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Abstract: The atom-bond sum-connectivity index (ABS) has recently been intro-
duced as a variation of the classical atom-bond connectivity index, in which the product

of vertex degrees in the denominator of each term is replaced by their sum. In this

paper, we first establish a connection between the ABS index and the spectral ra-
dius of a graph. We then examine the relationships between the ABS index and several

well-known degree-based topological indices. Furthermore, we improve several previous

bounds presented in the literature.
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1. Introduction

Topological molecular descriptors strike a practical balance between chemical inter-

pretability and computational efficiency, making them particularly useful for analyz-

ing large molecular databases. The motivations behind introducing new topological

indices are diverse-ranging from refining the predictive power of existing descriptors
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2 New bounds on atom-bond sum-connectivity index in graphs

to addressing specific structural or mathematical characteristics of molecules. Oc-

casionally, such developments are also driven by more theoretical or even abstract

motivations.

Among these descriptors, degree-based topological indices form a substantial and

influential category. Many of these indices have demonstrated significant potential in

modeling physicochemical properties, biological activity, and reactivity of molecular

structures (see, [10, 11, 18, 19]).

In chemical graph theory, numerical graph invariants are commonly referred to as

topological indices, and their main purpose is to predict physico-chemical properties

of compounds. One of the earliest examples is the Platt index, introduced in the late

1940s [16, 17]. Most of the terminology and notation of graph theory and chemical

graph theory used in the present paper follow the standard references [5, 23, 26].

By merging elements from the definitions of the Randić, atom-bond connectivity

(ABC), and sum-connectivity indices, a new degree-based topological index-called

the atom-bond sum-connectivity index (ABS) was recently proposed in [1–4, 15]. For

a graph G, this index is defined as

ABS(G) =
∑

uv∈E(G)

√
du + dv − 2

du + dv
=

∑
uv∈E(G)

√
1− 2

du + dv
,

where du and dv are the degrees of the end vertices u and v of the edge uv, and the

summation runs over all edges in G.

Let G = (V,E) be a simple connected graph with vertex set V = {v1, v2, . . . , vn} and

edge set E(G). We denote the degree of a vertex vi by deg(vi) = dvi , and the degree

sequence of G by ∆ = d1 ≥ d2 ≥ · · · ≥ dn > 0. A vertex vi is called isolated if dvi = 0

and pendent if dvi = 1. The edge-connectivity of a graph is the largest integer k such

that the graph remains connected after the removal of any k − 1 edges. We denote

by Sn, Pn, Cn, and Kn to refer to the star, path, cycle, and complete graphs on n

vertices, respectively.

The adjacency matrix A(G) of the graph G is defined by entries aij = 1 if vivj ∈ E(G)

and 0 otherwise. The eigenvalues of A(G) are denoted by

λ1 ≥ λ2 ≥ · · · ≥ λn,

where λ1 is called the spectral radius of G.

Throughout this paper, we also make use of several fundamental topological indices.

Table 1 summarizes their definitions and references, which will be frequently used in

our derivations.

The organization of the paper is as follows. We first establish a connection between

the atom-bond sum-connectivity index (ABS) and the spectral radius of a graph in

Section 2. We then derive new upper bounds for the ABS index in terms of the

graph’s order, size, minimum and maximum degrees in Section 3. In Section 4, we
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Index Formulation Reference

ABS Index ABS(G) =
∑

uv∈E(G)

√
du+dv−2
du+dv

[3, 4, 15]

Randić Index R(G) =
∑

uv∈E(G)

1√
dudv

[20]

Sombor Index SO(G) =
∑

uv∈E(G)

√
d2u + d2v [25]

Modified Sombor Index SOm(G) =
∑

uv∈E(G)

1√
d2u+d2v

[21]

Harmonic Index H(G) =
∑

uv∈E(G)

2
du+dv

[8]

Inverse sum indeg Index ISI(G) =
∑

uv∈E(G)

dudv
du+dv

[24]

ABC Index ABC(G) =
∑

uv∈E(G)

√
du+dv−2

dudv
[7]

First Zagreb Index M1(G) =
∑

u∈V (G)

d2u [18]

Table 1. Topological indices and their formulations

investigate relationships between the ABS index and various well-known degree-based

topological indices, including the Zagreb, Randić, Sombor, Modified Sombor, inverse

sum indeg, ABC, and harmonic indices. Finally, we conclude the paper in Section 5.

