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Abstract: In this paper, we investigate the second inverse sum indeg index I.SIs of
graphs, a topological index that has significant applications in chemical graph theory.
Upper and lower bounds for 1.512 of graphs and trees with a specified number of pendent
edges are established. Furthermore, 1SI> of various bridge graphs are computed. The
main contribution of this work lies in presenting precise bounds and exact expressions
for particular families of graphs, offering resources for researchers and engineers in
mathematical chemistry and applied graph theory.
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1. Introduction

A topological index of the graph G is a numerical quantity reflecting structural details
of G, that is expected to be of some importance in both mathematical and applied
studies. These indices have become a prominent research topic, not only due to their
mathematical and computational properties but also because of their extensive appli-
cations across various fields of knowledge, mainly chemistry. Within the framework
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of mathematical analysis, we will focus on the study of optimization problems related
to topological indices (see [6, 8]). For an in-depth exploration of topological indices
pertaining to various graph families, the reader is referred to [11, 12, 16, 26, 29, 32, 33].
Let G be a simple undirected graph, with its vertex set denoted by V(G) and edge
set by E(G). Additionally, let n = |V (G)| and m = |E(G)| be the number of vertices
and edges of the graph, respectively.

A plethora of topological indices have been proposed and examined in the context of
graph theory, each offering specific insights into the structural properties of graphs.
Among these, a significant class of indices is defined in terms of the degree of vertices.
Formally, this family of indices can be defined as follows [9, 14]:

TIG) = > f(dud),

weE(G)

where d,, is the degree of a vertex u in graph G, and f is a function satisfying the
condition f(z,y) = f(y,x).

Another pivotal family of topological indices is dependent on the distance between
vertices. This category of indices was found to play a crucial role in the investigation
of the physico-chemical properties of molecular structures [10, 16, 24, 32]. In a general
framework, these indices can be formally defined as:

TL(G) = Z G(Myy My ).

weEE(Q)

where for adjacent vertices u and v of the graph G, n, is the number of vertices lying
closer to u and n,, is the number of vertices lying closer to v.
For the function g defined by g(z,y) = = + y, the topological index PI is given by:

PL.(G)= Y (nu+n).

wweE(G)

This index was initially introduced in [19]. For an in-depth study and comprehensive
analysis, the reader is referred to [18, 21, 22].
The vertex Szeged index was introduced by one of the present authors [20], and is
defined as

Sz, (G) = Z Ty Ty -

w€EE(G)

For details on this significant index, the reader is directed to consult [15, 25].
2y@y

oy s

The second geometric-arithmetic index, with g taking the form g(z,y) =
formally defined as:
2/ My Ny
Gar () - Y B/

Ny + Ny
uwveE(G) w
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This index was first introduced by Fath-Tabar et al. in 2010, as detailed in [10].
The paper provides a comprehensive analysis of both upper and lower bounds in a
general framework. Upper and lower bounds pertaining to the geometric-arithmetic
indices have been derived for general graphs, molecular graphs, and molecular trees,
as presented in [30, 34, 35].

Another interesting family of indices in this category is defined by considering the
function g(x,y) = |z — y|. leading to the the Mostar index,defined as

Mo, (G)= > |ny—nyl.

weE(G)

The studies related to this index can be found in references [1-4].
Graovac and Ghorbani, defined a new version of the atom-bond connectivity index
[13], and named it second atom-bond connectivity index,

Ny + Ny — 2

ABCy(G)= > |————.
Ty, Moy
uwweE(G)

Comprehensive and foundational investigations into this index have been presented
in [5, 27, 28]. Examination of these references facilitates a deeper understanding of
the index and its practical applications.
The second inverse sum indeg index of a graph G defined as [7]

Ty M
ISL(G) = Y ——.
weEE(G) Mo 7 Ty

It is evident that this index results from the choice g(z,y) = %

In our previous paper [17], we systematically investigated 1515, and reported upper
and lower bounds for general graphs and trees.

Also, since the second inverse sum indeg index is a distance-based topological index,
one may start studying the second inverse sum indeg index of eccentrical graphs of
trees as such graphs are connected with diameter at most 3 (see [31]).

