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Abstract: Let R be a commutative ring, the associate graph, Ass(R) of ring R has

the elements of ring R as vertices and two distinct vertices u and v are adjacent if u and

v are associate elements of R. In this article we investigate the Wiener index of Ass(Zn)
and its line graph for all n ∈ N. We also give some characterization results regarding

degree, diameter, girth, clique number, chromatic number, domination number, and

independence number of Ass(Zn) and L (Ass(Zn)).
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1. Introduction

Topological indices are commonly classified into two classes: distance-based and

degree-based. These are known as graph invariants in theoretical chemistry for pre-

dicting the chemical properties of molecules. Wiener [25] introduced topological in-

dices while considering the boiling point of the paraffin. For some interesting results

on the indices, see [1, 8–13, 15].

The idea of associating the elements of a ring with a graph and investigating the in-

terplay between ring structure and the graph theoretical properties of the associated

graph was initiated by Beck [2] in 1988. The study of associate graph of a commuta-

tive ring with unity was initiated by Subhakar [23] in 2010. Khalel and Ibrahiem [21]
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2 The Wiener index of the associate graph of Zn

later modified the definition.

In this paper, our main focus is to find Wiener index for associate graph of commu-

tative ring Zn, and for its line graph. Also, we investigate several graph-theoretical

parameters of the associate graph of Zn.

2. Preliminaries

For terminology related to graph theory, we refer to Clark and Holton [7], follow

Herstein [19], for terminology related to algebraic structures, and we follow Burton

[5], for terminology related to number theory.

Khalel and Ibrahiem [21] gave the following definition.

Definition 1. For ring R, Associate graph of R is denoted by Ass(R) and is a graph with
V (Ass(R)) = R and E(Ass(R)) = {uv/u = rv and v = su for some r and s ∈ R}.

Note that the zero element of R is adjacent to every other vertex in Ass(R). Through-

out this paper, we consider R as a commutative ring Zn.

The Wiener index, discovered by the chemist Wiener [25], plays a central role in chem-

istry literature for finding the distance between the molecules. The Wiener index is

defined as the sum of the length of the shortest path between all pairs of vertices

in the graph. In 1971, Hosaya [20] gave mathematical representation of the Wiener

index as follows:

Definition 2. For a graph G, the Wiener index of G is denoted by W (G) and defined as

W (G) =
∑

u,v∈V (G)

dG(u, v)

Definition 3 ([18]). The set S ⊆ V (G) of vertices in graph G is called dominating set
if every vertex v ∈ V (G) is either an element of S or is adjacent to an element of S. The
minimum cardinality of a dominating set of G is called the domination number of G which
is denoted by γ(G).

Definition 4 ([18]). The set I ⊆ V (G) is independent if no two vertices in I are adjacent.
The independence number β0(G) is the maximum cardinality of an independent set in G.

Following are some notations and results used in the next section.

Notations:

• O = {0}.

• For n ∈ N. The Euler’s totient function of n is denoted by φ(n) and is given by

the number of positive integers not exceeding n that are relatively prime to n.

• For n ∈ N, n 6= 1, let n = pα1
1 pα2

2 . . . pαk

k , where pi’s are distinct primes and

αi ∈ N for all i = 1, 2, . . . , k.
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– Then φ(n) = n
(

1− 1
p1

)(
1− 1

p2

)
. . .
(

1− 1
pk

)
.

– Let 〈dj〉 be the sequence of proper divisors of n in increasing order. Define

τ(n) = {dj : for each j} and Bdj = {v ∈ Zn : gcd(v, n) = dj}. Then,

|τ(n)| =
k∏
i=1

(αi + 1)− 1 and
∣∣Bdj ∣∣ = φ

(
n

dj

)
.

Proposition 1 ([21]). For prime number p, Ass(Zp) = Kp.