To prove our results, we will employ the following key tools and inequalities.

Lemma 1 (Cauchy–Schwarz Inequality). For all sequences of real numbers ai and
bi, i = 1, 2, · · · , n, we have (

n∑
i=1

aibi

)2

≤

(
n∑

i=1

a2i

)(
n∑

i=1

b2i

)
.

Equality holds if and only if there exists a nonzero constant k ∈ R such that ai = kbi for all
i.

Theorem 1 (Turán, 1941). Let G be a simple graph on n vertices that contains no
complete subgraph Kr. Then the number of edges m in G satisfies:

m ≤
(

1− 1

r − 1

)
n2

2
.

The extremal graph attaining this bound is the Turán graph Tn,r−1, the complete (r − 1)-
partite graph with parts as equal in size as possible.

2. Relationship between the ABS Index and the Spectral
Radius in Graphs

This section is devoted to exploring the connection between the ABS index and the

spectral radius of a graph. We aim to establish bounds and relations that highlight

how these two graph invariants are correlated.
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Theorem 2. Let G be a connected graph on n ≥ 3 vertices with m edges, minimum
degree δ, maximum degree ∆ and spectral radius λ1. Then

m
√
δ

∆
√
δ + 2

λ1 ≤ ABS(G) ≤ m
√

∆− 1

δ
√

∆
λ1.

Equality holds in the upper bound if and only if G is regular, and equality holds in the lower
bound if and only if G ∼= Cn.

Proof. Since n ≥ 3, we observe that for every edge uv ∈ E(G), we have

2 + δ ≤ du + dv ≤ 2∆.

Recall that δ ≤ λ1 ≤ ∆, with equality if and only if G is regular [22]. Hence,

ABS(G)

λ1
=

∑
uv∈E(G)

√
du+dv−2
du+dv

λ1

=

∑
uv∈E(G)

√
1− 2

du+dv

λ1

≤

∑
uv∈E(G)

√
1− 2

2∆

λ1

=
m
√

∆− 1

λ1

√
∆

≤ m
√

∆− 1

δ
√

∆
.

Morevere,

ABS(G)

λ1
=

∑
uv∈E(G)

√
du+dv−2
du+dv

λ1

=

∑
uv∈E(G)

√
1− 2

du+dv

λ1

≥

∑
uv∈E(G)

√
1− 2

δ+2

λ1

=
m
√
δ

λ1

√
δ + 2

≥ m
√
δ

∆
√
δ + 2

.
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Hence, we deduce that,

m
√
δ

∆
√
δ + 2

λ1 ≤ ABS(G) ≤ m
√

∆− 1

δ
√

∆
λ1.

We can see that equality holds in the upper bound if and only if, for every edge

uv ∈ E(G), du + dv = 2∆ and δ = λ1, i.e., G is regular. Similarly, equality holds in

the lower bound if and only if, for every edge uv ∈ E(G), du+dv = 2+δ and ∆ = λ1,

i.e., G is regular and δ = 2, implying G ∼= Cn.

Theorem 3. Let G be a connected graph on n ≥ 3 vertices with m edges, minimum
degree δ ≥ 2, maximum degree ∆ and spectral radius λ1. Then

m
√
δ − 1

∆
√
δ

λ1 ≤ ABS(G).

Equality holds if and only if G is regular.

Proof. Since n ≥ 3, we observe that for every edge uv ∈ E(G), we have 2δ ≤ du+dv,

Recall that δ ≤ λ1 ≤ ∆, with equality if and only if G is regular [22]. Hence,

ABS(G)

λ1
=

∑
uv∈E(G)

√
du+dv−2
du+dv

λ1

=

∑
uv∈E(G)

√
1− 2

du+dv

λ1

≥

∑
uv∈E(G)

√
1− 2

2δ

λ1

=
m
√
δ − 1

λ1

√
δ

≥ m
√
δ − 1

∆
√
δ

.

Hence, we deduce that,

m
√
δ − 1

∆
√
δ

λ1 ≤ ABS(G).

We can see that equality holds if and only if, for every edge uv ∈ E(G), du + dv = 2δ

and δ = λ1, i.e., G is regular.
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Theorem 4. Let G be a connected graph on n ≥ 3 vertices with spectral radius λ1. Then

ABS(G)

λ1
≤ min

{
n

2

√
δ(G)

δ(G) + 2
,

n

2

√
δ(G)− 1

δ(G)

}
,

with equality if and only if G is regular.

