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Abstract:  The concept of domination stability in graphs was introduced in 1983
by Bauer, Harary, Nieminen and Suffel and has been further studied by Nader Jafari
Rad, Elahe Sharifi, Marcin Krzywkowski. The vyT-stability of G, denoted by vt (G),
is the minimum number of vertices whose removal from G increases the domination
number. The v~ -stability of G, denoted by v~ (G), is the minimum number of vertices
whose removal from G decreases the domination number. The domination stability of
G, denoted by sty(G), is the minimum number of vertices whose removal changes the
domination number. In this paper the concept of domination stability is extended to
m-eternal domination. Eternal domination of a graph requires the vertices of a graph to
be protected, against infinitely long sequences of attacks, by guards located at vertices
(at most one guard in each vertex), and a guard must move from a neighboring vertex
to an attacked vertex with the requirement that the configuration of guards induces a
dominating set at all times. Two models of the problem, one in which only one guard
moves at a time and one in which more than one guard may move simultaneously
are studied in the literature. The model of eternal domination in which more than
one guard move simultaneously is called the m-eternal domination. The m-eternal
domination number, 752 (G) of a graph G is the minimum number of guards needed to
defend G against any such sequence of attacks.
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1. Introduction

By a graph G = (V, E)) we mean a fininite, connected, undirected and a simple graph.
The order of G is denoted by n. For graph theoretic terminology we in general follow
[10]. One of the fastest growing areas within graph theory is the study of domination
and related problems. A set S C V is called a dominating set of G if every vertex in
V — S is adjacent to a vertex in S. The minimum cardinality of a dominating set in
G is called the domination number of G and is denoted by v(G). A comprehensive
introduction to domination in graphs, has been given in the book by Haynes et al.
© 2025 Azarbaijan Shahid Madani University



2 Eternal domination stability in graphs

[11]. A dominating set S is a connected dominating set if the subgraph G[S] induced
by S is connected. The minimum cardinality amongst all connected dominating sets
is the connected domination number ~.(G).

The concept of domination stablity in graphs was introduced in 1983 by Bauer et al.
[2] and further has been studied by Nader Jafari Rad et al. [12]. The v~ -stability of
G, denoted by v~ (G), is the minimum number of vertices whose removal decreases
the domination number. The vT-stability of G, denoted by v (G), is the minimum
number of vertices whose removal increases the domination number. The domination
stability of G, denoted by st (G), is the minimum number of vertices whose removal
changes the domination number. Thus, st,(G) = min{y~ (G),7"(G)}. Much work
has been done in domination stability and related parameters in [2, 3, 7, 12, 19, 20].

In eternal domination, mobile guards on the vertices of a graph are used to defend
the graph against an infinite sequence of attacks on vertices. A guard must move
from a neighboring vertex to an attacked vertex (we assume attacks happen only at
vertices containing no guard and that each vertex contains at most one guard) and
the configuration of guards induce a dominating set at all times. Two models of
the problem, one in which only one guard moves at a time and one in which more
than one guard may move simultaneously are studied in the literature. The model
of eternal domination in which more than one guard move simultaneously is called
the m-eternal domination. The m-eternal domination number v (G), of a graph G
is the minimum number of guards needed to defend G against any such sequence of
attacks, where more than one guard is allowed to move in response to an attack. One
can refer to [1, 4-6, 8, 9, 13-18] for an elaborate study of eternal domination.

In this paper the concept of domination stability is extended to m-eternal domination
as follows: The 720 stability of G, denoted by Stoe (@), is defined to be the minimum
number of vertices whose removal decreases the m-eternal domination number. The
'y;’,f+—stability of GG, denoted by stf/rg?(G), is defined to be the minimum number of
vertices whose removal increases the m-eternal domination number. If no such set
of vertices exists, whose removal increases the eternal domination number, we define
stf;%, (G) = co. As atrivial example, st (P5) = 1 and stj (P5) = co. The m-eternal
domination stability of G, denoted by st (G), is the minimum number of vertices
whose removal changes the m-eternal domination number of G. Thus, st,=(G) =

min{st}~(G), st;:o: (@)}.

