COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION CCO
Vol. xx, No. x (xxxx), pp. 1-19
https://doi.org/10.22049/cco.2025.30535.2522 COMMUN. ComB. OPTIM.

Research Article

Optimization through localized metric resolvability

Asim Nadeem', Kamran Azhar'#, Yilun Shang®*

1Departmen‘c of Mathematics, Forman Christian College, Lahore, Pakistan
Tasimnadeem@fccollege .edu.pk
ikamranazhar@:fccollege .edu.pk

®School of Computer Science, Northumbria University, Newcastle upon Tyne, UK
*yilun.shang@northumbria.ac.uk, shylmath@hotmail.com.

Received: 19 April 2025; Accepted: 24 November 2025
Published Online: 3 December 2025

Abstract: The use of local metric resolvability can be realized in delivery services for
optimal placement of existing and new resources like medical facilities, stores, and fire
stations. The local metric basis produces codes for the facilities and regions to be served
by these facilities in a network or a graph in such a way that the adjacent nodes get
unique codes in terms of distances, so that each facility is used optimally. In this paper,
the local metric dimension (LMD) has been computed for convex polytopes By, Ch,
Dy, and Q. An algorithm to extend the number of resources in a distributed network
and real-life applications of local metric resolvability have also been investigated.
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1. Introduction

Slater [31] and Melter et al. [15] introduced the concept of metric dimension (MD)
with multi-purpose applications and uses in robotics [19], sensor networks [30], chem-
istry [13], optimization [28] and for detecting invaders in the networks [31]. There
are several variants of MD that have been introduced since 1975, which comprise
dominating sets [1, 10], resolving sets [14, 26], mixed metric dimension [18], strong
resolving generators [28], k-metric generators [27, 33], and simultaneous metric di-
mension [22]. The MD selects a set of nodes called metric basis (MB) with minimum
cardinality such that each node of a graph gets a unique code in terms of distances
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2 Optimization through localized metric resolvability

from the nodes in the basis, but many times, only adjacent nodes are required to
be identified. The need for such a basis motivated Okamoto et al. [21] to introduce
a local metric basis. The local metric basis (LMB) has been used to assign unique
codes in delivery services to expedite the services [20]. If the cardinality of LMB of
a distributed network like convex polytopes is fixed, then the company can plan net-
work setup more effectively because the number of required facilities does not grow
unpredictably with the extension of the network. This leads to better route planning,
faster localization of delivery vehicles, and reduced operating costs. For a general
graph, computing the local metric dimension LMD is NP-hard [9], since the number
of possible vertex sets grows exponentially, which can lead to higher computational
time for larger graphs. On the other side, it can be computed by exploiting graph-
theoretic properties like symmetry of graphs along with combinatorial techniques and
pattern recognition, which inspired us to compute LMD for some families of convex
polytopes. The LMD for edge corona, corona, and rooted products of graphs has
been studied in [24, 25, 32]. Recent studies have explored the multiset and LMD in
various graph-theoretic representations of rings, including zero-divisor, compressed
zero-divisor, and fuzzy zero-divisor graphs [2-5, 23], highlighting how graph invari-
ants can be used to characterize algebraic structures and their resolvability properties.
Further study on LMD can be found in [11, 12, 17, 20].

For a connected graph G, we denote the node set and the edge set by V(G) and
E(G), respectively. If u and v are two nodes then shortest distance between these
two nodes is denoted by d(u,v) whereas d(v,II) = min{d(v,z) | = € II} denotes
the distance of node v from a set of nodes II. Consider an ordered set of nodes,
IT = {v1,vs,...,v,} then the representation or code of the node v is given as a
vector, r(v | II) = (d(v,v1),d(v,v2),...,d(v,v,)). If we get distinct codes for each
node, then the ordered set II is called the resolving set. The smallest set II is called
MB, and the number of nodes in it represents the MD denoted by dim(G). If we
get distinct codes for every pair of adjacent nodes, then II is called the local metric
generator (LMG). The smallest LMG is called the LMB, and the number of nodes in
it represents the LMD of G, denoted by dim;(G).

The following Proposition 1 gives results on the LMD of bipartite and complete
graphs.