Proof. Since n ≥ 3, we observe that for every edge uv ∈ E(G), we have

du + dv ≥ max{δ(G) + 2, 2δ(G)},

which implies√
du + dv − 2

du + dv
=

√
1− 2

du + dv
≤ α := min

{√
1− 2

δ(G) + 2
,

√
1− 1

δ(G)

}
. (2.1)

Recall that λ1 ≥ 2m
n , where m is the number of edges in G, with equality if and only

if G is regular [6]. Hence,

ABS(G)

λ1
=

∑
uv∈E(G)

√
du+dv−2
du+dv

λ1
≤ m · α

λ1
≤ m · α

2m
n

=
nα

2
. (2.2)

Combining two equations, (2.1) and (2.2), we deduce that

ABS(G)

λ1
≤ min

{
n

2
√
δ(G) + 2

,
n

2

√
1− 1

δ(G)

}
.

Now, suppose that equality holds. Then every inequality used in the proof must in

fact be an equality. In particular, equality in (2.2) yields λ1 = 2m
n , which occurs if

and only if G is regular.

Conversely, if G is r-regular, then for each edge uv ∈ E(G),√
du + dv − 2

du + dv
=

√
2r − 2

2r
=

√
1− 1

r
.

Since m = nr
2 , it follows that

ABS(G) = m ·
√

1− 1

r
=
nr

2
·
√

1− 1

r
.

Moreover, since G is regular, the spectral radius is λ1 = r, so

ABS(G)

λ1
=
nr

2
·
√

1− 1

r
· 1

r
=
n

2
·
√

1− 1

r
=
n

2
·

√
1− 1

δ(G)
,

which shows equality is attained if and only if G is regular.
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Corollary 1. Let G be a connected graph on n ≥ 3 vertices with spectral radius λ1 and
Randić index R(G). Then

ABS(G) ≤ αλ1R(G),

where

α = min

{√
1− 2

δ(G) + 2
,

√
1− 1

δ(G)

}
.

Proof. It was shown in [9] that for any graph with m edges and Randić index R(G),

the following inequality holds:
m

R(G)
≤ λ1.

Moreover, in the proof of Theorem 4, we established that

ABS(G) ≤ αm.

Combining these inequalities yields

ABS(G) ≤ αm ≤ αλ1R(G),

as desired.

Theorem 5. Let G be a connected graph on n ≥ 3 vertices with minimum degree δ(G) ≥ 1
and spectral radius λ1. Then:

i) If δ(G) = 1, then

ABS(G) ≥ λ1

√
n− 1

3
,

with equality if and only if G ∼= S3.

ii) If δ(G) ≥ 2, then

ABS(G) ≥ λ1
n
√
δ − 1√

δ(n+ 1)
,

with equality if and only if G ∼= Cn.

Proof. Let xy ∈ E(G) be an arbitrary edge. Without loss of generality, assume

δ ≤ dx ≤ dy ≤ n− 1. Since G is connected and n ≥ 3, we have dy ≥ 2.

Consider the function

g(r, s) =

√
1− 2

r + s
,

defined for δ ≤ r ≤ s ≤ ∆. Since g(r, s) is increasing in both arguments, the minimum

occurs at Thus,

ABS(G) =
∑

uv∈E(G)

√
1− 2

du + dv
=

∑
uv∈E(G)

g(du, dv) ≥ (2.3)
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It was shown in [12] that

λ1 ≤
√

2m− n+ 1, (2.4)

with equality if and only if G is either a star Sn or a complete graph Kn.

Combining (2.3) and (2.4), we obtain: Now define the function

f(x) =
x√

2x− n+ 1
,

which is increasing for x ≥ n − 1. Since m ≥ n − 1 when δ = 1 and m ≥ n when

δ ≥ 2, the minimum of f(x) occurs at x = n − 1 for δ = 1 and at x = n for δ ≥ 2.

Hence, Equality holds if and only if equality occurs in both (2.3) and (2.4), which

implies G ∼= S3 in the case δ(G) = 1, and G ∼= Cn in the case δ(G) ≥ 2.

