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Abstract: In this paper, we give some properties of the generalized commutative
Leonardo quaternions, among others the Binet formula, generating function, and the
general bilinear index-reduction formula which imply d’Ocagne, Vajda, Halton, Cata-
lan, and Cassini identities. We also give the matrix representations and some sum
formulas of the generalized commutative Leonardo quaternions. Moreover, we present
a one-parameter generalization of the generalized commutative Leonardo quaternions
and their properties.
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1. Introduction
Let n > 0 be an integer. The nth Leonardo number Le,, is defined recursively by
Le, =Le,_1+ Le,,_o+1, forn > 2
with Leg = 1, Le; = 1. This sequence is the sequence of the on-line encyclopedia of

integer sequences (https://oeis.org/A001595). The first ten Leonardo numbers are
1,1,3,5,9,15,25,41,67,109. The sequence of Leonardo numbers can also be defined
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recursively by the formula Le, = 2Le,,_1 — Le,,_3, for n > 3 with Leg =1, Le; =1
and Ley, = 3.

The Fibonacci numbers are defined recursively by F,, = F,,_1 + F,,_o for n > 2 with
the initial terms Fy = 0, F} = 1. It is clear that Le,, = 2F, 41 — 1.

Other properties of Leonardo numbers can be found in [6].

In the literature, we can find some generalizations of Leonardo numbers. General-
ized Leonardo numbers were defined in [16]. In [7] (available online at: https://
www.cs.utexas.edu/users/EWD/transcriptions/EWD07xx/EWD797 .html), the au-
thor extended and generalized the Leonardo numbers with two sequences. Another
generalization of Leonardo numbers are Leonardo polynomials, presented in [18]. The
generalized Horadam-Leonardo polynomials were examined in [21].

The generalized Fibonacci-Leonardo numbers Le(t,n), introduced in [1], are given by
the recurrence relation

Le(t,n) = Le(t,n — 1) + Le(t,n —2)+ (t —1) forn > 2 and t > 1,

with initial terms Le(t,0) = Le(t,1) = 1. As you can see, for ¢ = 1 we obtain
Le(1l,n) = F,41 and for t = 2, we have Le(2,n) = Le,. Applications of Leonardo
sequence can be found in the theory of hypercomplex numbers. The term ”hyper-
complex number” is well-known in mathematics. Real numbers can be multiplied
by imaginary units to define a variety of number systems. A traditional illustration
of such a system is the complex number system. Extensions of complex numbers
are called hypercomplex numbers and include quaternions, tessarines, coquaternions,
octonions, biquaternions, hybrid numbers, sedenions, etc.

Numerous researches examined Leonardo numbers in relation to quaternions, dual
numbers, hybrid numbers, complex numbers, and other concepts. In [14], complex
Leonardo numbers were presented and examined. Dual Leonardo numbers and bi-
complex Leonardo numbers were studied in [15] and [23], respectively. The Leonardo
quaternions were introduced in [2]. The new type of quaternions, called Leonard
Gaussian quaternions, was investigated in [9].

The quaternions can also be represented using Pauli matrices. The quaternions formed
with the Pauli matrices are called Pauli-quaternions. The Pauli-Leonardo quater-
nions, i.e. Pauli quaternions with Leonardo coefficients, were defined in [13].

The generalized Leonardo numbers defined in [16] were used to construct the general-
ized Leonardo quaternions presented in [17]. Information about hyperbolic generalized
k-Horadam quaternions we can find in [19)].

Complex numbers, hyperbolic numbers, dual numbers and hybrid numbers arise in
many areas such as velocity analysis, coordinate transformation, displacement anal-
ysis, matrix modeling, rigid body dynamics, static analysis, mechanics, dynamic
analysis, transformation, kinematics, physics, biology, mathematics, and geometry
[8, 11, 12].

Real quaternions are defined in the following general form

h = ho + h1i + haj + hsk,
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where i, j, k ¢ R are quaternion units and hg, k1, ha, hg are real numbers. Moreover,
i? =42 =k =ijk=—1,

ij=—ji=k, ki=—ik=3j, jk=—kj=4i.

