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Abstract: The Roman domination problem is a combinatorial optimization problem
on a graph asking to assign a label from {0, 1, 2} to each vertex feasibly, such that

the total sum of assigned labels is minimized. Let G = (V,E) be a graph, and let

U1, U2 ⊆ V be two non-empty disjoint subsets. We say that the pair {U1, U2} is
Roman-feasible if there exists a Roman dominating function f : V → {0, 1, 2} such

that V0 = V \ (U1 ∪U2), V1 = Ui and V2 = U3−i for some i ∈ {1, 2}, where Vj denotes

the set of vertices assigned label j by f . The set {U1, U2, U3} is a Roman coalition if
the following two conditions hold: (i) the pair {Ui, Uj} is not Roman-feasible for any

different 1 ≤ i, j ≤ 3; (ii) there exists k such that the pair {Ui ∪ Uj , Uk} is Roman-

feasible, where {i, j, k} = {1, 2, 3}. The purpose of this paper is to introduce and study
the new concept of Roman coalitions in graphs, providing basic properties, lower and

upper bounds, as well as exact values in specific cases.

Keywords: coalition, Roman coalition, Roman dominating set, Roman coalition par-
tition

AMS Subject classification: 05C60

1. Introduction

In this work, only finite, simple and connected graphs G = (V,E) are considered,

where V is the set of vertices and E is the set of edges. We denote by [n] the set of

∗ Corresponding Author



2 Roman coalition partitions in graphs

positive integers {1, 2, . . . , n}. The set of vertices adjacent to a vertex u is the open

neighborhood of u and it is denoted by N(u). A set D ⊆ V in a graph G is called

a dominating set if every vertex of G is either in D or adjacent to a vertex of D.

The domination number of G is γ(G) = min{|D| : D is a dominating set of G}. A

dominating set having cardinality γ is called a γ-set. We say that a γ-set D is a

resilient dominating set of a graph G if there is a vertex v ∈ D such that D − {v}
is a dominating set in G − v. We refer to the books [15, 16] for a detailed study of

domination and its variants. Inspired by the defence strategies used to defend the

Roman Empire, Cockayne and others [9] formally introduced the Roman domination

problem (RDP) in 2004. A Roman dominating function (RDF) on a graph G = (V,E)

is a function f : V → {0, 1, 2} such that for every vertex u ∈ V with f(u) = 0 there

exists a vertex v ∈ N(u) such that f(v) = 2. The weight w(f) of an RDF is the

sum of labels assigned to the vertices of the whole graph. The minimum weight of

an RDF is known as the Roman domination number of the graph, and it is denoted

by γR(G). There is a bijection between the functions f : V → {0, 1, 2} and the three-

subset collections (V f0 , V
f
1 , V

f
2 ) defined as V fj = {v ∈ V : f(v) = j} for j = 0, 1, 2.

If there is no risk of confusion, we usually write Vj instead of V fj . Results on Roman

domination and its variants have been collected in [7, 8]. The partitioning of the vertex

set of graph G into subsets with a specific attribute has been extensively studied [16,

Chapter 12]. For instance, in [18] a set {f1, f2, . . . , fd} of distinct Roman dominating

functions on G, with the property that
∑d
i=1 fi(v) ≤ 2 for each v ∈ V (G), is called

a Roman dominating family (of functions) on G. The maximum number of functions

in a Roman dominating family on G is the Roman domatic number of G, denoted

by dR(G). Recently, the concept of coalition partition in graphs has attracted much

interest of late. Inspired by the idea that the union of two sets can possess a property

that neither set has, Haynes et al. [10] proposed this concept as a mathematical model

in graph theory based on dominating sets in graphs. Coalition in graphs has been

investigated in a number of subsequent papers [4, 11–14]. In order to expand the study

of coalitions, various aspects of coalitions based on different types of dominating sets

have been studied [1–3, 5, 17]. In this paper, we introduce and study the analogous

concept of a Roman coalition in a graph.

2. Preliminaries

In this section, we provide main definitions and present basic properties of the Roman

coalition in graphs. We begin by stating the following observation.

