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Abstract: This work presents a predictor-corrector interior-point algorithm for solv-
ing the weighted linear complementarity problem. By applying Newton’s type method

to the central path system, the search directions are obtained. The algorithm works

in the τ -neighborhood, which measures the proximity of iterates to the central path.
By suitable choice of parameters, the global convergence of the method under mild

conditions is guaranteed. The iteration bound derived to find ε-approximate solution

matches the best known iteration bound for these types of problems. To the best of
our knowledge, this is the first work based on these types of search directions.
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1. Introduction

The goal of the weighted linear complementarity problem (WLCP) is to find the

vector (x, s, y) ∈ Rn × Rn × Rm belonging to the intersection of a manifold with

nonnegative orthant such that the Hadamard product of the vectors x and s equals

a given weight vector w ≥ 0. That is,

Px+Qs+Ry = a, x, s ≥ 0

xs = w,
(1.1)
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2 A feasible predictor-corrector interior-point method for MWLCPs

where P,Q ∈ R(n+m)×n, R ∈ R(n+m)×m are given matrices, a ∈ Rn+m is a given

vector, and w ∈ Rn
+ is a given weight vector. The importance of WLCP is that a

large class of problems in science, engineering and economics can be formulated as a

WLCP. Potra [16] proposed a generalization of the linear programming and weighted

centering problem [2], called the quadratic programming and weighted centering prob-

lem, and showed that this problem and its dual can be formulated as a monotone

WLCP. He also analyzed two interior-point methods (IPMs) for solving the general

monotone WLCP. The first method is an extension of the large-step path-following

method of McShane [13], which requires one matrix factorization per iteration. The

second method is an extension of the Mizuno-Todd-Ye (MTY) predictor-corrector

algorithm [14], which requires two matrix factorizations at each iteration. In gen-

eral the corrector-predictor IPMs are based only on one neighborhood of the central

path. The main purpose of the corrector is to increase the proximity to the central

path, while the aim of the predictor step is to obtain a point on the boundary of

the neighborhood. In [17], Potra extended the concept of sufficiency introduced by

Cottle et al. [4] for LCP to WLCP and then proposed a corrector-predictor IPM

to find its ε-approximate solution. Furthetmore, he showed that a strictly feasible

sufficient WLCP is solvable. Tang and Zhou [20] presented a damped Gauss-Newton

method for solving non-monotone WLCP based on derivative-free non-monotone lin-

ear search and proved that their method is globally convergent without any problem

assumptions.

Full Newton-step IPMs were first proposed for solving linear optimization (LO) by

Roos et al. [19] and have the advantage that no line-search is required. Various full-

Newton step algorithms have been presented in the literature to solve various types

of optimization problems, see for example [1, 5, 21–23]. Asadi et al. [3] extended the

full-Newton step IPM to the monotone WLCP and established the feasibility of the

full steps and a quadratic rate of convergence to the target points on the central path.

Recently, Kheirfam [12] proposed a full-Newton step IPM for WLCP based on the

algebraic equivalent transformation (AET) introduced in [5]. Kheirfam [9–11] pro-

posed corrector-predictor IPMs for P∗(κ)-horizontal LCP, semidefinite optimization

(SDO) and convex quadratic symmetric cone optimization (CQSCO), respectively.

Potra [15] proposed an IPM for monotone LCPs which first performs a corrector step

if initial interior-point is not well centered and after that a predictor step. Potra and

Liu [18] proposed an IPM for sufficient LCPs which uses a wide neighborhood of the

central path and the algorithm does not depend on the handicap of the problem.

Darvay et al. [6] introduced a corrector-predictor IPM for LO based on the AET

approach using the difference of identity function and square root function. Later on,

Darvay et al. [7] extended the corrector-predictor IPM given in Darvay et al. [6] to

P∗(κ)-LCP. Recently, Darvay et al. [8] proposed a corrector-predictor IPM for solving

P∗(κ)-LCP which uses the new type of AET on the centring equations of the system

defining the central path.

The main goal of this paper is to present a predictor-corrector IPM for solving WLCP.

The algorithm is based on Newton’s directions obtained from the central path sys-



B. Kheirfam, et al. 3

tem and works in the τ -neighborhood of the central path. We present the complexity

analysis of the proposed predictor-corrector algorithm and derive the iteration bound.