In this paper, we conduct a novel study and analysis of the 1.5, index. This investi-
gation encompasses the derivation of upper and lower bounds for specific graphs and
trees characterized by a predetermined number of pendent vertices. Furthermore, we
explore bridge graphs and compute the IS5 index for a selection of such graphs.
The structure of this paper is organized as follows. Section 2 introduces the pre-
liminary definitions and notations for graphs. In Section 3, upper and lower bounds
for I1S15 are derived for specific graphs and trees, characterized by a predetermined
number of pendent vertices. Section 4 is dedicated to the examination of a vari-
ety of bridge graphs, including the computation of their 1.5 index. Lastly, Section
5 presents concluding remarks, summarizes the key findings, and outlines potential
directions for future research.
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2. Preliminaries

Let K,,, Cy,, Sn, and P, denote the complete graph, cycle graph, star graph, and
path graph on n vertices, respectively. Furthermore, let K, ,, represent the complete
bipartite graph with partition sets of sizes m and n.

For m,n > 2, the tree formed by connecting the central vertices of S,, and S, is
denoted by Sy, .

A tree with exactly one vertex of degree larger than two is called a star-like tree and
this vertex is said to be its root. We denote a star-like tree SL,(2k,1) which has a
center vertex v of degree k + [ and

SLn(2k,l)—U%PQU...UPQUP1U...UP1.
k l

The star-like tree has 2k + [ + 1 = n vertices and k + [ branches. As an example,
Figure 1 illustrates a star-like tree SL1¢(6, 3).

L
—

Figure 1. The star-like tree SL1o(6,3).

Let us briefly recall the definition of bridge graphs. Let P,, be a path with m vertices.
Then the bridge graph B [G,m] is obtained by connecting a copy of the graph G to
all vertices of P,,. see Figure 2.

AAAA

Figure 2. The bridge graph.

3. Bounds for ISI; of graphs and trees with p pendent vertices

In this section, we investigate the second inverse sum indeg index for some particular
families of graphs and trees.
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Theorem 1. Let G be a connected graph of order n with m edges and p pendent vertices.
Then

mn? 1 n?
ISI < — 1—=——-—
SI(G) < 3 +p < - 8 ) )
with equality if and only if graph G = K1 n—1.

Proof. Suppose n > 2. For each pendent edge in the graph G, the values of n, and
n, are given by n, = 1 and n,, = n — 1 respectively. Also, for a non-pendent edge uv,

we can write

NNy < 2
uw'tv = T4 Ny, Ny n2
S o 0
1 < 1 o +7'Lv 8
Ny+N, — 27
therefore,
Ny Ny Ty My Ty My
ISh(@)= Y oy Tl oy el
n n n n n n
weE % Y weEd,=1 Y YV wwEE,dy,dy#1 Y v

(3.1)

n—1 n? mn? 1 n?
<p o +(m—p)§: 3 +p 1‘&‘@ .

The above inequality holds as an equality if and only if m = p. Therefore, G =
Kip-1- O

Theorem 2. Let G be a connected graph of order n with m edges and p pendent vertices.
Then

2

ISIQ(G)ZT—&—p(l—f),
n n

with equality if and only if G =2 Ky 51 .

Proof. For any pendent edge uv in the graph under the aforementioned conditions,
we have n, =1 and n, = n — 1 clearly, for the remaining edges, we have n,,n, > 1.
Now, the second inverse sum indeg index for this family of graphs is as follows:

ISL(G)= Y, e~y g 3 Tel
wveE weE,d,= WEE,dy,dy#1 Y v
(3.2)

It is straightforward to verify that if m = p, then equality holds. This occurs only if
G=Kini. O
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Remark 1. For the star graph Ki,,—1, the upper bound in Theorem 1 and the lower

2
bound in Theorem 2 both evaluate to % Hence, the star is the unique connected graph

of order n for which these bounds coincide, thereby characterizing it as the unique extremal
graph that simultaneously minimizes and maximizes [.515(G) under the given constraints.

Theorem 3. Let T be a tree of order of n > 2 with p pendent vertices. Then

1 n? n?p
< — — ] - —
ISIg(T)_n[(n 1)(p+ 4> 1 },
with equality if and only if T = S, or T =2 S%% for n even.