Proposition 1. [21] Consider a connected graph G with n nodes, then
(a) Formn > 2, G is a bipartite graph if and only if dim,(G) = 1.

(b) K, is the complete graph if and only if dime(G) =n — 1.

In this article, the convex polytopes B,,, Cy, D,, and @Q,, are described and LMD is
computed for these families in Section 2. An algorithm is presented in Section 3 to
calculate the LMG, which would extend the number of resources in a locality. The
real-life applications of LMB and LMG are also discussed in Section 3. The conclusion
and open problems are given in Section 4.
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Figure 1. Vertex—edge and combinatorial structure of B,,.

2. Local metric dimension of convex polytopes

This section determines the exact LMD values of convex polytopes B,,, Cy, D,,, and
Q@,. Some recent results regarding the partition resolvability of convex polytopes can
be found in [6].

2.1. LMD of B,

The convex polytope B,, is defined in [16] with the following node and edge sets.
V(Bn) = {ui,vi,zi,yi, 2 : 1 <i <n} and

E(Bn) = {uiUir1; 0015 Yillit1; ZiZit 13 Uils; Vi3 Vig 1045 TYss iz © 1 < i < onj,
where p11 = U1,Upt1 = V1, Tnt1 = T1,Ynt1 = Y1 and 2,41 = 21. Figure 1 il-
lustrates the graph of B,,. In the forthcoming result, we compute the LMD B,,.

Theorem 1. Consider convex polytope B, with n > 6, then dim¢(B,) = 2.

Proof. We divide the proof into the following two cases.

Case 1. If nisodd, n =2¢ + 1 and ¢ > 3.

Consider the subset IT = {uy, ug41} of V(B,,). The codes assigned to each node



4 Optimization through localized metric resolvability

of B, in relation to II when n is odd are given below.

(07¢) 6:17
(e—1,0—e+1) 2<e< o,

=150 Y
(

T(U6|H): (n—e—l—?,e—(b) p+2<e<n
(e+1,0—€+2) 1<e< 9,
r(ze [11) = (h—et2e—p+1) d+1<e<n.
(€+2,6—€+3) 1<e<d,
r(ye [ 1) = (n—e+3,e—0+2) p+1<e<n.
(e+3,0—e+4) 1<e< ¢,
r(ze | II) =

(n—e+4d,e—¢p+3) p+1<e<n.

Case 2. If n is even, n = 2¢ and ¢ > 3.

Consider the subset II = {u1,z4} of V(B,). The codes assigned to each node
of B, in relation to II when n is even are given below.

(0,6 +1) e=1,

r(ue | II) = (e—1,0—€+2) 2<e< g,
(n—e+le—¢+1) p+1<e<n.

(€+17¢_6+1) 1S6§¢_1a

r(ze |1I) ={ (¢+1,0) €= 9,
n—e+2,e—d+1) ¢+1<e<n.
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Figure 2. Vertex—edge and combinatorial structure of C,,.

(e+2,0—€+1) 1<e< g,

r(ye [11) = (n—e+3,e—0+1) ¢+1<e<n.

(€+33¢_6+2) 1§6<¢a

€ II) =
r(ze | 11) n—e+4d,e—¢p+2) p+1<e<n.

In both cases, the codes make it clear that II is an LMG, therefore, dim,(B,) < 2.
Hence, from Proposition 1, we conclude that dim,(B,) = 2 for n > 6 as B, is not a
bipartite graph. O

2.2. LMD of C,

The convex polytope C,, is defined in [16] with the following node and edge sets.
V(Cy) = {ui,vi, iy yi, 2 : 1 <0 <n} and

E(Cn) = {Uithiq13 0013 Yillit 15 ZiZigr 15 Wil Vilis Vip 1045 Tilas YiZis Yazip1 = 1L < i <
n}, where up41 = U1, Vnge1 = V1, Tpt1 = T1,Yn+1 = Y1 and 2,41 = 2z;. Figure 2
illustrates the graph of C,.

In the next results, we compute the LMD C,,.

Theorem 2. Consider convex polytope C,, with n > 6, then dim,(Cy) > 3 when n is
even.