2. Notation

The degree of a vertex v in a graph G is the number of edges of G incident with v and
it is denoted by deg(v). The minimum degree of G is the minimum degree among the
vertices of G and it is denoted by §(G). The maximum degree of G is the maximum
degree among the vertices of G and it is denoted by A(G). A vertex of degree zero
in G is called an isolated vertex. A vertex of degree one in G is called a leaf vertex.
A path in a graph G, is an alternating sequence of vertices and edges beginning and
ending with vertices, such that all the vertices are distinct. A path on n vertices is
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denoted by P,,. A cycle on n vertices is denoted by C,,. A wheel graph is a graph in
which one vertex is adjacent to every vertex on a cycle and a wheel on n vertices is
denoted by W,,. A graph G is connected if every pair of vertices are joined by a path.
A subgraph H of a graph G, is a graph where its vertex set and edge set are subsets
of the original graph G. A spanning subgraph is a subgraph containing all the vertices
of G. A connected acyclic graph is called a tree. A forest is a disjoint union of trees.
A rooted tree is a tree in which one vertex has been designated the root. Every node
in a rooted tree (except the root itself) has a unique parent. Nodes that are children,
or children-of-children, or further down the tree are descendants. An edge incident
with a leaf vertex is called a pendant edge. A support verter is a vertex adjacent to a
leaf vertex. A support vertex is called a strong support if it is adjacent to at least two
leaf vertices and a support vertex is called a weak support if it is adjacent to exactly
one leaf. An end support is a support vertex adjacent to exactly one non leaf vertex.
A vertex v in G is said to be a junction vertezx if deg(v) > 3. An (z,y)-path in a
graph is called a pendant path if x is a junction vertex and y is a leaf vertex and the
internal vertices of the path are of degree 2. An (z,y)-path is called a non-pendant
path if both x and y are junction vertices and the internal vertices of the path are of
degree 2. A mazimal pendant path in a graph G is a pendant path P in G that is not
contained in a longer pendant path.

A complete graph on n vertices is a graph in which every pair of vertices are adjacent
and is denoted by K,. A subset S of V is called an independent set of G if no
two vertices of S are adjacent in G. The maximum cardinality of an independent
set is called the independence number of G and is denoted by B(G). A maximum
independent set is called a (-set of G. A k-partite graph is a graph whose vertices
are partitioned into k£ different independent sets. A complete k-partite graph is a k-
partite graph in which there is an edge between every pair of vertices from different
independent sets. A complete multipartite graph is a graph that is complete k-partite
for some k and it is denoted by K, ,, ..., Where ri,7r9,..., 7 are the sizes of the
k-independent sets respectively. A clique of a graph is an induced subgraph of the
graph that is a clique.

The distance between two points v and v in G is the length of a shortest path joining
them. It is denoted by d(u,v). The greatest distance between any two vertices in
a graph G is called the diameter of G and it is denoted by diam(G). A diametral
path of a graph is a shortest path between a pair of vertices whose length is equal
to the diameter of the graph. In a graph G = (V, E), the open neighbourhood of a
vertex v € V is N(v) = {u € V : wv € E}. The closed neighbourhood of a vertex V is
N[v] = N(v) U {v}.

3. Bounds

Theorem 1. For any graph G, st,=(G) < §(G) + 1.

Proof.  Let v be a vertex of degree 6(G). Remove all the vertices in N(v) to obtain
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G’ If v (G") # Ym(G), then sty (G) < 6(G).
If v2°(G") = % (G), then remove v from G’ to obtain G”. Clearly

Y (G") = m(G') — 1
< vm(G)

Thus, st (G) < 0(G) + 1. O

It is clear that for complete graphs K, st,=(K,) = n. In the following theorem
we establish an upper bound for st (G) for non complete graphs G in terms of the
order of the graph.

Theorem 2. For any non complete graph G, sty (G) <n — 2.

Proof.  For any non complete graph G, 72°(G) > 2. Let H be a maximum clique
in G. Remove all the vertices in V(G)\V(H) from G. We observe that y2°(H) = 1.
Thus st (G) <n—|V(H)| and |V(H)| > 2. Thus st,~(G) <n —2. O

In the next theorem we characterize graphs G with sty (G) = n — 2.

Theorem 3. For any graph G, sty (G) =n —2 if and only if B(G) = 2 and G does not
have triangles.