Proof. Let T be an arbitrary tree with n vertices. For each edge of the tree T, we
have n, 4+ n, = n. Therefore, the second inverse sum indeg index for trees can be

IsL(r) =Yy Moo Z T Ty (3.3)

wweE(T) nutng quE(T)

expressed as:

Moreover, if T has p pendent vertices, then for the pendent edges, n, = 1 and
n, = n— 1, and for the other edges, 2 < n,,n, < n—2. Now, the second inverse sum
indeg index for this class of trees is as follows:

Z St Z
= Ny Ny
Ny + nv

weE(T) UUGE(T)

= % Z Ny Moy + Z Ty My

weE(T),dy=1 WEE(T),dy,dy#1 (3.4)

]

o) 4]

To find the trees for which the above equality holds, we consider the following cases.

ISI, (T)

S|l= 3

(i) p=mn —1, in this case for all edges uv we have n,, = 1 and n, = n — 1, in other
words, all edges of the tree T are pendent, a condition that is satisfied by a star
tree Sy,.

(ii) p < n — 1, it is evident that any tree T has at least two pendent vertices.
Therefore, in this case, for the equality to hold, it is necessary that n, = n, = 5
for all non-pendent edges. It is worth noting that the integer n must be even.
Consequently, given the manner in which the equality holds in relation (3.4),

the tree T' must be a Sg,g.

O
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Theorem 4. Let T be a tree of order of n > 2 with p pendent vertices. Then

ISL(T)> =(n—=1)2n—p—2),

S

with equality if and only if T =2 S, or T = SL,(2k,1).

Proof. If a tree has p pendent vertices, then for each pendent edge uv, we can write
n, = 1 and n, = n — 1 and for the other edges we can write 2 < ng,n, < n — 2.
Then, using Eq. (3.3) from the proof of Theorem 3, we have

ISIQ (T) = Z n:lu_i_n;;v o Z Ty My
uwveE(T) quE(T)
= % Z Ny, My + Z Ny My

weE(T),dy=1 WEE(T),dy,dy#1 (3.5)

Y
S|

[p(n—1)+2(Mm—-2)(n—p-—1)]

:%[(n—S)(2n—p)+4}.

In order to find the trees for which the above equality holds, we consider the following
cases.

(i) p=mn — 1. in this case, for all edges uwv of T' we have n,, = 1 and n, = n — 1.
Therefore, all edges of the tree T' are pendent and T 2 S,,.

(ii) p < m — 1. For the equality to hold, it is necessary that n, = 2 and n, =n — 2
for all non-pendent edges. In the present case, these conditions imply that 7" is
the star-like tree SL,(2n —2p —2,2p —n + 1).

O

Lemma 1. Let H,, n > 3 be a helm graph. Then the number of vertices in Hy, is 2n + 1
and the number of edges is 3n.

Proof.  See Figure 3. For detailed proofs, consult Reference [23]. O

Theorem 5. Let H,, n > 3 be a Helm graph. Then,

5+1—78, n =3,
ISIy (H,) = ]

2 4n2—10

st T nos s T2n, n>4
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o

Hj

Hy

Figure 3. The Helm graphs H3z and Hy.

Proof. For n = 3, the computations can be carried out easily. Now, assume that
n > 4. In this case, according to Figure 3, the set of edges the Helm graph H,, can
be classified into three categories.

The first set consists of pendent edges. The number of these edges is equal to n, and
for them we have, n, = 1 and n, = 2n. The second set of edges, consists of those
emanating from the central vertex. The number of these edges is also equal to n,
and for them we have n, = 2 and n, = 2n — 5. The remaining edges of the Helm
graph H,,, whose number is n, fall into the third category. For these latter edges,
Ny = Ny = 4. Therefore, for n > 4

2n 2(2n —5) 16

IS, (H,) = S =
2 (Ha) ”(2n+1>+”< on —3 >+"<8>
_2n? +4n2—10n
C2n+1 2n — 3

+ 2n.

4. Computation of ISI, for bridge graphs

In this section, we consider several types of bridge graphs and compute their second
inverse sum indeg index. In order to calculate 1515, we must initially classify the
edges of bridge graphs. Such a classification facilitates the computational process.

