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Abstract: Among the defined 148 discrete Adriatic indices, the max-min rodeg
index is one. It is a good predictor for the enthalpy of vaporization and standard
enthalpy of vaporization for octane isomers, as well as the log water activity coefficient
for polychlorobiphenyls. For a graph G, here we concentrate on the max-min rodeg

index, defined as
maz{dz,dy}
Mmsae(G) = —
sae xzw‘; min{dg,dy}

where z ~ y and d; represents the adjacency of two vertices « and y, and the degree of
the vertex x, respectively. First, we present some bounds for the max-min rodeg index
via standard inequalities. Then we provide upper bounds via some graph parameters
for the max-min rodeg index of G. Also, we obtain a relation between the max-min
degree index and the energy of G. Finally, we study the extremal value problem over
chemical graphs concerning the max-min rodeg index.

Keywords: max-min rodeg index; Diaz-metcalf inequality, clique number, energy,
chemical graph.

AMS Subject classification:

1. Introduction

Let G = (V(G), E(G)) be a simple, undirected graph. For an edge e = zy of G, we
write e as a (d,dy)-edge. Also, by d; and FE; ;, we denote the number of i-degree
vertices and (i,j)-edges of G, respectively. By w(G), v(G), and Ay, we denote the
clique number, vertex connectivity, and index of a graph G, respectively. A graph
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2 On max-min rodeg index of graphs

with chemical graph is a graph with vertex degree at most four. By K,,, K; ,—1 and
Gn,m.s,a, we denote the n-vertex complete graph, the kite graph and the family of
n-vertex connected graphs having m edges, maximum degree A and minimum degrees
§, respectively.

A topological index is a molecular descriptor of the molecular graph of some molecular
structure. Many topological descriptors are special because of their necessity in chem-
istry, especially in QSPR/QSAR research. In chemical graph theory, one of the most
famous and challenging problems is to characterize the extremal graphs concerning
different topological indices. We refer to [4, 5, 7-10] for recent advances. There are
several vertex degree-based topological indices. Among these indices, some indices
such as Randi¢ index, Sombor index, ABC index, AG index, etc, play a prominent
role in mathematical chemistry. The Randié¢ index [12] and the reciprocal Randié
index of a graph G, denoted by R(G) and RR(G), are defined as

R@G) =Y \/% and  RR(G) = 3" /@d;.

The Sombor index [5] and the arithmetic-geometric index [14] of a graph G, denoted
by SO(G) and AG(G), are defined as

SOG) =Y \J#+d&  and  AG(G) =Y 2" Z:;j_ .

i~j i~g J

The atom-bond connectivity index of a graph G is defined as

ABC(G) =Y dutdy =2

The Max-min rodeg index is one of them. For its application, chemical importance,
and other related results, we refer to [16-18].

In this paper, in Section 2, we obtain sharp lower bounds on max-min rodeg index
via some inequalities and upper bounds via various graph parameters. Also, we
provide bounds on the max-min rodeg index of a triangle-free graph. In Section 3, we
establish its mathematical relation with other topological indices. Then, in Section 4,
we establish a relation between the energy of a graph and the max-min rodeg index
of a graph. Finally, in Section 5, we characterize the graph extremal concerning the
max-min rodeg index over chemical graphs.

2. Sharp bounds on max-min rodeg index

First, we obtain sharp bounds on max-min rodeg index via the following Diaz-Metcalf
inequality [11].
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Lemma 1. Let p; and q:, t = 1,...,n, be real numbers such that Pp; < q+ < Qp¢ for
eacht =1,2,...,n. Then

(P+Q)> pae > a; +PQ> pi.
t=1 t=1 t=1

Equality occurs if and only if either gt = Pp: or ¢t = Qpt for eacht =1,2,...,n
Theorem 1. Let G € Gum,5,a. Then

0[m + AM; (G)]

> .
Mmsde(G) > A2 152 (2 1)
FEquality occurs if and only if G is regular.
Proof. By the definition of the max-min rodeg index,
Mmgae(G) =Y i, where d, > d,

T~y

T~y
If e = 2y is an edge of G, then 77~ < d2 < ﬁ results

<+d (2.2)

T <VES

Equality occurs on the left of Equation 2.2 if and only if d, = d, = ¢, and in the right
if and only if d, = d, = A for any edge zy € E(G).
Assuming P = 6% and Q = A? in Lemma 1, we have

d2

M d,d, M,Wd
(6% +A%) x Y i
52+A2 wNy\/W

1 (2.3)
> 2 2¢2
52+A2[%d +A% ;yd d, }
1 2 2¢2 *
> S 0m o+ AT (G)
 02[m+ A2M;(G)]
A? 452 '

Mmsde
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If equality occurs in Equation 2.1, then all inequalities in Equation 2.3 become equal.
2 2
From the equality condition of 2.2 and Lemma 1, we have d, = —2 2

NZD or dy = NZwD

for any edge xy € E(G). From the equality conditions in Lemma 1 and Equation 2.2,
it is clear that G is regular. O

Recently, Ali et al. [1] obtained a sharp lower bound on M3 (G) stated in the next
result.