3. Upper Bounds for the ABS Index of Graphs

In this section, we establish several upper bounds for the atom–bond sum-connectivity

index (ABS) of connected simple graphs. These inequalities are expressed in terms of

various structural parameters such as the clique number, the maximum and minimum

degrees, and the number of pendent vertices. We begin with two results involving the

clique number, the maximum and minimum degrees.

Theorem 6 ([13]). Let G be a connected graph having n vertices, m edges, maximum
degree ∆, minimum degree δ, and clique number α. Then

ABS(G) ≤ n2(α− 1)

2α

√
∆− 1

δ
. (11)

Theorem 7 ([14]). Let G be a connected graph with m edges, minimum degree δ ≥ 1,
and maximum degree ∆. Then,

m

√
δ − 1

δ
≤ ABS(G) ≤ m

√
∆− 1

∆
,

Equality holds in both bounds if and only if G is regular.

Theorem 8. Let G be a connected graph having n vertices, maximum degree ∆, and
clique number α. Then

ABS(G) ≤ n2(α− 1)

2α

√
∆− 1

∆
.

Proof. Since G is Kα+1-free, Turán’s theorem implies that

m ≤ n2(α− 1)

2α
.
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Also, by Theorem 7, we have

ABS(G) ≤ m
√

∆− 1

∆
.

Combining these two inequalities, we deduce that

ABS(G) ≤ n2(α− 1)

2α

√
∆− 1

∆
.

Remark 1. The bound obtained in Theorem 8 is sharper than that in Theorem 6 for all
connected graphs with n ≥ 3.

In the following theorem, we provide an upper bound for the ABS index of a connected

graph in terms of its number of pendent vertices, the maximum degree, and the

minimum degree among its non-pendent vertices.

Theorem 9. Let G be a connected graph with n vertices, p pendent vertices, maximum
degree ∆, and minimum degree among non-pendent vertices δ1. Then

ABS(G) ≤ p
√

∆− 1

∆ + 1
+

√(
M1(G)− 2m− p(δ1 − 1)

)(H(G)

2
− p

∆ + 1

)
.

Proof. For each edge ij ∈ E(G) such that both vertices vi and vj are not pendent

(i.e., di, dj > 1), define

aij =
√
di + dj − 2, bij =

1√
di + dj

.

Applying the Cauchy–Schwarz inequality yields ∑
ij∈E(G)
di,dj>1

√
di + dj − 2√
di + dj


2

≤

 ∑
ij∈E(G)
di,dj>1

(di + dj − 2)


 ∑
ij∈E(G)
di,dj>1

1

di + dj

 .

We now estimate these two sums. We have∑
ij∈E(G)
di,dj>1

(di + dj − 2) =
∑

ij∈E(G)

(di + dj − 2)−
∑

ij∈E(G)
di=1

(dj − 1),

∑
ij∈E(G)
di,dj>1

1

di + dj
=

∑
ij∈E(G)

1

di + dj
−

∑
ij∈E(G)
di=1

1

1 + dj
.
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Since there are exactly p pendent vertices, and each pendent vertex is adjacent to a

vertex of degree at least δ1 and at most ∆, we deduce that

∑
ij∈E(G)
di=1

(dj − 1) ≥ p(δ1 − 1),
∑

ij∈E(G)
di=1

1

1 + dj
≥ p

∆ + 1
.

Substituting into the bound yields

 ∑
ij∈E(G)
di,dj>1

√
di + dj − 2

di + dj


2

≤
(
M1(G)− 2m− p(δ1 − 1)

)(H(G)

2
− p

∆ + 1

)
.

Hence,

∑
ij∈E(G)
di,dj>1

√
di + dj − 2

di + dj
≤

√(
M1(G)− 2m− p(δ1 − 1)

)(H(G)

2
− p

∆ + 1

)
.

Now consider the contribution of edges incident to pendent vertices. For each such

edge, we have √
di + dj − 2

di + dj
=

√
dj − 1

dj + 1
≤
√

∆− 1

∆ + 1
,

and since there are p such edges,

∑
ij∈E(G)
di=1

√
di + dj − 2

di + dj
≤ p
√

∆− 1

∆ + 1
.