Observation 1. Let f = (V0, V1, V2) be a Roman dominating function. Then the set
V1 ∪ V2 = {v ∈ V : 1 ≤ f(v) ≤ 2} is a dominating set.

As an auxiliary tool, we define the concept of Roman-feasible as follows.

Definition 1. Given a graph G = (V,E) and two non-empty disjoint subsets W1,W2 ⊂ V
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v1 v2

v3 v4 v5

v6 v7

Figure 1. The sets {v1, v3} and {v5, v6} form a dominating set, but are not RF.

we say that the pair {W1,W2} is Roman-feasible (for short, RF ) if there exists a Roman
dominating function f : V → {0, 1, 2} such that V0 = V \(W1∪W2), V1 = Wi and V2 = W3−i
for some i ∈ {1, 2}.

Remark 1. 1. W1 ∪W2 can be a dominating set, and yet {W1,W2} may not be an
RF pair of subsets. This distinction highlights why the concept of ”Roman-feasible”
differs from that of a coalition in graphs.

For instance, consider W1 = {v1, v3} and W2 = {v5, v6} (see Figure 1). If f =
(V0, V1, V2) would be a RDF with {V1 = W2, V2 = W1} then vertex v7 will not be
Roman-dominated, otherwise, if {V1 = W1, V2 = W2} then vertex v2 will not be
Roman-dominated.

2. Observe that if {W1,W2} is not RF then neither W1 nor W2 can be a dominating set.

Lemma 1. Let W1,W2 ⊆ V be two non-empty disjoint subsets of vertices. If there exists
a vertex v ∈W2 having degree d(v) = n− 2 and V \N(v) ⊆W1 ∪W2 then {W1,W2} is RF.

Proof. Let v ∈ W2 be a vertex with degree d(v) = n− 2 and let us define f(z) = 2

for all z ∈ W2 and f(z′) = 1 for all z′ ∈ W1. Since the only vertex, V KN(v) = {v′},
that is not Roman-dominated by v has a label of 1 if v′ ∈W1 or a label of 2 if v′ ∈W2,

it follows that f is an RDF with V1 = W1 and V2 = W2. Hence, {W1,W2} is RF.

We are now prepared to introduce the concepts of Roman coalition and Roman coali-

tion partition in graphs.

Definition 2. Given a graph G = (V,E) and three non-empty subsets W1,W2,W3 ⊂ V
we say that {W1,W2,W3} is a Roman coalition if the following conditions hold,

1. {Wi,Wj} is not RF for any different 1 ≤ i, j ≤ 3.

2. there exists k such that {Wi ∪Wj ,Wk} is RF, where {i, j, k} = {1, 2, 3}.

Remark 2. 1. For the graph of Figure 1 we may check that

π1 = {W1 = {v1}, W2 = {v4}, W3 = {v7}}

is a Roman coalition because:
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• {{v1}, {v4}} is not RF because it would not be possible to Roman-dominate the
vertex v7.

• {{v1}, {v7}} is not RF because it would not be possible to Roman-dominate the
vertices v2, v4 and v5.

• {{v4}, {v7}} is not RF because it would not be possible to Roman-dominate the
vertex v1.

• We may define the function f(v1) = f(v7) = 1, f(v4) = 2 and f(vj) = 0 other-
wise. This is an RDF such that V2 = W2 and V1 = W1 ∪W3.

2. Analogously, we may check that

π2 = {{v1}, {v2}, {v6}} and π3 = {{v3}, {v5}, {v7}}

are Roman coalitions in the graph depicted in Figure 1.

Definition 3. Let G be a graph with ∆(G) ≤ n − 3. A partition of the vertex set
π = {W1,W2, . . . ,Wk} is a Roman coalition partition (RCP) if no pair {Wi,Wj} is RF and
for every Wi there exists Wj ,Wl with i, j, l ∈ {1, . . . , k} such that {Wi,Wj ,Wl} is a Roman
coalition. The maximum cardinality of an RCP is the Roman coalition number (RCN),
denoted by CR(G), of a graph G.