When the weight vector is zero, WLCP (1.1) includes the general linear complemen-

tarity probelm (LCP) studied by Ye [24] which contains the standard LCP [10] as a

special case. However, the analysis for the predictor steps is more complicated than

the ones done for the predictor-corrector algorithms for other problems addressed in

[9–11] mainly because of the nonzero weight vector. Numerical results show that the

proposed algorithm performs well on a small set of test problems.

The paper is organized as follows. In Section 2, we briefly introduce concepts such

as central path system and search directions. In Section 3, we analyze the corrector

step and the predictor step. Then, the framework of predictor-corrector algorithm for

WLCP is described. The complexity of the proposed algorithm is derived in Section

4. Some numerical results are given in Section 5. Finally, we provide concluding

remarks in Section 6.

2. The Central Path

Throughout this paper we assume that the matrix R has full column rank and the

WLCP (1.1) is monotone, in the sense that:

P∆x+Q∆s+R∆y = 0 implies ∆xT∆s ≥ 0.

Assume that

F := {(x, s, y) ∈ Rn
+ ×Rn

+ ×Rm : Px+Qs+Ry = a}

denotes the set of feasible solutions, and

F∗ := {(x, s, y) ∈ F : xs = w}

denotes the solution set of (1.1). Moreover, the set of all strictly feasible points of

(1.1) is given by

F0 := {(x, s, y) ∈ F : x, s > 0}.

We consider the same central path for WLCP as introduced in [16, 17]. For a strictly

feasible starting point (x0, s0, y0) ∈ F0, we denote

µ0 = (x0)T s0

n , c = x0s0, γ = min c
µ0 , w(µ) = (1− µ

µ0 )w + µ
µ0 c, (2.1)

where µ ∈ (0, µ0] and assume that c 6= w. The central path of the WLCP given as

(1.1), determined by (x0, s0, y0), is the set of all points (µ;x, s, y), with µ ∈ (0, µ0],

satisfying

Px+Qs+Ry = a, x, s > 0

xs = w(µ).
(2.2)
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Under the assumption that the WLCP is monotone and F0 6= ∅, it is proved that

system (2.2) has a unique solution for any µ ∈ (0, µ0] ([17, Proposition 3.1]). More-

over, by construction, (µ0;x0, s0, y0) belongs to the central path (see [12]), and if

µ ↓ 0 then the central path converges to a solution of (1.1). Application of Newton’s

type method to system (2.2) with fixed µ, with the assumption that (x, s, y) ∈ F0,

produces the following system for search directions ∆x,∆s, and ∆y:

P∆x+Q∆s+R∆y = 0,

s∆x+ x∆s = w(µ)− xs. (2.3)

Consider the following notations:

v =

√
xs

µ
, dx =

v∆x

x
, ds =

v∆s

s
.

One easily verifies that the system (2.3) can be written as

P̃ dx + Q̃ds +R∆y = 0,

dx + ds = v−1w(µ)
µ − v,

where P̃ = PV −1X, Q̃ = QV −1S, V = diag(v), X = diag(x) and S = diag(s). We

introduce the proximity of a point (x, s, y) to the central path (2.2) by

δ(x, s;µ) =
∥∥∥w(µ)

µ
− v2

∥∥∥.
Note that for any (x, s, y) ∈ F , we have

xs = w(µ)⇔ v2 =
w(µ)

µ
⇔ δ(x, s;µ) = 0.

Hence, the value δ(x, s;µ) can be considered as a proximity measure for the distance

between the given triple (x, s, y) and the central path (2.2).

Now, using the definition of δ(x, s;µ), we define the τ -neighborhood of the central

path in the following way:

N2(τ, µ) := {(x, s, y) ∈ F0 : δ(x, s;µ) ≤ τ} = {(x, s, y) ∈ F0 :
∥∥w(µ)

µ
− v2

∥∥ ≤ τ},
where τ is threshold parameter and µ > 0 is fixed.

The following lemma is essential in the analysis of Algorithm 1.
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Lemma 1. If δ := δ(x, s;µ) ≤ γ, then for each i = 1, . . . , n, we have

vi ≥
√
γ − δ,

where γ is defined in (2.1).

Proof From the definition of δ, we have

δ(x, s;µ) =
∥∥∥w(µ)

µ
− v2

∥∥∥ ≥ ∣∣∣wi(µ)

µ
− v2i

∣∣∣, i = 1, 2, . . . , n.