Corollary 1. Let G € Gnms.a. Then

Equality occurs if and only if G is a regular or semiregular bipartite graph.

From Theorem 1 and Corollary 1, the following result is immediate.
Corollary 2. Let G € Gnm,a,5- Then

52(8%m + A%n 4 §A%n — mA?)

>
Mmsde(G) el (A2 +62)2 )

with equality if and only if G is regular.

Proposition 1. Let G € Gnm,5,a. Then

) /A
m N < Mmsge(G) <m 5

FEquality occurs in the left case if and only if G is reqular, and in the right if and only if G
is reqular or semiregular bipartite graph.

Proof.  We have V3 < d, < VA and = < —— < =, which implies \/g <

1/3—; < \/%. Consequently, we have m,/% < Mmgee(G) < mq/%.

Clearly, equality in the left case occurs if and only if A = 4, i.e., G is regular. Equality
in the right case occurs if and only if d, = A anddy, =d or dy =dy, = A =9, ie, G
is a regular or semiregular bipartite graph. O

Lemma 2. [15] Let G € Gn,m such that G is Ki1 free. Then m < %, with equality
if and only if G is a balanced complete t-partite graph.
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Corollary 3. Let G € Gy m.5,a be with the clique number w. Then

n*(w—1) [A
Mmsde(G) S T\/j

The equality occurs if and only if G is a complete w-partite graph in which all classes have
equal cardinality.

Proof. Clearly, G is a K41 free graph. Therefore, by Proposition 1 and Lemma 2,
we have

A nPw-1) [A
< il QR Ay ety
Mmsae(G) < my[ 5 < =7 5

It is easy to observe from Proposition 1 and Lemma 2 that the equality occurs if and
only if G is a complete w-partite graph in which all classes have equal cardinality. O

Lemma 3. [13] Let G be a connected graph on n > 3 wvertices, G 2 Ks, with clique
number w and algebraic connectivity a. Then 2 < n — 1, with equality if and only if G is a
short kite.

Applying Corollary 3 and Lemma 3, we have the following immediate result.

Corollary 4. Let G € Gy m,5,a withn > 4, and algebraic connectivity a. Then

1 n? [A
Mmgae(G) < (1= m)?\/;

Lemma 4. [18] Let G be a connected graph on m > 3 wvertices, with clique number
w, vertex connectivity v, and index A\1. Then w < v+ n — 2 with equality if and only if
G2 Ki, no1 or G= K3, and w < 14+ A1 with equality if and only if G = K,,.

By Corollary 3 and Lemma 4, we have the following result.

Corollary 5. Let G € Gy ms,a with n > 3, vertex connectivity v and index 1. Then
(a) Mmsge(G) < (1 — —=2 )é,/% with equality if and only if G =2 K3.

v+n—2

(b) Mmsa(G) < (1-— ﬁ)’;—?\/% with equality if and only if G =2 K.
Theorem 2. Let G € Gn m,5,a be such that it is a triangle-free graph. Then

ﬁn—é
4 5

(n—1) < Mmaue(G) < (2.4)

n—29

Equality on the left of equation 2.4 occurs if and only if G =2 Ks, and on the right if and
only if G is a balanced complete bipartite graph.
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Proof. Let G be a triangle-free graph. If e = zy is an edge of G, then N(z)NN(y) =
¢ and hence A < n —§. Then

dy
Mmsqe(G) = Z IEdz,dy

6<dy<d <A Y

/| 0
> — Z Eq, a, (2.5)

6<dy<d,<n—9¢

p— 5 (n—1).
In the first inequality in equation 2.5, the equality holds if and only if d; +dy, = n
for every edge zy of G. Thus, if d, = p for an edge uv, then each of the p neighbor,
including v, of u should have degree n — p. Similarly, each of n — p neighbors of v
has degree p. Therefore, m = p(n —p) G = K, ,,_,, for some natural number p. Also,
we know in a connected graph G, m > n — 1, with equality if and only if G is a tree.
Hence the equality occurs on the left of equation 2.4 if all the above inequalities must
be equalities, which is only possible if and only if G = K.