The restriction on the maximum degree of the graph in Definition 3 is crucial. If

∆(G) ≥ n − 2, then, by Lemma 1, the subset containing a vertex of degree at least

n − 2 would be RF considered together with another subset. Namely, this subset

would be RF together with either the subset containing the only vertex not adjacent

to it (when ∆ = n− 2) or with any other subset of the partition (when ∆ = n− 1).

Thus, from now on, we only consider those graphs or order n having maximum degree

at most n− 3. Therefore, we have to keep in mind the following fact.

Remark 3. Observe that given a graph G of order n with ∆ ≤ n− 3, no pair of subsets,
each consisting of a single vertex, can be Roman feasible.

Next, we give an example to illustrate the concept of Roman coalition partition of a

graph G.

Example 1. Let G be the graph depicted in Figure 1. Then π = {Wj = {vj} : j =
1, . . . , 7} is a Roman coalition partition with cardinality 7. By applying Remark 3, no pair
of vertices can be RF. So, it is sufficient to check that

1. {{v1}, {v2}, {v6}}, is a Roman coalition such that V1 = W1, V2 = W2 ∪W6.

2. {{v1}, {v4}, {v7}}, is a Roman coalition such that V1 = W1 ∪W7, V2 = W4.

3. {{v3}, {v5}, {v7}} is a Roman coalition such that V1 = W7, V2 = W3 ∪W5.

Thus, π is a Roman coalition partition with maximum possible cardinality and CR(G) =
n = 7.
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3. Bounds on the Roman coalition number

In this section, we establish lower and upper bounds on the Roman coalition number

of a graph. We first recall known results needed later.

Theorem A. [6] If G is a graph without isolated vertices, then G has a minimum dom-
inating set D such that for all d ∈ D, there exists a neighbor f(d) ∈ V KD of d such that
f(d) is not a neighbor of any vertex x ∈ D K{d}.

Recall that such a vertex, f(d), is called a private neighbor of vertex d and the set of

all private neighbors of a vertex d ∈ V (G) is denoted by PN(d).

Theorem B. [9] For any graph G, γ(G) ≤ γR(G) ≤ 2γ(G).

Theorem C. [18] If G is a graph of order n ≥ 2, then γR(G) + dR(G) ≤ n+ 2.

Clearly, we have that 3 ≤ CR(G) ≤ n for all non trivial connected graph with ∆ ≤
n − 3. In this context, the next result gives an upper bound to the Roman coalition

number of a graph in terms of its order and its domination number, which improves

on the trivial bound.

Proposition 1. Let G be a graph of order n such that ∆ ≤ n − 3. Then CR(G) ≤
n− γ(G) + 3.

Proof. Let CR(G) = k, and consider a maximum Roman coalition partition π =

{W1,W2, ...,Wk}. By definition, for W1 there exists two different sets in π, say W2,W3,

such that {W1,W2,W3} is a Roman coalition. This means that W1 ∪W2 ∪W3 is a

dominating set of G, and thus γ(G) ≤ |W1|+ |W2|+ |W3| . Accordingly,

n = |W1|+ |W2|+ |W3|+ · · ·+ |Wk|
≥ |W1|+ |W2|+ |W3|+ (k − 3)

≥ γ(G) + (k − 3),

leading us to the desired upper bound.

As an immediate consequence of Proposition 1, we have the following result.

Corollary 1. If G is a graph of order n and maximum degree ∆ ≤ n − 3 such that
CR(G) = n, then γ(G) ∈ {2, 3}.

Plugging the result of Proposition 1 into the bound given by Thereom B immediately

yields the following result.
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Corollary 2. If G is a graph of order n and maximum degree ∆ ≤ n− 3 then CR(G) ≤
n−

⌊
γR(G)

2

⌋
+ 3.

By applying Theorem C and Corollary 2, we obtain a relation between the Roman

coalition number and the Roman domatic number.

Corollary 3. If G is a graph of order n ≥ 2 and maximum degree ∆ ≤ n − 3 then
CR(G) + dR(G) ≤ 2n− 3γR(G)

2
+ 5.

