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Abstract: A weak signed total Italian dominating function (WSTIDF) of a digraph
D with vertex set V(D) is defined as a function f : V(D) — {—1,1,2} having the
property that >° cn—(,) f(#) = 1 for each v € V(D), where N7 (v) consists of all
vertices of D from which arcs go into v. The weight of a WSTIDF is the sum of its
function values over all vertices. The weak signed total Italian domination number of
D, denoted by 7yystr (D), is the minimum weight of a WSTIDF on D. We initiate the
study of the weak signed total Italian domination number in digraphs, and we present
different sharp bounds on v,,s¢7(D). In addition, we determine the weak signed total
Ttalian domination number of some classes of digraphs.
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1. Terminology and introduction

For notation and graph theory terminology, we in general follow Haynes, Hedetniemi
and Slater [8]. Specifically, let G be a graph with vertex set V(G) = V and edge
set E(G) = E. The integers n = n(G) = |[V(G)| and m = m(G) = |E(G)| are the
order and the size of the graph G, respectively. The open neighborhood of vertex v is
Ng(v) = N(v) ={u € V(G)|uv € E(G)}. The degree of a vertex v is dg(v) = d(v) =
|N(v)]. The minimum and mazimum degree of a graph G are denoted by §(G) = ¢ and
A(G) = A, respectively. A graph G is regular or r-regular if 6(G) = A(G) = r. Let
K, be the complete graph of order n, C,, the cycle of order n and K, ; the complete
bipartite graph with partite sets X and Y, where | X| =p and |Y| = q.

A signed total Roman dominating function (STRDF) on a graph G is defined in [12] as
afunction f : V(G) — {-1,1, 2} having the property that f(N(v)) = >,y f(z) =
1 for each v € V(G) and if f(u) = —1, then the vertex u must have a neighbor w
© 2025 Azarbaijan Shahid Madani University



2 Weak signed total Italian domination in digraphs

with f(w) = 2. The weight of a signed total Roman dominating function is the value
>uev(c) f(u). The signed total Roman domination number vsr(G) is the minimum
weight of a signed total Roman dominating function on G.

A signed total Italian dominating function (STIDF) of a graph G is defined in [15]
as a function f : V(G) — {—1,1,2} having the property that f(N(v)) > 1 for each
v € V(G) and every vertex u for which f(u) = —1 is adjacent to a vertex v for which
f(v) = 2 or adjacent to two vertices w and z with f(w) = f(z) = 1. The weight of
an STIDF f is the value >°, v () f(v). The signed total Italian domination number
of G, denoted by 7s1(G), is the minimum weight of an STIDF in G.

The signed total Roman and signed total Italian domination numbers are well-defined
for graphs G without isolated vertices, since the function f: V(G) — {-1,1,2} with
f(z) =1 for each x € V(G) is an STRDF as well as an STIDF. The definitions lead
to V511 (G) < vstr(G) < n(G).

Now let D be a finite and simple digraph with vertex set V(D) = V and arc set
A(D) = A. The integers n = n(D) = |V(D)| and m = m(D) = |A(D)| are the order
and the size of the digraph D, respectively. The sets N (v) = N*(v) = {z|(v,2) €
A(D)} and Np(v) = N~ (v) = {z|(z,v) € A(D)} are called the out-neighborhood
and in-neighborhood of the vertex v. Likewise Nj[v] = N*[v] = N*(v) U {v} and
Np[v] = N~[v] = N~ (v) U{v}. The integers df,(v) = d*(v) = [N*(v)| and dj,(v) =
d=(v) = [N~ (v)] are the out-degree and in-degree of the vertex v, respectively. The
minimum and mazimum out-degree are 67 (D) = 6T and AT(D) = A" and the
minimum and mazimum in-degree are 6~ (D) = ¢~ and A~ (D) = A~. A digraph D
is out-regular or r-out-reqular if §+(D) = AT(D) = r. For a subset X C V(D), we
use D[X] to denote the subdigraph of D induced by X. For an arc (z,y) € A(D),
the vertex y is an out-neighbor of x and x is an in-neighbor of y, we also say that x
dominates y and y is dominated by x. For a real-valued function f : V(D) — R, the
weight of fis w(f) =2 ,cv(q) (@), and for S C V(D), we define f(S) = 3,5 f().
We define a set S C V(D) to be a total dominating set of D if for all v € V (D), there
exists a vertex u € S such that v is dominated by u. The total domination number
¢ (D) equals the minimum cardinality of a total dominating set in D.