The quaternions naturally belong to one of the two classes: the commutative quater-
nions (generalized Segre, dual quaternions, etc.) and the non-commutative quater-
nions (real, split, semi, split-semi, quasi, hyperbolic, elliptical, hyperbolic split, two-
parameter generalized, three-parameter generalized quaternions, etc.). The units of a
generalized non-commutative quaternion (two-parameter) satisfy the following equal-
ities:

P=—a, =8, K=-ap,

ij=—gi=k, ki=—k=a-j,

where « and (8 are real numbers. The two-parameter generalized non-commutative
quaternions are analogous to real quaternions for a = 8 = 1, to split quaternions for
a =1, 8 = —1, to semi quaternions for « = 1, § = 0, to split-semi quaternions for
a = -1, =0, and to quasi quaternions for & = # = 0. The units of a generalized
non-commutative quaternion (three-parameter) satisfy the following equalities:

-2 -2 2
1° = —aiaz, j° = —aia3, k° = —aqas,

ij=—ji=ay -k, ki=—ik=oas-j,
jk‘ = —]f] =as- ’i, l]k‘ = —aja2as3,

where a1, as and ag are real numbers. If we take conditions a; = 1, as = « and
a3 = [ on the three-parameter generalized non-commutative quaternions, we have
the two-parameter generalized non-commutative quaternions.

A generalized commutative quaternion x is a vector of the form

X = g + 161 + To2eo + T3€3,
where quaternionic units e, es, e3 satisfy the equalities

2 _ 2 _ 2 _
€ = qQ, 62*67 63705'63
€169 = €061 = €3, €361 = €163 = (- €9, (1.1)

ege3 = ezex = fB-e1, ejezez = - f3,

where o and § are real numbers. For special a and g there are following subclasses of
generalized commutative quaternions: for a < 0, 8 = 1 elliptic quaternions, for a = 0,
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B = 1 parabolic quaternions, for a > 0, § = 1 hyperbolic quaternions, for « = —1,
B = 1 complex hyperbolic (tessarines) numbers, for a = —1, § = —1 bicomplex
numbers, and for a = 1, 8 = —1 hyperbolic complex numbers.

In [22], the authors first constructed generalized commutative quaternions, and then
they defined and investigated generalized commutative quaternions of the Fibonacci
type.

In [4], generalized commutative Pell and generalized commutative Pell-Lucas quater-
nions were examined. The authors discussed some of these numbers’ properties as
well as their relationships. There were provided some examples of matrix generators
for generalized commutative Jacobsthal quaternions in [5] and other properties in [3].
In this paper, we define generalized commutative Leonardo quaternions and present
some of their properties.

2. Generalized commutative Leonardo quaternions

Let n > 0 be an integer. The nth generalized commutative Leonardo quaternion
gcLe,, is defined as

gcLe, = Le, + Leni1e1 + Lepioes + Leyyses, (2.1)

where Le,, is the nth Leonardo number and ej, eq, e3 are units which satisfy (1.1),
where «, 5 € R.
The generalized commutative Leonardo quaternions starting from n = 0 can be writ-

ten as
gcLey = 1+ e1 4 3es + Ses,
gcLe; = 1+ 3eq + bea + 9es,
gcLes = 3+ Heq + 9es + 15eg3,
and

gcLe, = gcLe, 1 + gcLe, o + i, forn>2

where 1 =1+4+e+ey+egor
gcLe, = 2gcLe,_1 — gcLe,_3, for n > 3.

Similarly to any sequence defined by the recurrence relations, we can also define
generalized commutative Leonardo quaternions with negative indices. Let n > 0 be
an integer. The generalized commutative Leonardo quaternion gcLe_,, is defined by

gcLe_,, = gcLe_p,4+9 —gcLe_p411 — i,
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or
gcLe_,, = 2gcLe_p 19 — gcLe_p43.