Combining both parts, we obtain

ABS(G) =
∑

ij∈E(G)
di=1

√
di + dj − 2

di + dj
+

∑
ij∈E(G)
di,dj>1

√
di + dj − 2

di + dj

≤ p
√

∆− 1

∆ + 1
+

√(
M1(G)− 2m− p(δ1 − 1)

)(H(G)

2
− p

∆ + 1

)
.
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4. On relations of atom-bond sum-connectivity index with
other degree-based topological indices

In this section, we provide several relationships between the atom-bond sum-

connectivity (ABS) index and other degree-based topological indices.

Here, we present inequalities relating the atom-bond sum-connectivity index with the

somber index. In [21], the authors established the following bounds for the ABS index

of a graph in terms of sombor index.

Theorem 10 ([21]). Let G be a connected graph of order at least 3 with minimum
degree δ and maximum degree ∆. Then

1

2∆
√

∆
SO(G) ≤ ABS(G) <

1√
2δ
SO(G).

Theorem 11 ([21]). Let G be a connected graph of order at least 3 with minimum
degree δ ≥ 2 and maximum degree ∆. Then

√
δ − 1√
2∆3/2

SO(G) ≤ ABS(G) ≤
√

∆− 1

δ
√

2∆
SO(G).

Theorem 12. Let G be a connected graph of order at least three with minimum degree δ
and maximum degree ∆. Then

√
δ

2∆3/2
SO(G) ≤ ABS(G) <

√
∆− 1

δ
√

2∆
SO(G).

Proof. Let u, v ∈ V (G) such that uv ∈ E(G) with 1 ≤ du ≤ dv ≤ ∆. Then we can

see that du ≥ δ and dv ≥ 2 and so du + dv − 2 ≥ δ + 2− 2 = δ. Thus,

ABS(G)

SO(G)
=

1

SO(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

≥ 1√
2∆
· 1

SO(G)

∑
uv∈E(G)

√
du + dv − 2

=
1√
2∆
· 1

SO(G)

∑
uv∈E(G)

√
du + dv − 2

d2
u + d2

v

·
√
d2
u + d2

v

≥
√
δ√

2∆ ·
√

2∆
· 1

SO(G)

∑
uv∈E(G)

√
d2
u + d2

v

=

√
δ

2∆3/2
·


∑

uv∈E(G)

√
d2
u + d2

v

SO(G)


=

√
δ

2∆3/2
.
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Hence,

ABS(G) ≥
√
δ

2∆3/2
SO(G).

Now, we turn to the proof of the lower bound. For each edge uv ∈ E(G), let x =

du + dv. Then, clearly 2 ≤ x ≤ 2∆, and the function

f(x) =

√
x− 2

x

is increasing. Thus,

f(x) ≤ f(2∆) =

√
2∆− 2

2∆
=

√
∆− 1

∆
,

and so, for each edge uv ∈ E(G), we have

√
du + dv

du + dv − 2
≤
√

∆− 1

∆
.

Therefore,

ABS(G)

SO(G)
=

1

SO(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

≤
√

∆− 1

∆
· 1

SO(G)

∑
uv∈E(G)

√
d2
u + d2

v

d2
u + d2

v

≤
√

∆− 1

∆
· 1√

2δ
· 1

SO(G)

∑
uv∈E(G)

√
d2
u + d2

v

=

√
∆− 1

δ
√

2∆


∑

uv∈E(G)

√
d2
u + d2

v

SO(G)


=

√
∆− 1

δ
√

2∆
.

Hence,

ABS(G) ≤
√

∆− 1

δ
√

2∆
SO(G).

Combining the two inequalities gives the desired result.
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Remark 2. Clearly, the bounds in Theorem 12 are sharper than those in Theorem 10 for
all connected graphs with n ≥ 3.

Theorem 13. Let G be a connected graph of order n ≥ 3, with minimum degree δ ≥ 2,
maximum degree ∆, and Sombor index SO(G). Then,

√
δ − 1

∆
√

2δ
SO(G) ≤ ABS(G) ≤

√
δ − 1√
2δ3/2

SO(G).

Equality holds in both bounds if and only if G is a regular graph.

Proof. Define,

h(du, dv) =

√
du+dv−2
du+dv√
d2
u + d2

v

.

Thus,

ABS(G) =
∑
uv

h(du, dv)
√
d2
u + d2

v.

We first proof upper boun. Since
√
d2
u + d2

v ≥ du+dv√
2

, we have

h(du, dv) =

√
du+dv−2
du+dv√
d2
u + d2

v

≤
√

2

√
du + dv − 2

(du + dv)3/2
.