Restricted to graphs G with γ(G) ≥ 4, we provide a lower bound for the Roman

coalition partition number in terms of the order and the domination number, which,

by Proposition 1, results in a very good framing of the Roman coalition number.

Theorem 2. Let G be a connected graph of order n and ∆ ≤ n− 3 such that γ(G) ≥ 4.
Then CR(G) ≥ n− γ(G) + 2, and this bound is sharp.

Proof. Let V (G) = {w1, w2, ..., wn}. Let D be a minimum dominating set of

G satisfying the property of Theorem A, and set |D| = k. Relabeling vertices,

if necessary, we may assume D = {w1, w2, ..., wk}. Consider the partition π =

{A,B,Wk+1, . . . ,Wn}, where A = {w1, . . . , wk−2}, B = {wk−1, wk} and Wi = {wi}
for every i ∈ {k + 1, . . . , n}. Note that |A| ≥ 2, since γ(G) ≥ 4. We first show that

any pair of π is not Roman-feasible. For this purpose, assume there is a pair {X,Y }
which is Roman-feasible, and let f = (V0, V1, V2) be the resulting RDF. It follows

that X ∪ Y is a dominating set of G, where without loss of generality, V1 = X and

V2 = Y. By Remark 3, we know that {X,Y } ∩ {A,B} 6= ∅. Clearly, by our choice

of D, X and Y cannot both belong to {A,B}, since each vertex in these sets has at

least one private neighbor. Moreover, if X /∈ {A,B} and Y /∈ {A,B}, then each of

X and Y is a singleton set, and thus the vertex in Y is adjacent to all V \ (X ∪ Y ) ,

implying that X ∪Y is a dominating set of G of cardinality 2, a contradiction. Hence

either X /∈ {A,B} and Y ∈ {A,B} or X ∈ {A,B} and Y /∈ {A,B}. In the former

situation, assume that Y = A (the case Y = B is similar) and thus X is a singleton

set. Moreover, all vertices of A are assigned the label 2 under f. Now, since B ⊆ V0,
vertices of B as well as all their private neighbors, except possibly the vertex in X,

must have neighbors in A. But then A ∪X would be a dominating set smaller than

A∪B, a contradiction. Hence we consider the latter situation, that is X ∈ {A,B} and

Y /∈ {A,B}. Hence Y is a singleton set. Without loss of generality, let V2 = {wn},
and X = A (the case X = B is similar). Then wn must be adjacent to all vertices,

except possibly to those in A. But then A ∪ {wn} would be a dominating set smaller

than D, a contradiction too. Consequently, no pair of π is Roman-feasible.

Now, since A∪B is a dominating set of G, for every Wj we have {A,B,Wj} is a Roman

coalition as long as Wj ∈ π − {A,B}. Therefore CR(G) ≥ |π| = n − |A ∪B| + 2 =

n− γ(G) + 2.
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To see the sharpness of the bound in Theorem 2, let G be a graph obtained from a

connected graph H of order p ≥ 4, by adding for each vertex v of H a new vertex

v′ and the edge vv′. Denote by vi the ith vertex of H and v′i the corresponding

vertex that has been added. Clearly, n(G) = 2p, γ(G) = p and thus by Theorem 2,

CR(G) ≥ n(G) − γ(G) + 2 = p + 2. Now, if CR(G) > p + 2, then by Proposition 1,

we have CR(G) = p+ 3 = n(G)− γ(G) + 3. In this case, let π∗ = {X1, X2, ..., Xp+3}
be a maximum RCP of G. Clearly, |Xi ∪Xj | < p for any different i, j ∈ [p + 3], and

thus Xi∪Xj is not a dominating set of G. Also, since π∗ must contain p+ 1 singleton

sets, and two non-singleton sets, let without loss of generality, X1 and X2 be the non-

singleton sets of π∗. Thus, any singleton set of π∗ forms a Roman coalition with X1

and X2. Let v′r be a vertex not dominated by X1∪X2, and let vs be a vertex of H not in

X1∪X2. If r 6= s, then clearly X1∪X2∪{vr} cannot dominate v′r. Thus we can assume

that r = s. Then for any singleton set Xt whose vertex is dominated by X1∪X2, again

X1 ∪X2 ∪Xt does not dominate v′r. Therefore CR(G) = p+ 2 = n(G)−γ(G) + 2.