Using Leonardo numbers, we can also write gcLe_,, as

gcLe_,, = (—1)" [(Lep—2+ 1) — (Lep—3 + 1)ey
+(L€n,4 + 1)62 — <L6n75 + 1)63] — i

Lemma 1. [6] (Binet formula for Leonardo numbers) For n > 0

)

n+l _ sn+1 n o __ _ n __
Le. —2 (2 "N " —1) —6(26" — 1)
y—4 y—34

where

(2.2)

Theorem 1. (Binet formula for generalized commutative Leonardo quaternions) Let
n > 0 be an integer. Then

2’Yn+1 29"t
Le, = 5 — §-1, 2.3
gelen = ——57= 5 (2.3)
where v, § are given by (2.2) and
¥=14+~er +’y?eg + 7363, =14 6ep + 6% + 5363, 1=14e; +ey+es. (2.4)

Proof. By Lemma 1, we get

n+1l _ sn+1l n+2 _ sn+2
chen=<2 (7 g >—1>+<2 <7 g )—1) el
Y- Y=
n+3 _ sn+3 n+4 _ sn+4
() ) e 5= )

ntl 26n+1
N y—=4 (1+7er +7262+73e3) I (1+ ey +(5262+(53e3)

—(1+61+€2+€3),

which ends the proof. O

Using (2.3), we can prove the following theorem.
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Theorem 2. (General bilinear indez-reduction formula for generalized commutative Leo-

nardo quaternions) Let a > 0, b > 0, ¢ > 0, d > 0 be integers such that a +b = ¢+ d.
Then

chea -gcLey, — gcLe. - gcLeg

( a6b+5a b c(sd_dc,yd)ﬁ/s

f (v +7d—7a—7b)ﬁ
+ \/55_ (6“ +ob 60— 5d) 8,

where v, § and %, 5, 1 are given by (2.2) and (2.4), respectively.
Proof. By (2.3), we have

gcLe, - gcLey — gcLe. - gcLey

2,ya+1 95a+1 . 2’Yb+1 250+1 ~
<7 5" 7—56_1 ' 7—57_7—55_1
2,Yc+1 . 25c+1 R N 27d+1 A 25d+1 R R
( (57_'7—(56_1 . 7—57_7—55_1

,ya+15b+1 _ 45a+17b+1 + 4’Yc+15d+1 + 4(5C+1’Yd+1 o
CEnE

_2,.Ya+1 _ 2,Yb+1 4 2,yc+1 + Q,Yd—Q—l

y—946
25a+1 + 25b+1 _ 250+1 _ 26d+1
)
aéb 5a,yb o ,yc(sd o 5C'Yd) ,3/8

+

41

o1

A

crmp

+ (_,ya+1 _ ,yb+1 1oAet +,yd+1) ,Ayi

+

Sl &l

(§a+1 + 5b+1 o 5c+1 _ §d+1) Si

aéb _’_50, b 05d o 5C'Yd) ,3/8

o S
) A

(¢ + 7T =7 =1 A1

59+ 80 —6¢ — 54 61
= (

%\%ﬁ\

sincea+b=c+d,v-6=—1andy—6§ = 5. O

For special values of a, b, ¢, d, by Theorem 2, we can obtain some identities for gener-
alized commutative Leonardo quaternions:



H. Gékbag, A. Szynal-Liana 7

e first Halton type identity — fora=m+r, b=n,c=r, d=m+ n,

e second Halton type identity —fora=n+k,b=n—k,c=n+s,d=n—s,
e Vajda type identity — fora=m+r,b=n—r,c=m, d =n,

e d’Ocagne type identity —fora=n,b=m+1,c=n+1,d =m,

e Catalan type identity —fora=n+r,b=n—r,c=d=n,

e Cassini type identity —fora=n+1,b=n—1,c=d=n.

In a similar way, using Binet formula, we can prove two additional identities: the
Ruggles type identity and the Honsberger type identity.

Theorem 3. (Ruggles type identity for generalized commutative Leonardo quaternions)
Let n > m, m > 1 be integers. Then

gcLem—1 - gcLen—m + gcLlep, - gcLep—m41
4 n n ~ 4 n n N
= (T AT L (T 00T 67
2 m n—m A 2
— =) (T AL 2

m n—m-4+1\ &3 2N\2
7 \/5(1+5)(5 +0 )ol+2(1)%

where v, § and 4, 8, 1 are given by (2.2) and (2.4), respectively.
Proof. By (2.3), we have

gcLey,—1 - gcLey_p + gcLey, - gcLen_ma1

2 m 2 mo . n—m-+1 n—m—&-lA R
— L@_L(;_l (% @_26 §—1
y—0 y—0 v—9 vy—9

2 m—+1 26m+1 R R 2 n—m-42 25n7m+2 R R
+<’y 5 5 1)-(7 4 5-1)

