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Abstract: Topological indices are descriptors that assign a number to each molecular
graph, often well correlated to some properties. In particular, the Schultz index has
stood out for its high discrimination capacity between different molecular structures,
being a key tool in the study of their physicochemical properties. In this paper, we
introduce a modification of the classical adjacency matrix making use of the Schultz
index, incorporating both the degree of the vertices and the distance between each
pair of them. We perform a spectral analysis of this index and identify some of its
significant properties. Particularly, we focus on determining upper and lower bounds
for the eigenvalues of this matrix, contributing to the understanding of its algebraic
structure and its relationship with graph parameters.
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1. Introduction

Graph theory has aroused the interest of many researchers due to its wide range of
applications in fields such as physics, chemistry, communication sciences, computer
technology, engineering, architecture, operational research, genetics, psychology,
economics, anthropology, and linguistics, among others. In addition, this discipline
has strong connections with fundamental branches of mathematics, such as algebra,
matrix theory, numerical analysis, probability, topology, and combinatorics, to
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mention a few. This theory provides a powerful tool for modeling structures and rela-
tionships through visual representations of abstract data. Its fundamental elements,
vertices and edges, allow to describe interactions and connections between entities.
Since its origin in 1736, with Leonhard Euler’s famous work on the Konigsberg
bridge problem [10], this discipline has evolved to become a pillar in the analysis of
networks and complex systems. Researchers such as Kirchhoff and Cayley extended
its applications to electrical networks [15] and chemical isomers [5], respectively.
Some of its most notable applications are found in chemistry, pharmacology, and
biology, through the study of molecular graphs. These graphs represent molecular
formulas where the vertices symbolize atoms and the edges the chemical bonds
[19]. The physicochemical properties of molecules, essential in these fields, can be
correlated with their structure using tools such as topological indices. These indices
allow capturing key features of a graph in a single numerical value, which facilitates
the analysis of correlations in QSAR, (Quantitative Structure-Activity Relationship)
and QSPR (Quantitative Structure-Property Relationship) studies [3]. It is known
that the first topological index to be introduced was the Wiener index [21], which is
defined as the sum of all distances between pairs of vertices of a graph and it allows to
model some physical properties such as the boiling point of alkanes. Several indices
have been defined since then, such as the MTI proposed by Schultz in 1989 [18],
which grants to characterize alkanes and discrimination between different molecular
structures. In 1994, Gutman [11] studied this descriptor and defined the Schultz
index, also known as distance-degree. This index has been studied from different
perspectives, for example, in [9] the authors relate it with that of Wiener for some
graph families and in [1] the Schultz index of some graph products is computed
explicitly.

One of the most fruitful relationships of graph theory is with matrix theory, in
particular, a graph has associated with it various matrices, such as the adjacency
matrix, the distance matrix, and the Laplacian matrix, which are essential for
computing topological indices. These matrices not only summarize the structure
of the graph, but also form the basis of spectral theory of graphs, which analyzes
properties of the spectrum associated with these matrices and relates it to parameters
of the graph. Although the spectrum does not fully characterize a graph, it provides
valuable information about its algebraic and structural properties. Therefore, the
fundamental goal of algebraic graph theory is to determine how and to what extent
the properties of graphs are reflected in the algebraic properties of certain matrices
and vice versa. Spectral graph theory is concerned with investigating the relationship
between the eigenvalues of a graph and its structural properties. According to
Cvetkovié [7], this field of study emerged as a result of the work of a considerable
number of mathematicians such as L. Collatz, A. J. Hoffman, and H. Sachs. A key
paper in this field was the work published in 1957 by Von Collatz and Sinogowitz
[20], in which they study finite graphs and their close relationship to non-negative
matrix theory.

In recent years, numerous studies have analyzed topological indices from an algebraic
perspective, exploring their relationship with matrices associated with graphs.
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For example, in [17] the authors studied the geometric-arithmetic index, which
depends on the degree of the vertices of the graph. In their study, they introduce a
matrix based on the adjacency matrix that incorporates the degrees of the vertices.
In addition, they define a geometric-arithmetic Laplacian matrix which presents
properties similar to those of the classical Laplacian matrix. On the other hand, in
the paper [16] the authors analyze the spectral properties of the inverse sum indeg
index, expanding the understanding of the connections between topological indices
and algebraic properties of graphs.