This implies

v2i ≥
wi(µ)

µ
− δ ≥ c

µ0
− δ ≥ γ − δ,

where c and γ are defined in (2.1). Taking square roots proves the lemma.

3. Predictor-Corrector Algorithm for WLCP

In this section, we present a predictor-corrector interior-point algorithm for solving

WLCP.

3.1. The Corrector Step.

In a corrector step, we obtain dcx, d
c
s and ∆cy by solving the scaled system

P̃ dcx + Q̃dcs +R∆cy = 0,

dcx + dcs = v−1w(µ)
µ − v. (3.1)

Newton directions of the original system (2.3); i.e.,

∆cx =
x

v
dcx, ∆cs =

s

v
dcs (3.2)

can be easily computed and the corrector step is obtained by a full-Newton step as

follows:

(x+, s+, y+) = (x, s, y) + (∆cx,∆cs,∆cy).

The corrector step of the proposed IPM is similar to the small-update IPM introduced

in [3]. Hence, for the analysis of this step results in [3] can be applied. The next lemma

gives the strict feasibility of the iterates obtained by the corrector step.

Lemma 2. ([3, Lemma 4.5]) If δ = δ(x, s;µ) ≤ 2γ

1+
√

1+
√
2

, then the full-Newton step is

feasible. Moreover, we have

δ+ := δ(x+, s+;µ) ≤
δ2

2
√
2(γ − δ)

.
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The following lemma gives an upper bound of the duality gap after a corrector step.

Lemma 3. ([3, Lemma 4.4]) After a full-Newton step, the following inequality holds:

xT+s+ ≤ eTw(µ) +
µδ2

2
√
2(γ − δ)

.

The next lemma shows the local quadratic convergence of the corrector step.

Lemma 4. ([3, Corollary 4.3]) If δ ≤ (1− 1

2
√
2
)γ, then δ+ ≤

(
δ√
γ

)2
.

3.2. The Predictor Step.

In the predictor step, we follow the search directions dpx, d
p
s and ∆py by solving the

following system

P̃+d
p
x + Q̃+d

p
s +R∆py = 0,

dpx + dps = v−1+
w
µ − v+,

(3.3)

where

v+ =

√
x+s+
µ

, P̃+ = PV −1+ X+, Q̃+ = QV −1+ S+, V+ = diag(v+)

and X+ = diag(x+), S+ = diag(s+). It is easy to see that

∆px =
x+
v+

dpx, ∆ps =
s+
v+
dps . (3.4)

We define

xp = x+ + θ∆px, sp = s+ + θ∆ps, yp = y+ + θ∆py, µp = (1− θ)µ.

The step size along this direction is taken as

θ̄ = max{θ̂ ∈ [0, 1] : (xp, sp, yp) ∈ N2(τ, µp),∀ θ ∈ [0, θ̂]}. (3.5)

In the next lemma, we present a sufficient condition that guarantees the strict feasi-

bility of the predictor step.

Lemma 5. Let x+ > 0 and s+ > 0 be feasible solution obtained after a corrector step
and µ > 0. Furthermore, let δ+ < γ and θ ∈ (0, 1). Let xp and sp be the iterates after a
predictor step. Then xp > 0 and sp > 0 if

h(δ+, θ, γ) := γ − δ+ − θ2

2
√
2(1− θ)(γ − δ+)

(
δ+ +

1

µ0
‖c− w‖

)2
> 0.
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Proof For each α ∈ [0, 1], we consider the following notations:

xp(α) = x+ + αθ∆px =
x+
v+

(v+ + αθdpx),

sp(α) = s+ + αθ∆ps =
s+
v+

(v+ + αθdps).

Using the second equation of the predictor scaled system (3.3), we have

xp(α)sp(α) =
x+s+
v2+

(v+ + αθdpx)(v+ + αθdps)

=
x+s+
v2+

(
v2+ + αθv+(dpx + dps) + α2θ2dpxd

p
s

)
= µ

(
v2+ + αθ

(w
µ
− v2+

)
+ α2θ2dpxd

p
s

)
= µ

(
(1− αθ)v2+ + αθ

w

µ
+ α2θ2dpxd

p
s

)
. (3.6)

From (3.6) we obtain the following inequality

min
(xp(α)sp(α)

µ(1− αθ)

)
= min

(
v2+ +

αθ

1− αθ
w

µ
+

α2θ2

1− αθ
dpxd

p
s

)
≥ min(v2+) +

αθ

1− αθ
min(w)

µ
− α2θ2

1− αθ
∥∥dpxdps∥∥∞.