Proof.  Suppose dimg(C,,) = 2 such that | II |= 2 with n = 2¢ then we have following
possible cases.
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Case 1. If we take both nodes from u;s. We may take u; as the first node and u; as the
second node where 2 <t <n.
Case 1.1. If 2 < t < ¢ then r(veyr | II) = (¢ + 1,2) = r(x; | II) which leads to
a contradictory state.
Case 1.2. If t = ¢ + 1 then r(yy4 | II) = (¢ + 2, 3) = r(yg+1 | II) which leads to
a contradictory state.
Case 1.3. If o+ A <t <nand 2 < X< ¢ then r(vy | II) = N9+ 1) =
r(xx—1 | II) which is again a contradictory fact.
Case 2. If we take both nodes from v}s. We may take v; as the first node and v; as the
second node where 2 <t < n.
Case 2.1. If 2 < t < ¢ then r(veqq | IT) = (¢,1) = r(z¢ | II) which leads to a
contradictory state.
Case 2.2. If t = ¢+ 1 then r(yy4 | II) = (¢ +1,2) = r(ys+1 | II) which leads to
a contradictory state.
Case 23. If o+ A <t <mand 2 < A < ¢ then r(vy | II) = (A —1,9) =
r(xx—1 | IT) which is again a contradictory fact.
Case 3. If we take both nodes from z}s. We may take x; as the first node and z; as the
second node where 2 <t < n.
Case 3.1. If 2 <t < ¢ then r(z441 | ) = (t + 1,2) = r(ys41 | IT) which leads
to a contradictory state.
Case 3.2. If g+ 1<t <m—1then r(xe1 | II)=n—1t+1,2) = r(ypy1 | II)
which leads to a contradictory state.
Case 3.3. If t = n then r(y2 | II) = (2,3) = r(z2 | II) which is again a
contradictory fact.
Case 4. If we take both nodes from y}s. We may take y; as the first node and y; as the
second node where 2 <t <n.
Case 4.1. If 2 < t < ¢ then r(yir1 | II) = (¢,1) = 7(2¢41 | II) which leads to a
contradictory state.
Case 4.2. If t = ¢ + 1 then r(z; | II) = (1,¢) = r(z2 | II) which leads to a
contradictory state.
Case 4.3. If p + 2 < ¢ < n then r(ve | IT) = (2,n — ¢t + 3) = r(x2 | II) which is
again a contradictory fact.
Case 5. If we take both nodes from zs. We may take z; as the first node and z; as the

second node where 2 <t < n.

Case 5.1. If 2 <t < ¢ — 1 then r(yry1 | II) = (¢ + 1,2) = r(2¢42 | II) which
leads to a contradictory state.
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Case 6.

Case 7.

Case 8.

Case 9.

Case 5.2. If t = ¢ then r(yy | II) = (¢,1) = (2441 | II) which leads to a
contradictory state.

Case 5.3. If t = ¢ + 1 then r(y1 | II) = (1,¢) = r(y, | II) which leads to a
contradictory state.

Case 5.4. If ¢ +2 <t <nthenr(y; | II) = (1,n —t+2) = r(zo | II) which is
again a contradictory fact.

If one of the nodes of II is from u}s and the second one is from vjs. We may
take u; as the first node and v; as the second node where 1 < ¢ < n.

Case 6.1. If 1 <¢ < ¢ then r(veyy |II) = (¢ +1,1) = r(x; | II) which leads to
a contradictory state.

Case 6.2. If t = ¢+ 1 then r(yy | II) = (¢ + 2,2) = r(yg+1 | II) which leads to
a contradictory state.

Case 6.3. If o+ A <t <mand 2 <\ < @thenr(vy | II) = (A, ¢) =r(zx_1 | IT)
which is again a contradictory fact.

If one of the nodes of II is from u}s and the second one is from z}s. We may
take u; as the first node and z; as the second node where 1 <t < n.

Case 7.1. If 1 <t < ¢ — 1 then r(vio | ) = (¢t + 2,2) = r(xy1 | II) which
leads to a contradictory state.

Case 7.2. If t = ¢ then r(z; | II) = (4,6 + 1) = r(2, | II) which leads to a
contradictory state.

Case 7.3. If t = ¢+ 1 then (21 | II) = (4, + 1) = r(22 | II) which leads to a
contradictory state.

Case 7.4. If 9+ 2 <t < nthen r(yz | II) = (4,n — t + 3) = (22 | II) which is
again a contradictory fact.