Proof.  Suppose that sty (G) = n—2. First,, we claim that v;°(G) = 2. If 7 (G) =
1, then G is complete and st (G) = n. Hence v;¢(G) > 2. Suppose that v;7(G) > 3.
Consider two edges e; = ujv; and es = wugvy (the possibility that the edges are
adjacent is not ruled out). Remove all the vertices in V(G)\{u1, usz,v1,v2} from G
to obtain G’ so that 7,7 (G’) < 2. Thus, sty=(G) < n — 3, a contradiction. Hence,
72 (G) = 2. Next, we claim that 3(G) = 2. Let S be a S-set of G. If 3(G) = 1, then
G is complete and st,=(G) = n, a contradiction. If 3(G) > 3, then remove all the
vertices in V(G)\S from G to obtain a graph G’ so that v5°(G’) = (G’) > 3. Thus,
styes (G) <n — 3, a contradiction. Hence, 5(G) = 2.

Suppose G has a triangle induced by w1, ug,us. Then removing all the vertices of G
except wuy,uz,u3, we see that st,~(G) < n — 3, a contradiction. Thus, G does not
contain a triangle.

Conversely, suppose that 8(G) = 2 and G does not have a triangle. We claim that
styes (G) = n — 2. Since B(G) = 2, 7,7 (G) > 2. Further, in [9], it has been proved
that v22(G) < B(G) = 2. Thus, v5°(G) = 2. Removing any number of vertices from
G, will leave a graph with independence number 2. Hence, there is no possibility that
750 (G) will increase. Thus, to reduce 75 (G) by 1, one has to remove n — 2 vertices
from G which leaves a graph with exactly one edge so that o2 of the resulting graph
is 1. Thus sty (G) =n — 2. O
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4. Some Standard Graphs

Wayne Goddard et al. [9] have proved that for Paths P, and Cycles Cy,, v20(P,) =
[n/2] and ¥ (C),) = [n/3]. It is clear that for wheels W, 720 (W,,) = 2. It is also
clear that the removal of any set of vertices from a path P,, will not increase v5°(P,).
Hence stfyryf (P,) = .

1 s odd
Theorem 4. For paths P,, n > 3, st (P,) = an Z'S o
m 2 if n is even.

Proof. By Theorem 1, stZo (P,) < 2. Let Py = (v1,v2,...,05).

Case (i): n is odd.
Clearly st (P3) = 1.
For n > 5, removing v5 from P,,, we see that

Yo (Pr = v5) = Yy (Pa U Py _5)
n—>5 _n—l

n
=2 =
T 2 2

Thus A5 (P — v5) < 125 (Pr):
Thus, st} (Pn) = 1.

Case (ii): n is even, n > 4.
For 1 <i<n,

Yo (P = vi) = v (Pie1) + vy (Pr—i)

Il
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Il
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Il
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33
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Hence, st o (Pp) > 2.

Removing v, and vy from v,,, we see that

1\9.\ 3

P b = | 252 <

Thus, st} (Pn) = 2. O
By Theorem 4 and the fact that st,f;.:, (P,) = oo, we have the following theorem.

1 ifn is odd

Theorem 5. For paths P,, n > 3, sty (P,) = s .
m 2 if n is even



6 Eternal domination stability in graphs

if n=3,4,5,7
Theorem 6. For cycles Cp,, n > 3, stjy'oo (Cn) = co ifn A
m 1 otherwise
Proof. One can easily verify that st%? (Cr) = o0, for n = 3,4,5,7.
For n =6 and n > 8§,

V2 (C = 0) = 9 (Pa 1) = {”ﬂ - [2).

Thus 7,9 (Cp — v) > 55 (Cp), where v is a vertex in Cp,. Thus, stJ=(Cy) = 1. O

Theorem 7. For cycles G=Cp, n>5,

e B |
w[3 w3 w3

-
J—

142 ifn=0 (mod3)
2] +1 ifn=2 (mod3)
ifn=1 (mod 3).

Stooo (Cp) =

Ym

Proof. Let C,, = (v1,va,...,0n,v1). Suppose that n = 0 (mod 3). Then n = 3k
for some k > 2. In this case v50(G) = k. Let S be a set of vertices of G such that
(G —8S) <k—1. Let D be ay¥-set of G— S and so |D| =X (G —-S5) <k—1.
Since each component of the subgraph induced by D is a path of order at least 2 and
Yoo (Pn) = [5], one can easily observe that, G — S contains at most 2|D| vertices.
Also order of G — S is 3k — |S|. Therefore,

3k—|S| < |D|+|D| <2(k-1)

which implies that |S| > k + 2. This is true for every subset S of V(G). Conversely,
if we take S* = {v1,va,...,Vpt2}, then V(G — S*) = Y20 (Pag—k—2) = Yo (Pag—2) =
k —1. Hence, st} (Cy) < [S*| =k + 2. Thus, st o (Cp) =k +2.