Due to the fact that the WLCP is monotone, we have (dpx)T dps ≥ 0. Therefore

∥∥dpxdps∥∥ ≤ 1

2
√

2

∥∥dpx + dps
∥∥2 =

1

2
√

2

∥∥∥ wµ − v2+
v+

∥∥∥2
≤ 1

2
√

2 min(v2+)

∥∥∥w
µ
− v2+

∥∥∥2
≤ 1

2
√

2(γ − δ+)

∥∥∥w
µ
− v2+

∥∥∥2. (3.7)

Let us use the following notation:

σ+ =
∥∥∥w
µ
− v2+

∥∥∥.
We have

δ+ =
∥∥∥w(µ)

µ
− v2+

∥∥∥ =
∥∥∥w
µ

+
1

µ0
(c− w)− v2+

∥∥∥ ≥ ∥∥∥w
µ
− v2+

∥∥∥− 1

µ0
‖c− w‖,
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hence,

σ+ ≤ δ+ +
1

µ0
‖c− w‖. (3.8)

Substitution of the bound (3.8) into (3.7) yields

∥∥dpxdps∥∥ ≤ 1

2
√

2(γ − δ+)

(
δ+ +

1

µ0
‖c− w‖

)2
. (3.9)

Therefore

min
(xp(α)sp(α)

µ(1− αθ)

)
≥ γ − δ+ +

αθ

1− αθ
min(w)

µ

− α2θ2

2
√

2(1− αθ)(γ − δ+)

(
δ+ +

1

µ0
‖c− w‖

)2
≥ γ − δ+

− α2θ2

2
√

2(1− αθ)(γ − δ+)

(
δ+ +

1

µ0
‖c− w‖

)2
≥ γ − δ+

− θ2

2
√

2(1− θ)(γ − δ+)

(
δ+ +

1

µ0
‖c− w‖

)2
= h(δ+, θ, γ) > 0, (3.10)

where the third inequality follows from the fact that

g(α) =
α2θ2

1− αθ

is strictly increasing for α ∈ [0, 1]. The inequality (3.10) implies that xp(α)sp(α) > 0

for α ∈ [0, 1]. Therefore, xp(α) and sp(α) do not change sign on α ∈ [0, 1]. Since

xp(0) = x+ > 0 and sp(0) = s+ > 0, by continuity, we can conclude that xp(1) =

xp > 0 and sp(1) = sp > 0. The proof is complete. We define

vp :=

√
xpsp

µp
, where µp = (1− θ)µ.

Substituting α = 1 in (3.6) and (3.10) gives

(vp)2 = v2+ +
θw

(1− θ)µ
+

θ2

1− θ
dpxd

p
s , (3.11)

min
(
vp
)2 ≥ h(δ+, θ, γ) > 0.

In the next lemma, we examine the effect of a predictor step and the update of µ on

the proximity measure.
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Lemma 6. Let (x+, s+, y+) be an iterate obtained after a corrector step and µp = (1−θ)µ
where 0 < θ < 1. Moreover, let (xp, sp, yp) denote the iterate after a predictor step. Then,
we have

δp := δ(xp, sp;µp) ≤ 2θ

1− θ δ
+ +

2θ

(1− θ)µ0

∥∥w − c∥∥+ γ − h(δ+, θ, γ).

Proof By the definition of w(µ), we have

w(µp) =
(

1− µp

µ0

)
w +

µp

µ0
c =

(
1− (1− θ)µ

µ0

)
w +

(1− θ)µ
µ0

c

= w(µ) +
θµ

µ0
(w − c).