In this paper we continue the study of signed (total) Roman (Italian) domination in
graphs and digraphs (see, for example, the survey articles [2-5] and [1, 6, 9-14]).

A signed total Roman dominating function (STRDF) on a digraph D is defined in
[13] as a function f : V(D) — {—1,1,2} having the property that f(N~(v)) =
Y zen-(v) f(x) = 1 for each v € V(D) and every vertex u for which f(u) = -1,
has an in-neighbor v for which f(v) = 2. The weight of an STRDF f is the value
> uev(p) f(1). The signed total Roman domination number vsr(D) is the minimum
weight of an STRDF on D.

A signed total Ttalian dominating function (STIDF) of a digraph D is defined in [16]
as a function f: V(D) — {—1,1, 2} having the property that f(N~(v)) > 1 for each
v € V(D) and every vertex u for which f(u) = —1 has an in-neighbor v for which
f(v) = 2 or two in-neighbors w and z with f(w) = f(z) = 1. The weight of an
STIDF f is the value EvEV(D) f(). The signed total Italian domination number of
D, denoted by 741(D), is the minimum weight of an STIDF on D. A 74 (D)-function
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is an STIDF of weight 4 (D).

A weak signed total Italian dominating function (WSTIDF) of a digraph D is defined
as a function f: V(D) — {—1,1,2} having the property that f(N~(v)) > 1 for each
v € V(D). The weight of a WSTIDF f is w(f) = >_,cy(p) f(v). The weak signed
total Italian domination number of G, denoted by i str(D), is the minimum weight
of a WSTIDF on D. A ~,s:7(D)-function is a WSTIDF of weight ~,,s:7(D). For a
WSTIDF fon D,let V;={ve V(D) : f(v) =i} fori=-1,1,2. A WSTIDF f can
be represented by the ordered partition f = (V_q, Vi, V3).

The weak signed total Italian domination number, the signed total Italian domination
number and the signed total Roman domination exist when 6~ (D) > 1, because the
function f : V(D) — {—1,1,2} with f(x) = 1 for each vertex z € V(D) is a WSTIDF,
an STIDF as well as an STRDF on D of weight n(D) and thus the definitions lead
t0 Yuwstr (D) < Ysrr (D) < vser(D) < n(D).

Our purpose in this work is to initiate the study of the weak signed total Italian
domination number in digrphs. We present basic properties and sharp bounds for the
weak signed total Italian domination number of a digraph. In particular, we show
that many lower bounds on (D) and on s r(D) are also valid for v,s¢7(D). In
addition, we show that the difference vs17(D) — Yuwser (D) can be arbitrarily large,
and we determine the weak signed total Italian domination number of some classes
of digraphs.

The associated digraph D(G) of a graph G is the digraph obtained from G when each
edge e of G is replaced by two oppositely oriented arcs with the same ends as e.
Since Np ) (v) = Na(v) for each vertex v € V(G) = V(D(G)), the following useful
observation is valid.

Observation 1. If D(G) is the associated digraph of a graph G, then vatr(D(G)) =
Ystr(G) and Ysr (D(G)) = Your (G).

Let K, K, , and C7, be the associated digraphs of K,,, K, 4 and C),, respectivly. We
make use of the following known results.

Proposition 1. [16]/If n > 2, then vs7(K;;) = 2 when n is even and 741 (K;;) = 3 when
n is odd.

Proposition 2. [16]If p,q > 2 are integers, then v 1 (K, ,) = 2.

Proposition 3. [16] If n > 3, then 7::(Cyy) = n/2 when n = 0(mod4), vs¢:(Cyy) =
(n+3)/2 when n = 1,3 (mod4) and vs:1(Cy;) = (n + 6)/2 when n = 2 (mod 4).

Let n = 2r + 1 with an integer r > 1. We define the circulant tournament CT(n) of
order n with vertex set {ug,u1,...,u,—1} as follows. For each i, the arcs are going
from w; to the vertices w;y1,uit2, ..., U;jt+r, where the indices are taken modulo n.
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Proposition 4. [16] Let n = 2r + 1 with an integer 7 > 1. Then 74;(CT(n)) = 3 when
r=2p+1is odd and s (CT(n)) = 4 when r = 2p is even.

2. Preliminary results and first bounds

In this section we present basic properties and some first bounds on the weak signed
total Italian domination number.

Observation 2. If f = (V_1,V4,V2) is a WSTIDF of a digraph D of order n with
0~ (D) > 1, then the following holds.