3. Associate Graph of Ring Zn

Theorem 1. Let v ∈ V (Ass(Zn)) and d = gcd(v, n). Then

deg (v) =

{
n− 1; if v ∈ O,
φ
(n
d

)
; if v /∈ O.

Proof. The graph Ass(Zn) has n vertices. By definition of associate graph, vertex

0 is adjacent to all the other vertices in Ass(Zn). The vertices of Bdj ∪ {0} induced

a complete subgraph in Ass(Zn) of order φ

(
n

dj

)
+ 1. Hence proved.

Remark 1. For the graph Ass(Zn),

1. diam (Ass(Zn)) =

{
1; if n is prime,

2; if n is not a prime.

2. Since, χ (Ass (Zn)) = φ(n) + 1 = cl (Ass(Zn)), Ass (Zn) is a perfect graph.

3. β0 (Ass (Zn)) = |τ(n)|.

Theorem 2. The Wiener index of Ass(Zn) is given by

W (Ass(Zn)) = 2

(
n

2

)
−
|τ(n)|∑
j=1

(
φ

(
n

dj

)
+ 1

2

)
, where dj ∈ τ(n).

Proof. The distance between any two vertices u and v of Ass(Zn) is as follow:

1. If u ∈ O and v ∈ Bdj . Then distance between u and v is 1.

(There are n− 1 pairs of such vertices.)

2. If u, v ∈ Bdj . Then distance between u and v is 1. (There are

|τ(n)|∑
j=1

(φ( n

dj

)
2

)
pairs of such vertices.)
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3. If u ∈ Bdj and v ∈ Bdk for j 6= k. Then distance between u and v is 2. (There

are

|τ(n)|−1∑
j=1

 |τ(n)|∑
k=j+1

φ

(
n

dj

)
φ

(
n

dk

) pairs of such vertices.)

Hence,

W (Ass(Zn)) =
∑

u,v∈V (Ass(Zn))

d(u, v)

=
∑

u∈O,v∈Bdj

d(u, v) +
∑

u,v∈Bdj

d(u, v) +
∑

u∈Bdj
,v∈Bdk

,j 6=k

d(u, v)

= n− 1 +

|τ(n)|∑
j=1

(φ( n

dj

)
2

)
+ 2

|τ(n)|−1∑
j=1

 |τ(n)|∑
k=j+1

φ

(
n

dj

)
φ

(
n

dk

)

= 2

(
n

2

)
−
|τ(n)|∑
j=1

(φ( n

dj

)
+ 1

2

)

Example 1. For n = 36 = 22.32. The Wiener index of Ass(Z36) is 1120, when it is
computed from the graph.
Now, we compute Wiener index of Ass(Z36) using Theorem 2.
The number of proper divisors of n is 8.

dj |Bdj | = φ

(
n

dj

)
Bdj = {v ∈ Zn : gcd(v, n) = dj}

1 12 1,5,7,11,13,17,19,23,25,29,31,35

2 6 2,10,14,22,26,34

3 4 3,15,21,33

4 6 4,8,16,20,28,32

6 2 6,30

9 2 9,27

12 2 12,24

18 1 18

By Theorem 2,

W (Ass(Zn)) = 2

(
n

2

)
−
|τ(n)|∑
j=1

(
φ

(
n

dj

)
+ 1

2

)

W (Ass(Z36)) = 2

(
36

2

)
−

[(
13

2

)
+

(
7

2

)
+

(
5

2

)
+

(
7

2

)
+

(
3

2

)

+

(
3

2

)
+

(
3

2

)
+

(
2

2

)]
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W (Ass(Z36)) = 1120.

Thus, the Wiener index of Ass(Z36) computed using graph and Theorem 2 is the same.

4. Line Graph of an Associate Graph of Ring Zn

The line graph associated to graph G is denoted by L(G), where each vertex of

L(G) represents an edge of G and two distinct vertices of L(G) are adjacent if the

corresponding edges are incident in G. The formal definition of line graph was given

by Harary and Norman [17].

