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Abstract: The use of local metric resolvability can be realized in delivery services for
optimal placement of existing and new resources like medical facilities, stores, and fire

stations. The local metric basis produces codes for the facilities and regions to be served

by these facilities in a network or a graph in such a way that the adjacent nodes get
unique codes in terms of distances, so that each facility is used optimally. In this paper,

the local metric dimension (LMD) has been computed for convex polytopes Bn, Cn,

Dn, and Qn. An algorithm to extend the number of resources in a distributed network
and real-life applications of local metric resolvability have also been investigated.
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1. Introduction

Slater [31] and Melter et al. [15] introduced the concept of metric dimension (MD)

with multi-purpose applications and uses in robotics [19], sensor networks [30], chem-

istry [13], optimization [28] and for detecting invaders in the networks [31]. There

are several variants of MD that have been introduced since 1975, which comprise

dominating sets [1, 10], resolving sets [14, 26], mixed metric dimension [18], strong

resolving generators [28], k-metric generators [27, 33], and simultaneous metric di-

mension [22]. The MD selects a set of nodes called metric basis (MB) with minimum

cardinality such that each node of a graph gets a unique code in terms of distances
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2 Optimization through localized metric resolvability

from the nodes in the basis, but many times, only adjacent nodes are required to

be identified. The need for such a basis motivated Okamoto et al. [21] to introduce

a local metric basis. The local metric basis (LMB) has been used to assign unique

codes in delivery services to expedite the services [20]. If the cardinality of LMB of

a distributed network like convex polytopes is fixed, then the company can plan net-

work setup more effectively because the number of required facilities does not grow

unpredictably with the extension of the network. This leads to better route planning,

faster localization of delivery vehicles, and reduced operating costs. For a general

graph, computing the local metric dimension LMD is NP-hard [9], since the number

of possible vertex sets grows exponentially, which can lead to higher computational

time for larger graphs. On the other side, it can be computed by exploiting graph-

theoretic properties like symmetry of graphs along with combinatorial techniques and

pattern recognition, which inspired us to compute LMD for some families of convex

polytopes. The LMD for edge corona, corona, and rooted products of graphs has

been studied in [24, 25, 32]. Recent studies have explored the multiset and LMD in

various graph-theoretic representations of rings, including zero-divisor, compressed

zero-divisor, and fuzzy zero-divisor graphs [2–5, 23], highlighting how graph invari-

ants can be used to characterize algebraic structures and their resolvability properties.

Further study on LMD can be found in [11, 12, 17, 20].

For a connected graph G, we denote the node set and the edge set by V (G) and

E(G), respectively. If u and v are two nodes then shortest distance between these

two nodes is denoted by d(u, v) whereas d(v,Π) = min{d(v, x) | x ∈ Π} denotes

the distance of node v from a set of nodes Π. Consider an ordered set of nodes,

Π = {v1, v2, . . . , vn} then the representation or code of the node v is given as a

vector, r(v | Π) = (d(v, v1), d(v, v2), . . . , d(v, vn)). If we get distinct codes for each

node, then the ordered set Π is called the resolving set. The smallest set Π is called

MB, and the number of nodes in it represents the MD denoted by dim(G). If we

get distinct codes for every pair of adjacent nodes, then Π is called the local metric

generator (LMG). The smallest LMG is called the LMB, and the number of nodes in

it represents the LMD of G, denoted by diml(G).

The following Proposition 1 gives results on the LMD of bipartite and complete

graphs.

Proposition 1. [21] Consider a connected graph G with n nodes, then

(a) For n ≥ 2, G is a bipartite graph if and only if dim`(G) = 1.

(b) Kn is the complete graph if and only if dim`(G) = n− 1.

In this article, the convex polytopes Bn, Cn, Dn, and Qn are described and LMD is

computed for these families in Section 2. An algorithm is presented in Section 3 to

calculate the LMG, which would extend the number of resources in a locality. The

real-life applications of LMB and LMG are also discussed in Section 3. The conclusion

and open problems are given in Section 4.
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Figure 1. Vertex–edge and combinatorial structure of Bn.

2. Local metric dimension of convex polytopes

This section determines the exact LMD values of convex polytopes Bn, Cn, Dn, and

Qn. Some recent results regarding the partition resolvability of convex polytopes can

be found in [6].

2.1. LMD of Bn

The convex polytope Bn is defined in [16] with the following node and edge sets.