Lemma 2. Let B[P,,m] be a bridge graph over the path P,, depicted in Figure 4. Then,
the number of vertices of B [Pn, m] is nm whereas the number of edges is nm — 1.

Proof.  See Figure 4. For detailed proofs, consult Reference [23]. O

Theorem 6. Let B[P,,m], n > 2, be the bridge graph over path depicted in Figure 4.
Then
n—1 n(m*—1)

IS5 (B[Pn,m]) = (Bmn—2n+1) + 5




M. Rostami, et al. 9

Um—1
U1 U9 Um
[ J [ ) [ ] [ J
Pn 'Pn Pn Pn
[ ] [ ] [} [}
[ ] [ ] [} [ ]

Figure 4. Bridge graph over path P,.

Proof. According to Lemma 2, the number of vertices and edges of B[P,,m| are
equal to nm and nm — 1. It is evident that this bridge graph is a tree. Therefore, for
each edge, we have n, + n, = mn and

Ny Ny 1
weE % v uwveE

Let us at first consider the edges of B[P, m| in the following manner.

The edges of all paths in B[P, m] are divided into n distinct categories. This classi-
fication is as follows for category j:

Ny Ny = j(mn — j), forj=1,2,...,n—1.
Alternatively, for the n-th category of edge grouping includes m — 1 edges w;u;+1 for

i=1,2,...m — 1, we have n,, = in and n,,,, = mn —in. Therefore ny,,n,, ., =
in(mn — in).

u v 1
IS[Q(B[Pn,m]): Z l:% Z Ty My

uveE T+ My uwveE
n—1 m—1
1 . . . .
= — E im (mn — i) + in (mn —in) (4.1)
mn |4 ;
i=1 i=1
n—1 n (m2 — 1)

=% (B3mn —2n+1) +

Thus, the calculations are complete, and the proof of the theorem is finalized. O
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Lemma 3. Let B[Cnh,m], n > 3 be a bridge graph over cycle Cy,. Then, the number of
vertices of B [Crn,m] is mn and the number of edges mn +m — 1.

Proof. See Figure 5. For the proof details, consult Reference [23]. O

Uy —
m—l Um,

ANVANANAN
Ve \ 95_./ \ ??:_./ \o/

Figure 5. Bridge graph over cycle C,,.

Theorem 7. Let B[Cn,m|, n > 3, be the bridge graph over cycle C,,. Then

2(1—=3n)+ 2% (m+3n)+ 15 (7T—3n)— 3+ L, if nisodd,

15 (Gmn —3n+2m? — 2) , if n iseven.

Proof. In order to begin the calculation, we first consider two cases for n.

Case 1. n is odd.
In this case, the edges are classified as follows.

In the first class, there are m edges for which the following relation holds n, = n, =
n—1

T2

The second class consists of m(n — 1) edges. For each edge in this class, n, = an
and n, = mn — ”Tfl

The edges of the third class are denoted by u;u;41. For these edges, the values of n,,

and n,, , are determined as follows, n,, = in and n,,,, = mn — in. The number of

i1
edges in this class is m — 1. This implies

i+1

ISIy (B[Coym]) = > 0

uveE T+ Ty
~m(n—1)  (n—1)? n—1 1| _
= 1 + o mn — — + — ; in (mn —in)
m mn n 3 1
—Z(1—3n)+—(m+3n)+ﬁ(7—3n)—Z—F@. (4.2)

Case II: n is even.
In this case, the edges are classified as follows.
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In the first class, there are mn edges for which n,, = 5§ and n, = mn — 3.

The edges of the second class are denoted by w;u;y1. For these edges, the values of
Ny, and n,,,, are determined as follows, n,, = in and n,, , = mn —in. The number

of edges in this class is m — 1. This implies

Ty My
weE Y v
n n 1 (4.3)
_n _n . ; . 4.3
5 (mn 2) - [; in (mn zn)]

n

6mn — 3n +2m? — 2).
12

O

Lemma 4. Let B[Sn,m], n > 3 be the bridge graph over the star S,. Then the number

of vertices of B [Sn, m] is mn whereas the number of edges is mn — 1.