For more interesting results related to line graph associated with graphs obtained

from algebraic structures can be found in [3, 4, 6, 14, 22, 26]. In this section, we have

discussed the line graph of Ass(Zn). Following are few propositions required.

Proposition 2 ([16]). Let L(G) be the line graph of G. Then for any vertex [u, v] of
L(G), degL(G)[u, v] = degG(u) + degG(v)− 2.

Proposition 3 ([16]). diam(L(Kn)) = 2, for n ≥ 4.

Proposition 4 ([24]). β0 (L(Kn)) =
⌊n

2

⌋
.

Theorem 3. Let [u, v] ∈ V (L(Ass(Zn))). Then

deg ([u, v]) =


n+ φ

(
n

dj

)
− 3; if u = 0 and v ∈ Bdj ,

2

(
φ

(
n

dj

)
− 1

)
; if u, v ∈ Bdj .

Proof. In Ass(Zn), 0 is adjacent to all other vertices. Let v be any non zero vertex

of Ass(Zn). Then [0, v] be a vertex of L(Ass(Zn)).

By Proposition 2,

deg([o, v]) = deg(0) + deg(v)− 2

= n− 1 + φ

(
n

dj

)
− 2 ( By Theorem 1 )

= n+ φ

(
n

dj

)
− 3.

The vertices of Bdj∪{0} induced a complete subgraph in Ass(Zn) of order φ

(
n

dj

)
+1.

Thus, for any u, v ∈ Bdj , [u, v] be a vertex of L(Ass(Zn)).



6 The Wiener index of the associate graph of Zn

By Proposition 2,

deg([u, v]) = deg(u) + deg(v)− 2

= φ

(
n

dj

)
+ φ

(
n

dj

)
− 2 ( By Theorem 1 )

= 2

(
φ

(
n

dj

)
− 1

)
.

Remark 2. For the graph L (Ass(Zn)),

1. Girth of L (Ass(Zn)) is 3 for n > 3.

2. Since, χ (L (Ass (Zn))) = n− 1 = cl (L (Ass(Zn))), L (Ass (Zn)) is a perfect graph.

Lemma 1. γ (L(Kn)) =
⌊n

2

⌋
, for n ≥ 2.

Proof. Let Kn be the complete graph with vertex set {v1, v2, . . . , vn}. If n is

even, then define S =
{

[v2i−1, v2i] : 1 ≤ i ≤ n

2

}
while n is odd, then let S ={

[v2i−1, v2i] : 1 ≤ i ≤ n− 1

2

}
. In either case, S is a minimal dominating set of L(Kn)

with minimum cardinality. Therefore, γ(L(Kn)) =
⌊n

2

⌋
.

Theorem 4. For the graph L (Ass(Zn)),

γ (L (Ass(Zn))) =



1; if n = 2,
|τ(n)|∑
j=1

b(φ(n/dj) + 1)/2c ; if n is odd ,

|τ(n)|−1∑
j=1

b(φ(n/dj) + 1)/2c ; if n is even and n 6= 2.

Proof. In L (Ass(Zn)), the vertices of Bdj ∪ {0} induces a complete subgraph in

Ass(Zn) of order φ(n/dj) + 1. Thus, L (Ass(Zn)) contains L(Km) as a subgraph,

where m = φ(n/dj) + 1 and there are |τ(n)| such graphs.

Let Bdj ∪ {0} =
{
v1,j , v2,j , . . . , vm,j : m = φ( ndj ) + 1

}
, and take Sdj =

{[v2i−1,j , v2i,j ] : 1 6 i 6
⌊
m
2

⌋}
. We will prove the result using following three cases.

Case 1. n = 2.

The graph Ass(Z2) is same as K2. Hence, by Lemma 1, γ (L(Ass(Z2))) = 1.

Case 2. n is odd.