This work focuses on the spectral analysis of a matrix associated with a graph that is
related to the Schultz index. In particular, a detailed study is carried out to determine
upper and lower bounds for the eigenvalues of this matrix, which contributes to the
understanding of its algebraic properties and its relationship with the graph structure.

2. Preliminaries

In this section, we state some known results, definitions, and notation used throughout
this paper. All graphs considered are finite, undirected, loopless, and without multiple
edges. If T' = (V, E) is a graph, its order is defined as |V| and its size as |E|. Two
vertices u,v € V are called adjacent if they form an edge, that is, uv € E. By a walk
from u to v we mean a sequence of vertices

UTLLTg -+ TV

such that any two consecutive are distinct and adjacent, the length of this walk is
the number of edges in it, and a path from u to v is a walk in which all its vertices
are different. I' is called connected, if for every pair of vertices u and v there is a
path from u to v. The distance between two vertices u and v of a connected graph is
defined as

d(u,v) = min{length(P) : P is a path from v to v}

and the diameter of T is
diam(T") = max{d(u,v) : u,v € V}.

For a vertex v the degree of v is the number of vertices adjacent to it, we denote
it by deg(v), and we denote the maximum and minimum degree of I" by A and ¢,
respectively.

We know that a graph is completely determined by the adjacency of its vertices and
this information can be conveniently organized in matrix form. Given a labeled graph
I' = (V,E) of order n, with V- = {wy,...,v,}, its adjacency matriz is defined as the
n X n matrix A = A(T") over C with entries

1, ifvw; € E;
0, otherwise.
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It can be noted that A is a symmetric matrix with zero diagonal and the sum of the
entries of i-th row is precisely the degree of the vertex v;. For more concepts and
results about graphs see [8, 12].

Now, given a matrix M € Mat,, x,(C), we denote its spectrum by

Spec) = (12 ),
mi1 Mo -+ Mg
and this means that the eigenvalue \; has multiplicity m;, for i =1,... k.

Recall that the eigenvalues of a real symmetric matrix M are all real, so they can be
ordered A\1 > Xy > -+ > A\,

It is known that the Rayleigh quotients of a real symmetric matrix M are key tools
for approximating its eigenvalues. For a nonzero vector Y € R" it is defined as

YMY
YtY

where Y denotes the transpose of Y. The next result shows the importance of this
tool.

Theorem. (Rayleigh Principle) Let M be a real symmetric n X n matriz with
eigenvalues Ay > --- > A\, then A\, < YMY < Ay, for any unitary vector Y € C",
with equality in the left-hand (respectively, right-hand) if and only if MY = A, Y
(respectively, MY = \Y ); moreover,

Y!MY
Y'Y

YMY

Alzmax{ :Y;é()} and )\n:min{YtY:Y;ﬁO}.

The following theorem relates the eigenvalues of a matrix with those of its principal
submatrices.
Theorem. (Cauchy) Let M € Mat, «,,(C) be a symmetric matriz with eigenval-

ues Ay > -+ > A, and let B € Mat,xm(C) be a principal submatriz of M, with
etgenvalues pi1 >+ > i, then

Mt < pi < Niv fori=1,...,m.

Also, recall that a real matrix M is non-negative if all its entries are non-negative,
the next result gives a property for the eigenvalues of these matrices.
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Theorem. A non-negative matriz always has a non-negative eigenvalue r such that
the moduli of all its eigenvalues do not exceed r. To this maximal eigenvalue an
etgenvector with non-negative coordinates corresponds.

For more concepts and results about matrices, eigenvalues, and topics related see
[4, 6,7, 13, 14].

3. The Schultz matrix of a graph

We start this section by recalling the definition of the Schultz index.

Definition 1. The Schultz index of a graph T = (V, E) is defined by the expression

S(P):% S (deg(u) + deg(v))d(u, v).

u,veV

It is worth mentioning that some modifications of this index have been made, partic-
ularly, in [2], the authors define a generalization as follows

Smn () = Z (deg(u) + deg(v))md(u,v)”.

u,veV

Following the idea of the adjacency matrix of a graph that contains precisely the
information of the adjacencies, it can be defined a matrix that encloses the information
of the Schultz index.