Let x = du + dv. Then,

h(du, dv) ≤
√

2

√
x− 2

x3/2
.

The function g(x) =
√
x−2
x3/2 is decreasing for x ≥ 2δ ≥ 4, with maximum at x = 2δ

and so

h(du, dv) ≤
√

2

√
x− 2

x3/2
≤
√

2 g(x) =
√

2 g(2δ) =

√
δ − 1√
2δ3/2

.

Hence,

ABS(G)

SO(G)
=

1

SO(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

=
1

SO(G)

∑
uv

h(du, dv)
√
d2
u + d2

v

≤ 1

SO(G)

∑
uv

√
δ − 1√
2δ3/2

√
d2
u + d2

v

=

(√
δ − 1√
2δ3/2

)(∑
uv

√
d2
u + d2

v

SO(G)

)

=

√
δ − 1√
2δ3/2

.
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Next we prove lower bound. Since
√
d2
u + d2

v ≤
√

2∆, we have

h(du, dv) ≥

√
x−2
x√

2∆
=

√
x− 2√
2∆
√
x
.

The function f(x) =
√

x−2
x is increasing, with minimum at x = 2δ and so

h(du, dv) ≥

√
x−2
x√

2∆
≥
√
δ − 1

∆
√

2δ
,

Hence,

ABS(G)

SO(G)
=

1

SO(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

=
1

SO(G)

∑
uv

h(du, dv)
√
d2
u + d2

v

≥ 1

SO(G)

∑
uv

√
δ − 1

∆
√

2δ

√
d2
u + d2

v

=

(√
δ − 1

∆
√

2δ

)(∑
uv

√
d2
u + d2

v

SO(G)

)

=

√
δ − 1

∆
√

2δ
.

Equality holds for two bounds when in two bounds G is regular.

Remark 3. Clearly, the bounds in Theorem 13 are sharper than those in Theorems 11
and 12 for all connected graphs with n ≥ 3.

In [21], the authors established the following bounds for the ABS index of a graph in

terms of modified somber index.

Theorem 14 ([21]). Let G be a connected graph of order at least three with minimum
degree δ and maximum degree ∆. Then

δ√
∆
SOm(G) ≤ ABS(G) <

√
2∆SOm(G).

Theorem 15 ([21]). Let G be a connected graph with minimum degree δ ≥ 2 and
maximum degree ∆. Then

δ
√

2δ − 2√
∆

SOm(G) ≤ ABS(G) ≤ ∆
√

2∆− 2√
δ

SOm(G).

Equality holds for both if and only if G is regular.
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Theorem 16. Let G be a connected graph of order at least three with minimum degree δ
and maximum degree ∆. Then

δ3/2√
∆
SOm(G) ≤ ABS(G) ≤ ∆

√
2δ

δ + 2
SOm(G).

Equality holds in both bounds if and only if G ∼= Cn.

Proof. Let u, v ∈ V (G) such that uv ∈ E(G) with 1 ≤ du ≤ dv ≤ ∆. Then we can

see that du ≥ δ and dv ≥ 2 and so du + dv − 2 ≥ δ + 2− 2 = δ. Thus,

ABS(G)

SOm(G)
=

1

SOm(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

≥ 1√
2∆
· 1

SOm(G)

∑
uv∈E(G)

√
du + dv − 2

=
1√
2∆
· 1

SOm(G)

∑
uv∈E(G)

√
(du + dv − 2)(d2

u + d2
v) ·

1√
d2
u + d2

v

≥
√

2δ3

√
2∆
· 1

SOm(G)

∑
uv∈E(G)

1√
d2
u + d2

v

=
δ3/2

√
∆
·


∑

uv∈E(G)

1√
d2
u + d2

v

SOm(G)


=
δ3/2

√
∆
.

Hence,

ABS(G) ≥ δ3/2

√
∆
SOm(G).

Moreover, the chain of inequalities shows that equality holds if and only if, for all

uv ∈ E(G), we have du + dv = δ + 2, d2
u + d2

v = 2δ2, and du + dv = 2∆. Thus,

δ = ∆ = 2, and hence G ∼= Cn.