(a) Vol + V| + V2| = n.

(b) w(f) = [Va| +2[Va| = [Vuf.

(c) Vi U Va is a total dominating set of D.

Proof.  Since (a) and (b) are immediate, we only prove (c). By the definition, each
vertex of V_; has an in-neighbor in V3 U V5. Thus V; U Vo dominates V_;. Suppose
that V3 UV, contains a vertex v without an in-neighbor in V; UV, As 6~ (D) > 1, the
vertex v must have an in-neighbor in V_; and all its in-neighbors are in V_;. This
leads to the contradiction f(N~(v)) < —1. Therefore each vertex of V; U V5 has an
in-neighbor in V3 U V5 and thus V; U V5 is a total dominating set of D. O

If 6~ > 3, then we can improve the bounds v,,s:7 (D) < vs:1(D) < n(D).

Theorem 1. If D is a digraph of order n with 6~ (D) = 4§~ > 3, then

6 —1
’sztI(D) S 'YstI(D) S n—2 \‘ B J .

Proof. Lett= Léfz_lj, and let A = {uy,us,...,u;} be an arbitrayr set of ¢ vertices

of D. Define the function f : V(D) — {—1,1,2} by f(u;) = —1for 1 < i <t and
f(z) =1for x € V(D) \ A. Then

f(N_(U))>—t+(5_—t):5_—2t:5—_2F_Z—IJ -

for each vertex v € V(D). If f(u) = —1, then it follows from 6~ > 3 that u has at
least two in-neighbors w and z with f(w) = f(z) = 1. Therefore f is an STIDF on
D of weight —t + (n — t) = n — 2t and the proof is complete. O

Proposition 1 shows that Theorem 1 is sharp.
The proof of the next lower bounds are identically with the proofs of Propositions 6,
7 and 8 in [16] and are therefore omitted.
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Proposition 5. If D is a digraph of order n with § (D) > 1, then vuwsir (D) > A7 (D) +
1—n.

Proposition 6. If D is a digraph of order n with 6~ (D) > 1, then vwsr (D) > 67 (D) +
3—n.

Proposition 7. If D is a digraph of order n with 6~ (D) > 1, then vwsir (D) > 2v(D) —n.

Example 1. Letp > 3 be an integer, and let v1,v2, ..., v, be the vertex set of the complete
graph Kp. Let the graph H consisting of Kp and the p(p — 2) new vertzces wi w2, ... Jwh™ 2
for 1 < i < p such that v; is adjacent to the vertices wi,w?,... , w for 1 <i<p. Now
let D(H) be the associated digraph of H. Define f: V(D(H)) — {— 1, 1,2} by f(vi) =1 for
1<i<pand f(z) = —1 otherwise. Then f is a WSTIDF on D(H) of weight p—p(p—2) =
3p—p? and thus ywsi (D(H)) < 3p—p?. In addition, we note that v;(D(H)) = p. Combining
this with Proposition 7, we obtain

3p —p* = 27%(D(H)) — n(D(H)) < yuser(D(H)) < 3p —p°
and thus Ywstr (D(H)) = 3p — p* and ywser (D(H)) = 2v,(D(H)) — n(D(H)).

Example 1 shows that Proposition 7 is sharp. Example 1 will also demonstrate that
the difference 517 (D) — Ywstr (D) can be arbitrarily large.

Example If f is an STIDF on the digraph D(H) of Example 1, then we show that

fluy) + 3500 (w] ) >4 -— pf0r1<] <p. If f(w}) = —1 for an indez 1 < i < p—2, then
flv;) =2 and therefore f(v;) + >0-7 f(w ) >2—(p—2)=4—p. If f(w;) > 1 for each
i€{1,2,...,p— 2}, then f(v])Jer: fwi;)>14+(p—2)=p—1>4—p. This leads to
Zzev(D(H)) f(x) > p(4—p) =4p — p* and thus vse1(D(H)) > 4p — p?. Using the fact that
Ywstr (D(H)) = 3p—p®, we deduce that ~sir (D(H)) —ywser (D(H)) > 4p—p* — (3p—p*) = p.

We present a further example which will show that the difference ys¢7(D) — Yastr (D)
can be arbitrarily large.

Example 3. Letp > 2 be an integer, and let SPspy1 be the spider with the central vertex
w, the neighbors ui,uz,...,up of w and the leaves v; adjacent to u; for 1 <i < p. Now let
D(SPapy1) be the associated digraph of SPapt1. If f is a Yystr (D (S Pap+1))-function, then we
observe that f(u;) + f(vi) > 1 for 1 < i <p and f(u;) + f(vs) = 1 if and only if f(w) = 2.
Therefore vsi1(D(SPapy1)) > p+ 2, and in fact we observe vsir(D(SPapt1)) = p + 2.