Definition 2. Let I' = (V, E) be a labeled graph, with V' = {v1,...,vn}, the Schultz
matriz of I' is defined as the matrix S = S(I') € Mat,, xn(R) whose entries are given by

S(i,j) = (deg(vi) + deg(v;))d(vi,vy), fori,j=1,...,n.

We may note that S has zero diagonal, so that its trace is 0. Moreover, S is
symmetric, thus its eigenvalues are all real. We refer to the spectrum of S as the
Schultz spectrum of T' and we shall write S Spec(T).

We may observe that the Schultz matrix of a graph depends on the labeling considered
to it, but we are interested in those properties that do not depend on it, such as its
eigenvalues.

Example 1. Let n be a positive integer and consider the complete graph K,,, which is
defined as the graph with vertex set V' = {v1,...,v,} and edge set E = {v;v; : i # j}, Figure



6 A spectral analysis of the Schultz index

1 shows a representation of the complete graph Kg. Since for any two distinct vertices u and
v of K,, we have deg(u) = deg(v) =n — 1 and d(u,v) = 1, its Schultz matrix is given by

0 2n—1) - 2(n—1) 01 -1
2n—1) 0 - 2(n—1) 10 -1

S = : . =2(n-1) : . ,
Sn—1) 2An—1) - 0 110

but the matrix on the right-hand side is the adjacency matrix A of K,,. Thus, the eigenvalues
of S are 2(n — 1)\, where A is an eigenvalue of A. Therefore,

sspect = (107 17 05 Y),

V3
// 7 \\\
v, _— ~_ W
/ 7 /\\/ \
\ 1
\ N
/ - / ~ \
» P \\ \
V5 ) iz

Figure 1. The complete graph of order 8.

Observe that if S(v;) = Z;;l (deg(v;) + deg(v;))d(v;,v;), then S(v;) is equal to the
sum of the entries of the i-th row of S, we denote this expression by .5;, thus,

Si1+---+ 5,

Definition 3. Let S be the Schultz matrix of a labeled graph I', we say that I" is Schultz-
regular, if S1 =--- =S,

It can be easily seen that cycle and complete graphs are Schultz-regular.

Lemma 1. Let S be the Schultz matriz of a labeled graph T, then T' is Schultz-regular if
and only if Y = [1 --- 1] is an eigenvector of S. In fact, Y is an eigenvector associated to
the eigenvalue given by the Schultz-reqularity.
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Proof. Assume that T" is Schultz-regular, then S; = --- = S,, = s, for some s € R.
Observe that
Sl S
SY=|:| =]:| =sY,
Sh s

that is, Y is an eigenvector of S, with s as the associated eigenvalue.
Now, suppose that Y is an eigenvector of S, then there exists s € R such that
SY = sY, which implies S; = --- = 5,, = 5. Therefore, I' is Schultz-regular. O

Next, we relate the trace of the square of S with the generalized Schultz index Sg » of
r.

Lemma 2. Let S be the Schultz matriz of a labeled graph T = (V, E), then
tr S2 = SQ,Q(F),

where tr 8% denotes the trace of S2.

Proof. Observe that since S is symmetric, we have
tr8? = 82(1,1) + --- + S%(n,n)

j=1

= Z (deg(vl) + deg(vj))2d2(vl,vj) N

j=1
- 2
+ Z (deg(vn) + deg(vj)) d*(vp, v;)
j=1
n n 2
= Z Z (deg(v;) + deg(v;)) d?(vi, v;).
i=1 j=1
Hence, trS? = S5 5(T). O

The following result also relates the trace of S? but with the Schultz index of T,
although not with an equality.

Proposition 1. Let S be the Schultz matriz of a labeled graph T = (V, E), then

2 2
S sy < I3
4A diam(T") 46
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Proof. Notice that for any u,v € V, the following holds
26 < (deg(u) + deg(v))d(u,v) < 2A diam(T).

From the proof of the last lemma, we have

trS? = ZZ deg(v;) + deg(v;)) > (vi, vy),

=1 j=1

which implies

trS? =

I
M-

s
Il
-

<
Il
—

(deg(v;) + deg(v;))d(vs, v;)( deg(v) + deg(v;))d(vs, v;)

NE

N
Il
-

<.
Il
—

2A diam(T") ( deg(v;) + deg(vj))d(vi, )

diam (T ZZ deg(v;) + deg(v;))d(v;, v;),

i=1 j=1

thus, trS? < 4Adiam(T")S(I'). Analogously, we get the other inequality trS? >
488(T). 0

4. Bounds for the eigenvalues of S

In this section, we propose and prove tight bounds for the eigenvalues of the Schultz
matrix of a graph. We start by stating some upper bounds.