Proof. The proof is straightforward, see Figure 6. O
Um—1

Figure 6. Bridge graph over star S,,.

Theorem 8. Let B[Sn,m], n > 3, be the bridge graph over the star S,. Then

[SIz(B[Sn,m]):%—I—%(mQ—l)—i-mn—m—l.

Proof.  Since B[Sy, m] is a tree, for every edge we have n, + n, = mn. In order to
continue calculating the second inverse sum indeg index of this bridge graph, we first
divide the set of edges into two categories.

The first category of edge grouping includes m(n — 1) edges wv for which n, = 1 and
N, = mn — 1.
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The second category of edge grouping includes m—1 edges u;u;41 fori =1,2,...m—1,
we have n,, =in and n,,,, = mn —in. This yields

Ny, My 1
weE ¢ v uwveE
1 1 m—1 (4 4)
=—(n—-1 —1 — ; — 1 .
- (n—1)(mn—1)+ — Lz_; in (mn m)]
1
:E—i-%(mz—l)—i—mn—m—l.

O

Lemma 5. Let B[K,, m|, n > 3 be the bridge graph over the complete graph K,. Then,
the number of vertices of B [Kn, m] is mn and the number of edges w +m — 1.

Proof. The proof is straightforward, see Figure 7. O
U U2 tm—1 Um
° ° R ° )
o@o o@o o > o ®
0= . .9 0= . 9 \._. . ._./ 0= . .9
K, K, K, K,

Figure 7. Bridge graph over complete graph K,,.

Theorem 9. Let B[K,,m|, n > 3 be the bridge graph over the complete graph K,. Then

ISL (B[Kn,m]) = 2 =Dm =1 L @14 éan(m2 _).

mn—n+1 2 2

Proof. Considering the complete graph of order n and the bridge graph B [K,,, m],
according to Lemma 5, the number of vertices and the number of edges are equal to
mn and W + m — 1. For calculating the second inverse sum indeg index of this
bridge graph, it is necessary to categorize the edges as follows.

The first category of edge grouping includes m(n — 1) edges wv for which n, = 1 and
n, = n(m —1).
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The second category of edge grouping includes m(n — 1)(§ — 1) edges uv for which
Ny = Ny = 1.

The third category of edge grouping includes m —1 edges w;u; 41 fori =1,2,...m—1,
for which n,,, = in and n,, , = mn —in. Now, the calculation of the ISI, for this
bridge graph is as follows:

Ty My

ISI, (B[K,,m]) = e

n n
uwweE u Ty

m—1
1 . .
+mn[5 in (mn —in)

i=1

+ % (m(n - 1)(% - 1))

5. Concluding and future work.

In this study, by focusing on the second inverse sum indeg index, significant strides
were made towards enriching our knowledge on topological indices, especially those
based on distances between vertices. The provision of upper and lower bounds for
specific graphs and trees, along with the computation of this index for bridge graphs,
not only deepened our understanding of dependence of topological indices on graph
structures, but also revealed their potential applications in interdisciplinary fields
such as molecular property prediction. However, this research should be considered
merely as a starting point for future explorations.

We have included several results on specific classes of bridge graphs such as paths,
cycles, and others. These results can be further generalized. Instead of restricting
to particular graphs, we could consider trees in general and express the results for
general bridge graphs in terms of the 1.515 index of the corresponding trees. Similarly,
this approach can be extended to bipartite graphs by attaching an arbitrary bipartite
graph and presenting the results in terms of its IS index.

Questions regarding the behavior of second inverse sum indeg index in more complex
graphs, its relationship with other graph parameters, and its applications in large-scale
networks remain a fertile ground for further investigation. Moreover, extending these
findings to areas such as computational chemistry and materials science could pave
new avenues for understanding and predicting the structure-dependency of physical
and chemical properties of molecules.



14 Analytical study of second inverse sum Indeg index of special graphs

Author Contributions: All authors contributed equally to the writing of this paper.
All authors read and approved the final manuscript.

Conflicts of Interest: The authors declare no conflict of interest.

Data Availability: Data sharing is not applicable to this article as no datasets were
generated or analyzed during the current study.