V (Bn) = {ui, vi, xi, yi, z : 1 ≤ i ≤ n} and

E(Bn) = {uiui+1; vivi+1; yiyi+1; zizi+1;uivi; vixi; vi+1xi;xiyi; yizi : 1 ≤ i ≤ n},
where un+1 = u1, vn+1 = v1, xn+1 = x1, yn+1 = y1 and zn+1 = z1. Figure 1 il-

lustrates the graph of Bn. In the forthcoming result, we compute the LMD Bn.

Theorem 1. Consider convex polytope Bn with n ≥ 6, then dim`(Bn) = 2.

Proof. We divide the proof into the following two cases.

Case 1. If n is odd, n = 2φ+ 1 and φ ≥ 3.

Consider the subset Π = {u1, uφ+1} of V (Bn). The codes assigned to each node
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of Bn in relation to Π when n is odd are given below.

r(uε | Π) =



(0, φ) ε = 1,

(ε− 1, φ− ε+ 1) 2 ≤ ε ≤ φ,

(φ, 0) ε = φ+ 1,

(n− ε+ 1, ε− φ− 1) φ+ 2 ≤ ε ≤ n.

r(vε | Π) =

 (ε, φ− ε+ 2) 1 ≤ ε ≤ φ+ 1,

(n− ε+ 2, ε− φ) φ+ 2 ≤ ε ≤ n.

r(xε | Π) =

 (ε+ 1, φ− ε+ 2) 1 ≤ ε ≤ φ,

(n− ε+ 2, ε− φ+ 1) φ+ 1 ≤ ε ≤ n.

r(yε | Π) =

 (ε+ 2, φ− ε+ 3) 1 ≤ ε ≤ φ,

(n− ε+ 3, ε− φ+ 2) φ+ 1 ≤ ε ≤ n.

r(zε | Π) =

 (ε+ 3, φ− ε+ 4) 1 ≤ ε ≤ φ,

(n− ε+ 4, ε− φ+ 3) φ+ 1 ≤ ε ≤ n.

Case 2. If n is even, n = 2φ and φ ≥ 3.

Consider the subset Π = {u1, xφ} of V (Bn). The codes assigned to each node

of Bn in relation to Π when n is even are given below.

r(uε | Π) =


(0, φ+ 1) ε = 1,

(ε− 1, φ− ε+ 2) 2 ≤ ε ≤ φ,

(n− ε+ 1, ε− φ+ 1) φ+ 1 ≤ ε ≤ n.

r(vε | Π) =

 (ε, φ− ε+ 1) 1 ≤ ε ≤ φ,

(n− ε+ 2, ε− φ) φ+ 1 ≤ ε ≤ n.

r(xε | Π) =


(ε+ 1, φ− ε+ 1) 1 ≤ ε ≤ φ− 1,

(φ+ 1, 0) ε = φ,

(n− ε+ 2, ε− φ+ 1) φ+ 1 ≤ ε ≤ n.
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Figure 2. Vertex–edge and combinatorial structure of Cn.

r(yε | Π) =

 (ε+ 2, φ− ε+ 1) 1 ≤ ε ≤ φ,

(n− ε+ 3, ε− φ+ 1) φ+ 1 ≤ ε ≤ n.

r(zε | Π) =

 (ε+ 3, φ− ε+ 2) 1 ≤ ε ≤ φ,

(n− ε+ 4, ε− φ+ 2) φ+ 1 ≤ ε ≤ n.

In both cases, the codes make it clear that Π is an LMG, therefore, dim`(Bn) ≤ 2.

Hence, from Proposition 1, we conclude that dim`(Bn) = 2 for n ≥ 6 as Bn is not a

bipartite graph.

2.2. LMD of Cn

The convex polytope Cn is defined in [16] with the following node and edge sets.

V (Cn) = {ui, vi, xi, yi, z : 1 ≤ i ≤ n} and

E(Cn) = {uiui+1; vivi+1; yiyi+1; zizi+1;uivi; vixi; vi+1xi;xiyi; yizi; yizi+1 : 1 ≤ i ≤
n}, where un+1 = u1, vn+1 = v1, xn+1 = x1, yn+1 = y1 and zn+1 = z1. Figure 2

illustrates the graph of Cn.

In the next results, we compute the LMD Cn.

Theorem 2. Consider convex polytope Cn with n ≥ 6, then dim`(Cn) ≥ 3 when n is
even.

Proof. Suppose dim`(Cn) = 2 such that | Π |= 2 with n = 2φ then we have following

possible cases.
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Case 1. If we take both nodes from u′is. We may take u1 as the first node and ut as the

second node where 2 ≤ t ≤ n.

Case 1.1. If 2 ≤ t ≤ φ then r(vt+1 | Π) = (t+ 1, 2) = r(xt | Π) which leads to

a contradictory state.