Therefore, by the definition of proximity measure and (3.11), we obtain

δp =
∥∥∥w(µp)

µp
− (vp)2

∥∥∥
=
∥∥∥ w(µ)

(1− θ)µ
+

θ

(1− θ)µ0
(w − c)− v2+ −

θw

(1− θ)µ
− θ2

1− θ
dpxd

p
s

∥∥∥
=

1

1− θ

∥∥∥w(µ)

µ
+

θ

µ0
(w − c)− v2+ + θv2+ −

θw

µ
− θ2dpxdps

∥∥∥
≤ 1

1− θ

(∥∥∥w(µ)

µ
− v2+

∥∥∥+
θ

µ0

∥∥w − c∥∥+ θ
∥∥∥w
µ
− v2+

∥∥∥+ θ2
∥∥dpxdps∥∥)

≤ 1

1− θ

(
δ+ +

θ

µ0

∥∥w − c∥∥+ θ
(
δ+ +

1

µ0

∥∥w − c∥∥)
+

θ2

2
√

2(γ − δ+)

(
δ+ +

1

µ0
‖w − c‖

)2)
=

1 + θ

1− θ
δ+ +

2θ

(1− θ)µ0

∥∥w − c∥∥
+

θ2

2
√

2(1− θ)(γ − δ+)

(
δ+ +

1

µ0
‖w − c‖

)2
=
(1 + θ

1− θ
− 1
)
δ+ +

2θ

(1− θ)µ0

∥∥w − c∥∥+ γ − h(δ+, θ, γ)

=
2θ

1− θ
δ+ +

2θ

(1− θ)µ0

∥∥w − c∥∥+ γ − h(δ+, θ, γ),

where the second inequality is due to (3.8) and (3.9). The proof is complete. In the

sequel, we determine the proximity parameter τ and the update parameter θ̄ defined

in (3.5). Let (x, s, y) ∈ N2(τ, µ) be the iterate at the start of an iteration such that

δ(x, s;µ) ≤ τ ≤ (1− 1
2
√
2
)γ. After a corrector step, by Lemma 4, one has

δ+ := δ(x+, s+;µ) ≤ δ2

γ
.
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It is clear that the right-hand side of the above inequality is increasing with respect

to δ, so we have

δ+ ≤ τ2

γ
. (3.12)

It can be verified that h(δ+, θ, γ) is decreasing with respect to δ+. In this way, we get

h(δ+, θ, γ) ≥ h(
τ2

γ
, θ, γ). (3.13)

By invoking Lemma 6 and using (3.12) and (3.13) we deduce

δp ≤ 2θ

1− θ
τ2

γ
+

2θ

(1− θ)µ0

∥∥w − c∥∥+ γ − h
(τ2
γ
, θ, γ

)
.

To keep δp ≤ τ , it suffices that

2θ

1− θ
τ2

γ
+

2θ

(1− θ)µ0

∥∥w − c∥∥+ γ − h
(τ2
γ
, θ, γ

)
≤ τ. (3.14)

At this stage, if we set τ = γ
2 and

θ =
min c

12(min c+ ‖w − c‖)
, (3.15)

then θ ≤ 1
12 , which yields 1

1−θ ≤
12
11 , and by (3.12), δ+ ≤ γ2

4γ = γ
4 = τ

2 . Moreover, we

have

θ
‖w − c‖
µ0

=
(min c)‖w − c‖

12µ0(min c+ ‖w − c‖)
=

γ

12
× ‖w − c‖

min c+ ‖w − c‖
≤ γ

12
=
τ

6
,

and

γ − h
(τ2
γ
, θ, γ

)
=
τ2

γ
+

θ2

2
√

2(1− θ)(γ − τ2

γ )

(τ2
γ

+
1

µ0
‖w − c‖

)2
≤ τ

2
+

1

2
√

2(1− θ) 3τ
2

(
θ
τ

2
+
τ

6

)2
=
(

1 +
1

6
√

2(1− θ)
(
θ +

1

3

)2)τ
2

≤
(

1 +
25

792
√

2

)τ
2
. (3.16)
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Therefore

2θ

1− θ
τ2

γ
+

2θ

(1− θ)µ0

∥∥w − c∥∥+ γ − h
(τ2
γ
, θ, γ

)
≤
( 1

11
+

4

11
+

1

2
+

25

1584
√

2

)
τ ≤ τ,

which means that inequality (3.14) holds. On the other hand, from (3.13) and (3.16),

we have

h(δ+, θ, γ) ≥ h(
τ2

γ
, θ, γ) ≥ γ −

(
1 +

25

792
√

2

)τ
2

=
(

2− 1

2
− 25

1584
√

2

)
τ > 0.

Therefore, for θ̄ equal to θ as defined in (3.15), we have

(xp, sp, yp) ∈ N2(τ, µp).

Now, we propose a predictor-corrector interior-point algorithm for solving WLCP.

