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Abstract: Let D be a digraph with order n and a arcs. Let al1+7 d;, ey d}} be the
vertex outdegrees of D. The first outdegree Zagreb index of D is denoted by Zgt (D)

n

and is defined as Zgt(D) = > (dj)z. In this paper, we completely characterize the

oriented graphs which attain lth<13 maximum value for the first outdegree Zagreb index
Zgt(D) among all connected oriented graphs D of order n with n — 1 < a < 2n — 3.
Further, we determine the oriented graphs which attain the second maximum value for
Zgt (D) among all oriented graphs of order n with n —1 < a < n+2. We consider the
problem of determining the orientations which attain the maximum and the minimum
values for the first outdegree Zagreb index for the Path, the Cycle and the Star.

Keywords: digraph, oriented graph, topological index, first outdegree Zagreb index.

AMS Subject classification: 05C50, 05C12

1. Introduction

Throughout this paper we will consider a digraph D as D = (V(D), E(D)), where
V(D) = {v1,va,...,v,} is the vertex set and E(D) is the arc set of D. A digraph D
is a simple digraph if there are no loops or parallel arcs. A digraph D is said to be
strongly connected if for any two vertices v;,v; € V(D), there is a directed path from
v; and v; and a directed path from v; to v;. A digraph is considered as connected
(weakly connected) if its underlying graph is connected. For any notions not defined
explicitly in the paper, we will refer the reader to the standard book [11].
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2 On digraphs with maximum first outdegree Zagreb index

In a digraph D, any two vertices u and v are said to be adjacent if there is an arc
(u,v) € E(D)or (v,u) € E(D). Given an arc e = (v;,v;) € E(D), we call v; the initial
vertex of e, v; the terminal vertex, and v; a tail of v;. The in-neighborhood and out-
neighborhood of v; is denoted, respectively, by N (v;) = {v; € V(D)|(v;j,v;) € E(D)}
and Nj) (v;) = {v; € V(D)|(v;,v;) € E(D)}. Accordingly, the indegree and outdegree
are denoted by d; = |[Np (v;)| and d;” = |N},(v;)], respectively. A digraph D is said
to be outdegree regular if df =df =---=d;}.

A digraph D is said to be symmetric if there is an arc (v,u) € E(D) whenever there
is an arc (u,v) € E(D) in D. A digraph with no symmetric pair of arcs is said to be
an oriented graph or an orientation of the underlying graph.

A topological index is a number associated with a graph, which characterizes the
structure of the graph and is invariant under graph isomorphism. Some major types
of topological indices of graphs are degree-based topological indices (like the first,
the second and the third Zagreb indices), distance-based topological indices (like
Wiener and Harary indices) and counting-related topological indices. The degree-
based topological indices are of great importance with a significant role in chemical
graph theory, particularly in chemistry, see [8, 9].

For a graph G with n vertices having degrees d; > ds > --- > d,, the first Zagreb

index is denoted by M;(G) and is defined as M; = > d?. A number of papers
i=1

can be found in the literature focusing on the estimates and the extremal properties
for M;(G). For some recent papers in this direction, we refer to [1, 2, 12] and the
references therein.

The concept of vertex-degree based topological indices was extended to digraphs by
Monsalve and Rada [7]. The authors in [7] have defined a general vertex-degree based
topological index for digraphs which includes as special cases the first Zagreb index,
the Randi¢ index and other vertex-based topological indices. In [7], the authors have
mainly focused on the Randi¢ index of oriented graphs and they have characterized
the extremal digraphs attaining the maximum and minimum value for this index
among trees and some other families of oriented graphs. In [6], Monsalve and Rada
have further studied this general vertex-degree based topological index for digraphs.
The authors in [6] have established several upper and lower bounds for this general
vertex-degree based topological index of oriented graphs and characterized extremal
digraphs. In [10], the authors have considered the first Zagreb index of a digraph D
as

1 _
Ml(D):§ Z (dy +d;).
(u,v)EE(D)

They have considered the orientations of a unicyclic graph with given matching num-
ber and found the oriented graphs which attain the maximum value for M; (D).

