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Abstract: The MacWilliams identity provides a fundamental link between the

weight enumerator of a linear code and its dual. While generalizations exist for joint
weight enumerators and λ-ply weight enumerators, a unifying framework encompass-

ing these extensions has remained elusive. In this paper, we introduce the λ-ply joint

weight enumerators and obtain a novel generalization of the MacWilliams identity that
subsumes previously known results as special cases.
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1. Introduction

The MacWilliams identities are cornerstone results in coding theory, providing a pow-

erful relationship between the weight enumerator of a linear code and that of its dual

code [4]. These identities are central to understanding the structure of codes with

applications across several areas such as design theory [1, 2], quantum codes [3, 8],

association schemes [11] and perfect codes [5]. By linking the weight enumerators

of a code and its dual, MacWilliams identities allow for the optimization of coding

schemes, helping to balance trade-offs between code rate and error-correcting capa-

bilities and providing insights into the behavior of codes under various conditions

[4, 11]. Moreover, the MacWilliams identities play a vital role in error-correction and
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optimizing code design, enabling the construction of codes that perform well under

noisy transmission conditions.

Over the years, researchers have extended the classical MacWilliams identities in

several directions to accommodate more complex coding structures [7, 9, 10, 14, 15,

17]. Recent works in this area has continued to explore and refine the generalization

of MacWilliams identities. In particular, works from 2020 onward have proposed

new formulations that expand the identities reach to more diverse coding structures.

For instance, the MacWilliams-type identities for codes defined over several rings are

introduced in [6, 12, 16, 18], thus extending the classical identities beyond vector

spaces over finite fields. In [8], a new MacWilliams identity was derived for classical

and quantum convolutional codes, offering insights into the behavior of codes when

code length and structure are interdependent. Notably, two significant generalizations

are the joint MacWilliams identity and the λ-ply MacWilliams identity [11, 13]. The

joint identity generalizes the MacWilliams framework to scenarios involving two codes

and their duals simultaneously, while the λ-ply identity examines the relationship

between a code and its dual through a specific power of the weight enumerator. Both

of these generalizations have provided deeper insights into the properties of codes,

particularly in higher-order interactions and joint coding schemes.

In this paper, unified approach that encompasses both the λ-ply and joint

MacWilliams identities are developed, providing a comprehensive framework for an-

alyzing codes with more intricate dual relationships. In fact, a new generalization of

the MacWilliams identities that subsumes both the λ-ply and joint MacWilliams iden-

tities as special cases is presented. Our approach introduces a unified framework that

captures higher-order interactions and complex joint coding structures, extending the

applicability of MacWilliams identities to a broader class of codes. This new identity

not only simplifies and unifies several existing results but also provides a powerful

tool for analyzing the structure of linear codes, particularly in settings that involve

multiple codes and their duals. The remainder of this paper is organized as follows.

In Section 2, we review some classical concepts and propositions from coding theory.

Section 3 introduces the classical MacWilliams identities and some generalizations.

Finally, Section 4 explores our new generalization and shows how both the λ-ply and

joint identities emerge as special cases.

2. Preliminaries

Let Fq be the finite field of order q and let Fnq be the vector space of all n-tuples over

Fq. A linear code C of length n over Fq is a subspace of Fnq . The elements of C are

called codewords. The code C is described as a binary and ternary code if q = 2 and

q = 3, respectively. The distance between any two words u = (u1, u2, . . . , un) and

v = (v1, v2, . . . , vn) in Fnq is d(u, v) = #{1 ≤ i ≤ n | ui 6= vi}. Moreover, the inner

product of u and v is defined as 〈u, v〉 :=
∑n
i=1 uivi. The support and the weight of

u = (u1, u2, . . . , un) ∈ Fnq are supp(u) = {1 ≤ i ≤ n|ui 6= 0} and wt(u) = #{1 ≤
i ≤ n|ui 6= 0}, respectively. Clearly, wt(u) = | supp(u)| and d(x, y) = wt(x − y) for
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any two words x, y ∈ Fnq . The minimum distance of the linear code C is defined as

d(C) = min{d(c, c′) | c, c′ ∈ C, c 6= c′}. Clearly, d(C) = min{wt(c) | c ∈ C, c 6= 0}.
The linear code C of length n over Fq is called a q-ary [n, k, d] code (or when d is

unknown, an [n, k]q code) if dimFq (C) = k and d(C) = d. The linear code C over Fq
is an [n, k, d]q code if its length, dimension and minimum distance are n, k and d,

respectively. The code C is called trivial if it is the singleton {0}, the whole space Fnq ,

a subspace 〈v〉 of dimension 1 or a subspace of dimension n− 1. The [n, k, d]q code C
is optimal if it has the largest possible minimum distance among all the [n, k]q codes.