T R R v—0 v—0
4,yn+1,¢y2+4,yn+3;y2+45n+152+45n+352

(y—9)?
4,ym5n—m+1 + 4,yn—m+16m + 4,ym+16n—m+2 + 4,Yn—m+25m+1 R
- ¥
(-9 !
2,ym + 2,yn—m+1 + 2,Vm+1 + 2,yn—m+2 .
26771 2§n—m+l 25m+1 25n—m+2 . R
s * : + 51+ 2(1)2
v —

(AR

(,yn-i-l +,yn+3) ,3/2 4

G|~

(6n+1 + 6n+3) 52
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B~

4= (,ym—l(sn—m 4 ,yn—m(;m—l + ,ymén—m—i-l =+ ,_yn—m-‘rlam) ,?S

ot

(’Y +’Yn m+1 +,7m+1 +,yn m+2) ,?i

é\wé\w

(6m+5n m+1+6m+1 +6n m+2) Si (i)Z
n+1 + ,yn+3) ;y (5n+1 5n+3) 82

1 1 .
¥ )

(T +7) ™ + @+ 7)) A1

|
|
—
-2
U\Mb

+
o] s

_2
NG
+ % ((1+6)0™ + (1 +6)6m ™) 61 + 2(1)*

since'y~6:—1and'y—5:\/5. O

In the same way, we can prove the following theorem.

Theorem 4. (Honsberger type identity for generalized commutative Leonardo quater-
nions) Let n > 0, m > 1 be integers. Then

gcLem—1 - gcLen, + gcLep, - gCL€n+1

_ % (,ym+n+1 Jr,ym+n+3) 5242 (5m+n+1 6m+n+3) 52
2 A 2 PN N
-7 (L4+7) (Y™ ++"1) 41 + 7 (L+68) (8™ +0"1) 61+ 2(1),

where v, § and 4, 8, 1 are given by (2.2) and (2.4), respectively.

Theorem 5. The generating function for generalized commutative Leonardo quaternions

8

—|—(1+x—m2)61+(3—m—m2)62+(5—m—3x2)63
1—2x+ x3

igclxenw" _ (1-z+2?)

Proof. Let h(x) be the generating function for the generalized commutative Leonar-
oo

do quaternions as Y geLe,x™. We get the following equations
n=0

2zh(x) =2 Z geLeyx™

and
o

23h(z) = Z gcLe,x" 3.

n=0
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After the needed calculations, the generating function for the generalized commutative
Leonardo quaternions is obtained as

i cLe,z™ = (g9cLes — 2gcLer) x* + (gcLey — 2gcLeg) x + geLeg
Lot = 1— 221 2° :

and consequently

00 1— 2 1 2 2 o 9
chLenaj”:( x+x)-|-( +z a?)el—l—(S ;U 3?)62-1-(5 T 333)63.
n=0 1—-2x+=x

Theorem 6. Let n > 0 be an integer. The following equalities hold

gclento gclLeny1 gcley,

gclents gclento geleniq
a)
gclent1  gcLen, gcLen—1

gcLes gcLea gclep 2 1
= | gcLes gcLei gcLeo 0 0
0

0 n

1 bl
gcLer gcLeg gcLe_i -1 0
11"
2 .
0

Proof. a) For the proof, we use induction method on n. The equality holds for
n=1.

gcle_p42 gcLe_n+1  gcle_,

gcLe_y 13 gclLe_ni2 gclLe_pi1
b)

gcle_p41 gcle—, gcLe_n_1
0
0
1

gcLes gcLes gcLen 0
= | gcLes gcLei gcLeg 1
0

gcLer gcLeg gcLe_i

gcLes gcLey gcLey 2 10
gcLes gcLey gcLeg 0 01
gcLey gcLeg gcLe_y -100

2gcLes — gcLey gcLes gcLeo
= | 2gcLes —gcLey gcLes gcLey
2gcLe; — gcLe_1 gcLey gcLleg

gcLey gcLes gcles
= | gcLes gcLes gcLey
gcLes gcLey gcleg
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Now suppose that the equality is true for n > 1. Then, we can verify for n 4+ 1 as
follows

gcLles gcLes geley 2 107"
gcLes gcLey gcLey 0 01
gcLey gcLey gcLe_y —10 0 |

n ~

gcLes gchLes gcLey 2 10
= | gcLes gcLei gcLeg 0 01
gcLey gcLey gcLe_ 4 -1 00

2
0
-1

S = O

1

0

L 0
gcLenys geLepnyo gcLepyq 2 10

= | gcLeyio gcLe,i1 gcLe, 0 01
gcLeny1 gcle, gcLe,_q -1 00
gcLlenya gcLenys geLepya

= | gcLents gclenio gecLlenia
gclenyo gcLeny1  gcLey,

Thus, the theorem can be proved easily.
b) Similarly, the proof is seen by induction on n.