The concept of first outdegree Zagreb index Zg™ (D) and the first indegree Zagreb
index Zg~ (D) of a digraph D was recently introduced in [4] and are formally defined
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as

n n

Zgt(D)=> (df)* and Zg~ (D)= (d;)?

i=1 i=1

where d > d > --- > d} are the vertex outdegrees and di > dy > --- > d,
are the vertex indegrees of D. In [4], the authors have established several upper
and lower bounds for the first outdegree Zagreb index Zg¥(D) of a digraph D in
terms of the number of vertices n and the number of arcs a. They have characterized
the extremal digraphs attaining these bounds. Further, they have determined the
digraphs which attain the maximum, the second maximum and the third maximum
value for Zg™ (D) among all digraphs of order n and among all bipartite digraphs of
order n. They have shown that among the orientations of a path P, the minimum
value for Zg* (D) is attained by the directed path. In [10] the authors have shown that

M;(D) = % ‘;D) ((dj)2 + (d;)2>. Using the definitions of Zg™ (D) and Zg~ (D),
veE

it follows that

Mi(D) = £ (29%(D) + 29 (D).

Therefore, the study of Zg™ (D) and Zg~ (D) is equivalent to the study of M; (D). As
discussed in [4], the first outdegree Zagreb index Zg* (D) is connected with a number
of digraph invariants. In fact the authors in [4] have shown that first outdegree Zagreb
index ZgT (D) is connected with the number of pairs of out-arcs which have a common
starting vertex in D; the number of pairs of out-arcs with a different starting vertex
in Dj; the second Laplacian and the second signless Laplacian coefficient of D. In [4],
the authors have motivated the study of first outdegree Zagreb index Zg™ (D) under
these observations. More on this topic can be seen in [5].

The rest of the paper is organized as follows. In Section 2, we characterize the oriented
graphs which attains the maximum value for the first outdegree Zagreb index Zg™ (D)
among all the oriented graphs D of order n with n — 1 < a < 2n — 3. We also
characterize the oriented graphs which attains the second maximum value for the
first outdegree Zagreb index Zg*(D) among all the oriented graphs D of order n
with n — 1 < a < n+ 2. We discuss the orientations of a Path graph P,, the Cycle
graph C), and the Star graph S,, in Section 3 and characterize the orientations of these
graphs which attain the maximum and the minimum values for the first outdegree
Zagreb index Zg™ (D).

2. Extremal digraphs for the first outdegree Zagreb index

One of the interesting problems discussed for the topological indices of graphs is the
characterization of graphs which attain the maximum and the minimum values for the
topological indices among all graphs of order n or among a special family of graphs
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(like trees, trees with given matching number, unicyclic graphs, bicyclic graphs, graphs
with given connectivity, independence number, clique number, maximum degree, etc)
of order n. A number of papers can be found in this direction, for example see [3].
Therefore, the following problem will be of interest for the first outdegree Zagreb
index.

Problem 1. Characterize the digraphs D of order n which attain the extremal values for
ZgT (D).

In the rest of this section, we will focus on Problem 1 and characterize among some
families of digraphs the digraphs, which attain the extremal values for Zg* (D).

The following result gives the effect of adding an arc between two non-adjacent vertices
in D on the first Zagreb index Zg* (D).

Lemma 1. Let D be/a connected digraph of order n with a arcs having two non-adjacent
vertices w and v. Let D = D + (u,v) be the digraph obtained by adding an arc from u to v

in D. Then Zg*(D') = Zg" (D) + 2d + 1.

Proof. Let D be a digraph of order n having a arcs and let u and v be two non-
adjacent vertices in D. Let D' = D + (u,v) be the digraph obtained by adding an
arc from u to v in D. Then, the outdegree of u increases by one and the outdegrees
of rest of the vertices remains unchanged. Therefore, by the definition of the first
outdegree Zagreb index, we have

3
3

ZgH(D') - Zg* (D)
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and the result follows. O

Now, if a digraph D attains the maximum value for the first outdegree Zagreb index
ZgT (D), then the maximum outdegree of D should be n — 1, as is shown in the
following theorem.