The dual code of C is the orthogonal complement of C, i.e., C⊥ := {u ∈ Fnq | ∀c ∈
C, 〈u, c〉 = 0}. The hull of C is C ∩ C⊥. If C ⊆ C⊥ then C is self-orthogonal and

also, if C = C⊥ then C is self-dual. The weight enumerator of C is the homogeneous

polynomial

WC(x, y) :=
∑
c∈C

xn−wt(c)ywt(c) =

n∑
i=0

Aix
n−iyi,

where Ai = #{c ∈ C|wt(c) = i}. The sequence A0, A1, . . . , An is called the weight

distribution of C. Two linear codes C and C′ of length n over Fq are called equivalent

if we can obtain C from C′ by permuting the coordinate positions and possibly mul-

tiplying each coordinate position by a non-zero element of Fq. Two codes C and C′
are called isomorphic if we obtain C′ from C by permuting the coordinate positions.

In this case, we write C ∼= C′. Each permutation of the coordinate positions of C that

maps codewords of C to themselves is called an automorphism. The automorphism

group of C, denoted by Aut(C), consists of all the automorphisms of C. We refer the

reader to [4, 11] for further reading.

3. The MacWilliams identity

As it is known, the MacWilliams identity is an important tool for relating the min-

imum distance of a code to that of it’s dual. In fact, this identity shows that the

weight enumerator of C⊥ is completely determined by the weight enumerator of C:

Theorem 1. [11] (MacWilliams identity) Let C be a linear [n, k, d] code over the finite
field Fq. Then,

WC⊥(x, y) =
1

|C|WC
(
x+ (q − 1)y, x− y

)
.

There are some generalizations of the the weight enumerator WC(x, y). One of them

is as follows:

Definition 1. Let λ be an arbitary natural number and let C be a linear [n, k, d] code
over Fq. The λ-ply weight enumerator of C is

W
(λ)
C (x, y) =

∑
u1,...,uλ∈C

xn−s(u1,...,uλ)ys(u1,...,uλ),
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where s(u1, . . . , uλ) = |supp(u1) ∪ · · · ∪ supp(uλ)|.

It is clear that W
(1)
C (x, y) = WC(x, y).

Theorem 2. [13]

W
(λ)

C⊥ (x, y) =
1

|C|λW
(λ)
C

(
x+ (qλ − 1)y, x− y

)
.

For any u = (u1, . . . , un) and v = (v1, . . . , vn) of Fnq , define

i(u, v) = #{i ∈ N |ui = 0, vi = 0},
j(u, v) = #{i ∈ N |ui = 0, vi 6= 0},
k(u, v) = #{i ∈ N |ui 6= 0, vi = 0},
l(u, v) = #{i ∈ N |ui 6= 0, vi 6= 0},

Clearly, n = i(u, v) + j(u, v) + k(u, v) + l(u, v), wt(u) = k(u, v) + l(u, v) and wt(v) =

j(u, v) + l(u, v).

Definition 2. Let C and D be two linear code over the finite field Fq. The joint weight
enumerator of C and D is

WC,D(x, y, z, t) =
∑
u∈C

∑
v∈D

xi(u,v)yj(u,v)zk(u,v)tl(u,v)

=
∑
i,j,k,l

Ai,j,k,lx
iyjzktl,

where Ai,j,k,l = #{(u, v) ∈ C × D | i(u, v) = i, j(u, v) = j, k(u, v) = k, l(u, v) = l}.

By definition, we can say that

WD,C(x, y, z, t) = WC,D(x, z, y, t)

WC(x, y) = WC,{0}(x, z, y, t),

WD(x, y) = W{0},D(x, y, z, t),

WC(x, y) =
1

|D|
WC,D(x, x, y, y),

WD(x, y) =
1

|C|
WC,D(x, y, x, y),

WC(x, y) = WC,D(x, 0, y, 0) if 0 ∈ D,
WD(x, y) = WD,D(x, y, 0, 0) if 0 ∈ C.
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Theorem 3. [10, 11] Let C and D be two linear codes over Fq. Then,
(i) WC⊥,D(x, y, z, t) = (1/|C)|WC,D

(
x+ (q − 1)z, y + (q − 1)t, x− z, y − t

)
.