If one of the nodes of II is from w}s and the second one is from y;s. We may
take u; as the first node and y; as the second node where 1 <t < n.

Case 8.1. If 1 <t < ¢ —1 then r(yry1 | II) = (¢ +3,1) = r(2¢41 | II) which
leads to a contradictory state.

Case 8.2. If t = ¢ then r(z; | II) = (4,¢) = r(z, | II) which leads to a
contradictory state.

Case 8.3. If t = ¢ + 1 then r(z; | II) = (4,¢) = r(z2 | II) which leads to a
contradictory state.

Case 8.4. If ¢ +2 <t <n then r(ys | II) = (4,n — t + 2) = r(z2 | II) which is
again a contradictory fact.

If one of the nodes of II is from u}s and the second one is from z}s. We may
take u; as the first node and z; as the second node where 1 <t <n.
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Case 10.

Case 11.

Case 12.

Case 9.1. If t = 1 then r(yy | II) = (¢ + 2,¢) = r(yg+1 | II) which leads to a
contradictory state.

Case 9.2. If 2 <t < ¢ then r(yi1¢—1 | II) = (n —t — 2,¢) = r(244+¢ | II) which
leads to a contradictory state.

Case 9.3. If t = ¢+ 1 then r(yy4 | II) = (¢ +2,1) = r(ys+1 | II) which leads to
a contradictory state.

Case 9.4. If ¢ +2 <t <n—1thenr(y, |II) = (n—t+3,1) = r(z41 | 1)
which leads to a contradictory state.

Case 9.5. If t = n then r(ys | II) = (¢ + 2,¢) = (24 | II) which is again a
contradictory fact.

If one of the nodes of II is from v}s and the second one is from z}s. We may
take v as the first node and x; as the second node where 1 < ¢ < n.

Case 10.1. If 1 <t < ¢ — 1 then r(veyo | II) = (t + 1,2) = r(zy1 | II) which
leads to a contradictory state.

Case 10.2. If t = ¢ then r(z; | II) = (3,¢ + 1) = r(z, | II) which leads to a
contradictory state.

Case 10.3. If t = ¢ + 1 then r(z; | II) = (3,¢ + 1) = (22 | II) which leads to
a contradictory state.

Case 10.4. If $+2 <t <n then r(y2 | II) = (3,n —t +3) = (22 | II) which is
again a contradictory fact.

If one of the nodes of II is from v}s and the second one is from y.s. We may
take vy as the first node and y; as the second node where 1 <t < n.

Case 11.1. If 1 <t < ¢ then 7(vg41 | II) = (¢,n —t —4) = r(z441 | II) which
leads to a contradictory state.

Case 11.2. If t = ¢ + 1 then (2 | IT) = (3,¢) = r(22 | II) which leads to a
contradictory state.

Case 11.3. If $+2 <t < n then r(y2 | IT) = (3,n —t +2) = r(22 | II) which is
again a contradictory fact.

If one of the nodes of II is from v}s and the second one is from z.s. We may
take vy as the first node and z; as the second node where 1 <t < n.

Case 12.1. If ¢t = 1 then r(y; | II) = (2,1) = r(y, | ) which leads to a
contradictory state.

Case 12.2. If 2 <t < ¢ then 7(vg41 | II) = (¢,n —t — 3) = r(zy41 | II) which
leads to a contradictory state.

Case 12.3. If ¢+ 1 <t < n—1 then r(vyy1 | II) = (n — ¢,3) = r(z441 | 1)
which leads to a contradictory state.
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Case 13.

Case 14.

Case 15.

Case 12.4. If t = n then r(yy | II) = (¢ + 1,¢) = r(zy | II) which is again a
contradictory fact.

If one of the nodes of II is from /s and the second one is from ys. We may
take x1 as the first node and y; as the second node where 1 <t < n.

Case 13.1. If 1 <t < ¢ then r(y, | II) = (2,t) = r(21 | II) which leads to a
contradictory state.

Case 13.2. If t = ¢ + 1 then (2 | IT) = (2,¢) = r(22 | II) which leads to a
contradictory state.

Case 13.3. If +2 <t < n then r(y2 | IT) = (2,n —t +2) = (22 | II) which is
again a contradictory fact.