Given a weight vector w > 0 and an initial point (x0, s0, y0) ∈ N2(τ, µ). Our algorithm

performs a corrector step and a predictor step in one main iteration. In corrector

step, we compute the search direction (∆cx,∆cs,∆cy) for WLCP by solving the

system (3.1) and using (3.2). Then, we take a full-Newton step along this direction,

which is the corrector iterate (x+, s+, y+). Then we calculate the predictor direction

(∆px,∆ps,∆py) by solving (3.3) and using (3.4). So, we consider the predictor iterate

(xp, sp, yp). We repeat the process until an iterate satisfying the stopping criterion

‖xksk − w‖ ≤ ε. The predictor-corrector algorithm is presented below.

Algorithm 1: Predictor− corrector algorithm for WLCP

Input: Required accuracy parameter ε > 0; threshold parameter 0 < τ < 1 (default

τ = γ
2 );

barrier update parameter 0 < θ < 1 (default (3.15)); an initial point

(x0, s0, y0) ∈ N2(τ, µ); Consider the notation from (2.1).

begin

k := 0;

while ‖xksk − w‖ > ε do

begin

(corrector step)

compute (∆cxk,∆csk,∆cyk) from system (3.1) using (3.2);

let (xk+, s
k
+, y

k
+) := (xk, sk, yk) + (∆cxk,∆csk,∆cyk);

(predictor step)

compute (∆pxk,∆psk,∆pyk) from system (3.3) using (3.4);

let ((xp)k, (sp)k, (yp)k) := (xk+, s
k
+, y

k
+) + θ(∆pxk,∆psk,∆pyk);

(update of the iterates)

(xk+1, sk+1, yk+1) := ((xp)k, (sp)k, (yp)k);

µk+1 := (1− θ)µk;

k := k + 1;

end

end.
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4. Iteration Bound

Lemma 7. Let (x, s, y) be an iterate obtained by Algorithm 1 such that δ := δ(x, s;µ) ≤
(1− 1

2
√
2
)γ. Moreover, let (xp, sp, yp) be an iterate obtained after a predictor step and µp =

(1− θ)µ where 0 < θ < 1. Then

‖xpsp − w‖ ≤
(
1− θ

2

)
µβ < β

µp

1− θ .

where

β = max

{
δ2

γ
+
‖c− w‖
µ0

,
γ√

2(γ2 − δ2)

(δ2
γ

+
1

µ0
‖c− w‖

)2}
.

Proof Using the definition of vp and (3.11), we have

xpsp = µp(vp)2 = (1− θ)µ
(
v2+ +

θw

(1− θ)µ
+

θ2

1− θ
dpxd

p
s

)
= (1− θ)µv2+ + θw + µθ2dpxd

p
s .

Therefore, we have

xpsp − w = (1− θ)
(
µv2+ − w

)
+ µθ2dpxd

p
s

= (1− θ)
(
µv2+ − w(µ) +

µ

µ0
(c− w)

)
+ µθ2dpxd

p
s

= (1− θ)µ
(
v2+ −

w(µ)

µ
+

1

µ0
(c− w)

)
+ µθ2dpxd

p
s , (4.1)

where the second equality is due to (2.1). By taking the norm of both sides of (4.1),

we get

‖xpsp − w‖ =
∥∥(1− θ)µ

(
v2+ −

w(µ)

µ
+

1

µ0
(c− w)

)
+ µθ2dpxd

p
s

∥∥
≤ (1− θ)µ

(∥∥v2+ − w(µ)

µ

∥∥+
1

µ0
‖c− w‖

)
+ µθ2

∥∥dpxdps∥∥
≤ (1− θ)µ

(
δ+ +

1

µ0
‖c− w‖

)
+

µθ2

2
√

2(γ − δ+)

(
δ+ +

1

µ0
‖c− w‖

)2
≤ (1− θ)µ

(δ2
γ

+
1

µ0
‖c− w‖

)
+

µθ2γ

2
√

2(γ2 − δ2)

(δ2
γ

+
1

µ0
‖c− w‖

)2
≤
(

1− θ +
θ2

2

)
µβ <

(
1− θ

2

)
µβ,

where the second inequality is due to the definition of δ+ and (3.9) and the third

inequality follows from Lemma 4. Using µp = (1 − θ)µ and the above inequality, we

obtain ∥∥xpsp − w‖ ≤ (1− θ

2

)
β

µp

1− θ
< β

µp

1− θ
,

which completes the proof.
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Theorem 1. Let (x0, s0, y0) ∈ N2(
γ
2
, µ) and θ is defined as in (3.15). Moreover, let