References

[1] L. Alex and I. Gopalapillai, On a conjecture on edge Mostar index of bicyclic
graphs, Tranian J. Math. Chem. 14 (2023), no. 2, 97-108.
https://doi.org/10.22052/ijme.2023.248632.1680.

[2] L. Alex and G. Indulal, On some extremal results and bounds of additively
weighted edge Mostar index, Iranian J. Math. Chem. 16 (2025), no. 1, 51-64.
https://doi.org/10.22052/ijme.2024.254661.1858.

, Sharp bounds on additively weighted Mostar index of cacti, Commun.
Comb. Optim. 11 (2026), no. 1, 117-130.
https://doi.org/10.22049/cc0.2024.28757.1702.

[4] L. Alex, N. Pullanhiyodan, and H. K C, On the weighted bond additive indices of
some nanostructures, J. Discrete Math. Appl. 9 (2024), no. 4, 289-307.
https://doi.org/10.22061/jdma.2024.11216.1092.

[5] A. Ali, T. Dosli¢, and Z. Raza, On trees of a fized mazimum degree with extremal
general atom-bond sum-connectivity indez, J. Appl. Math. Comput. 71 (2025),
no. 1, 1035-1049.
https://doi.org/10.1007/s12190-024-02275-1.

[6] A. Ali, L. Zhong, and I. Gutman, Harmonic index and its generalizations: ex-
tremal results and bounds, MATCH Commun. Math. Comput. Chem. 81 (2019),
no. 2, 249-311.

[7] R. Alidehi Ravandi and H. Omer Abdullah, Topological indices of drug molecular
structures: An application with the treatment and prevention of Covid-19, J.
Discrete Math. Appl. 8 (2023), no. 2, 81-101.
https://doi.org/10.22061 /jdma.2023.1944.

[8] K.C. Das, On comparing Zagreb indices of graphs, MATCH Commun. Math.
Comput. Chem. 63 (2010), no. 2, 433-440.

[9] E. Deutsch and S. Klavzar, M-polynomial and degree-based topological indices,
Iranian J. Math. Chem. 6 (2015), no. 2, 93-102.
https://doi.org/10.22052/ijmc.2015.10106.

[10] G. Fath-Tabar, B. Furtula, and I. Gutman, A new geometric-arithmetic indez, J.
Math. Chem. 47 (2010), no. 1, 477-486.
https://doi.org/10.1007/s10910-009-9584-7.

[11] M. Ghorbani and Z. Vaziri, On the Szeged and Wiener complezities in graphs,
Appl. Math. Comput. 470 (2024), #128532.

3]




M. Rostami, et al. 15

https://doi.org/10.1016/j.amc.2024.128532.

[12] M. Ghorbani, Z. Vaziri, and M. Dehmer, Complezity measures in trees: a com-
parative investigation of Szeged and Wiener indices, Comput. Appl. Math. 44
(2025), no. 4, #195.
https://doi.org/10.1007 /340314-025-03159-1.

[13] A. Graovac and M. Ghorbani, A new version of atom-bond connectivity indez,
Acta Chim. Slov. 57 (2010), no. 3, 609—612.

[14] I. Gutman, Degree-based topological indices, Croatica Chemica Acta 86 (2013),
no. 4, 351-361.
http://doi.org/10.5562/cca2294.

[15] I. Gutman and A.A. Dobrynin, The Szeged indez—a success story, Graph Theory
Notes N.Y. 34 (1998), 37-44.

[16] I. Gutman and O.E. Polansky, Mathematical concepts in organic chemistry,
Springer Science and Business Media, 1986.

[17] D. Heidari, M.R. Rostami, I. Gutman, and L. Alex, New results on second inverse
sum indeg indez, Iranian J. Math. Chem. (2026), to appear.

[18] P.E. John, P.V. Khadikar, and J. Singh, A method of computing the PI index of
benzenoid hydrocarbons using orthogonal cuts, J. Math. Chem. 42 (2007), no. 1,
37-45.
https://doi.org,/10.1007/s10910-006-9100-2.

[19] P.V. Khadikar, On a novel structural descriptor PI, National Academy of Science
Letters 23 (2000), 113-118.