Now we prove the upper bouns. We know that du + dv ≥ δ + 2. Hence,

ABS(G)

SOm(G)
=

1

SOm(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

=
1

SOm(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

√
d2
u + d2

v

d2
u + d2

v

=
1

SOm(G)

∑
uv∈E(G)

√
1− 2

du + dv

√
d2
u + d2

v

d2
u + d2

v
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≤
√

1− 2

2 + δ

1

SOm(G)

∑
uv∈E(G)

√
d2
u + d2

v

d2
u + d2

v

≤
√

1− 2

2 + δ
·
√

2∆ · 1

SOm(G)

∑
uv∈E(G)

√
1

d2
u + d2

v

=

√
1− 2

2 + δ
·
√

2∆ ·


∑

uv∈E(G)

1√
d2
u + d2

v

SOm(G)


= ∆

√
2δ

δ + 2
.

Hence,

ABS(G) ≤ ∆

√
2δ

δ + 2
SOm(G).

Moreover, the chain of inequalities shows that equality holds if and only if, for all

uv ∈ E(G), we have du + dv = δ + 2 and d2
u + d2

v = 2∆2. Hence, δ = ∆ = 2, and

therefore G ∼= Cn.

Remark 4. Clearly, the bounds in Theorem 16 are sharper than those in Theorem 14 for
all connected graphs with n ≥ 3.

Theorem 17. Let G be a connected graph of order n ≥ 3, with minimum degree δ ≥ 2,
maximum degree ∆, and modified Sombor index SOm(G). Then:

√
2(δ − 1)δSOm(G) ≤ ABS(G) ≤

√
2∆(∆− 1)SOm(G).

Moreover, equality holds in both bounds if and only if G is a regular graph.

Proof. Define:

h(du, dv) =

√
du + dv − 2

du + dv
·
√
d2
u + d2

v.

Thus:

ABS(G) =
∑
uv

h(du, dv)
1√

d2
u + d2

v

.

Let x = du + dv. Since
√
d2
u + d2

v ≤
√

2∆, we have

h(du, dv) ≤
√
x− 2

x
·
√

2∆2.
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The function f(x) =
√

x−2
x is increasing, with maximum occurs at x = 2∆, with

du = dv = ∆ and so

h(du, dv) ≤
√

∆− 1

∆
·
√

2∆2 =
√

2∆(∆− 1).

Hence,

ABS(G)

SOm(G)
=

1

SOm(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

=
1

SOm(G)

∑
uv∈E(G)

h(du, dv)
1√

d2
u + d2

v

≤ 1

SOm(G)

∑
uv∈E(G)

√
2∆(∆− 1)

1√
d2
u + d2

v

=
√

2∆(∆− 1)

∑uv∈E(G)
1√

d2u+d2v

SOm(G)


=
√

2∆(∆− 1).

Next we prove lower bound. Since
√
d2
u + d2

v ≥
√

2δ, we have

h(du, dv) ≥
√
x− 2

x
·
√

2δ2.

The function f(x) =
√

x−2
x is increasing, with minimum occurs at x = 2δ, with

du = dv = δ and so

h(du, dv) ≥
√
δ − 1

δ
·
√

2δ2 =
√

2δ(δ − 1).

Hence,

ABS(G)

SOm(G)
=

1

SOm(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

=
1

SOm(G)

∑
uv∈E(G)

h(du, dv)
1√

d2
u + d2

v

≥ 1

SOm(G)

∑
uv∈E(G)

√
2δ(δ − 1)

1√
d2
u + d2

v

=
√

2δ(δ − 1)

∑uv∈E(G)
1√

d2u+d2v

SOm(G)


=
√

2δ(δ − 1).

Clearly, equality in both bounds holds if and only if G is a regular graph.
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Remark 5. Clearly, the bounds in Theorem 17 are sharper than those in Theorem 15 for
all connected graphs with n ≥ 3.

The next results give lower and upper bounds for the atom-bond sum-connectivity

index involving the inverse sum indeg index ISI and the order n of a graph.

Theorem 18. Let G be a connected graph of order n ≥ 3, with minimum degree δ ≥ 2,
maximum degree ∆, and inverse sum indeg index ISI(G). Then,

2
√
δ(δ − 1)

∆2
ISI(G) ≤ ABS(G) ≤

2
√

∆(∆− 1)

δ2
ISI(G).

Moreover, equality holds in both bounds if and only if G is a regular graph.