Let S be a minimal dominating set of L(Ass(Zn)) with minimum cardinality. Then



C.M. Barasara, K.D. Thakor 7

|S| ≥
∑|τ(n)|
j=1 b(φ(n/dj) + 1)/2c. Define S =

⋃|τ(n)|
j=1 Sdj , then S is a minimal domi-

nating set of L (Ass(Zn)) and |S| =
∑|τ(n)|
j=1 b(φ(n/dj) + 1)/2c. Thus, S is a minimal

dominating set of L (Ass(Zn)) with minimum cardinality. Hence, γ (L (Ass(Zn))) =∑|τ(n)|
j=1 b(φ(n/dj) + 1)/2c.

Case 3. n is even and n 6= 2.

For dj =
n

2
, Bdj =

{n
2

}
. Thus, L (Ass(Zn)) has only one vertex

[
0,
n

2

]
corresponding

to this Bdj∪{0}. This vertex is dominated by other vertex of L (Ass(Zn)) correspond-

ing to other Bdj ∪ {0} selected in case 2. Hence, |S| ≥
∑|τ(n)|−1
j=1 b(φ(n/dj) + 1)/2c.

Now, define S =
⋃|τ(n)|−1
j=1 Sdj , where dj 6= n

2 , then S is a minimal dominating

set of L (Ass(Zn)) and |S| =
∑|τ(n)|−1
j=1 b(φ(n/dj) + 1)/2c. Thus, S is a minimal

dominating set of L (Ass(Zn)) with minimum cardinality. Hence, γ (L (Ass(Zn))) =∑|τ(n)|−1
j=1 b(φ(n/dj) + 1)/2c.

Theorem 5. For the graph L (Ass(Zn)),

β0 (L (Ass(Zn))) =



bn/2c; if n is prime,
|τ(n)|∑
j=1

φ(n/dj)

2
; if n is odd and not a prime,

|τ(n)|−1∑
j=1

φ(n/dj)

2
+ 1; if n is even and n 6= 2.

Proof. We consider following three cases.

Case 1. n is a prime number.

By Proposition 1, Ass(Zn) = Kn, and by Proposition 4, β0 (L (Ass(Zn))) =
⌊
n
2

⌋
.

Case 2. n is odd and is not prime number.

In L (Ass(Zn)), the vertices of Bdj ∪ {0} induces a complete subgraph in Ass(Zn) of

order φ(n/dj) + 1. Thus, L (Ass(Zn)) contains L(Km) as a subgraph, where m =

φ

(
n

dj

)
+ 1 and there are |τ(n)| such graphs. Then by Proposition 4,

β0 (L (Ass(Zn))) ≤
|τ(n)|∑
j=1

b(φ(n/dj) + 1)/2c =

|τ(n)|∑
j=1

φ(n/dj)/2.

Let Bdj = {v1,j , v2,j , . . . , vm,j : m = φ(n/dj)}, and take Idj = {[v2i−1,j , v2i,j ] :

1 6 i 6
m

2

}
. Define I =

|τ(n)|⋃
j=1

Idj , then I is the maximal independent set of

L (Ass(Zn)). Hence, β0 (L (Ass (Zn))) =

|τ(n)|∑
j=1

φ(n/dj)/2.
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Case 3. n is even and n 6= 2.

For dj =
n

2
, Bdj =

{n
2

}
. Thus, L (Ass(Zn)) has only one vertex

[
0,
n

2

]
cor-

responding to this Bdj ∪ {0}. This vertex is not a neighbour of any other ver-

tex of L (Ass(Zn)) corresponding to other Bdj chosen as per case 2. Hence,

β0 (L (Ass(Zn))) ≤
|τ(n)|−1∑
j=1

φ(n/dj)/2 + 1. Now, define I =

|τ(n)|−1⋃
j=1

Idj , where dj 6= n
2 ,

and add
[
0, n2

]
vertex of L (Ass(Zn)) in I. Then I is a maximal independent set of

L (Ass(Zn)). Hence, β0 (L (Ass(Zn))) =

|τ(n)|−1∑
j=1

φ(n/dj)/2 + 1.