[20] P.V. Khadikar, N.V. Deshpande, P.P. Kale, A. Dobrynin, I. Gutman, and G. Do-
motor, The Szeged index and an analogy with the Wiener index, Journal of Chem-
ical Information and Computer Sciences 35 (1995), no. 3, 547-550.
https://doi.org/10.1021/ci00025a024.

[21] P.V. Khadikar, P.P. Kale, N.V. Deshpande, S. Karmarkar, and V.K. Agrawal,
Novel PI indices of hexagonal chains, J. Math. Chem. 29 (2001), no. 2, 143-150.
https://doi.org/10.1023/A:1010931213729.

[22] P.V. Khadikar, S. Karmarkar, and V.K. Agrawal, A novel PI index and its ap-
plications to QSPR/QSAR studies, J. Chem. Inf. Comput. Sci. 41 (2001), no. 4,
934-949.
https://doi.org/10.1021/¢i0003092.

[23] A.J.M. Khalaf, M.F. Hanif, M.K. Siddiqui, and M.R. Farahani, On degree based
topological indices of bridge graphs, J. Discrete Math. Sci. Cryptogr. 23 (2020),
no. 6, 1139-1156.
https://doi.org/10.1080/09720529.2020.1822040.

[24] H. Lin, A survey of recent extremal results on the Wiener index of trees, MATCH
Commun. Math. Comput. Chem. 92 (2024), 253-270.
https://doi.org/10.46793 /match.92-2.253L.

[25] O.M. Minailiuc, G. Katona, M.V. Diudea, M. Strunje, A. Graovac, and I. Gut-
man, Szeged fragmental indices, Croatica Chemica Acta 71 (1998), no. 3, 473~
488.

[26] M. Rostami, M. Shabanian, and H. Moghanian, Some topological indices for



16 Analytical study of second inverse sum Indeg index of special graphs

theoretical study of two types of nanostar denderimers, Digest J. Nanomater.
Biostruct 7 (2012), no. 1, 247-252.
http://irdoi.ir/904-306-820-179.

[27] M. Rostami and M. Sohrabi-Haghighat, Further results on new version of atom-
bond connectivity index, MATCH Commun. Math. Comput. Chem. 71 (2014),
no. 1, 21-32.

[28] M. Rostami, M. Sohrabi-Haghighat, and M. Ghorbani, On second atom-bond
connectivity indez., Iranian J. Math. Chem. 4 (2013), no. 2, 256-270.
https://doi.org/10.22052/ijmc.2013.5302.

[29] M. Sohrabi-Haghighat and M. Rostami, Using linear programming to find the
extremal graphs with minimum degree 1 with respect to geometric-arithmetic in-
dex, Applied mathematics in Engineering, Management and Technology 3 (2015),
no. 1, 534-539.

[30] ——, Relations between second geometric-arithmetic index and second atom-
bond connectivity index, Int. J. Appl. Math. Stat. 57 (2018), no. 1, 73-81.
http://irdoi.ir/540-738-069-130.

[31] Z. Tang, Some properties of eccentrical graphs, Contrib. Math. 9 (2024), 18-25.
https://doi.org/10.47443 /cm.2024.006.

[32] S. Wagner and H. Wang, Introduction to Chemical Graph Theory, Chapman and
Hall/CRC, 2018.

[33] Y. Wu, C. Hong, P. Fu, and W. Lin, Large trees with maximal inverse sum indeg
index have no vertices of degree 2 or 3, Discrete Appl. Math. 360 (2025), 131-
138.
https://doi.org/10.1016/j.dam.2024.09.006.

[34] Y. Yuan, B. Zhou, and N. Trinajsti¢, On geometric-arithmetic indez, J. Math.
Chem. 47 (2010), no. 2, 833-841.
https://doi.org/10.1007/s10910-009-9603-8.

[35] I. Zhou, B. Gutman, B. Furtula, and Z. Du, On two types of geometric—arithmetic
indez, Chemical Physics Lett. 482 (2009), no. 1-3, 153-155
https://doi.org/10.1016/j.cplett.2009.09.102.



	Introduction
	Preliminaries
	Bounds for ISI2 of graphs and trees with p pendent vertices
	Computation of ISI2 for bridge graphs
	Concluding and future work.
	References