Lemma 2. [6] Let Le,, be the nth Leonardo number. Then

Z Len = Lent2 — (n+ 2),

m=0

n
E Lesn, = Leany1 — n,

m=0

Z L62m+1 = L62n+2 — (TL +4 2).
m=0

In the next theorem, we can give the sum of the finite, finite odd, and finite even
terms of the generalized commutative Leonardo quaternions.

Theorem 7. Let gcLe, be the nth generalized commutative Leonardo quaternion. Then

n
Z gcLe,, = gcLep4+2 — (n 14 geLes — cheo) ,

m=0

Z gcLean, = gcLeant1 — (n 1+ gcLey — cheo) ,

m=0

n
Z gcLeamy1 = geLeanyo — (n 14 gcLea — chel) .

m=0

where 1 is given by (2.4).
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Proof. Using (2.1) and Lemma 2, we have

n

n
Z gcLe,, = Z (Lem + Lemaier + Lepyoes + Leyyses)
m=0

m=0

n n n n
= Z Ley, +e1 Z Lemq1 +e2 Z Lemqa +e3 Z Lenmqs
m=0 m=0 m=0 m=0

— (Lenss — (n+2)) + (Lenss — (n -+ 4))ey

+ (Lenta — (n+6))ex + (Lents — (n +10))es
=gcLenia — (n(l4+e1 4+ ex+e3) + 2+ 4eg + Gea + 10e3)
=gcLepyo — (n -1+ geLey — cheo) .

Other sum formulas are proven using the same method. O

3. One-parameter generalization of generalized commutative
Leonardo quaternions

Let n > 0, ¢t > 1 be integers. The nth generalized commutative Fibonacci-Leonardo
quaternion gcLe(t,n) is defined as

gcLe(t,n) = Le(t,n) + Le(t,n + 1)ey + (t,n + 2)ea + Le(t,n + 3)es, (3.1)

where Le(t,n) is the nth generalized Fibonacci-Leonardo number and ej, eq,e3 are
units which satisfy (1.1), where «, 8 € R.

Lemma 3. [1] (Binet formula for generalized Fibonacci—Leonardo numbers) Let n > 0,

t > 1 be integers. Then
,yn+1 _ 6n+1

Le(t,n) =t —(t—1),

)
where v, § are given by (2.2).

Theorem 8. (Binet formula for generalized commutative Fibonacci—Leonardo quater-
nions) Let n >0, t > 1 be integers. Then

t’}/n+1 R t6n+1
Ra—

y—20

gcLe(t,n) = 6— (t— 1)1,

2

where v, § and 4, 6, 1 are given by (2.2) and (2.4), respectively.

Proof. The proof of Theorem 8 is analogous to the proof of Theorem 1. O
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Using (3.1) and Theorem 8, we get general bilinear index-reduction formulas for gene-
ralized commutative Fibonacci-Leonardo quaternions and other identities (Catalan,
Cassini, Ruggles, etc.). The proofs of Theorems 9-11 are analogous to the proofs of
Theorems 2-3, so we omit them.

Theorem 9. (General bilinear indez-reduction formula for generalized commutative Fibo-
nacci-Leonardo quaternions) Let a > 0,b >0, ¢ > 0, d > 0 be integers such that a+b = c+d.
Then

gcLe(t,a) - gcLe(t,b) — gcLe(t, c) - geLe(t, d)
_ t2 ach a_b ced c_d\ 2¢
=— (796" + 0%y — 0T =097 ) A6

5

t(tfl)’y c d a b\ ~ 2
+T(’Y +7 = —’Y)’Yl
t(tfl)(s a b c d\ g3
+T(5 Y L 75)51,

where v, § and 4, §, 1 are given by (2.2) and (2.4), respectively.