Theorem 1. Let D be a connected digraph of order n with a arcs having mazimum
outdegree AT . If D attains the mazimum value for the first outdegree Zagreb index Zg™ (D)
among all digraphs with a arcs, then AT =n — 1.

Proof. Let D be a digraph of order n having a arcs and let A* be the maximum
outdegree of D. Suppose that D is a digraph with a arcs which attains the maximum
value for the first outdegree Zagreb index Zg* (D) and the maximum outdegree of D
is not n — 1. Then, AT(D) < n — 2. Let u be a vertex in D having the maximum
outdegree. Then dj < d}, for each vertex v; of D. Let g be the vertex in D which
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is not an out-neighbour of u. Clearly, such a vertex exists, as df < n — 2. Let us
suppose that there exists a vertex v in D having g as its out-neighbour. Let D’ be
the digraph obtained by deleting the arc (v, g) and by adding the arc (u,g). By doing
so the outdegree of v decreases by one, the outdegree of u increases by one while as
the outdegree of rest of the vertices remains unchanged. We have

Zgt(D') — Zg*(D) = (df (D))* = (df (D))?
=1 =1

= (d +1)* = (dy)* + (d) —1)% = (d)?
= 2(dj; — dj) +2

> 0.

This shows that D' is a digraph on n vertices with a arcs satisfying Zg“‘(D/) >
Zg™ (D), which is an contradiction to the fact that D has the maximum first outdegree
Zagreb index among all digraphs with a arcs.

If g is not an out-neighbour of any vertex in D, then there is at least one vertex say
k in D which is out-neighbour of g. Note that this last argument is true as D is
connected. Also, note that this vertex k& can be the vertex wu itself. Let D’ be the
digraph obtained by deleting the arc (g, k) and by adding the arc (u, k). By doing so,
the outdegree of g decreases by one, the outdegree of u increases by one while as the
outdegree of rest of the vertices remains unchanged. We have

Zg+(D') - Zg*(D) =

&Mw
Mw

(dIJrl —(d )2 +(dy —1)* = (d)?
=2(df —df) +2
> 0.

This shows that D' is a digraph on n vertices with a arcs satisfying Zg*(D') >
ZgT (D), which is a contradiction to the fact that D has the maximum first outdegree
Zagreb index among all digraphs with a arcs.

Thus in each case we have arrived at a contradiction. Therefore, if D has the maximum
first outdegree Zagreb index among all digraphs of order n with a arcs, the we must
have AT =n — 1. This completes the proof. O

The following result gives the maximum values and the digraphs attaining these val-
ues, for the first outdegree Zagreb index among all oriented graphs with n vertices
and a < n + 2 arcs.

Theorem 2. Let D be a connected oriented graph of order n with a < n+ 2 arcs. Let D
be the oriented graph which attains the mazximum value for the first outdegree Zagreb index
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Zgt (D) among all oriented graphs on n vertices with a arcs.

(i). Ifa=n—1, then D = Rzlm,l, where ?1;,171 is an orientation of the star Ky ,_1 with
all edges oriented from verter of degree n — 1.

(i). If a =n, then D = S, an orientation of Sy, = Ki,n—1 + e shown in Figure 1.

(#i). Ifa=n+1, then D = Bﬁf), an orientation of K1V ((n —4) K, U.Pg) shown in Figure
1.

(w). If a =n+ 2, then D & 3;”&2, an orientation of K1V ((n —5)K; U Kl,g) shown in
Figure 1.

Proof. Let D be a oriented graph of order n having a arcs and let AT be the
maximum outdegree of D. Suppose that D is an oriented graph with a < n 4+ 2 arcs
which attains the maximum value for first outdegree Zagreb index Zg* (D). Then,
by Theorem 1 the maximum outdegree AT of D isn — 1. If a = n — 1, then D is an
orientation of a tree T'. Clearly, among all the oriented trees the oriented star Ky ,,—1
is the only oriented tree with maximum outdegree n — 1. By Theorem 1, it follows
that K4 ,_1 attains the maximum value for Zg" (D) with maximum value equal to
(n —1)2, in this case.