Case 1.2. If t = φ+ 1 then r(yφ | Π) = (φ+ 2, 3) = r(yφ+1 | Π) which leads to

a contradictory state.

Case 1.3. If φ + λ ≤ t ≤ n and 2 ≤ λ ≤ φ then r(vλ | Π) = (λ, φ + 1) =

r(xλ−1 | Π) which is again a contradictory fact.

Case 2. If we take both nodes from v′is. We may take v1 as the first node and vt as the

second node where 2 ≤ t ≤ n.

Case 2.1. If 2 ≤ t ≤ φ then r(vt+1 | Π) = (t, 1) = r(xt | Π) which leads to a

contradictory state.

Case 2.2. If t = φ+ 1 then r(yφ | Π) = (φ+ 1, 2) = r(yφ+1 | Π) which leads to

a contradictory state.

Case 2.3. If φ + λ ≤ t ≤ n and 2 ≤ λ ≤ φ then r(vλ | Π) = (λ − 1, φ) =

r(xλ−1 | Π) which is again a contradictory fact.

Case 3. If we take both nodes from x′is. We may take x1 as the first node and xt as the

second node where 2 ≤ t ≤ n.

Case 3.1. If 2 ≤ t ≤ φ then r(xt+1 | Π) = (t + 1, 2) = r(yt+1 | Π) which leads

to a contradictory state.

Case 3.2. If φ + 1 ≤ t ≤ n − 1 then r(xt+1 | Π) = (n − t + 1, 2) = r(yt+1 | Π)

which leads to a contradictory state.

Case 3.3. If t = n then r(y2 | Π) = (2, 3) = r(z2 | Π) which is again a

contradictory fact.

Case 4. If we take both nodes from y′is. We may take y1 as the first node and yt as the

second node where 2 ≤ t ≤ n.

Case 4.1. If 2 ≤ t ≤ φ then r(yt+1 | Π) = (t, 1) = r(zt+1 | Π) which leads to a

contradictory state.

Case 4.2. If t = φ + 1 then r(z1 | Π) = (1, φ) = r(z2 | Π) which leads to a

contradictory state.

Case 4.3. If φ+ 2 ≤ t ≤ n then r(v2 | Π) = (2, n− t+ 3) = r(x2 | Π) which is

again a contradictory fact.

Case 5. If we take both nodes from z′is. We may take z1 as the first node and zt as the

second node where 2 ≤ t ≤ n.

Case 5.1. If 2 ≤ t ≤ φ − 1 then r(yt+1 | Π) = (t + 1, 2) = r(zt+2 | Π) which

leads to a contradictory state.
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Case 5.2. If t = φ then r(yφ | Π) = (φ, 1) = r(zφ+1 | Π) which leads to a

contradictory state.

Case 5.3. If t = φ + 1 then r(y1 | Π) = (1, φ) = r(yn | Π) which leads to a

contradictory state.

Case 5.4. If φ+ 2 ≤ t ≤ n then r(y1 | Π) = (1, n− t+ 2) = r(z2 | Π) which is

again a contradictory fact.

Case 6. If one of the nodes of Π is from u′is and the second one is from v′is. We may

take u1 as the first node and vt as the second node where 1 ≤ t ≤ n.

Case 6.1. If 1 ≤ t ≤ φ then r(vt+1 | Π) = (t+ 1, 1) = r(xt | Π) which leads to

a contradictory state.

Case 6.2. If t = φ+ 1 then r(yφ | Π) = (φ+ 2, 2) = r(yφ+1 | Π) which leads to

a contradictory state.

Case 6.3. If φ+λ ≤ t ≤ n and 2 ≤ λ ≤ φ then r(vλ | Π) = (λ, φ) = r(xλ−1 | Π)

which is again a contradictory fact.

Case 7. If one of the nodes of Π is from u′is and the second one is from x′is. We may

take u1 as the first node and xt as the second node where 1 ≤ t ≤ n.

Case 7.1. If 1 ≤ t ≤ φ − 1 then r(vt+2 | Π) = (t + 2, 2) = r(xt+1 | Π) which

leads to a contradictory state.

Case 7.2. If t = φ then r(z1 | Π) = (4, φ + 1) = r(zn | Π) which leads to a

contradictory state.

Case 7.3. If t = φ+ 1 then r(z1 | Π) = (4, φ+ 1) = r(z2 | Π) which leads to a

contradictory state.

Case 7.4. If φ+ 2 ≤ t ≤ n then r(y2 | Π) = (4, n− t+ 3) = r(z2 | Π) which is

again a contradictory fact.