Since G is triangle-free, from Proposition 1, Lemma 2 and the fact that A < n — 9§,
we have

n*(w-1) /A

<2 \F =
Mmsae(G) < 2w 0

n? n—94

4 é

Equality on the right of equation 2.4 holds if and only if G is a balanced complete
bipartite graph. O

Corollary 6. Let G be a tree of order n. Then

7’L2

\/m S Mmsde(G) S

Equality holds if and only if G =2 Ks.

3. Relation with other topological indices

The max-min degree index of a graph G is defined as

maz{dy, dy}
Mmgeq(G) Z mm{dz,dy} Z 4, where d, > d,

T~y

For other related works on max-min degree index, we refer to [4, 8, 16, 17].
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Theorem 3. Let G € Gum,a,5. Then

\) %Mmdeg(G) S Mmsde(G) S \( %Mmdeg(G

In the left case, equality occurs if and only if G is regular or semiregular bipartite graph, and
in the right case if and only if G is regular. Also, we have Mmsqe(G) < \/mMmsae(G) with
equality if and only if Z—z is a constant for each edge xy € G with dy > dy.

Proof. From the definition of max-min rodeg index, we have

Mmgae(G) => 4|+ Zd \/> \/>Mmdeg (3.1)

Ty
Equality occurs in equation 3.1 if and only if G is regular or semiregular.
Similarly, we can prove that Mmgg.(G) < \/%Mmdeg(G) with equality if and only

if G is regular.
Also, by the Cauchy-Schwarz inequality, we have

lIJ dw
Mmsqe(G) = 1/ d— = \/mMmgeq(G).
T~y rwy T~y Y

The equality occurs in the above if and only if ‘;—Z is a constant for each edge zy € G
with d, > dy. O

Theorem 4. Let G € Gom,a,5- Then
SR(G) < Mmsq.(G) < AR(G).

The equality on the left occurs if and only if G is reqular and on the right if and only if every
edge in G contains a vertex of mazimum degree. Also,

%RR(G) < Mmeae(G) < %RR(G).

The equality occurs on the left if and only if G is regular, and on the right if and only if each
edge in G contains a vertex of minimum degree.

Proof. From the definition of max-min rodeg index, we have

< AR(G).

Mse =
Mhsd TZN; d, ;y,/dd
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Equality occurs if and only if each edge in G contains a vertex of maximum degree.
Similarly, Mmgsg. > 0R(G) with equality if and only if G is regular.
Again,

Mmsde Z Z d d 1 (G)

6

Equality occurs if and only if each edge in G contains a vertex of minimum degree.

Similarly, Mmq4.(G) > 5 RR(G) such that equality occurs if and only if G is regular.
O

Theorem 5. Let G € Gy ms5,n. Then

S0(G) 50(G)
\/ﬁA SMmsde(G)S \/55 .

Equality on each side occurs if and only if G is regular.

Proof. 1t § < q<p<A, consider the function

p
q p
f(p,q) = = .
( ) \/m p2q + ¢3
‘We have
of 1 [pPa+d® (0—p"=3pa®)
oq 2 p PP+ ¢3)? '
and

of 1 |p? 2 _
of _ 1 [pPa+d® a(e®—p° <0, since pq.
aop 2 p (PP +¢®)

Thus f is decreasing in each variable and hence

\/Z
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for each edge zy € E(G). Hence,

SO(G)
V26

S0(@)
\/§A S Mmsde(G) §

and the equality on the left (resp. right) occurs if and only if G is regular. O

Theorem 6. Let G € Gy m,s5,n- Then

2AG(G \/ m < Mmsde ) < 2AG — 4/ m7

and the equality in the left occurs if and only if G is regular, and in the right if and only if
G is regular or semiregular bipartite graph.

Proof. We have

T~y
(dy +d d
—2{ JE}
T~y

Equality occurs if and only if G is regular.

Similarly, Mms4.(G) < 2AG(G) — \/%m so that equality occurs if and only if G is
regular or semiregular bipartite graph. O

Lemma 5. Let p and q be real numbers such that p > q > 0. Then
(a) /D —q > /D — \/q with equality if and only if p = q or ¢ = 0.
(b) Vp+q> %(\/ﬁ—i- Q) with equality if and only if p = q.