If a = n, then D is an orientation of a unicyclic graph. Evidently, among all the
oriented unicyclic graphs the oriented graph S is the only graph with maximum

n
outdegree n — 1. So, by Theorem 1, it follows that ?:‘L attains the maximum value
for Zg* (D) with maximum value equal to (n — 1) + 1, in this case.
If a = n+ 1, then D is an orientation of a bicyclic graph. We note that an oriented
bicyclic graph with maximum outdegree n — 1 can be obtained from an oriented star
1,n—1 by adding two new arcs. Therefore, the oriented bicyclic graph which attains
the maximum value for the first outdegree Zagreb index is one among the oriented
graphs ?S ) or 512), where ?%2 ) is obtained from 511) by reversing the orientation
of one of arcs incident from a vertex of outdegree 2. By direct calculation, it can be
seen that Zg+(§5b1)) > Zg"‘(ﬁg)), implying that the oriented graph E)S) has the
maximum while as the oriented graph 5,2) has the second maximum first outdegree
Zagreb index among all oriented bicyclic graphs.
If a = n+2, then D is an orientation of a tricyclic graph. Clearly, an oriented tricyclic
graph with maximum outdegree n — 1 can be obtained from an oriented star K ,_1
by adding three new arcs. By Theorem 1, it is clear that the oriented tricyclic graph
which attains the maximum value for the first outdegree Zagreb index is obtained
from the oriented graph 511) by adding an arc between two non-adjacent vertices u
and v so that the outdegree of w or v is maximum possible. Since, d;,d} < 2 and

Zg"'(ﬁg«})) = n? — 2n + 5, it follows that if D is the digraph with maximum first
outdegree Zagreb index, then by Theorem 1, we have

Zg*(D) = Zg*(BW) 4+ 2d+ (BW) +1 < n? — 2n + 10.

Equality occurs if and only if the new arc introduced in ?S) is from a vertex of
outdegree two. As there is a single vertex of outdegree two in 37(11)’ it follows that
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Rl.n—l+? T{)I.n—l+<€_» ?ill) Ez’mnﬁ

Figure 1. The oriented graphs of order n with n —1 < a < n + 2 arcs which attains the maximum value
for first outdegree Zagreb index.

Figure 2. The oriented graphs of order n with @ = n + 2 arcs which attains the second maximum value
for first outdegree Zagreb index, where e can have any orientation.

/

the oriented graph 8nn 42 has the maximum first outdegree Zagreb index among
all oriented tricyclic graphs. Moreover, for the oriented graph which attains the
second maximum value for Zg™ (D), we have three choices under isomorphism. These
oriented graphs are shown in Figure 2. This completes the proof. O

The following result gives an upper bound for Zg™ (D) in terms of the number of arcs
a.

Theorem 3. Let D be an oriented graph of order n with a > 1 arcs. Then

Zgt(D) < d®, (2.1)

with equality if and only if D =2 I_gl,a U(n—a—1)K1, where ?1@ is an orientation of Ki 4
with all edges oriented away from the central vertex..

Proof. Let D be an oriented graph of order n with a arcs. We prove this result by
induction on a. If a = 1, then D = Py U (n—2)K; and so df = 1,d; =0, for i > 2,
implying that the result holds in this case. If a = 2, then D = ﬁ U (n — 3)K;, where

is an orientation of P3 or D = 2?2 U (n —4)K;. In the first case df = 1, df =
1, d;" =0, fori >3 ordf =2, dj = 0, for ¢ > 2, implying that the result holds in
each case. In the second case, we have df = 1, df =1, df =0, for i > 3 and so
the result holds in this case as well. Assume that the result is true for all digraphs of
order n with a arcs. Let D be a digraph with n vertices and a arcs and let u,v be
two non-adjacent vertices in D. Let D' =D+ (u,v) be the digraph obtained from
D by adding an arc from u to v. Let d; >dy > --- > d. be the outdegrees of D'
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Then it is clear that d, = d + 1 and d, = d;, for i # u. Therefore, by induction
hypothesis applied to D, we get

Zgt (D) =@ )2 =Y (@) +2df +1<a® +2a+1=(a+1),

=1 i=1

where we have used the fact dj; < @. This shows that the result is also true for the
digraph D' with a+ 1 arcs. Thus, by the induction hypothesis the result holds for all
digraphs.