(ii) WC,D⊥(x, y, z, t) = (1/|D|)WC,D
(
x+ (q − 1)y, x− y, z + (q − 1)t, z − t

)
.

(iii) WC⊥,D⊥(x, y, z, t) = (1/|(C||D|))WC,D
(
x+ (q− 1)(y+ z) + (q− 1)2t, x− y+ (q− 1)(z−

t), x− z + (q − 1)(y − t), x− y − z + t
)
.

Theorems 2 and 3 generalize the MacWilliams identity for the λ-ply weight enumer-

ators and the joint weight enumerators, respectively. These generalizations are into

different directions.

4. Results

In this Section, the λ-ply joint weight enumerator is introduced and a version of the

MacWilliams identity which generalizes the Theorems 2 and 3 is proved.

Definition 3. Let C and D be two linear codes of length n over the finite field Fq. The
λ-ply joint weight enumerator of C and D is the homogeneous polynomial

W
(λ)
C,D(x, y, z, t) =

∑
u1,...,uλ∈C
v1,...,vλ∈D

x|(N−S)∩(N−T )|y|(N−S)∩T |z|S∩(N−T )|t|S∩T |,

where S = S(u1, u2, . . . , uλ) = ∪λi=1 supp(ui) and T = T (v1, v2, . . . , vλ) = ∪λi=1 supp(vi) for
any u1, u2, . . . , uλ ∈ C and v1, v2, . . . , vλ ∈ D.

Now, it is clear that

W
(1)
C,D(x, y, z, t) = WC,D(x, y, z, t),

W
(λ)
D,C(x, y, z, t) = W

(λ)
C,D(x, z, y, t),

W
(λ)
C (x, y) = W

(λ)
C,{0}(x, z, y, t),

W
(λ)
D (x, y) = W

(λ)
{0},D(x, y, z, t),

W
(λ)
C (x, y) =

1

|D|λ
W

(λ)
C,D(x, x, y, y),

W
(λ)
D (x, y) =

1

|C|λ
W

(λ)
C,D(x, y, x, y),

W
(λ)
C (x, y) = W

(λ)
C,D(x, 0, y, 0), if 0 ∈ D,

W
(λ)
D (x, y) = W

(λ)
C,D(x, y, 0, 0), if 0 ∈ C.

Moreover, for our purpose, We introduce the weight enumerator

W̃
(λ)
C,D(x, y, z, t) =

∑
R,S⊆N

|C(R)|λ|D(S)|λx|(N\R)∩(N\S)|y|(N\R)∩S|z|R∩(N\S)|t|R∩S|



6 Generalized MacWilliams identity for λ-ply joint weight enumerators

for any two linear code C and D, where C(R) = {u ∈ C | supp(u) ⊆ R} and D(S) =

{v ∈ D | supp(v) ⊆ S}.

Lemma 1. Let C and D be two linear codes of length n over Fq. Then,

(i) W̃
(λ)

C⊥,D(x, y, z, t) = (1/|C|λ)W̃
(λ)
C,D(qλz, qλt, x, y),

(ii) W̃
(λ)

C,D⊥(x, y, z, t) = (1/|D|λ)W̃
(λ)
C,D(qλy, x, qλt, z),

(iii) W̃
(λ)

C⊥,D⊥(x, y, z, t) =
(
1/(|C|λ|D|λ)

)
W̃

(λ)
C,D(q2λt, qλz, qλy, x).

Proof. (i) Consider two linear codes C and D of length n over Fq. Let R be an

arbitary subset of N . It is known that

0 −→ C⊥(R)
inc−→ Fnq (R)

f−→ C∗ res−→ C(N \R)∗ −→ 0

is an exact sequence of vector spaces over Fq, where C∗ = HomFq (C,Fq) ∼= Fnq /C⊥, inc

is the inclusion function, f(v) : C → Fq is a function with rule v
f7−→ (u

v̂7→ 〈u, v〉) and

res is the restriction function (see [13, 14, 17]). Therefore,

|C| · |C⊥(R)| = |Fnq (R)| · |C(N \R)|.

and we can write

W̃
(λ)