On the other hand, the function g defined by g(vi) = —1, g(u;) = 1 for 1 < i < p and
g(w) =2 is a WSTIDF on D(SPapt1) of weight 2 and thus Ywstr (D(SPep+1)) < 2. In fact
we have Yayst1 (D(SPapt1)) = 2.

Consequently, we deduce that yst1(D(SPap+1)) — Ywst1 (D(SPopt1)) > p+2—2=p.

The next propostion is a supplement to Proposition 6.
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Proposition 8. Let D be a digraph of order n. If 6~ (D) > 2 is even, then vusir (D) >
4467 (D) —n.

Proof. Let f be a yystr(D)-function. Then there exists a vertex w with f(w) > 1.
If f(w) =2, then it follows from the definitions that

Yostr(D) = Y fla)=flw)+ Y fl@)+ > f(x)

z€V (D) 2N~ (w) z€V(D)—N~[w]
> 241-(n—d (w)—1)=4+d (w)—n>4+6 (D) -n.

Next assume that f(z) € {—1,1} for each vertex z € V(D). If there exists a vertex
v with f(v) =1 and d~(v) > 6~ (D) + 1, then we obtain as above

yosti(D) = D fl@)=f)+ D> f@+ > fl@

z€V (D) 2N~ (v) z€V(D)—N—[v]
>14+1—-(n—-d (v)—1)=3+d (v)—n>4+4+6 (D) —n.

Finally assume that d=(u) = § (D) for each vertex u with f(u) = 1. Since 6= (D) =
d~(u) is even, we observe > -, f(z) = 2 for each vertex u with f(u) = 1 and
thus for each such vertex u

Yostr(D) = > fla)=fw+ Y fl@ > [

eV (D) zEN~ (u) :L’GV(D)fN* [u]
>14+42—-(n—-d (u)—1)=4+d (v)—n=446 (D) —n.

Since Vst (D) < vst1(D), Proposition 8 leads to the next result immediately.

Corollary 1. Let D be a digraph of order n. If 67 (D) > 2 is even, then s (D) >
4467 (D) —n.

The proof of the next proposition is identically with the proof of Proposition 8 in [13]
and is therefore omitted.

Proposition 9. Let f = (V_1,V1,V2) be a WSTIDF of a digraph D of order n with
57 (D) > 1. If At = AT(D) and 6+ = 67(D), then the following holds.

(a) AT —1)[Va| + (AT = 1)|Va| = (67 + 1)[Vl.

(b) (2AT +67)[Va| + (AT +07)[Vi] > (67 + Dn.
(©) (AT +6N)w(f) = (0% = AT +2)n+ (67 — AT)[Val.
(d) w(f) Z (67 =247 +2)n/(2AT 4 67) + |V2].
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As an immediate consequence of Proposition 9-(c), we obtain a lower bound on the
weak signed total Italian domination number for r-out-regular digraphs.

Corollary 2. If D is an r-out-regular digraph of order n with r > 1, then 51 (D) >

[n/r].

Therefore vstr(D) > vVstr (D) > Ywstr (D) > [n/r] for each r-out-regular digraph of
order n with » > 1 (see [13, 16]). Using Corollary 2 and Observation 1, we obtain the
next known bounds immediately.

Corollary 3. [12, 15] If G is an r-regular graph of order n with r > 1, then v.r(G) >
Ystr(G) = [n/r].

If D is not out-regular, then the next lower bound on the weak signed total Italian
domination number is valid.

Corollary 4. Let D be a digraph of order n with 6~ (D) > 1, maximum out-degree A™
and minimum out-degree 6. If 7 < AT, then

—2AT 4267 43
> -
Yuwsir (D) 2 [ 2AT + o+ ”w

Proof. Multiplying both sides of the inequality in Proposition 9-(d) by AT — 6T and
adding the resulting inequality to the inequality in Proposition 9-(c), we obtain the
desired lower bound. O

Because of ystr(D) > vst1(D) > Ya
Ystr(D) and 57 (D) (see [13, 16]).
Since AT(D(GQ)) = A(G) and §+(D
to the next known corollary.

st1(D) the bound of Corollary 4 is also valid for

(G)) = 0(G), Corollary 4 and Observation 1 lead

Corollary 5. [12, 15] Let G be a graph of order n, maximum degree A and minimum
degree § > 1. If § < A, then

—2A 426 + 3
> > | —
Ban(©) 2 71(G) = | 23R

Example 11 in [12] demonstrates that Corollary 5 is sharp. This example together
with Observation 1 show that Corollary 4 is sharp too.