Case 8. If one of the nodes of Π is from u′is and the second one is from y′is. We may

take u1 as the first node and yt as the second node where 1 ≤ t ≤ n.

Case 8.1. If 1 ≤ t ≤ φ − 1 then r(yt+1 | Π) = (t + 3, 1) = r(zt+1 | Π) which

leads to a contradictory state.

Case 8.2. If t = φ then r(z1 | Π) = (4, φ) = r(zn | Π) which leads to a

contradictory state.

Case 8.3. If t = φ + 1 then r(z1 | Π) = (4, φ) = r(z2 | Π) which leads to a

contradictory state.

Case 8.4. If φ+ 2 ≤ t ≤ n then r(y2 | Π) = (4, n− t+ 2) = r(z2 | Π) which is

again a contradictory fact.

Case 9. If one of the nodes of Π is from u′is and the second one is from z′is. We may

take u1 as the first node and zt as the second node where 1 ≤ t ≤ n.
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Case 9.1. If t = 1 then r(yφ | Π) = (φ + 2, φ) = r(yφ+1 | Π) which leads to a

contradictory state.

Case 9.2. If 2 ≤ t ≤ φ then r(yt+φ−1 | Π) = (n− t− 2, φ) = r(zt+φ | Π) which

leads to a contradictory state.

Case 9.3. If t = φ+ 1 then r(yφ | Π) = (φ+ 2, 1) = r(yφ+1 | Π) which leads to

a contradictory state.

Case 9.4. If φ + 2 ≤ t ≤ n − 1 then r(yt | Π) = (n − t + 3, 1) = r(zt+1 | Π)

which leads to a contradictory state.

Case 9.5. If t = n then r(yφ | Π) = (φ + 2, φ) = r(zφ | Π) which is again a

contradictory fact.

Case 10. If one of the nodes of Π is from v′is and the second one is from x′is. We may

take v1 as the first node and xt as the second node where 1 ≤ t ≤ n.

Case 10.1. If 1 ≤ t ≤ φ − 1 then r(vt+2 | Π) = (t + 1, 2) = r(xt+1 | Π) which

leads to a contradictory state.

Case 10.2. If t = φ then r(z1 | Π) = (3, φ + 1) = r(zn | Π) which leads to a

contradictory state.

Case 10.3. If t = φ + 1 then r(z1 | Π) = (3, φ + 1) = r(z2 | Π) which leads to

a contradictory state.

Case 10.4. If φ+ 2 ≤ t ≤ n then r(y2 | Π) = (3, n− t+ 3) = r(z2 | Π) which is

again a contradictory fact.

Case 11. If one of the nodes of Π is from v′is and the second one is from y′is. We may

take v1 as the first node and yt as the second node where 1 ≤ t ≤ n.

Case 11.1. If 1 ≤ t ≤ φ then r(vφ+1 | Π) = (φ, n− t− 4) = r(xφ+1 | Π) which

leads to a contradictory state.

Case 11.2. If t = φ + 1 then r(z1 | Π) = (3, φ) = r(z2 | Π) which leads to a

contradictory state.

Case 11.3. If φ+ 2 ≤ t ≤ n then r(y2 | Π) = (3, n− t+ 2) = r(z2 | Π) which is

again a contradictory fact.

Case 12. If one of the nodes of Π is from v′is and the second one is from z′is. We may

take v1 as the first node and zt as the second node where 1 ≤ t ≤ n.

Case 12.1. If t = 1 then r(y1 | Π) = (2, 1) = r(yn | Π) which leads to a

contradictory state.

Case 12.2. If 2 ≤ t ≤ φ then r(vφ+1 | Π) = (φ, n− t− 3) = r(xφ+1 | Π) which

leads to a contradictory state.

Case 12.3. If φ + 1 ≤ t ≤ n − 1 then r(vt+1 | Π) = (n − t, 3) = r(xt+1 | Π)

which leads to a contradictory state.
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Case 12.4. If t = n then r(yφ | Π) = (φ + 1, φ) = r(zφ | Π) which is again a

contradictory fact.

Case 13. If one of the nodes of Π is from x′is and the second one is from y′is. We may

take x1 as the first node and yt as the second node where 1 ≤ t ≤ n.

Case 13.1. If 1 ≤ t ≤ φ then r(yn | Π) = (2, t) = r(z1 | Π) which leads to a

contradictory state.

Case 13.2. If t = φ + 1 then r(z1 | Π) = (2, φ) = r(z2 | Π) which leads to a

contradictory state.

Case 13.3. If φ+ 2 ≤ t ≤ n then r(y2 | Π) = (2, n− t+ 2) = r(z2 | Π) which is

again a contradictory fact.