Proof. we know

P—pP+tgq

J— —_ f— q —
VPV VP P+ VP—1 \/ai\/fw\/p—q ve
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Since p > ¢, we have \/p — /¢ — /P —q < —+/q = 0. Consequently, \/p — /q <
/D — q with equality if and only if p = ¢ or q = 0.
Again, we have (/p — /q)? > 0 which implies 2(p + q) > p+2,/pq + ¢. i.c.,

p+q2%(x/ﬁ+x/?1>2

resulting in,

vp+ag=> (f+\f)

%\

The equality occurs if and only if p = q. O

Theorem 7. Let G be a graph of size m with mazimum and minimum degrees A and &,
respectively. Then

Mm5d€<G> > \/gABC(G) + —m, (32)

_m_
VA
with equality if and only if G 2 nK;.

Proof. We have

dy
Mmsde(G) = Z df
T~y Y

= dy

dy dy +dy —2 1
= \/ 5 7—1—2 ——-m
2" dyd,y mNy,/dy
1) m
>4/ -AB — —m.
—\@ caeytyzom

The equality occurs in equation 3.2 if the inequalities above become equalities. Ap-
plying Lemma 5 for equalities in the above inequalities, we must have G = nKj.

Conversely, if G = nK7, then Mmg4.(G) = 0 = \/2.0 + m — m. Hence, the result
follows. O
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Corollary 7. Let G be a nontrivial connected graph of size m with mazimum and
minimum degrees A and §, respectively. Then

)
Mmgqec) > \/;ABC(G) + % —m.

4. Graph energy and max-min rodeg index

In [3], Arizmendi et al. showed that the energy of a graph G can be expressed as
e(G) = X1 €, where €,, is the energy of a vertex v;. Also, they proved that if
e = zy is an edge of G, then

Theorem 8. (/2], Theorem 3) If e = zy is an edge of a simple (undirected) graph. Then
€x€y > 1.

Theorem 9. For a graph G with mazimum degree A and minimum degree 6, we have

0e(G
2VA

Equality holds on left if and only if G is union of K2, and on right if and only if G is a
disjoint union of complete bipartite graphs.

~

e(G)A
5

S Mmsrie (G) S

Proof. For an edge e = zy of G, we have

(@)=Y (4. (4.1)

Ty

If e = zy, then by applying the AM-GM inequality and the condition eze, > 1 (see
Theorem &), we have

Consequently, we have e(G) = 3, (= + ) = Yoy & %: > 2Mmeae(@)

Mmgge(G) = E(G%, then all the above inequalities become equality. Then we must

€ €y €x€y . . . i o€n €y o
have o+ = 2 dd. which is the only possible if &= Also, from eze, = 1,
we have

dy
€x = 4| —.
dy

As the left-hand side is independent of y, d,, = d,, where n, is a neighbor of x.
Similarly, d,,, = d., where n, is a neighbor of y. So, two cases arise:
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(a) If d, = d, then G is d-regular and hence Mm 4. (G) = . For ¢(G) =

2
mm+de(c) = % %” = n, G must be Ky 4 for some positive integers d (6], Theorem
3).

(b) If d # d, we can write V(G) = V4 U Vs, where any vertex in V; is of degree d,,
for i € {1,2} and end vertices of any edge belongs to both V; and V5. Hence G is
a bipartite semiregular graph. If |V1| = ny, |V2| = na, and d,, > d,, then

[ dy, [ dy,
Mmsde(G) = nldvl d71)2 = nQdU2 @

Now, for Mmqe(G) = 92 we must have €(G) = ”1 + ng

2 172
then
- nzf
A nlA dm + no A A ]

1 d d
— —[nldv s + nad, L]
A Y\ dy, 2\ do,

- 2Mmsde(G)
= 7A .

, because

This occurs only if G = Ky, 4,, (6], Theorem 5).

Again, by the definition of the energy of a graph and the fact that e,, < y/d,, for
any vertex x; € V(G) (3], Proposition 3.2), we have

ecE(G) vy
] d

< (M VO
T~y z Y

f+\f

I It
" Vg,
< QﬂMmsde(G)
= 6 .
Consequently, Mmq.(G) > ‘5;\(/@ Equality will exist if and only if G is union of K»

(3], Proposition 3.2). O
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5. Max-min rodeg index of chemical graphs

For a chemical graph G with 6(G) > 1, one can easily observe that
di+do+ds+dys=n (51)

and

2B11+ B2+ Ei3+Eia=d;

Ei0+2E55+ Ey 3+ Ep 4 = 2ds
Ei13+ FEy3+2E33+ B34 = 3d3
Ei4+ Esa+ E3q+2Ey 4 = 4dy.

(5.2)

Let A ={(s,t) e NxN:1<s<t<4}. Then from Equation 5.1 and 5.2, we have

n= S g, (5.3)

(z,y)€A vy

[max{z,y}
Mmsde (G) = E 7771“1{33 y} E:L’,y~ (54)
(z,y)€A ’

Theorem 10. For a n-vertex chemical graph G, we have

Also we have

Mmsqe(G) < 2n,

with equality if and only if G is a 4-regular graph.