Suppose that equality holds in (2.1). Then

n

() = a = 247 (D) = S (a2 22

i=1

n 2 n
Since (Z dj) = Y (df)? +2 Y dfd], therefore for (2.2) to hold we must have
i=1 =1 i<j
> d;"d}' = 0. This last equality holds if dj = 0, for all i or d; # 0 for exactly one 1.
i<j
In the first case D has no arc, which is not possible. So, equality holds in (2.1) if and
1fdJr # 0 for exactly one i. Let di # 0 and d;” = 0, for i > 2. Then a < n — 1 and
Z dj = qa giving that d = a, which is only possible if D = ?1 oaUm—a—-1)K;.
i=1
This completes the proof. O
Let Dﬁ;l’a*”H be the digraph with no symmetric pair of arcs having the maximum
outdegree n—1, the second maximum outdegree a—n+1 and all other outdegrees equal
to zero, where n + 3 < a < 2n — 3. For the structure of the digraph Dﬁ;l’“*"H,
see Figure 3. The next result characterizes the oriented graphs which attain the
maximum value for the first outdegree Zagreb index Zg™ (D), when D is an oriented
graph of order n with a arcs, where n +3 < a < 2n — 3.

Theorem 4. Let D be an oriented graph of order n with a arcs, where n+3 < a < 2n—3.
Then,

Zgt(D) < (n—1)°+ (a —n+1)% (2.3)

with equality if and only if D =2 DR Lo T

Proof. Let D be an oriented graph of order n having a arcs. Assume that D attains
the maximum value for the first outdegree Zagreb index Zg* (D). Then, by Theorem
1, the maximum outdegree of D is n — 1. This implies that the orientation K ,_1
of the star is a spanning subdigraph of D. In other words, this implies that D is
obtained from the digraph K ,—1 by adding a —n + 1 arcs. Let D’ be the digraph
obtained from D by deleting the vertex of maximum outdegree and the arcs incident
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Figure 3. The digraph DZ;l’a_"+l.

from it. Let Ei_ > E; > e > E:_l be the outdegrees of D'. Then it is clear that
df =n—1 and d;’:—l = Ej, for i = 1,2,...,n — 1. Therefore using Theorem 3, we
have

n

Zgt(D) =) (df)*=(n—-1)*+ Zn:(df)z

i=1

n—1
=(n-12+> (@) <(n—1)%+(a—n+1)>

’ n=l _ ’
Note that we have used the fact that Zg* (D)= > (d:r)2 <(a—n+1)?% as D has
i=1
a—mn+1 arcs.
Assume that equality occurs in (2.3). Then equality occurs in Zg+(D') < (a—n+1)2.
Since by Theorem 3 equality occurs in Zgt(D') < (a —n +1)? if and only if D" =

[

La—nt+1 U (2n — a — 3)K;. Now, adding the vertex of outdegree n — 1 to D' it
follows that equality occurs in (2.3) if and only if D = Dy7 o=+ This completes
the proof. O

From Theorem 4, it follows that among all orientations D of the graph G with n
vertices and n + 3 < m < 2n — 3 edges, the oriented graph D;{;l’“_"“‘l attains the
maximum value for the first outdegree Zagreb index Zg™ (D).

3. Extremal values of first outdegree Zagreb index among the
orientations of some graphs

In this section, we discuss the problem of determining the extremal digraphs for the
first outdegree Zagreb index among orientations of Paths, the orientations of Cycles
and the orientations of Stars.