Case 14. If one of the nodes of Π is from x′is and the second one is from z′is. We may

take x1 as the first node and zt as the second node where 1 ≤ t ≤ n.

Case 14.1. If t = 1 then r(yφ+1 | Π) = (φ+ 1, φ) = r(zφ+1 | Π) which leads to

a contradictory state.

Case 14.2. If 2 ≤ t ≤ φ+ 1 then r(yφ+1 | Π) = (φ+ 1, n− t− 4) = r(zφ+2 | Π)

which leads to a contradictory state.

Case 14.3. If φ+λ ≤ t ≤ n and 2 ≤ λ ≤ φ then r(yφ+1 | Π) = (φ+ 1, λ− 1) =

r(zφ+1 | Π) which is again a contradictory fact.

Case 15. If one of the nodes of Π is from y′is and the second one is from z′is. We may

take y1 as the first node and zt as the second node where 1 ≤ t ≤ n.

Case 15.1. If t = 1 then r(yφ+1 | Π) = (φ, φ) = r(zφ+1 | Π) which leads to a

contradictory state.

Case 15.2. If 2 ≤ t ≤ φ + 1 then r(yφ+1 | Π) = (φ, n − t − 4) = r(zφ+2 | Π)

which leads to a contradictory state.

Case 15.3. If φ + λ ≤ t ≤ n and 2 ≤ λ ≤ φ then r(yφ+1 | Π) = (φ, λ − 1) =

r(zφ+1 | Π) which is again a contradictory fact.

Hence, from the above cases, we conclude that dim`(Cn) ≥ 3 when n is even.

Theorem 3. Consider convex polytope Cn with n ≥ 6,

dim`(Cn) =


2, if n is odd,

3, if n is even.

Proof. We divide the proof into the following two cases.
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Case 1. If n is odd, n = 2φ+ 1 and φ ≥ 3.

Consider the subset Π = {y1, yφ+1} of V (Cn). The codes assigned to each node

of Cn in relation to Π when n is odd are given below.

r(uε | Π) =


(3, φ− i+ 4) 1 ≤ ε ≤ 2,

(ε+ 1, φ− ε+ 4) 3 ≤ ε ≤ φ+ 1,

(n− ε+ 4, ε− φ+ 1) φ+ 2 ≤ ε ≤ n.

r(vε | Π) =


(2, φ− i+ 3) 1 ≤ ε ≤ 2,

(ε, φ− ε+ 3) 3 ≤ ε ≤ φ+ 1,

(n− ε+ 3, ε− φ) φ+ 2 ≤ ε ≤ n.

r(xε | Π) =

 (ε, φ− i+ 2) 1 ≤ ε ≤ φ+ 1,

(n− ε+ 2, ε− φ) φ+ 2 ≤ ε ≤ n.

r(yε | Π) =



(0, φ) ε = 1,

(ε− 1, φ− ε+ 1) 2 ≤ ε ≤ φ,

(φ, 0) ε = φ+ 1,

(n− ε+ 1, ε− φ− 1) φ+ 2 ≤ ε ≤ n.

r(zε | Π) =


(1, φ− ε+ 2) 1 ≤ ε ≤ 2,

(ε− 1, φ− ε+ 2) 3 ≤ ε ≤ φ+ 1,

(n− ε+ 2, ε− φ− 1) φ+ 2 ≤ ε ≤ n.

In the above cases, the codes make it clear that Π is an LMG, therefore,

dim`(Cn) ≤ 2. Hence, from Proposition 1, we conclude that dim`(Cn) = 2

for n ≥ 6 when n is odd as Cn is not a bipartite graph.

Case 2. If n is even with n = 2φ and φ ≥ 3.

Consider the subset Π = {u1, u2, uφ+1} of V (Cn). The codes assigned to each

node of Cn in relation to Π when n is even are given below.

r(uε | Π) =



(0, 1, φ) ε = 1,

(1, 0, φ− 1) ε = 2,

(ε− 1, ε− 2, φ− ε+ 1) 3 ≤ ε ≤ φ,

(φ, φ− 1, 0) ε = φ+ 1,

(n− ε+ 1, n− ε+ 2, ε− φ− 1) φ+ 2 ≤ ε ≤ n.
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r(vε | Π) =


(ε, 3− ε, φ− ε+ 2) 1 ≤ ε ≤ 2,

(ε, ε− 1, φ− ε+ 2) 3 ≤ ε ≤ φ+ 1,

(n− ε+ 2, n− ε+ 3, ε− φ) φ+ 2 ≤ ε ≤ n.