Suppose that n =1 (mod 3). Then n = 3k + 1 for some k > 1. In this case 750 (G) =
k+1. Let S be a set of vertices of G such that v5°(G—S) < k. Proceeding analogously
as in the previous case, we deduce that |S| > k +1 and thus st . (G) > k + 1. Since
Y (Pn) = 5], one can easily observe that G — S contains at most 2| D| vertices.
Conversely if S* = {vy,v9,...,0541}, then

T (G = 5%) = v (Part1-k-1) = v (Pak) = k.

Hence st (G) < |S*| = k + 1. Therefore, st o(G) = k+ 1. A similar argument
holds for the case n = 2 (mod 3). O

As an immediate consequence of Theorems 6 and 7, we have the following theorem.
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Theorem 8. For cycles C,, n > 4
3 ifn=57

1 otherwise
For wheels W,,, v2°(W,,) = 2. Hence, to decrease the value to 1, one has to delete
n — 3 vertices from W), so that a cycle Cj is obtained and v5°(C3) = 1. Thus we have
the following observation.

Observation 9. For wheels W, n > 5, Stooo (Wn) =n —3.

Theorem 10. For wheels W,,, n > 5

© ifn=>5,6
St:‘;’o'? (Wn)=<2 ifn=T1
1 ifn>8.

Proof. One can easily verify that when n = 5,6, st,JY:@.r?(Wn) = 0o. When n =7,
removing the central vertex and a vertex on the rim of W7, we have P5 with 750 (P5) =
3. Hence St:yt?? (W7) = 2. When n > 8, removing the central vertex from W,,, we get
Cp-1 and v2(Cp—1) = ("T_l] > 3. Thus st,JYr;.:(Wn) =1. O

From Observation 9 and Theorem 10 the following theorem is immediate.

Theorem 11. For wheels W,,, n > 5

3 ifn==6
styee(Wn) =92 ifn=25,7
1 ifn>8.

Theorem 12. Let G = K, ry,...r. be a complete multipartite graph with s,rs > 2 and
1 <12 < ... <o, Then sty (G) =n —1s, wheren =7 7.

Proof. It is clear that 750 (G) = 2. First, we prove that

n—3 ifs>2,
Stiinee (G) = (1)
n—2 if s=2,

and

n—rg ifrg>2,
St (G) = (2)
00 if rg =2.
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Suppose s > 2. Then G contains a triangle. Thus, to reduce v2°(G) by 1, we need
to remove n — 3 vertices from G to get K3, and 750 (K3) = 1. Thus, when s > 2, we
have st o (G) = n— 3. Clearly, when s = 2, we need to remove n — 2 vertices from G
to obtain a K and 7,7 (K2) = 1. Thus, when s = 2, st (G) =n — 2. Hence, (1) is
proved.

In order to find st%? (@), suppose that ry > 2. Then we need to remove n — ry
vertices from G to obtain 7, K7, and v3°(rs K1) = rs > 2. Thus, when r5 > 2, we have
stjﬁ (G) =n—r,.

If r = 2, then one can observe that there exists no subset S of V(G) such that the
removal of S from G will increase 7°(G). Hence st%ﬁ (@) = co. Hence, (2) is proved.
By (1) and (2), we see that st,=(G) =n —rs. O

5. Trees

By Theorem 1, for any tree T', sty (T') < 2. In this section first we characterize trees
T with sty (T') = 2. For this purpose we define a family .7; of trees as follows.

Definition 1 (Family 7). Let T be a tree with no strong supports. Perform the
following operation &7 on T'.

Operation ) Identify a maximal even pendant path in 7. Let v be an end of
this path such that deg(v) = 2 in T. Remove the edge between v and its parent
vertex from T. If the resulting graph does not contain a strong support, then stop
the process. Otherwise, repeat the operation &7 until no junction vertices remain.
T € 97 if each component of the final graph is a Py, k is even.

Theorem 13. For any tree T of order n > 2, styeo (T') = 2 if and only if T € 1.

Proof. Suppose that T' € Z;. Since at every stage even paths are removed and the
final graph is also an even path, the removal of any single vertex will not affect v52(T').
Hence st (T') > 2 which implies that st (T) = 2.

