), where 2 < j < m, then
Wtom (17 + agy) = witgom(a1(10ar az - agey)) +az2(011---1))
= (- + " P 2= p)(p - 1p"
= (- + " P 2 pp™ .
Subcase ii: If o(a;) = p = o(az) then

UJtHom(Oéll‘ + a2y) = thom(al(l Oaiag --- Oé¢(r)) + 012(0 11--- 1))
— pm—l [pm _pm—l ) _pm—l] _ pm—l [pm _ 2pm—1 4 2] .

Subcase iii: If o(a;) = p and o(az) = p’, where 2 < j < m, then

Wt Hom (17 + ay) = wigom(a1(10a1 az - agry) +a2(011---1))
_ (p o 1)pm72 [pm _pmfl 4 1] _,r_pmfl'

Subcase iv: If o(ay) = p and o(a;) = p?, where 2 < j < m, then

Wt om (17 + a2y) = wWigom(a1(10a1 az - agey) +a2(011---1))
— (p o l)pm72 [pm 7pm71 + 1] +pm71.

So, there are Y (p' — p'~1)? codewords of homogeneous weight (p—1)[p™ 1 + (p™ —
i=2

P 142—p)p™ 2], (p—1)? codewords of homogeneous weight p™ 1 [pm —2pm 1 4 2]

and 2(p™ —p)(p—1) codewords of homogeneous weight (p—1)p™ 2 [pm —pml 4 1] +

p™~'. That is, Ap—1)pm—14(pm—pm -1 42—p)pm?] = _EQ(Pi - = (p -
1)2 -Z:sz(i_l) ) Apm—l[pm_gpm—l+2] = (p - 1)2 and A(p_l)pm72[pm_pmfl_;’_l]_;’_pmfl =

2(p™ = p)(p— 1) O
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Example 3. Let

G5(25) =

1/0[1 234678911 12 13 14 16 17 18 19 21 22 23 24
offfrr11r11111 1 1 1 1 1 1 11111

By Theorem 3 and using MATLAB, we have listed the weight distribution of the codes
generated by the matrices G5(4), G5(9) and G5(25) :

52(4) : Aozl, 143:47 7A4:5, A5:4, A6:2
S2(9) 1 Ag =1, A1y =12, A15 =4, Ajg =36, A1 =24, Ay = 4.
82(25) : Ag =1, Agq = 40, Ags = 16, Agg = 400, Agg = 160, A1p5 = 8.

5. Comparison of Gray images of Z,.-Simplex code and unit
Z,-Simplex code

The key aspect of coding theory is to develop codes that maintain a specified error
correction capability while minimizing redundancy. A higher code rate indicates a
more efficient utilization of redundancy compared to a lower code rate. Consequently,
these codes are generally more desirable. From another perspective, we must also take
into account the error-correcting abilities of the code. There exists a fundamental
trade-off between the code rate and the minimum distance; as the code rate increases,
the minimum distance decreases, and vice versa.

Based on the perspective described, Table 5 compares the code rate between Z,-
Simplex code and the unit Z,-Simplex code for a specific value of . The symbols CR
and CR" denote the code rates for the gray images of Z,-Simplex code and the unit
Z.-Simplex code, respectively. We observe from Table 5 that the code rate decreases
and the minimum distance increases.

Table 5. Code rates of CR and CR’

7

CR CR
(2(4]67_1), 22k (4]“*1)) Code rate % (2(3kT_1),22’“,3k*1(2 - 1)) Code rate 2:,/
(10, 2%, 4) 0.4 (8, 24, 3) 0.5
(42, 26, 16) 0.143 (26, 25, 9) 0.231
(170, 28, 64) 0.0471 (80, 28, 27) 0.1
(682, 210, 256) 0.0147 (242, 210 81) 0.0413
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6. Concluding Remarks

In this article, we obtained the various parameters of the unit Z,-Simplex code under
the homogeneous weight metric for some particular cases. Generally, it is difficult
to determine the weight distribution of higher rank codes. Here, we examined the
weight distribution of unit Z,-Simplex code under the homogeneous weight metric
for rank 2 where r = p”. In the last decade, the construction of nonlinear codes
has been increased because of the existence of “Better than Linear Codes” (BTL) and
“Better than Known Linear Code” (BTKL) [20]. Based on the puncturing technique
in [10, 28], one can obtain new families of nonlinear code with better parameters.
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