r(xε | Π) =



(ε+ 1, 2, φ− ε+ 2) 1 ≤ ε ≤ 2,

(ε+ 1, ε, φ− ε+ 2) 3 ≤ ε ≤ φ,

(n− ε+ 2, φ+ 1, ε− φ+ 1) φ+ 1 ≤ ε ≤ n− 1, φ = 3,

(n− ε+ 2, φ+ 1, ε− φ+ 1) φ+ 1 ≤ ε ≤ φ+ 3, φ ≥ 4,

(n− ε+ 2, n− ε+ 3, ε− φ+ 1) ε = n, φ = 3,

(n− ε+ 2, n− ε+ 3, ε− φ+ 1) φ+ 4 ≤ ε ≤ n. φ ≥ 4.

r(yε | Π) =



(ε+ 2, 3, φ− ε+ 3) 1 ≤ ε ≤ 2,

(ε+ 2, ε+ 1, φ− ε+ 3) 3 ≤ ε ≤ φ,

(n− ε+ 3, φ+ 2, ε− φ+ 2) φ+ 1 ≤ ε ≤ φ+ 2,

(n− ε+ 3, n− ε+ 4, ε− φ+ 2) φ+ 3 ≤ ε ≤ n.

r(zε | Π) =



(4, 4, φ− ε+ 4) 1 ≤ ε ≤ 2,

(ε+ 2, ε+ 1, φ− ε+ 4) 3 ≤ ε ≤ φ,

(n− ε+ 4, ε+ 1, 4) φ+ 1 ≤ ε ≤ φ+ 2,

(n− ε+ 4, n− ε+ 5, ε− φ+ 2) φ+ 3 ≤ ε ≤ n.

The codes in the above case clearly specify that Π is an LMG, therefore, dim`(Cn) ≤ 3.

Hence, from Theorem 2, we conclude that dim`(Cn) = 3 for n ≥ 6 when n is even.

2.3. LMD of Dn

In [7], Bača et al. defined convex polytope Dn for n ≥ 4 consisting of 2n

5– sided faces. Here V (Dn) = {ui, vi, xi, yi : 1 ≤ i ≤ n} and E(Dn) =

{uiui+1; yiyi+1;uivi; vixi; vi+1xi;xiyi : 1 ≤ i ≤ n}. Traditionally, we take un+1 =

u1, vn+1 = v1, xn+1 = x1 and yn+1 = y1. The graph of the convex polytope Dn is

shown in Figure 5.

In the next result, we compute the LMD Dn.

Theorem 4. Consider convex polytope Dn with n ≥ 6, then dim`(Dn) = 2.

Proof. We divide the proof into the following two cases.
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Figure 3. Vertex–edge and combinatorial structure of Dn.

Case 1. If n is odd, n = 2φ+ 1 and φ ≥ 3.

Consider the subset Π = {u1, uφ+1} of V (Dn). The codes assigned to each node

of Dn in relation to Π are the same as in the case of Bn due to symmetry in

the first four cycles and choice of the subset Π in these convex polytopes.

Case 2. If n is even, n = 2φ and φ ≥ 3. For φ = 3, Π = {v1, v2} and for φ = 4,

Π = {v1, x4}, it can be verified easily that Π in each case is an LMG.

For φ ≥ 5, Consider the subset Π = {v1, vφ} of V (Dn). The codes assigned to

each node of Dn in relation to Π when n is even are given below.

r(uε | Π) =

 (ε, φ− ε+ 1) 1 ≤ ε ≤ φ,

(n− ε+ 2, ε− φ+ 1) φ+ 1 ≤ ε ≤ n.

r(vε | Π) =



(0, φ+ 1) ε = 1,

(2, φ) ε = 2,

(ε+ 1, φ− ε+ 2) 3 ≤ ε ≤ φ− 2,

(φ, 2) ε = φ− 1,

(φ+ 1, 0) ε = φ,

(φ+ 2, 2) ε = φ+ 1,

(n− ε+ 3, ε− φ+ 2) φ+ 2 ≤ ε ≤ n− 1,

(2, φ+ 2) ε = n.
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r(xε | Π) =



(1, φ+ 1) ε = 1,

(3, φ) ε = 2,

(ε+ 2, φ− ε+ 2) 3 ≤ ε ≤ φ− 3, φ ≥ 6,

(φ, 3) ε = φ− 2,

(ε+ 2, φ− ε+ 2) φ− 1 ≤ ε ≤ φ,

(φ+ 2, 3) ε = φ+ 1,

(n− ε+ 3, ε− φ+ 3) φ+ 2 ≤ ε ≤ n− 2,

(3, φ+ 2) ε = n− 1,

(1, φ+ 2) ε = n.