The following theorem gives a lower bound for the first outdegree Zagreb index
Zg* (D) in terms of the number of vertices n and the number of arcs a of a digraph
D and can be seen in [4].
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Theorem 5. [}] Let D be a digraph of order n with a arcs having first outdegree Zagreb
inder Zg" (D). Let k be the largest positive integer such that d: > 0, where 1 < k < n.
Then

Zgt(D) > a(2p+1) — pk(p + 1), (3.1)

where p = | %] is the integer value of <. Equality occurs in (3.1) if and only if df — d;r <1,
for any pair of vertices v; and v; having non-zero outdegrees in D.

Orientations of a Path. Let P, be a path on n vertices with m = n — 1 edges. We
will show that among all the orientations D of P,, the orientation with n — 1 vertices
of outdegree 1 attains the minimum value for Zg* (D) and the orientation with [ %]
vertices of outdegree 2 attains the maximum value for Zg* (D). Since the maximum
degree is 2 in P, it follows that the outdegree of any vertex in D is either 2 or 1 or
0. Therefore, the condition dj — d;r < 1, for any pair of vertices v; and v; having
non-zero outdegrees is always satisfied for D. So, by Theorem 5, we have

Zg*(D) = (2p+1)(n—1) — pk(p +1) (3.2)

where k is the number of vertices with positive outdegree. We first show that the
value of k varies from |4 ] to n — 1 for any orientation D of P,. The upper bound
is trivially true as at the most n — 1 vertices in D can have outdegree positive. Note
that in this case D is a directed path. Let vy, v, ..., v, be the vertices of P, with
edges v;v;41, for i =1,2,...,n— 1. To show that the lower bound holds, we consider
the cases when n is even or odd. It is clear that an orientation D of P, can have
minimum number of vertices with positive outdegree if and only if it has the maximum
number of vertices with outdegree 2. Let us first suppose that n is even. Consider
the vertices vs,v4,...,Vn_2,v, With even subscripts. Orient the edges incident at
these vertices directed outwards, we obtain an orientation P; of P, with maximum
number of vertices of outdegree 2. In fact, the number of vertices with outdegree 2

n

is 1 and there is one vertex with outdegree 1, in this case. This implies that the

n_
minimum value for k is % and this value is achieved in the orientation P;. Let us now
suppose that n is odd. Consider the vertices va,vy4,...,v,_1 with even subscripts

and orient the edges incident at these vertices directed outwards. We obtain an

orientation P, of P, with maximum number of vertices of outdegree 2. In fact, the
number of vertices with outdegree 2 is ”Tfl in this case. So the minimum value for

k is an and this value is achieved in the orientation P,. Thus, we have shown that

5] <k < n—1, with equality on the left if and only if D = P; or P, according
to as n is even or odd and equality on right holds if and only if D is a directed path

n- If nis even, then k > 5 implies that k = 5 + ¢, where c=0,1,...,5 — 1. So,
_in=1] _ 12(n=1) _ | 2(n+2c)—2—4c| __ _ (4et2) _
p = L%JFCJ = 55 = 5% ) = 12— 355 ] = 1. On the other hand,
if n is odd, then k > "T_l gives k = "T_l + ¢, where ¢ = 0,1, ..., "T_l Therefore,
p= L%—T}rc = Lj_(:;;i)lj = Liﬂn:ﬁ;ﬁ)l_kj =|2- n-S?—lJ =1, for ¢ # 0 and equal to
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RS «~ o >~ O <+ @ <0 0 —<0 * <o >0
vy V2 3 V4 Un—3 Un—2 VUn-1 Un, v V2 v3 V4 Un—2 Un—-1  Un
Py P

Figure 4. The orientations P; and P, of the path P, which attain the maximum value for the first
outdegree Zagreb index for n even and n odd, respectively.