Theorem 6. diam (L (Ass(Zn))) = 3, for n ≥ 6 and n is not a prime number.

Proof. Let [u1, v1] and [u2, v2] be the vertices of L(Ass(Zn)), where u1, v1, u2, v2 ∈
Zn. Then distance between [u1, v1] and [u2, v2] can be calculated by following cases.

Case 1. (u1 = 0 or v1 = 0) and (u2 = 0 or v2 = 0).

Then d ([u1, v1], [u2, v2]) is 1. (There are

(
n− 1

2

)
pairs of such vertices.)

Case 2. u = [u1, v1] and v = [u2, v2], where u1 = 0 and v1, u2, v2 ∈ Bdj for some dj .

Then distance between u and v is either 1 or 2. Moreover, there are

|τ(n)|∑
j=1

φ(n/dj) (φ(n/dj)− 1)

pairs of such vertices for distance 1 and there are

|τ(n)|∑
j=1

1

2
φ (n/dj) (φ(n/dj)− 1) (φ(n/dj)− 2)

pairs of such vertices for distance 2.

Case 3. u = [u1, v1] and v = [u2, v2], where u1, v1, u2, v2 ∈ Bdj for some dj .

Then distance between u and v is either 1 or 2. Moreover, There are

|τ(n)|∑
j=1

1

2
φ(n/dj) (φ(n/dj)− 1) (φ(n/dj)− 2)

pairs of such vertices for distance 1 and there are

|τ(n)|∑
j=1

1

8
φ(n/dj) (φ(n/dj)− 1) (φ(n/dj)− 2) (φ(n/dj)− 3)
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Figure 1. Associate graph of Z4 and its line graph.

pairs of such vertices for distance 2.

Case 4. u1 = 0, v1 ∈ Bdj , u2, v2 ∈ Bdk and j 6= k.

Then d ([u1, v1], [u2, v2]) is 2. Moreover, there are

|τ(n)|∑
j=1

1

2
φ

(
n

dj

)|τ(n)|∑
k=1

((
φ

(
n

dk

))2

− φ
(
n

dk

))
−

((
φ

(
n

dj

))2

− φ
(
n

dj

))
pairs of such vertices.

Case 5. u1, v1 ∈ Bdj , u2, v2 ∈ Bdk , j 6= k.

Then d ([u1, v1], [u2, v2]) is 3. Also there are

|τ(n)|−1∑
j=1

 |τ(n)|∑
k=j+1

(
1

2
φ

(
n

dj

)(
φ

(
n

dj

)
− 1

))(
1

2
φ

(
n

dk

)(
φ

(
n

dk

)
− 1

))
pairs of such vertices.

Thus, the maximum distance between any two vertices of L (Ass(Zn)) is 3.

Hence, diam (L (Ass(Zn))) = 3.

Theorem 7. diam (L (Ass(Zp))) = 2, for p is prime and p ≥ 5.

Proof. By Proposition 1, the graph Ass(Zp) is same as Kp. By Proposition 3,

diam(L(Kp)) = 2. Thus, diam (L (Ass(Zp))) = 2, for p is prime and p ≥ 5.

Remark 3. diam (L (Ass(Z3))) = 1. (As L (Ass(Z3)) = K3 and diameter of K3 is 1.)