Conversely suppose that sty (T) = 2. We claim that T € 7. If T has a strong
support v, then 2 guards are required to safeguard the vertices in N[v]. If the two
guards safeguard more than two vertices in N(v), then the removal of v in T will
increase v,y (T'). Thus sty (T) = 1, a contradiction. If the two guards safeguard
exactly two vertices in N(v), then the removal of a leaf neighbor of v will decrease
Y (T') by 1. Thus sty (T') = 1, a contradiction. Thus, T does not contain a strong
support. Now perform operation &7 in T. If the resulting graph has a strong support,
then as discussed earlier sty (T") = 1, a contradiction. Otherwise repeat the process
until no junction vertices remain. Suppose the final graph is an odd path, then by
Theorem 4, st (1) = 1, a contradiction. Thus, the final graph is an even path.
Hence, T' € ;. O



P.R.L. Pushpam 9

Remark 1. It is clear that by the definition of .77, for any tree T' € .73 there exists no set
of vertices in T whose removal will increase v, (T'). Thus for any tree T € i, stlo (T) = oo.

In the next theorem we establish an upper bound for Stooo (T'), where T is a tree, in
terms of its maximum degree.

Theorem 14. For any tree T with A(T) > 3, st (T) < A(T) — 1.

Vi
Proof. If T is a star, then clearly 720 (T') = 2 and the removal of n — 2 vertices will
reduce ;7 (T') by 1. Hence, st_o (7)) < A(T) — 1. Suppose T is not a star. Let P be a
diametral path in T'. Let vy, vo, v3 be the last three vertices in P such that vz is a leaf
vertex. If vy is of degree 2, then clearly the removal of vy and wvs from T will reduce
Yoy (T') by 1. Hence st o (T) < 2 < A(T) — 1. If va is of degree at least three, then

at least 2 guards are required to safeguard the vertices in N[vg]. Thus the removal of
all the leaf neighbors of vy will decrease ;7 (1') by 1. Thus st\-(T') < A(T) —1. O

Now we proceed to characterize trees T' with st o (T') = A(T) — 1.

Klostermeyer et al. [14] have proved that for any graph G, 720 (G) < 7.(G) + 1, where
v:(G) is the connected domination number of G. A Theorem and a Corollary proved
by Klostermeyer et al. [14] which characterizes trees T' with y32(T) < v.(T) + 1 are
stated below.

Theorem 15. [1/] A tree T has v (T) < ve(T) + 1 if and only if T has a spanning
forest consisting of rKbs and trees T, T, ..., Tk on at least three vertices such that at least
k loners of T are leaves of the k + r trees in the collection.

By a loner they mean a vertex which is not adjacent to a leaf vertex.

Corollary 1. [14] Let T be a tree. Then e (T) < 1+7.(T) if and only if there exists a set
of edges whose deletion creates a spanning forest consisting of r K2’s and trees Ty, Ts, ..., Tk
on at least three vertices such that at least k loners of T are leaves of the k + r trees in the
collection.

The following lemma is proved using Theorem 15 and Corollary 1.

Lemma 1. Let T be a tree with no vertex of degree 2. Then v (T) = m + 1, where m
is the number of junction vertices of T'.

Proof. Since T does not have vertices of degree 2, it is clear that there exists no
set of edges such that the removal of these edges will leave a forest as specified in
Corollary 1. Hence by Corollary 1, v22(T) = v.(T) + 1 = m + 1, where m is the
number of junction vertices of T O

Two families of trees 75 and 73 are defined as follows.
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Definition 2 (Family 5). Let T be a tree with A(T') > 4, rooted at a vertex w with
deg(w) > 3 and all its end supports are of degree A(T'). Perform the following operation on
T.

Operation 05: Remove an edge between a vertex v and its parent in T such that
deg(v) = 2 and all its descendents are of degree at least 3 (other than the leaf vertices).
Similarly remove all such edges and let 7" be the resulting graph.

Check whether T” contains an end support of degree less than A(T'). If so, stop the
process. Otherwise, perform operation 05 successively until no vertex of degree 2
remains. Let T be the final graph. Then T € % if each component of T* satisfy the
following conditions:

1. All its end supports are of degree A(T')

2. There exist no two adjacent supports that have exactly two non leaf neighbors
respectively and the sum of their leaf neighbors is at most A(T') — 2.

Definition 3 (Family 3). Let T be a tree with A(T) = 3. Root the tree at a vertex
w with deg(w) = 3. Perform operations &1 and 0> (as stated earlier). Again perform the
operations €1 and @» in the resulting graph. Repeat the process until none of the operations
01 and 0> can be performed. Let T be the final graph. Then T € 3 if no component of
T™ is an odd path.