Using Example 2 or 3 we see that the difference vs¢1(D) — Yawstr (D) can be arbitrarily
large. However, if 6~ (D) > 2, then we will show that vse7 (D) = vser(D).

Theorem 2. If D is a digraph with 6~ (D) > 2, then yust1(D) = vst1(D).
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Proof.  Clearly, vusir(D) < vser(D). Let now f be a 7yuser(D)-function. By the
definition, we have > n-(,) f(z) > 1 for each vertex v € V(D). If f(u) = —1, then
it follows from d~(u) > 2 and 3_, n-(, f(z) = 1 that u has an in-neighbor v with
f(v) = 2 or two in-neighbors w and z with f(w) = f(z) = 1. Hence f is also an
STIDF on D and thus vst7 (D) < Yaser (D). This leads to Yaystr (D) = vser (D). O

3. Special classes of digraphs

In this section, we determine the weak signed total italian domination number for
special classes of digraphs. Since 7,s:7(K5) = 2, Theorem 2 and Proposition 1 lead
to the first result in this section immediately.

Proposition 10. If n > 2, then yusir(K;) = 2 when n is even and yuwser (K;y) = 3 when
n is odd.

For even n, Proposition 10 shows that Proposition 6 is sharp, and for odd n, Propo-
sition 10 shows that Proposition 8 is sharp.

Theorem 2, Proposition 2, Proposition 3 and Proposition 4 yield to the next results
immediately.

Proposition 11. If p,q > 2 are integers, then vyysr (K, ) = 2.

Proposition 12. If n > 3, then Yuws:1(Cy) = n/2 when n = 0 (mod4), Yuwsir(Ch) =
(n+3)/2 when n = 1,3 (mod4) and vwstr(Chy) = (n + 6)/2 when n = 2 (mod 4).

Proposition 13. Let n = 2r + 1 with an integer r > 1. Then 7us:1(CT(n)) = 3 when
r=2p+1is odd and Yuwstr (CT(n)) = 4 when r = 2p is even.

A rooted tree is a connected digraph with a vertex of in-degree 0, called the root,
such that every vertex different from the root has in-degree 1. A digraph D is con-
trafunctional if each vertex of D has in-degree 1. Harary, Norman and Cartwright
[7] have shown that every connected contrafunctional digraph has a unique directed
cycle, and the removal of any arc of the directed cycle results in a rooted tree. If D
is a connected contrafunctional digraph, then let (D) be the vertex set of D with
d*t(v) = 0.

Theorem 3. If D is a connected contrafunctional digraph of order n, then ~yyst1(D) =
n — 2|¢(D)].

Proof. Let f be a vysir(D)-function. If u is a vertex of D with d*(u) > 1, then
assume that u dominates v. Since d~(v) = 1, we deduce that f(u) > 1. Therefore
Ywst1 (D) =2 (n— [((D)]) — [{(D)| = n — 2|¢(D)].
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On the other hand if we define the function g by g(z) = 1 for z € V(D) \ ¢(D)
and g(z) = —1 for x € (D), then we observe that g is a WSTIDF on D of weight
n — 2|¢(D)| and thus vy,s:7(D) < n — 2|¢(D)|. This leads to the desired result. O

Corollary 6. If C; is an oriented cycle of order n > 2, then yust1(C) = n.

4. Further lower bounds

We call a set S C V(D) a 2-packing of the digraph D if N~ [u]NN~[v] = 0 for any two
distinct vertices u,v € S. The maximum cardinality of a 2-packing is the 2-packing
number of D, denoted by p(D).

Theorem 4. If D is a digraph with 6~ (D) > 1, then
’Y'wstI(D) Z P(D)(éi(D) + 1) - n.

Proof.  Let {v1,v2,...,v,(py} be a 2-packing of D, and let f be a vy 51 (D)-function.
If we define A = Ufi?) N~ (v;), then, since {v1,v2,...,v,py} is a 2-packing of D, we
note that |A| = 32 d=(v;) > p(D) - 6~ (D). This leads to

p(D)
Ywstt(D) = > fl@)= Y f(N"(u)+ >  fl2)
zeV (D) i=1 z€V(D)\A
> p(D)+ Y f(x) = p(D) —n+|A]
z€V(D)\A

> p(D) —n+ p(D) -6~ (D) = p(D)(6~ (D) + 1) — n.