Remark 4. diam (L (Ass(Z4))) = 2 as shown in Figures 1.
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Theorem 8. The Wiener index of L (Ass(Zn)) is given by

W (L (Ass(Zn))) =

(
n− 1

2

)
+

1

4

|τ(n)|∑
j=1

[(
φ

(
n

dj

))4

− 3 ·
(
φ

(
n

dj

))2

+ 2 · φ
(
n

dj

)]

+

|τ(n)|∑
j=1

φ( n

dj

)|τ(n)|∑
k=1

((
φ

(
n

dk

))2

− φ
(
n

dk

))

−

((
φ

(
n

dj

))2

− φ
(
n

dj

)))]

+
3

4

|τ(n)|−1∑
j=1

 |τ(n)|∑
k=j+1

((
φ

(
n

dj

))2

− φ
(
n

dj

))

×

((
φ

(
n

dk

))2

− φ
(
n

dk

))]
.

Proof. Distance between any two vertices of L (Ass(Zn)) is given by Theorem 6.

Hence,

W (L (Ass(Zn))) =
∑

[u1,v1],[u2,v2]∈V (L(Ass(Zn)))

d(u, v)

=
∑

(u1=0 or v1=0) or (u2=0 or v2=0)

d(u, v)

+
∑

u=[u1,v1],v=[u2,v2],u1=0,v1,u2,v2∈Bdj

d(u, v)

+
∑

u=[u1,v1],v=[u2,v2],u1,v1,u2,v2∈Bdj

d(u, v)

+
∑

u1=0,v1∈Bdj
,u2,v2∈Bdk

,j 6=k

d(u, v) +
∑

u1,v1∈Bdj
,u2,v2∈Bdk

,j 6=k

d(u, v)

=

(
n− 1

2

)
+

|τ(n)|∑
j=1

φ

(
n

dj

)(
φ

(
n

dj

)
− 1

)

+2

|τ(n)|∑
j=1

[
1

2
φ

(
n

dj

)(
φ

(
n

dj

)
− 1

)(
φ

(
n

dj

)
− 2

)]

+

|τ(n)|∑
j=1

[
1

2
φ

(
n

dj

)(
φ

(
n

dj

)
− 1

)(
φ

(
n

dj

)
− 2

)]

+2

|τ(n)|∑
j=1

[
1

8
φ

(
n

dj

)(
φ

(
n

dj

)
− 1

)

×
(
φ

(
n

dj

)
− 2

)(
φ

(
n

dj

)
− 3

)]
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+2

|τ(n)|∑
j=1

1

2
φ

(
n

dj

)|τ(n)|∑
k=1

((
φ

(
n

dk

))2

− φ
(
n

dk

))

−

((
φ

(
n

dj

))2

− φ
(
n

dj

)))]

+3

|τ(n)|−1∑
j=1

 |τ(n)|∑
k=j+1

(
1

2
φ

(
n

dj

)(
φ

(
n

dj

)
− 1

))

×
(

1

2
φ

(
n

dk

)(
φ

(
n

dk

)
− 1

))]

=

(
n− 1

2

)
+

1

4

|τ(n)|∑
j=1

[(
φ

(
n

dj

))4

− 3 ·
(
φ

(
n

dj

))2

+ 2 · φ
(
n

dj

)]

+

|τ(n)|∑
j=1

φ( n

dj

)|τ(n)|∑
k=1

((
φ

(
n

dk

))2

− φ
(
n

dk

))

−

((
φ

(
n

dj

))2

− φ
(
n

dj

)))]

+
3

4

|τ(n)|−1∑
j=1

 |τ(n)|∑
k=j+1

((
φ

(
n

dj

))2

− φ
(
n

dj

))

×

((
φ

(
n

dk

))2

− φ
(
n

dk

))]

5. Conclusion

The associate graph of the ring of integers modulo n is a union of complete graphs

with the vertex 0 dominates all the other vertices. In this article, we study properties

like clique number, chromatic number, domination number and independence number

of Ass(Zn). These properties are useful in the study of social networks. We also

compute the Wiener index of this graph, and these results can play an important role

in visualizing the topology of the graph under consideration. Similar properties have

been discussed for the L (Ass (Zn)) which help in understanding the behavior of the

network during expansion.
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