Theorem 16. Let T be a tree in Z2. Then st o (T) = A(T) — 1.

Proof. Let T € 5. Perform operation @5 successively and let T* be the final graph.
Let Hy, Hs,...,H be the components of T*. By the definition of .95, each H; for
1 < i < k satisfy the conditions given in the definition of 5. Hence, by Lemma
1, v2°(H;) = m; + 1, where m; is the number of junction vertices of H;,1 < i < k.
But these m; + 1 guards cannot defend any vertex in 7" not in H;, 1 < i < k. Thus
voo(T) = Zle m; + k, where Zle m; is the number of junction vertices in T. Now
the removal of any junction vertex in 7" will increase v (7). Further, since every end
support is of degree A(T'), the removal of any number of leaves less than A(T) — 1
will not alter 37 (7). Hence, sti (7)) > A(T) — 1. If all the leaves adjacent to an
end support are removed, then v5°(T) decreases by 1. Hence Sloyoo (T) < A(T) -1
and thus, st (1) = A(T) — 1. O

Theorem 17. Let T be a tree with A(T) > 4. Then st o (T) = A(T) — 1 if and only if
TeJ. "

Proof.  Supose that st . (1) = A(T) — 1. First we claim that all its end supports
are of degree A(T). Suppose an end support is of degree at most A(T) — 1. Then
removing all the leaf neighbors in case of a strong support and the leaf and the
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corresponding support vertex in case of a weak support will decrease v2°(T') by 1.
Hence st .. < A(T) — 1, a contradiction.

Now remove the edges as described in operation @5 to obtain a graph T”. Again in
T’ check whether there is an end support of degree A(T') — 1. If so, as before we get
a contradiction. Repeat the process until no vertices of degree two remain. Let T*
be the final graph. Let Hq, Ho, ..., Hx be the components of T*. Now we claim that
each component of T* satisfy the conditions given in the definiton of .75. By Lemma
1, for 1 <i <k, v2°(H;) = m; + 1, where m; is the number of junction vertices of H;.
If some end support of H; is not of degree A(T'), then as before we get a contradiction.
Further, the m; + 1 guards in H; cannot defend any vertex of T not in H;. Hence,

k
T (T) = mi+k.
i=1

Now if there exists two adjacent supports in H; such that they have exactly 2 non
leaf neighbors respectively and the sum of their leaf neighbors is less than A(T) — 1,
then the removal of all these leaf vertices will result in a subgraph H' of H; such that
there are 2 induced subgraphs G; and Gs in H' with |V(H')| = |V(G1)| + |V (G2)|
and G1,Gy € Z5. Let t; and t3 be the number of junction vertices of G and Gs
respectively. Thus,

T (H') =77 (G1) + 77 (G2) =t1 +t2 + 2 =my
Hence,
Yo (H;) =mi +1 =7 (H') + 1

which implies that 720 (H') < 7290 (H;). Thus, y22(T*) < v2(T).
Hence, st} (T') < A(T) — 1, a contradiction. Thus, each H; € 75 and so T' € %.
Converse holds by Theorem 16. O

Theorem 18. Let T be a tree with A(T) = 3. Then stieo (T) = A(T) — 1 if and only if
T € Js.

Proof.  Suppose st o (T) = A(T) — 1 = 2. Perform operations 1 and 03 in T
successively till none of the operations can be performed. Let T™ be the final graph.
We claim that none of the components of T* is an odd path. Suppose some component
of T* say @ is an odd path, then by Theorem 4, st o (@) = 1 which implies that
styec(T) =1, a contradiction. Hence, T' € J3.

Conversely supopse T € Z3. Then by definition, each component of 7%, the final
graph which is obtained by performing operations &7 and 05 successively on T is
either an even path or a tree which does not contain a vertex of degree 2. Let H be a
component of T*. If H is not a path, then by Lemma 1, 759 (H) = m + 1, where m is
the number of junction vertices of H and these guards cannot safeguard any vertex
in T which is not in H and the removal of any single vertex will increase y3°(T). If
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H is an even path, then v,,(H) = @ and the removal of any single vertex will

not alter vy (7). Thus st - (T) > 2. Now either removing any support of degree 2
and its leaf neighbor or removing 2 leaf neighbors adjacent to a strong support will
reduce v, (T') by one. Thus, st_(T) =2 = A(T) - 1. O
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