Theorem 10. (Ruggles type identity for generalized commutative Fibonacci—Leonardo
quaternions) Let n > m, m > 1 be integers. Then

gcLe(t,m — 1) - gcLe(t,n — m) + gcLe(t,m) - gcLe(t,n —m + 1)

t2 n+1 n+3\ 22 t2 n+1 n+3\ $2
=5 (") o (0T 06

t(t\%l) (L+7) (Y™ +9"™ ) 41 + t(t\/_gl)

(1+0) (6™ + 0" 61 +2(1)%,

where v, § and 4, 6, 1 are given by (2.2) and (2.4), respectively.

Theorem 11. (Honsberger type identity for generalized commutative Fibonacci—Leonardo
quaternions) Let n > 0, m > 1 be integers. Then

gcLe(t,m — 1) - gcLe(t,n) + gcLe(t,m) - gcLe(t,n + 1)

5
(L4 (Y™ +4") 41 + t(t\/_gl)

_ g (Fym+n+1 + ,Ym+n+3) ,}2 + t2 (5m+n+1 + 6m+n+3) 32

t(t—1)

m n+1\ ¢3 I\2
7 (L+08) (6™ +0"") 61 +2(1)°,

where v, § and ¥, 5, 1 are given by (2.2) and (2.4), respectively.
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Theorem 12. The generating function for the generalized commutative Fibonacci-Leo-
nardo quaternions is

Z gcLe(t,n)z"
n=0

(1—x+tw2—x2)+(1—w—|—tx—x2)el+(1+t—x—x2)ez

1—2x+4x3
(1+2t—m—x2—tm2)63
1—2x+ 23
Proof. The proof of Theorem 12 is analogous to the proof of Theorem 5. O

Lemma 4. [1] Let Le(t,n) be the nth generalized Fibonacci-Leonardo number. Then

n

> Le(t,m) = Le(t,n +2) — (t — )n —t,

m=0
> Le(t,2m) = Le(t,2n+1) — (t — 1)n,
m=0

> Le(t,2m +1) = Le(t,2n +2) — (t — 1)n — t.

m=0

In the next theorem, we can give the sum of the finite, finite odd, and finite even
terms of the generalized commutative Fibonacci-Leonardo quaternions.

Theorem 13. Let gcLe(t,n) be the nth generalized commutative Fibonacci-Leonardo
quaternion. Then

Z gcLe(t,m) = gcLe(t,n +2) — (n(t — 1) - 1+ geLe(t,2) — geLel(t, 0)),

m=0

Z gcLe(t,2m) = geLe(t,2n+1) — (n(t — 1) - 14 geLe(t, 1) — geLe(t, 0),

m=0

Z gcLe(t,2m + 1) = geLe(t,2n + 2) — (n(t — 1) - 1 + gcLe(t, 2) — gcLe(t, 1)) .
m=0
Proof.  Using (3.1) and Lemma 4, we have

n

Z gcLe(t,m)

m=0

n
= Z (Le(t,m) + Le(t,m + 1)ey + Le(t,m + 2)es + Le(t,m + 3)es3)

m=0
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= ZLe(t,m)—f—el ZLe(t,m—l—l)—l—eg ZLe(t,m+2)+eg ZLe(t,m—f—?))

=0 m=0 m=0 m=0

=(Le(t,n+2)—(t—1)n—t)+ (Le(t,n+3)—(t—1)(n+1)—t—1)ey

+ (Le(t,n+4)—(t—1)(n+2) —t —2)es

+ (Le(t,n+5) — (t —1)(n+ 3) — 2t — 3)es

=gcLe(t,n+2) — (n(t — 1)(1 + e1 + ez + e3) + t + 2tey + 3tea + btes)
= gcLe(t,n+2) — (n(t — 1) - 1+ geLe(t,2) — gcLe(t,0)) .

Other sum formulas are proven using the same method. O

Concluding Remarks

In this paper, we introduced and studied generalized commutative Leonardo numbers
and then one-parameter generalized commutative Fibonacci-Leonardo numbers. In
the literature, we can find other generalizations of Leonardo numbers or Leonardo-
type numbers, e.g. Leonardo-Alwyn numbers ([10]), generalized k-Leonardo numbers
([20]), etc. Using these generalizations, we can define and investigate new generaliza-
tions of commutative Leonardo quaternions.
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