4. Exact values

In this section, our aim is to obtain the exact value of CR(G) for some particular

graphs. We first present necessary and sufficient conditions for a graph G to satisfy

CR(G) = n.

Theorem 3. Let G be a connected graph of order n and ∆ ≤ n− 3. Then CR(G) = n if
and only if one of the following conditions hold

1. γ(G) = 2.

2. γ(G) = 3 and every vertex u belongs to a resilient dominating set.

Proof. Let V (G) = {v1, . . . , vn} be the set of vertices of a connected graph G. If

CR(G) = n then, by appyling Corollary 1 we have that γ(G) ∈ {2, 3}. If γ(G) = 3

then π = {Wi}, where Wi = {vi}, is a Roman coalition partition of G. Thus, for all

Wi1 there must exist Wi2 ,Wi3 such that {Wi1 ,Wi2 ,Wi3} is a RC. So, there is a RDF

f = (V0, V1, V2) with V1 = Wij and V2 = Wik ∪Wil where {ij , ik, il} = {i1, i2, i3}. Let

D = V1∪V2 be a dominating set of G. Clearly, vi1 ∈ D and N [DKV1] = N [D\{vij}] =

V (G)− vij and the result holds.

Let us prove the converse. Thus, suppose that γ(G) = 2. Assume that the pair

{Wi,Wj} is RF for some different i, j ∈ [n], and let f be the resulting RDF. Then,

the set {vi, vj} dominates all vertices of G, and one of these two vertices, say vi, is

assigned 2 under f. Hence f(vj) = 1, and thus vi is adjacent to all V − {vi, vj}. But

then ∆ ≥ n− 2, a contradiction. Therefore, no pair {Wi,Wj} is RF for any different

i, j ∈ [n]. Now, without loss of generality, we may assume that {v1, v2} is a minimum

dominating set of G because γ(G) = 2. For every Wj we have that {W1,W2,Wj} is

a Roman coalition as long as j ∈ [n] − {1, 2}. It is sufficient to define the following

function f = (V K(W1 ∪W2 ∪Wj) ,Wj ,W1 ∪W2).
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If γ(G) = 3, and the condition described in the statement holds, then we consider

the partition π = {Wi}, where Wi = {vi}. No pair of vertex subsets {Wi,Wj} is RF

because γ(G) = 3. Moreover, if Wi1 = {vi1} is an element of π then we know that there

exists a resilient dominating set D such that vi1 ∈ D. Thus, there must exist a vertex

v′i1 ∈ D (eventually, it could be v′i1 = vi1) with |N [D−{v′i1}]| = n−1. Let us consider

the function f = (V \D, {v′i1}, D − {v
′
i1
}). Since γ(G) = 3 then |D − {v′i1}| = 2 and

we deduce that {Wi′1
,Wi′2

,Wi′3
} is an RC where D = {vi′1 , vi′2 , vi′3} and there exists

an integer j such that vi1 = vi′j .

Since any complete bipartite graph, different from a star, has a domination number

equal to 2, then the following corollary is an immediate consequence of Theorem 3.

Corollary 4. Let 3 ≤ p ≤ q be two positive integers. Then CR(Kp,q) = n.

Next, we characterize those graphs G satisfying CR(G) = n− 1.

Theorem 4. Let G be a connected graph of order n with ∆ ≤ n−3. Then CR(G) = n−1
if and only if γ(G) = 3 and there exists a vertex u that does not belong to any resilient
dominating set.