r(yε | Π) =

 (ε+ 2, φ− ε+ 1) 1 ≤ ε ≤ φ,

(n− ε+ 3, ε− φ+ 1) φ+ 1 ≤ ε ≤ n.

r(zε | Π) =



(ε+ 1, φ− ε+ 1) 1 ≤ ε ≤ φ− 1,

(φ+ 1, ε− φ+ 2) φ ≤ ε ≤ φ+ 1,

(n− ε+ 2, ε− φ+ 2) φ+ 2 ≤ ε ≤ n− 2,

(n− ε+ 2, φ+ 1) n− 1 ≤ ε ≤ n.

In the above cases, the codes make it clear that Π is an LMG, therefore, dim`(Dn) ≤ 2.

Hence, from Proposition 1, we conclude that dim`(Dn) = 2 for n ≥ 6 as Dn is not a

bipartite graph.

2.4. LMD of Qn

In [8], Bača et al. defined convex polytope Qn for n ≥ 6 consisting of 3 - sided,

4 - sided, 5 - sided and n - sided faces respectively. Here V (Qn) = {ui, vi, xi, yi :

1 ≤ i ≤ n} and E(Qn) = {uiui+1; vivi+1; yiyi+1;uivi; vixi; vi+1xi;xiyi : 1 ≤ i ≤ n}.
Traditionally, we take un+1 = u1, vn+1 = v1, xn+1 = x1 and yn+1 = y1. The graph of

the convex polytope Qn is shown in Figure 4.

In the next result, we compute the LMD Qn.

Theorem 5. Consider convex polytope Qn with n ≥ 6, then dim`(Qn) = 2.

Proof. We divide the proof into the following two cases.

Case 1. If n is odd, n = 2φ+ 1 and φ ≥ 3.
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Figure 4. Vertex–edge and combinatorial structure of Qn.

Consider the subset Π = {u1, uφ+1} of V (Qn). The codes assigned to each node

of Qn in relation to Π are the same as in the case of Bn due to symmetry in the

first four cycles and choice of the subset Π in these convex polytopes.

Case 2. If n is even, n = 2φ and φ ≥ 3.

Consider the subset Π = {u1, xφ} of V (Qn). The codes assigned to each node

of Qn in relation to Π are the same as in the case of Bn due to symmetry in the

first four cycles and choice of the subset Π in these convex polytopes.

In the above cases, the codes make it clear that Π is an LMG, therefore, dim`(Qn) ≤ 2.

Hence, from Proposition 1, we conclude that dim`(Qn) = 2 for n ≥ 6 as Qn is not a

bipartite graph.

3. Applications

In this section, we discuss the use of LMB and LMG in the delivery system. We also

propose an algorithm to extend an LMB to get an LMG of desired size. Furthermore,

since practical delivery systems often require cost-efficient connectivity, our approach

aligns with optimization principles studied in network design. In particular, [29] in-

troduced methods for creating network-state homomorphisms through optimization,

which inspire strategies to minimize resource usage while maintaining structural con-

straints.

3.1. Application of LMB in optimizing a delivery system

For optimal placement of resources like hospitals, departmental stores, pharmacies,

and fire stations etc., it is desirable to place a minimum number of resources at certain
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Figure 5. Location of warehouses in Convex Polytope D6.

places so that each region has easy access to these resources. This problem can be seen

in graph theory as choosing the minimum number of nodes MB from the graph such

that each node is uniquely identified in terms of distances from the nodes in the MB.

Here, the nodes are resources and regions with edges giving average distances among

the nodes. The LMB ensures that adjacent nodes have unique identification codes,

which can be used to select the closest resources and alternate choices of resources.

Use of LMB in delivery service can be seen in [20].

Example 1. For further explanation, consider a distributed network in the form of a
convex polytope D6 in Figure 5. The LMB gives two locations at v1 and v2 for the warehouses
such that adjacent nodes get distinct codes. The codes u5(3, 4) and u6(2, 3) indicate that
u5 is at a distance of 3 units from the warehouse v1 and u6 is 2 units from at v1. The first
coordinate of the codes gives the distance from v1, whereas the second coordinate gives the
distance from v2. The number of warehouses can be increased using LMG.

3.2. Application of LMG in Extending a Delivery System

The number of nodes in an LMG is always greater than or equal to the number of

nodes in an LMB. Suppose we want to extend the number of nodes in a graph to

obtain an LMG when some of the nodes are already known. For this, we can use
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Algorithm 1. If the nodes v1, v2, . . . , vk are in the LMB, then Algorithm 1 selects m

additional nodes from the remaining nodes so that we obtain a valid LMG.