2, for ¢ = 0. Thus, it follows that p = 1 for 5 <k <n—1,neven; ”T_l—i—l <k<n-1,

n odd and p =2, for k = "T_l, n odd. Inserting the values of p in (3.2), we arrive at
Zgt(D) =3(n —1) — 2k, (3.3)
for 2 <k<n-—1,neven;or 2 <k <n-1,nodd and
Zgt (D) =5(n — 1) — 6k, (3.4)

for k = %‘17 nodd. If § <k <n—1, for n even, then (3.3) gives n —1 < Zgt (D) <
2n — 3, with equality on left if and only if K = n—1 and equality on right if and only if
k=%. If"T_1 —1<k<n-1,fornodd, then (3.3) givesn —1 < Zg™ (D) < 2n — 4,
with equality on the left if and only if £ = n — 1 and equality on the right if and only
if k = "T‘H; and Zgt (D) = 2n — 2, if k = ”7_17 for n odd. Thus, summarizing all

these observations we arrive at the following result.

Theorem 6. Among all the orientations of the Path P,, the directed path ?n attains
the minimum value for Zg*t (D) with the minimum value equal to n — 1. Among all the
orientations of the Path P, with n even, the orientation P attain the mazimum value for
Zgt (D) with the mazimum value equal to 2n — 3. Among all the orientations of the Path
P, with n odd, the orientation Py attain the mazimum value for Zgt (D) with the mazimum
value equal to 2n — 2.

Orientations of a Cycle. Let C,, be a cycle on n vertices with m = n edges. Among
all the orientations D of C,,, we show that the directed cycle attains the minimum
value for Zg™ (D) and the orientation with anz vertices of outdegree 2 attains the
maximum value for Zg™(D), when n is even and the orientation with 21 vertices
of outdegree 2 attains the maximum value for Zg* (D), when n is odd. Since the
maximum degree in C), is 2, it follows that the outdegree of any vertex in D is either
2 or 1 or 0. Therefore, the condition dj' - d;‘ < 1, for any pair of vertices v; and v;
having non-zero outdegrees is always satisfied for D. So, by Theorem 5, we have

Zgt(D) = (2p+1)(n — 1) — pk(p + 1), (3.5)

where k is the number of vertices with positive outdegree. First we show that the
value of k varies from 5 to n for any orientation D of Cj, when n is even and it

varies from ”TH to n, when n is odd. The upper bound is trivially true as at most n
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vertices in D can have outdegree positive. Note that in this case D is a directed cycle

n- Let vy, v9, ..., v, be the vertices of C,, with edges v;v;41, fori=1,2,...,n—1
and the edge v,v;. To show that the lower bound is true, we consider the cases n
even or odd one by one. It is clear that an orientation D of C,, can have minimum
number of vertices with positive outdegree if and only if it has the maximum number
of vertices with outdegree 2. Let us first suppose that n is even. Consider the vertices
V2,4, ..., Un_2,V, With even subscripts. Orient the edges incident at these vertices
directed outwards, we obtain an orientation C; of C,, with maximum number of
vertices of outdegree 2. In fact, the number of vertices with outdegree 2 is % in this
case. This gives that the minimum value for k is § and this value is achieved in the
orientation C';. Now, suppose that n is odd. Consider the vertices vo, vyq,...,V,_1
with even subscripts. Orient the edges incident at these vertices directed outwards
and orient the edge v,v from vy to v, or from v,, to vy, we obtain an orientation Cy

or C’é of C}, with maximum number of vertices of outdegree 2. In fact, the number of

vertices with outdegree 2 is "7“ in this case. This implies that the minimum value
for k is "7“ and this value is achieved in the orientation Cy or C’;. Thus, we have

shown that § < k < n, for n even, with equality on the left if and only if D = (4

and equality on the right if and only if D is a directed cycle Bn and ”TH <k <n,
for n odd, with equality on the left if and only if D = Cy or Cé and equality on right
if and only if D is a directed cycle C',,. If n is even, then k > & gives that k = 3 +¢,

n n n 2(n+2c)—4 4
where ¢ = 0,1,..., % andsop:L%J:Lni%J:L(nnJrcz)c CJ:L2—H(+CQ)CJ:1,

if ¢ # 0 and equal to 2, if ¢ = 0. On the other hand, if n is odd, then k > %H which