C⊥,D(x, y, z, t) =
∑

R,S⊆N

|C⊥(R)|λ|D(S)|λx|(N\R)∩(N\S)|y|(N\R)∩S|z|R∩(N\S)|t|R∩S|

=
1

|C|λ
∑

R,S⊆N

|Fnq (R)|λ|C(N \R)|λ|D(S)|λx|(N\R)∩(N\S)|y|(N\R)∩S|

× z|R∩(N\S)|t|R∩S|

=
1

|C|λ
∑

R,S⊆N

|Fnq (N \R)|λ|C(R)|λ|D(S)|λx|R∩(N\S)|y|R∩S|

× z|(N\R)∩(N\S)|t|(N\R)∩S|

=
1

|C|λ
∑

R,S⊆N

|C(R)|λ|D(S)|λx|R∩(N\S)|y|R∩S|(qλz)|(N\R)∩(N\S)|

× (qλt)|(N\R)∩S|

=
1

|C|λ
W̃

(λ)
C,D(qλz, qλt, x, y).

(ii) It is similar to (i).

(iii) By (i) and (ii),

W̃
(λ)

C⊥,D⊥(x, y, z, t) = (1/|C|λ)W̃
(λ)

C,D⊥(qλz, qλt, x, y)

= (1/|C|λ)(1/|D|λ)W̃
(λ)
C,D(q2λt, qλz, qλy, x).
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Lemma 2. If C and D are two linear codes of length n over Fq then

W̃
(λ)
C,D(x, y, z, t) = W

(λ)
C,D(x+ y + z + t, y + t, z + t, t).

Proof.

W̃
(λ)
C,D(x, y, z, t) =

∑
R,S⊆N

|C(R)|λ|D(S)|λx|(N\R)∩(N\S)|y|(N\R)∩S|z|R∩(N\S)|t|R∩S|

=
∑

R,S⊆N

∑
T⊆R

|{c ∈ C| supp(c) = T}|

λ

×

∑
U⊆S

|{d ∈ C| supp(d) = U}|

λ

× x|(N\R)∩(N\S)|y|(N\R)∩S|z|R∩(N\S)|t|R∩S|

=
∑

R,S⊆N

 ∑
T1,...,Tλ⊆R

|
{

(c1, . . . , cλ)|ci ∈ C, supp(ci) = Ti
}
|


×

 ∑
U1,...,Uλ⊆S

|
{

(d1, . . . , dλ)|dj ∈ C, supp(dj) = Uj
}
|


× x|(N\R)∩(N\S)|y|(N\R)∩S|z|R∩(N\S)|t|R∩S|

=
∑

T1,...,Tλ⊆N
U1,...,Uλ⊆N

|
{

(c1, . . . , cλ)|ci ∈ C, supp(ci) = Ti
}
|

× |
{

(d1, . . . , dλ)|dj ∈ C, supp(dj) = Uj
}
|

×
∑

T1∪···∪Tλ⊆R⊆N
U1∪···∪Uλ⊆S⊆N

x|(N\R)∩(N\S)|y|(N\R)∩S|z|R∩(N\S)|t|R∩S|

=
∑

T1,...,Tλ⊆N
U1,...,Uλ⊆N

|
{

(c1, . . . , cλ)|ci ∈ C, supp(ci) = Ti
}
|

× |
{

(d1, . . . , dλ)|dj ∈ C, supp(dj) = Uj
}
|

×
∑

∅⊆R′⊆N\T
∅⊆S′⊆N\U

x|((N\T )\R′)∩((N\U)\S′)|y|((N\T )\R′)∩S′|

× y|((N\T )\R′)∩U |z|((N\U)\S′)∩T |z|((N\U)\S′)∩R′|

× t|U∩T |t|S
′∩T |t|R

′∩U |t|R
′∩S′|

=
∑

T1,...,Tλ⊆N
U1,...,Uλ⊆N

|
{

(c1, . . . , cλ)|ci ∈ C, supp(ci) = Ti
}
|
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× |
{

(d1, . . . , dλ)|dj ∈ C, supp(dj) = Uj
}
|

× t|T∩U |(y + t)|(N\T )∩U |(z + t)|(N\U)∩T |

× (x+ y + z + t)|(N\T )∩(N\U)|

= W
(λ)
C,D(x+ y + z + t, y + t, z + t, t),

where T = T1 ∪ · · · ∪ Tλ and U = U1 ∪ · · · ∪ Uλ.