If one of the nodes of II is from x}s and the second one is from z}s. We may
take x7 as the first node and z; as the second node where 1 < ¢ < n.

Case 14.1. If t = 1 then r(yp+1 | II) = (¢ + 1, ¢) = 7(2p41 | II) which leads to
a contradictory state.

Case 14.2. If 2 <t < ¢+ 1 then r(ys1 |II) = (¢ + 1,n —t —4) = r(zg42 | II)
which leads to a contradictory state.

Case 14.3. If o+ A <t <nand 2 < A < ¢ then r(yp+1 | II) = (¢ +1,A—1) =
(2441 | II) which is again a contradictory fact.

If one of the nodes of II is from y}s and the second one is from zis. We may
take y; as the first node and z; as the second node where 1 <t < n.

Case 15.1. If t = 1 then r(yg41 | II) = (¢, ¢) = (2441 | II) which leads to a
contradictory state.

Case 15.2. If 2 < t < ¢ + 1 then r(ypy1 | II) = (¢,n —t —4) = (2942 | 1)
which leads to a contradictory state.

Case 15.3. If g + A <t <nand 2 < X < ¢ then r(yg41 | II) = (¢, A — 1) =
(2441 | II) which is again a contradictory fact.

Hence, from the above cases, we conclude that dim,(C,) > 3 when n is even. O]

Theorem 3. Consider convex polytope Cy, with n > 6,

2, if n is odd,

3, if n is even.

dim,(Cr) = {

Proof. We divide the proof into the following two cases.
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Case 1. If nisodd, n =2¢ + 1 and ¢ > 3.

Consider the subset IT = {y1, ys+1} of V(Cy). The codes assigned to each node
of C), in relation to II when n is odd are given below.

(3,6 —i+4) 1<e<?,

rluc | ) ={ (€+1,0—€e+4) 3<e<p+1,
(n—e+de—¢+1) ¢+2<e<n.

(2,6 —i+3) 1<e<?2,
T(veﬂ){(ﬁv¢€+3) 3<e<p+1,

r(ze | 10) = (n—e+2,e—¢) p+2<e<n
(0,9) e=1,
(6717¢76+1) 2§6S¢7

=1 (6.0 e=p+1,
(n—e+le—d—1) ¢+2<e<n.

(1,p—e+2) 1<e<?,

r(ze | ) = (e—1,p—€+2) 3<e<¢p+1,
(n—e+2,e—9¢—1) ¢+2<e<n.

In the above cases, the codes make it clear that II is an LMG, therefore,
dim(Cy,) < 2. Hence, from Proposition 1, we conclude that dim,(C,) = 2
for n > 6 when n is odd as C,, is not a bipartite graph.

Case 2. If n is even with n = 2¢ and ¢ > 3.

Consider the subset II = {u1, ug, upt1} of V(C),). The codes assigned to each
node of C}, in relation to IT when n is even are given below.

(
(

rluc |y ={ (€-1e=2,¢—€e+1) 3<e< o,
(6,6 —1,0) e=¢+1,
(
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(6,3—€9—€+2) 1<e<?,
r(ve [ =4 (6e—1¢—e+2) 3<e<p+1,
(n—e+2,n—e+3,e—¢) p+2<e<n.

€e+1,2,0—€e+2) 1<e<?,
e+1le,¢0—€+2) 3<e<9,
n—e+2,¢+1le—o+1) p+1<e<n-—1, ¢ =3,
n—e+2,¢+le—¢+1) p+1<e<¢+3, ¢=>4,
n—e+2n—e+3,e—¢+1) e=n, ¢ =23,

(
(
(
r(ze [ TI) = (
(
mM—e+2,n—e+3,e—¢p+1) 9+4<e<n. ¢>4

(e+2,3,0—€+3) 1<e<2
(e+2,e+1,0p—€+3) 3<e< g,

P =Y et 36+2c—6+2)  ot1<e<o+2,
(n—e+3n—ec+4d,e—0p+2) p+3<e<n.
(4,4, —e+4) 1<e<2,
(e+2,e+1,0p—€e+4) 3<e< @,

rze [T) = (n—e+4,e+1,4) p+1<e<p+2,
n—e+4n—€e+5,e—¢p+2) p+3<e<n.