Proof. If γ(G) = 3 and there is a vertex that does not belong to a resilient dominat-

ing set, then by applying Theorem 3, we know that CR(G) ≤ n− 1. Let v1 be such a

vertex and let D = {v1, v2, v3} be a non-resilient dominating set of G. We may readily

verify that the partition π = {{v1, v2}, {v3}, {v4}, . . . , {vn}} is an RCP because D is

a non-resilient dominating set, implying that: (i) no pair of subsets can be RF; and

(ii) the collection {{v1, v2}, {v3}, {vj}} is an RC for all j ≥ 4. Thus, CR(G) = n− 1.

On the other hand, let us suppose CR(G) = n − 1, which implies that γ > 2. Then,

we consider any RCP π = {{v1}, {v2}, . . . , {vn−2}, {vn−1, vn}}. Since G is connected

we know that N({vn−1, vn}) K{vn−1, vn} 6= ∅. Without loss of generality, assume

that v1 ∈ N(vn). As π is an RCP there must exist two subsets that form an RC

together with {v1}. If {{v1}, {vi}, {vj}} is an RC, then {v1, vi, vj} is a dominating

set. If {{v1}, {vi}, {vn−1, vn}} is an RC, then the set {vi, vn−1, vn} is a dominating

set, because v1 ∈ N(vn). In any case γ = 3 and, by applying Theorem 3, the result

holds.

The Roman coalition number of a path Pn and cycle Cn on n ≥ 5 vertices is given by

the following closed formulas.

Theorem 5. Let n ≥ 5 be a positive integer. Then

CR(Pn) =



⌊
2n+ 6

3

⌋
, if n 6= 7,

⌈
2n+ 6

3

⌉
= 7, if n = 7.
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Proof. Let n ≥ 5 be a positive integer, and let Pn = v1v2 . . . vn denote the path

consisting of n consecutive vertices.

First of all, recall that γ(Pn) = dn3 e. If n ∈ {5, 6}, then γ(Pn) = 2 and thus, by

Theorem 3, we have that CR(Pn) = n =
⌊
2n+6

3

⌋
. Assume that n = 7 and consider

the partition π = {Wi : 1 ≤ i ≤ 7} where Wi = {vi}. Since |Wi ∪Wj | = 2 then

Wi ∪Wj is not a dominating set and, therefore, {Wi,Wj} is not RF. Besides, observe

that {W1,W3,W6}, {W2,W5,W7}, {W2,W4,W6} are RC’s and, thus, we can deduce

that CR(P7) = 7, that proves the result for n = 7.

For n ∈ {8, 9}, observe that the partition π = {Wi : 1 ≤ i ≤ n} is not an RCP. Other-

wise, {Wi,Wj ,Wl} would be an RC, for some different i, j, l, but |N [Wi∪Wj ]| ≤ 6 and

|Wl| = 1 which implies that |Wl ∪N [Wi ∪Wj ]| = |V1 ∪N [V2]| ≤ 7 and, consequently,

V1 ∪ V2 would not be a dominating set, a contradiction. On the other hand, let us

consider the partition π = {{2, 5}, {i} : 1 ≤ i ≤ n, i 6= 2, 5}. No pair of two subsets is

RF because |Wi ∪ N [Wj ]| ≤ 7, for all Wi,Wj ⊆ π. Moreover, {{i}, {2, 5}, {8}} is an

RC, for every i ∈ [n] \ {2, 5, 8}, because f = ([n] \ {i, 2, 5, 8}, {i}, {2, 5, 8}) is a Roman

dominating function on Pn. Since |π| = n − 1 we deduce that CR(Pn) = n − 1, and

thus the result is valid for n ∈ {8, 9}.
Let n ≥ 10 be an integer. Since γ(Pn) ≥ 4, then, by applying Proposition 1 and

Theorem 2, we have that n − γ(Pn) + 2 ≤ CR(Pn) ≤ n − γ(Pn) + 3. If CR(Pn) =

n − γ(Pn) + 3, then there exists an RCP, π = {W1, . . . ,Wn−γ+3}. Without loss of

generality, we can assume that |Wi| ≤ |Wi+1|, for all 1 ≤ i ≤ n − γ + 2. Let x be

the number of subsets Wj of cardinality 1 and let y be the number of subsets Wi

containing at least two vertices. Then, x+y = n−γ+3 and n ≥ x+2y which implies

that y ≤ γ− 3 and x ≥ n− 2γ+ 6. As n ≥ 10 and it is well-known that γ(Pn) =
⌈
n
3

⌉
,

then we may derive that x ≥ 8.