Proof. Define the function

h(r, s) =

√
r+s−2
r+s

rs
r+s

=

√
(r + s)(r + s− 2)

rs
.

Thus, we have

ABS(G) =
∑

uv∈E(G)

h(du, dv) ·
dudv
du + dv

.

We first prove the upper bound. For 2δ ≤ r + s ≤ 2∆, we have

Therefore,

ABS(G)

ISI(G)
=

1

ISI(G)

∑
uv∈E(G)

h(du, dv) ·
dudv
du + dv

≤ 1

ISI(G)

∑
uv∈E(G)

2
√

∆(∆− 1)

δ2
· dudv
du + dv

=
2
√

∆(∆− 1)

δ2

 1

ISI(G)

∑
uv∈E(G)

dudv
du + dv


=

2
√

∆(∆− 1)

δ2
.

We now prove the lower bound. For 2δ ≤ r + s ≤ 2∆, we have Therefore,

ABS(G)

ISI(G)
=

1

ISI(G)

∑
uv∈E(G)

h(du, dv) ·
dudv
du + dv

≥ 1

ISI(G)

∑
uv∈E(G)

2
√
δ(δ − 1)

∆2
· dudv
du + dv
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=
2
√
δ(δ − 1)

∆2

 1

ISI(G)

∑
uv∈E(G)

dudv
du + dv


=

2
√
δ(δ − 1)

∆2
.

Clearly, equality in both bounds holds if and only if G is a regular graph.

In [21], the authors established the following bounds for the ABS index of a graph in

terms of ABC index.

Theorem 19 ([21]). Let G be a connected graph of order at least 3 with minimum
degree δ and maximum degree ∆. Then

δ√
2∆

ABC(G) ≤ ABS(G) ≤ ∆√
2δ
ABC(G).

Equality holds for both if and only if G is regular.

Theorem 20. Let G be a connected graph of order n ≥ 3, with minimum degree δ ≥ 1,
maximum degree ∆, and atom-bond connectivity index ABC(G). Then:√

δ

2
ABC(G) ≤ ABS(G) ≤

√
∆

2
ABC(G).

Equality holds in both bounds if and only if G is a regular graph.

Proof. Let u, v ∈ V (G) such that uv ∈ E(G) with 1 ≤ δ ≤ du ≤ dv ≤ ∆. Then,

2

∆
≤ 1

du
+

1

dv
≤ 2

δ
.

We first prove the upper bound, we have

ABS(G)

ABC(G)
=

1

ABC(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

=
1

ABC(G)

∑
uv∈E(G)

√
du + dv − 2

dudv

√
dudv
du + dv

=
1

ABC(G)

∑
uv∈E(G)

√
du + dv − 2

dudv

√√√√ 1
1

du
+

1

dv

≤
√

∆

2

∑uv∈E(G)

√
du+dv−2
dudv

ABC(G)


=

√
∆

2
.
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Now we prove the lower bound, we have

ABS(G)

ABC(G)
=

1

ABC(G)

∑
uv∈E(G)

√
du + dv − 2

du + dv

=
1

ABC(G)

∑
uv∈E(G)

√
du + dv − 2

dudv

√
dudv
du + dv

=
1

ABC(G)

∑
uv∈E(G)

√
du + dv − 2

dudv

√√√√ 1
1

du
+

1

dv

≥
√
δ

2

∑uv∈E(G)

√
du+dv−2
dudv

ABC(G)


=

√
δ

2
.

Clearly, equality in both bounds holds if and only if G is a regular graph.

Remark 6. Clearly, the bounds in Theorem 20 are sharper than those in Theorem 19 for
all connected graphs with n ≥ 3.

5. Conclusion

In this paper, we investigated the atom-bond sum-connectivity index (ABS) and

established several new bounds and relationships between ABS and other classical

topological indices. We began by connecting the ABS index to the spectral radius

of a graph and obtained sharp upper and lower bounds involving the graph’s order,

size, minimum degree, and spectral radius. In particular, we showed that the regular

graphs attain equality in these bounds. Moreover, we derived new inequalities between

the ABS index and other well-known indices such as the inverse sum indeg index (ISI),

the Sombor index (SO), and the modified Sombor index (SOm). These results refine

and extend previously known bounds by incorporating parameters such as minimum

degree δ, maximum degree ∆, and the structure of Kα-free graphs and graphs with

pendent vertices.
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