The codes in the above case clearly specify that IT is an LMG, therefore, dim,(C,,) < 3.
Hence, from Theorem 2, we conclude that dimy(C,,) = 3 for n > 6 when n is even. [

2.3. LMD of D,

In [7], Baca et al. defined convex polytope D, for n > 4 consisting of 2n
5- sided faces. Here V(D,) = {ujv,z;y; 0 1 < ¢ < n} and E(D,)
{Witir 15 YiYir1; Wi Vi Vi1 iy - 1 < i < n}. Traditionally, we take w,y; =

UL, Upt1l = U1, Tpt1 = 1 and yp41 = y1. The graph of the convex polytope D,, is
shown in Figure 5.
In the next result, we compute the LMD D,,.

Theorem 4. Consider convex polytope D,, with n > 6, then dim(D,) = 2.

Proof. We divide the proof into the following two cases.
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y

n
Yn—1

Figure 3. Vertex—edge and combinatorial structure of D,,.

Case 1. If nisodd, n =2¢ + 1 and ¢ > 3.

Consider the subset IT = {u1, ug+1} of V(D,,). The codes assigned to each node
of D,, in relation to II are the same as in the case of B,, due to symmetry in
the first four cycles and choice of the subset II in these convex polytopes.

Case 2. If n is even, n = 2¢ and ¢ > 3. For ¢ = 3, II = {vy,v2} and for ¢ = 4,
IT = {vy, x4}, it can be verified easily that IT in each case is an LMG.

For ¢ > 5, Consider the subset II = {v1, vy} of V(D,,). The codes assigned to
each node of D, in relation to IT when n is even are given below.

(.0 —e+1) 1<e<o,

1I) =
r(ue [ 11) m—e+2,e—¢d+1) p+1<e<n.

0,0+1) e=1,

(2,9) €=2,

(e+1l,¢p—€+2) 3<e<p—2,

(0,2) e=¢—1,
=1 6410 =,

(p+2,2) e=¢+1,

(n—e+3,e—¢d+2) ¢+2<e<n-1,

(2,0 +2) €=n.
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(1,6+1) e=1,
(3,¢) €=2
(€+2,¢—€+2) 3<e<¢p—3,¢02>6,
(¢,3) €e=¢-2
r(ze |T) =4 (e+2,¢—€+2) ¢p—1<e< 09,
(¢ +2,3) e=o¢+1,
(n—e+3,e—¢p+3) ¢+2<e<n-—2
(3,0+2) e=n—1,
(Lo +2) €="n.
(€+2,0—€+1) 1<e<o,
M= (_et3e—6+1) g+1<e<n
(e+1,¢0—€e+1) l<e<¢o-—1,
(p+1,e—0+2) p<elop+1,
Ml =0 (o er2e 912 sr2<e<n-2,
n—e+2,¢+1) n—1<e<n

In the above cases, the codes make it clear that IT is an LMG, therefore, dim,(D,,) < 2.
Hence, from Proposition 1, we conclude that dimg(D,,) = 2 for n > 6 as D,, is not a
bipartite graph. O

2.4. LMD of Q,

In [8], Baca et al. defined convex polytope @, for n > 6 consisting of 3 - sided,
4 - sided, 5 - sided and n - sided faces respectively. Here V(Q,) = {u;, vi, i, y; :
1 <id < n}and E(Qn) = {Uitiy150Viq 15 Yilfir1; UiVi; ViZi; Vi1 T3 T3y © 1 <0 < mj
Traditionally, we take up11 = u1,Vn41 = V1, Zn+1 = 1 and Y41 = y1. The graph of
the convex polytope @,, is shown in Figure 4.
In the next result, we compute the LMD @Q,,.

Theorem 5. Consider convex polytope Qn with n > 6, then dim.(Q,) = 2.

Proof. We divide the proof into the following two cases.

Case 1. If nis odd, n =2¢+ 1 and ¢ > 3.
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Yn

Figure 4. Vertex—edge and combinatorial structure of Q,,.

Consider the subset IT = {u1, ug11} of V(Qy). The codes assigned to each node
of Q,, in relation to IT are the same as in the case of B,, due to symmetry in the
first four cycles and choice of the subset II in these convex polytopes.