Proof. Applying Equation 5.4, we have

Minage(G Z maz{z, y}E
(oeA min{x,y}
max{x,y}
TR S liatit)ys
min{z,y}
(wy)eA—{(4,4)}
2z + 2y max{z,y}
" Z Ty ay + Z min{z,y} Y
(zy)er—{(4,4)} (w,y)eA—{(4,4)}

% + 2
ey (freden Sihyp
(@) EA—{(4,4)} Y Y
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One can easily check that w/fﬁsgﬁ 2‘/”;/274 < 0 for all (z,y) € A — {(4,4)}.
Therefore,
Mmygqe(G) < 2n. (5.5)

If Mmi4e(G) = 2n, then we have 2n = 2n+37 Deh—{(4, 4)}(1 /%7%)]&“}

Since | /marleul _ 2082 < () for all (z,y) € A — {(4,4)}, we have E,, = 0 for all
(z,y) € A —{(4,4)}. Hence, G is a 4-regular graph.
Conversely, if G is a 4 regular graph, then Mmgqe = Fgqg = m = 47” = 2n. O

Theorem 11. For a n-vertex chemical graph G, we have

n .
5 if n is even

Mmsae(G) >
Mesde ){71;3+2\/§ if n is odd.

Equality occurs if and only if G = 5Py (when n is even) or G = "T_SPQ @ Ps (when n is
odd).

Proof. From Equation 5.4, we have

max{z,y}

M sae :E .

@ =Fat 2 i)
(zy)er—{(1,1)}

%(n— > x+yEw)+ 3 w

@wehqa,ny Y aerstay ¥ e yh

n maz{z,y} x+vy
P Z (\/ min{z,y} 2y VB
(z,y)€A—{(1,1)} ’
One can easily check that
maz{z,yt T4y (5.6)
min{z,y} 2xy

for all (z,y) € A —{(1,1)}. Therefore

Mmigge > g (5.7)

If Mmgqe = 4, then

=24 Z(%y)eA « 1)}(1 /%‘:ﬁi;’% — %)Em y- Applying relation 5.6, we have
= 0 for all (z,y) € A — {1 1)}. Since n is even clearly G = % P5. Conversely, if

T,y
= 5P, then Mmq.(G) = 5.

g
E,
G 2
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Let T=A —{(1,1),(1,2)}. Therefore

maz{z,
Mmsde(G) =FEi1+ \/§E1,2 + Z JELTJ

(et min{z,y}
2v/2 x+y maz{z,y}
=F —( —2E;1 — —UF,; )
Lt 3 \" b Z x Y Z min{z,y}
(z,9)€T (z,y)eT

2v/2n 4v/2 maz{z,y} 2v2(z +y)
3 " ( 3 VB + (w%:ﬂ (\/ min{z,y} 3y ) v

Since §(G) > 1, we have E; ; < #5=. Also, one can easily check that

[maz{z,y}  2V2(z +y)
min{z,y} 3y >0 (58)

for all (z,y) € T. Hence, applying all these conditions, we have

2v/2n 442 n—-3 n-3
R e +2V2.

Mmsde (G) 2

If Mmsqe(G) = "T_?’ +2v/2, we have By = "T_?’ and F;, = 0 for all (x,y) € T. This
implies G' =2 ”T_?’Pg P Ps.
Conversely, if G = "7_3P2 P Ps, then Mmgq.(G) = "7_3 +2v/2. O

By applying Theorem 10 and Theorem 2 of [16], the following result is immediate.
Theorem 12. Let G be a connected chemical graph. Then
2V2+n—3 < Mmgeae(G) < 2n.

Equality occurs on the left if and only if G = P,, and on the right if and only if G is a
connected 4-reqular graph.

Conclusion

In this paper, we have analyzed the max-min rodeg index of a graph. Here, we present
some lower bounds for max-min rodeg index using some established inequalities and
upper bounds in terms of some graph parameters such as clique number, algebraic
connectivity, vertex connectivity, and spectral radius. We provide sharp bounds for
the max-min rodeg index of a triangle-free graph. Also, we establish a mathematical
relation between the max-min rodeg index and other topological indices. Then, we
obtain a relation between the energy of a graph and the max-min rodeg index of a
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graph, and also characterize the corresponding extremal graphs. Finally, we char-
acterize the graph extremal with respect to the max-min rodeg index over chemical
graphs.
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