O

Theorem 4 leads to vstr(D) > Vst1(D) > Yuwstr(D) > p(D)(6~(D)4+1)—n for digraphs
with 67 (D) > 1. The bound vsr(D) > p(D)(6~ (D) + 1) — n can be found in [13].
The next family of examples will demonstrate that Theorem 4 is sharp.

Example 4. Let p > 2 be an integer, and let L be a strongly connected digraph with

vertex set {v1,va,...,vp}. Let {ui,u?,.. ,ufi} be further pairwise disjoint vertex sets with
integers t; > 1 for 1 < i < p. Now let H be the digraph consisting of L, the vertex sets
{u%,u?,...,uﬁi} for 1 < i < p such that v; dominates u},uf,,uf’ for 1 <i < p. We

observe that p(H) =p, 6" (H) =1 and n(H) =p+t1+t2+ ...+ tp. Therefore Theorem 4
leads to

Ywstr(H) 2 p(L+1) —(p+ta+ta+...4+t) =p—(t1+ta+ ... +1tp).
If we define the function f : V(H) — {—1,1,2} by f(vi) =1 for 1 <i <p and f(x) = —1 for

the remaining vertices x, then f is a WSTIDF on H and thus ywstr (H) < p—(t1+t2+. . .+tp).
Consequently, ywsti(H) = p(H)(67(H) + 1) — n(H).
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Let F,, be the digraph of order n > 2 with vertex sets {u,v}, X = {x1,22,..., 25},
Y = {y1,y2,...,y:} and Z = {z1, 22,..., 2, } such that u dominates v, v dominates
u, u dominates z; for 1 <i < s and z; for 1 <4 < p and v dominates y; for 1 <i <t
and z; for 1 <i <pwithn =2+ p+ s+ t. We define the family F,, as follows. The
digraph F), belongs to F,,. There is no arc from X UY U Z to {u,v}. In addition,
d(z;) = —-1for 1 <i<s,d (y;) = —1for 1 <i <t and there are admissible arcs
between vertices of X UY U Z such that d=(z;) <3 for 1 <i <p.

Theorem 5. Let D be a digraph of order n > 2 with § (D) > 1. Then yustr (D) > 4—n,
with equality if and only if D is a member of F,.

Proof. Proposition 6 leads to the desired bound vusi7(D) > 67 (D)+3—n>4—n.
Let now vyser (D) = 4 — n, and let f be a yys¢7(D)-function. Then there exist at
least two vertices u and v with f(u), f(v) > 1. Since Vst (D) = 4 — n, we note that
f(u) = f(v) =1 and f(z) = =1 for € V(D) \ {u,v}. Clearly, v dominates v, v
dominates u and there is no arc from V(D) \ {u,v} to {u,v}. Since f(N~(z)) > 1,
for each vertex z, there is an arc (z,u) or (z,v) for each vertex x € V(D) \ {u,v}. Let
now V(D) \ {u,v} = X UY U Z such that X = {z1,22,...,2s}, Y = {y1,92,..., 4t}
and Z = {z1, 72, ...,2,} with the properties that v dominates x; for 1 < i < s and
z; for 1 < 4 < p and v dominates y; for 1 < ¢ < ¢t and z; for 1 < i < p with
n = 2+p-+s+t. In addition, there are no arcs between X and v and no arcs between
Y and w. If d=(z;) > 2 for an integer 1 < ¢ < s, then we obtain the contradiction
f(N~(x;)) < 0. Therefore d~(x;) = 1 for an integer 1 < i < s. Analogously, we
observe that d(y;) = 1 for 1 <4 <t. If d (z) > 4 for an integer 1 < i < p, then
we obtain again the contradiction f(N~(z;)) < 0. We deduce that d~(z;) < 3 for
1 <i < p, and thus D is a member of F,.

Conversely, assume that D is a member of F,,. Define the function g by g(u) = g(v) =
1 and g(z) = —1 for x € V(D) \ {u,v}. Then it is straightforward to verify that f is
a WSTIDF on D of weight 4 — n and therefore y,5:7 (D) =4 — n. O

Let F be a member of F;, such that A~ (F') = 3. Then it follws from Theorem 5 that
Ywstr (F) =4 —n = A~ (F) + 1 — n. Therefore Proposition 5 is sharp too.
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