Now, the main result is as follows:

Theorem 4. Let C and D be two linear codes of length n over the finite field Fq. Then,

(i) W
(λ)

C⊥,D(x, y, z, t) = (1/|C|λ)W
(λ)
C,D
(
x+ (qλ − 1)z, y + (qλ − 1)t, x− z, y − t

)
,

(ii) W
(λ)

C,D⊥(x, y, z, t) = (1/|D|λ)W
(λ)
C,D
(
x+ (qλ − 1)y, x− y, z + (qλ − 1)t, z − t

)
,

(iii) W
(λ)

C⊥,D⊥(x, y, z, t) = (1/(|C|λ|D|λ))W
(λ)
C,D
(
x+ (qλ − 1)(y + z) + (qλ − 1)2t, x− y + (qλ −

1)(z − t), x− z + (qλ − 1)(y − t), x− y − z + t
)
.

Proof. By Lemma 1 and Lemma 2,

(i)

W
(λ)

C⊥,D(x, y, z, t) = W̃
(λ)

C⊥,D(x− y − z + t, y − t, z − t, t)

=
1

|C|λ
W̃

(λ)
C,D
(
qλ(z − t), qλt, x− y − z + t, y − t

)
=

1

|C|λ
W

(λ)
C,D
(
x+ (qλ − 1)z, y + (qλ − 1)t, x− z, y − t

)
,

(ii)

W
(λ)

C,D⊥(x, y, z, t) = W̃
(λ)

C,D⊥(x− y − z + t, y − t, z − t, t)

=
1

|D|λ
W̃

(λ)
C,D
(
qλ(y − t), x− y − z + t, qλt, , z − t

)
=

1

|D|λ
W

(λ)
C,D
(
x+ (qλ − 1)y, x− y, z + (qλ − 1)t, z − t

)
,

(iii)

W
(λ)

C⊥,D⊥(x, y, z, t) =
1

|C|λ
W

(λ)

C,D⊥

(
x+ (qλ − 1)z, y + (qλ − 1)t, x− z, y − t

)
=

1

|C|λ|D|λ
W

(λ)
C,D
(
x+ (qλ − 1)(y + z) + (qλ − 1)2t,

x− y + (qλ − 1)(z − t), x− z + (qλ − 1)(y − t),
x− y − z + t

)
.
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Example 1. Let Ham(r, q) denote the q-ary Hamming code and let S(r, q) denote its
dual, namely the q-ary simplex code. It is well known that Ham(r, q) is a perfect code with
parameters [(qr − 1)/(q− 1), (qr − 1)/(q− 1)− r, 3] and S(r, q) is a [(qr − 1)/(q− 1), r, qr−1]
code which attains the Griesmer bound. Moreover, every nonzero codeword in S(r, q) has
constant weight qr−1. See [11] for more details. Now, by Theorem 4,

W
(λ)

Ham(r,q),Ham(r,q)(x, y, z, t)

=
1

|S(r, q)|2λW
(λ)

S(r,q),S(r,q)

(
x+ (qλ − 1)(y + z) + (qλ − 1)2t, x− y

+ (qλ − 1)(z − t), x− z + (qλ − 1)(y − t), x− y − z + t
)

=
1

q2λr

∑
u1,...,uλ∈S(r,q)
v1,...,vλ∈S(r,q)

(
x+ (qλ − 1)(y + z) + (qλ − 1)2t

)|(N−S)∩(N−T )|

×
(
x− y + (qλ − 1)(z − t)

)|(N−S)∩T |
×
(
x− z + (qλ − 1)(y − t)

)|S∩(N−T )|
(x− y − z + t)|S∩T |,

where S = S(u1, u2, . . . , uλ) = ∪λi=1 supp(ui) and T = T (v1, v2, . . . , vλ) = ∪λi=1 supp(vi) for
any u1, u2, . . . , uλ, v1, v2, . . . , vλ ∈ S(r, q).

5. Conclusion

This paper has presented a significant advancement in the theory of weight enumer-

ators by introducing a generalized MacWilliams identity that unifies and extends

previously known results for joint weight enumerators and λ-ply weight enumerators.

Our approach, based on generalizations of classical ideas and arguments, provides a

powerful and elegant framework for analyzing the weight distributions of linear codes

and their duals. The key contributions of this work include the MacWilliams identity

for λ-ply joint weight enumerators. Future research directions include introducing

λ-ply triple weight enumerators and presenting a MacWilliams-type identity for three

codes and their dual. The generalized MacWilliams identity presented here offers a

valuable tool for researchers in coding theory and related fields, providing a more

comprehensive understanding of the structure and properties of linear codes.
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