Algorithm 1 Algorithm for generating an LMG from LMB
Require: Adjacency matrix A = [aij ], LMB nodes {v1, ..., vk}, number of additional nodes m

Ensure: Local Metric Generator Π

Compute the distance matrix D = [dij ], where dij is the distance between nodes vi and vj
Generate all subsets Πj of size k + m that include the LMB nodes.

for each subset Πj do

Compute r(v | Πj) for all pairs of adjacent nodes
if all adjacent nodes have distinct codes then

return Πj as an LMG

end if
end for

return No LMG found with the given m additional nodes

The use of Algorithm 1 allows one to extend an existing LMB by adding m nodes to

obtain an LMG while ensuring that adjacent nodes in the graph have distinct codes.

Example 2. In the previous Example 1 of convex polytope D6, the two locations v1 and
v2 are the LMB. If we want to add another warehouse, then by following the Algorithm
1, we will create all subsets of size three that would contain v1 and v2. The Algorithm 1
will check all of these sets whether they form LMG or not. Here, the Algorithm 1, after
examining all the sets, shows that another warehouse can be constructed at any of the nodes
except at u′is.

4. Conclusion

We deduce from this paper that the LMD of the convex polytopes Bn, Cn, Dn and

Qn is fixed and unaffected by the number of nodes in these graphs. Applications for

LMB are possible in the delivery services and in identifying the location for different

facilities in an area. The LMG can be used to extend the existing setup without

disturbing it with the help of the algorithm proposed. The algorithm proposed is

helpful in computing the upper bounds for LMB.

Problem 1. Compute the LMD of generalized Petersen graphs.

Problem 2. Compute the LMD of mesh-related networks.
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[9] G.A. Barragán-Ramı́rez and J.A. Rodŕıguez-Velázquez, The local metric dimen-

sion of strong product graphs, Graphs Combin. 32 (2016), no. 4, 1263–1278.

https://doi.org/10.1007/s00373-015-1653-z.

[10] R.C. Brigham, G. Chartrand, R.D. Dutton, and P. Zhang, Resolving domination

in graphs, Math. Bohem. 128 (2003), no. 1, 25–36.

http://dx.doi.org/10.21136/MB.2003.133935.

[11] A.N. Cahyabudi and T.A. Kusmayadi, On the local metric dimension of a lollipop

graph, a web graph, and a friendship graph, J. Phys. Conf. Ser., vol. 909, IOP

Publishing, 2017, p. 012039.

[12] A.S. Cevik, I.N. Cangul, and Y. Shang, Matching some graph dimensions with

special generating functions, AIMS Math. 10 (2025), no. 4, 8446–8467.

https://doi.org/10.3934/math.2025389.

[13] G. Chartrand, L. Eroh, M.A. Johnson, and O.R. Oellermann, Resolvability in

graphs and the metric dimension of a graph, Discrete Appl. Math. 105 (2000),

no. 1-3, 99–113.



18 Optimization through localized metric resolvability

https://doi.org/10.1016/S0166-218X(00)00198-0.

[14] G. Chartrand, V. Saenpholphat, and P. Zhang, The independent resolving number

of a graph, Math. Bohem. 128 (2003), no. 4, 379–393.

http://doi.org/10.21136/MB.2003.134003.

[15] F. Harary and R.A. Melter, On the metric dimension of a graph, Theory Comput.

Syst. Ars Comb. 2 (1976), 191 –195.

[16] M. Imran, S.A.U.H. Bokhary, and A.Q. Baig, On the metric dimension of

rotationally-symmetric convex polytopes, J. Algebra Comb. Discrete Struct. Appl.

3 (2015), no. 2, 45–59.

http://doi.org/10.13069/jacodesmath.47485.

[17] R. Ismail, A. Nadeem, and K. Azhar, Local metric resolvability of generalized

petersen graphs, Mathematics 12 (2024), no. 14, 2179.

https://doi.org/10.3390/math12142179.

[18] A. Kelenc, D. Kuziak, A. Taranenko, and I.G. Yero, Mixed metric dimension of

graphs, Appl. Math. Comput. 314 (2017), 429–438.

https://doi.org/10.1016/j.amc.2017.07.027.

[19] S. Khuller, B. Raghavachari, and A. Rosenfeld, Landmarks in graphs, Discrete

Appl. Math. 70 (1996), no. 3, 217–229.

https://doi.org/10.1016/0166-218X(95)00106-2.
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