(xk, sk, yk) be the iterate obtained after k iterations. Then,

‖xksk − w‖ ≤ ε

for

k ≥ 1 +

⌈
1

θ
log

β1µ
0

ε

⌉
,

where β1 := max
{
γ
4
+ ‖c−w‖

µ0 , 2
√
2

3γ

(
γ
4
+ 1

µ0 ‖c− w‖
)2}

.

Proof From Lemma 7 it follows that

‖xksk − w‖ < β
µk

1− θ
= β(1− θ)k−1µ0.

Due to δ ≤ τ = γ
2 , we have

β ≤ β1.

Hence, the convergence criterion ‖xksk − w‖ ≤ ε is satisfied if we have

β1(1− θ)k−1µ0 ≤ ε. (4.2)

By taking logarithms of both sides in (4.2), we obtain

(k − 1) log(1− θ) + log(β1µ
0) ≤ log ε.

Using the inequality log(1 + x) ≤ x, x > −1, we conclude that the above inequality

holds for all k that satisfy

k ≥ 1 +

⌈
1

θ
log

β1µ
0

ε

⌉
,

which proves the lemma.

Theorem 2. Let τ = γ
2

and let θ be defined as in (3.15). Then, Algorithm 1 is well-defined
and requires at most

O
(min c+ ‖w − c‖

min c
log

β1µ
0

ε

)
iterations in order to get ‖xksk − w‖ ≤ ε.

Corollary 1. If WLCP (1.1) is monotone, then Algorithm 1 finds an ε-approximate
solution for this problem in at most

O
(γ(x0)T s0/n+ ‖w − x0s0‖

minx0s0
log

β1(x
0)T s0/n

ε

)
iterations.

Proof From Theorem 2 and (2.1), the result is easily obtained.
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5. Numerical Results

To illustrate the validity and behavior of the Algorithm 1 (Algor. 1), in this section

the Algor. 1 is compared with the proposed algorithm in [12] (Algor. 2) on the

small set of randomly generated problems. It is shown that it behaves well on this

set of problems. First, matrices R,Q and matrix A ∈ Rn×n are generated with

entries randomly selected from the interval [−9, 9]. Then the matrix P is considered

as P = −Q(ATA). The entries of the weight vector w are randomly selected from

the interval [0.1, 0.9]. For these WLCPs, we also selected an initial starting point

(x0, s0, y0) such that (x0, s0, y0) ∈ N2(γ2 , µ), where γ = min x0s0

µ0 with µ0 = (x0)T s0

n .

We set ε = 10−8. For each n,m, p, the entry in the column ”Iter” is the average

number of iterations of 10 randomly generated WLCPs with the same dimensions.

The results are summarized in Table 1, which shows that Algorithm1 performs better

that Algorithm2 in terms of the number of iterations.

Table 1. Numerical results

n m p Iter(Algor. 1) Iter(Algor. 2) n m p Iter(Algor. 1) Iter(Algor. 2)

10 7 5 75.2 126.7 30 20 15 88.9 132.8

50 40 25 87.2 135.1 100 80 60 115.1 137.8
300 200 200 104.3 141.9 500 400 200 95.5 143.2

350 250 300 133.5 161.3 450 350 300 147.2 179.4

600 500 300 92.7 123.5 700 600 500 100.8 132.7

6. Concluding Remarks

In this paper, we have presented a predictor-corrector IPM for solving monotone

WLCP that operates in a τ -neighborhood of the central path. We analyzed this

small-update algorithm and proved that the proposed algorithm is feasible. The cor-

rector stage is based on full Newton’s steps while the predictor step uses damped

step. With appropriate choices of the barrier update parameter θ and the threshold

parameter τ , iterates are shown to stay in the N2(τ, µ) neighborhood of the central

path. Furthermore, the derived iteration bound for the Algorithm 1 matches the cur-

rently best known iteration bound for monotone WLCPs. Numerical results indicate

that the Algorithm 1 performs well on a small set of test problems.

One direction for future research could be to consider the generalization of this IPM

to weighted linear complementarity problem over symmetric cones.
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