; _ n+l _ +1 _ _|_2 _
gives k = "2= + ¢, where ¢ = 0,1,...,%5=. Therefore, p = L"T*TILHJ = Ln+27cl+1J =
L%J =|2- ;i(;ti)lj = 1. Thus, it follows that p =1 for ¥ <k <n, n

n+1

even; 5= <k <n, nodd and p =2, for k = 5, n even. Inserting the values of p in

(3.5), we arrive at

Zgt(D) = 3n — 2k, (3.6)
for%—i—lgkgn,nevenor"T'Hgkgn,noddand

Zgt (D) = 5n — 6k, (3.7

for k =%, n even. If 22 < k < n, for n even, then (3.6) gives n < Zg™ (D) < 2n—2,
with equality on the left if and only if £ = n and equality on the right if and only

if k= 252; and Zg*(D) = 2n, if k = 2, for n even. If 2L < k < n for n odd,

then (3.6) gives n < Zg* (D) < 2n — 1, with equality on left if and only if k = n and

n+1
2

equality on right if and only if k = . Thus, summarizing all these observations we

arrive at the following result.

Theorem 7. Among all the orientations of the Cycle C,,, the directed cycle 8n attains the
minimum value for Zgt (D) with the minimum value equal to n. Among all the orientations
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vy vz U3 v4 Un—3 Un—2 Un—1  Un v vz W3 v4 Un—2 Un—1  Un

) Ca

Figure 5. The orientations C; and Cs of cycle C,, which attain the maximum value for the first outdegree

Zagreb index for m even and m odd, respectively. Note that C; can be obtained from Ca by
reversing the direction of last edge v, v1.

of the cycle C,, with n even, the orientation C1 attains the mazimum value for Zgt (D) with
the mazimum value ,equal to 2n. Among all the orientations of the cycle Cp, with n odd, the
orientation Co or Cy attains the mazimum value for Zg" (D) with the mazimum value equal
to 2n — 1.

Orientations of a star. Let S, = K; 1 be a star on n vertices with m =n — 1
edges. Among all the orientations D of S,,, we show that the orientation with all edges
directed towards the central vertex or the orientation with all edges directed towards
the central vertex except one edge which is directed outwards attains the minimum
value for Zg™ (D) and the orientation with all edges directed outwards from the central
vertex attains the maximum value for Zg* (D). The maximum value is attained by
the orientation with all edges directed outwards from the central vertex follows from
the part (i) of (2). Therefore, we will find the orientation which attains the minimum
value for Zg* (D). Clearly, the star S, has a vertex of degree n — 1 and all other
vertices of degree 1. So, by Theorem 5, the minimum value for Zg* (D) is attained by
the orientation which satisfies d;” — d;r < 1, for any pair of vertices v; and v; having
non-zero outdegrees. Clearly, this condition will be satisfied by an orientation D of S,
if the maximum degree vertex has the outdegree either 2 or 1 or 0. Therefore, there
are three orientations namely the orientation S; with all edges directed towards the
vertex of degree n — 1 except two edges which are directed outwards; the orientation
So with all edges directed towards the vertex of degree n — 1 except one edge which is
directed outwards and the orientation S3 with all edges directed towards the vertex
of degree n — 1. For the digraphs S7, S; and S3, we have k=n—2, n—1and n—1,
respectively. This implies that p = [%¢] = [21] = 1 in each case. Now applying
Theorem 5 to digraphs, we get Zg*(S1) =n+1,Zg"(S2) =n —1= Zg*(S;). This
shows that among the orientation of star S,, the minimum value is attained by the
orientations Sy and S3 with minimum value n — 1.

Theorem 8. Among all the orientations of the star S,, the orientation with all edges
directed from the vertex of degree n—1 attains the mazimum value for Zg™ (D) with mazimum
value (n — 1)%. Among all the orientation of the star Sn, the minimum value for the first
outdegree Zagreb indez is attained by the orientations Sz and Ss with minimum value n — 1.
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v3 V-1

v
v2 v2 &

Figure 6. The orientations S7, Sz and Ss of star S, which are the candidates to attain the minimum
value for the first outdegree Zagreb index.
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