Case 2. If n is even, n = 2¢ and ¢ > 3.

Consider the subset IT = {u1,z4} of V(Q,,). The codes assigned to each node
of @, in relation to IT are the same as in the case of B,, due to symmetry in the
first four cycles and choice of the subset II in these convex polytopes.

In the above cases, the codes make it clear that IT is an LMG, therefore, dim,(Q,,) < 2.
Hence, from Proposition 1, we conclude that dim(Q,) = 2 for n > 6 as Q,, is not a
bipartite graph. O

3. Applications

In this section, we discuss the use of LMB and LMG in the delivery system. We also
propose an algorithm to extend an LMB to get an LMG of desired size. Furthermore,
since practical delivery systems often require cost-efficient connectivity, our approach
aligns with optimization principles studied in network design. In particular, [29] in-
troduced methods for creating network-state homomorphisms through optimization,
which inspire strategies to minimize resource usage while maintaining structural con-
straints.

3.1. Application of LMB in optimizing a delivery system

For optimal placement of resources like hospitals, departmental stores, pharmacies,
and fire stations etc., it is desirable to place a minimum number of resources at certain
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Figure 5. Location of warehouses in Convex Polytope Dg.

places so that each region has easy access to these resources. This problem can be seen
in graph theory as choosing the minimum number of nodes MB from the graph such
that each node is uniquely identified in terms of distances from the nodes in the MB.
Here, the nodes are resources and regions with edges giving average distances among
the nodes. The LMB ensures that adjacent nodes have unique identification codes,
which can be used to select the closest resources and alternate choices of resources.
Use of LMB in delivery service can be seen in [20].

Example 1. For further explanation, consider a distributed network in the form of a
convex polytope Dg in Figure 5. The LMB gives two locations at v1 and vs for the warehouses
such that adjacent nodes get distinct codes. The codes us(3,4) and ue(2,3) indicate that
us is at a distance of 3 units from the warehouse v; and wue is 2 units from at vy. The first
coordinate of the codes gives the distance from v1, whereas the second coordinate gives the
distance from v2. The number of warehouses can be increased using LMG.

3.2. Application of LMG in Extending a Delivery System

The number of nodes in an LMG is always greater than or equal to the number of
nodes in an LMB. Suppose we want to extend the number of nodes in a graph to
obtain an LMG when some of the nodes are already known. For this, we can use
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Algorithm 1. If the nodes vy, vs,...,v; are in the LMB, then Algorithm 1 selects m
additional nodes from the remaining nodes so that we obtain a valid LMG.

Algorithm 1 Algorithm for generating an LMG from LMB

Require: Adjacency matrix A = [a;;], LMB nodes {v1,...,v;}, number of additional nodes m
Ensure: Local Metric Generator I1
Compute the distance matrix D = [d;;], where d;; is the distance between nodes v; and v;
Generate all subsets II; of size k + m that include the LMB nodes.
for each subset II; do
Compute (v | II;) for all pairs of adjacent nodes
if all adjacent nodes have distinct codes then
return II; as an LMG
end if
end for
return No LMG found with the given m additional nodes

The use of Algorithm 1 allows one to extend an existing LMB by adding m nodes to
obtain an LMG while ensuring that adjacent nodes in the graph have distinct codes.

Example 2. In the previous Example 1 of convex polytope Dg, the two locations v1 and
vo are the LMB. If we want to add another warehouse, then by following the Algorithm
1, we will create all subsets of size three that would contain v1 and va. The Algorithm 1
will check all of these sets whether they form LMG or not. Here, the Algorithm 1, after
examining all the sets, shows that another warehouse can be constructed at any of the nodes
except at u}s.

4. Conclusion

We deduce from this paper that the LMD of the convex polytopes B,,C,, D, and
@, is fixed and unaffected by the number of nodes in these graphs. Applications for
LMB are possible in the delivery services and in identifying the location for different
facilities in an area. The LMG can be used to extend the existing setup without
disturbing it with the help of the algorithm proposed. The algorithm proposed is
helpful in computing the upper bounds for LMB.

Problem 1. Compute the LMD of generalized Petersen graphs.

Problem 2. Compute the LMD of mesh-related networks.
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