If y ≥ 3 then |Wi ∪ Wj | ≤ γ − 2 for i, j such that |Wi|, |Wj | ≥ 2. Otherwise, if

|Wi|, |Wj |, |Wl| ≥ 2 and |Wi ∪Wj | > γ − 2, then

n =

n−γ+3∑
k=1

|Wk| =
n−γ+3∑
k=1
k 6=i,j,l

|Wk|+ |Wi|+ |Wj |+ |Wl| > n− γ + 2 + γ − 2 = n,

a contradiction.

Hence, since x ≥ 8 we know that |W1| = 1 and we conclude that {W1,Wi,Wj} could

not be an RC because otherwise there exists an RDF f such that

|V1 ∪ V2| ≤ |W1|+ |N [Wi] ∪N [Wj ]| ≤ 1 + 3 (γ − 2) = 1 + 3
(⌈n

3

⌉
− 2
)
≤ n− 2.

But this implies that V1 ∪ V2 is not a dominating set, a contradiction. Therefore, it

must be 1 ≤ y ≤ 2.

If y = 2, then x = n − γ + 1 and |Wn−γ+2 ∪Wn−γ+3| = γ − 1. On the other hand,

if y = 1 then x = n − γ + 2 and |Wn−γ+3| = γ − 2. Clearly, three singleton sets

{Wi,Wj ,Wl} cannot form an RC. We have to study two different cases.
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Case 1. If N [Wn−γ+2] ∩ N [Wn−γ+3] 6= ∅, then |N [Wi] ∪ N [Wj ]| ≤ |N [Wn−γ+2] ∪
N [Wn−γ+3]| ≤ 3(γ − 1)− 1 ≤ n− 2. Therefore, {W1,Wi,Wj} is not a RC for all i, j

because if not, there exists a RDF f with |V1|+ |V2| ≤ 1 + |N [Wi] ∪N [Wj ]| ≤ n− 1,

a contradiction.

Case 2. If N [Wn−γ+2]∩N [Wn−γ+3] = ∅ then n− 1 ≥ |N [Wn−γ+2]∪N [Wn−γ+3]| ≥
3(γ − 2) + 4 ≥ n − 3. Since n ≥ 10, then x ≥ n − γ + 1 ≥ 7 and thus there is

at least a vertex vj such that Wj = {vj} ⊆ N(Wn−γ+2) ∪ N(Wn−γ+3). Therefore,

{Wj ,Wn−γ+2,Wn−γ+3} is not an RC.

So, it is deduced that CR(Pn) = n − γ + 2 = n −
⌈
n
3

⌉
+ 2 =

⌊
2n+6

3

⌋
, for all n ≥ 10,

which concludes the proof.

Theorem 6. Let n ≥ 5 be a positive integer. Then

CR(Cn) =



⌊
2n+ 6

3

⌋
, if n 6= 7,

⌈
2n+ 6

3

⌉
, if n = 7.

Proof. Let us point out that the argument used to obtain the Roman coalition

number of a path Pn leads us to the Roman coalition number of a cycle Cn. Hence,

the proof is omitted.

5. Conclusion

In this paper, we initiated the study of Roman coalition in graphs. We obtained upper

and lower bounds for Roman coalition number. We provided necessary and sufficient

conditions for a graph G to satisfy CR(G) = n and CR(G) = n − 1. We close the

paper with the following problems we have yet to settle.

1. Establish upper and lower bounds for the Roman coalition number of a graph

in terms of its maximum degree ∆(G) and minimum degree δ(G).

2. Investigate possible relationships between CR(G) and other coalition-related

parameters.

3. Analyze Roman coalitions in particular graphs.

4. Explore total Roman coalitions in graphs, as derived from total Roman domi-

nation, as well as other domination variants.
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