Theorem 1. Let S be the Schultz matriz of a labeled graph T' and let o be the largest
eigenvalue of S, then

(n — 1)8272(F) )

n

(o2

Moreover, the bound is attained if T' is a complete graph.

Proof. Suppose that o1,09,...,0, is the complete spectrum of S, with ¢ = o;.
Since 01 + 03+ --- + 0, = 0, we have 01 = — 2?:2 oi, and by the Cauchy-Schwarz
inequality, we get

U%S(Zn:1><na) n—lzn: (n—1) Za—n—lal,
=2 =2 =2

% [
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obtaining
n

TLO'% < (n—l)Zo?,

i=1
but Y1 02 = tr(S?) = S35(I), by Lemma 2. Thus,

(’I’l — 1)8272(F) )

01 >

Now, suppose I' = K,,, then

sspetr) = (107 7Y)

by Lemma 2, we have S »(T") = tr(S?), but

(8% = > ol =4(n-1)*+4(n—1)° =dn(n - 1),
o;€S SpecK,,

and since o = 2(n — 1)?, this implies
(n —1)S22(T") = 4n(n — 1)* = na>.
O

Theorem 2. Let S be the Schultz matriz of a labeled graph T' and let o be the largest
eigenvalue of S, then
o < 2(n—1)Adiam(T).

Moreover, the bound is attained if and only if T is a complete graph.

Proof. Let X = [z -+ x,]" be an eigenvector of S associated to o and let |z,| =
max{|z1],- -, |zn|}. Since SX = X, then
o =Y S(r )| <Y Sl < DS )l|
=1 j=1 #r
< |z > 2A diam(T),
#r

thus, 0 < 2(n — 1)A diam(T).
Now, suppose o = 2(n — 1)A diam(T") and consider an eigenvector X = [x1 -+ xy,]
associated to it, such that z, =1 and 0 < x; <1, fort=1,...,n. Then

t

n n

2(n — 1)Adiam(T) = Z S(r,j)z; = Z (deg(vT) + deg(vj))d(vr, V)4,

j=1
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and since deg(v) < A and d(u,v) < diam(I'), for all u,v € V, the above equality
implies deg(v) = A, d(u,v) = diam(I") = 1, and «; = 1, for all u,v € V and for j # r.
Hence, T is a complete graph.

Conversely, if I' is a complete graph, A = n — 1, diam(I") = 1, its largest eigenvalue
is 2(n — 1)2, and the equality holds. O

Theorem 3. Let S be the Schultz matriz of a labeled graph T’ and let o be the largest
eigenvalue of S. If s = max{Si,...,Sn}, then 0 < s. Moreover, the equality holds if and
only if I' is Schultz-regular.

Proof. Since S > 0, we can take an eigenvector X = [z; -+ z,]" > 0, associated to
o. Let x, = max{xy,...,2,} and observe that SX = ¢X implies

erfZSr] <ZST]$T§S£L’T,
j=1

thus, o < s.

Now, suppose that I' is Schultz-regular, by Lemma 1 ﬁ[l .-+ 1]* is an eigenvector
associated to the eigenvalue s. Thus, Rayleigh’s Principle implies s = o.

Conversely, assume that s is the largest eigenvalue of S and consider an eigenvector
associated to it X > 0. As above, let x, = max{x1,...,x,}, then

ZST] i :errgsmra

which implies s = S,.. So we have
r = err = Zs(rvj)xja

obtaining z; = z,, for j = 1,...,n, that is, [1 --- 1] is an eigenvector associated to
s. Therefore, by Lemma 1 I' is Schultz-regular. O

Theorem 4. Let S be the Schultz matriz of a labeled graph T' and let o be the largest
eigenvalue of S. If S; = 3."_, S(i,§)S;, fori=1,...,n, and 5 = max{Si,...,S.}, then

j=1
o <5,

and the equality holds if and only if T is Schultz-reqular.
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Proof. Let X =[z1 --+ x,]" be a unit eigenvector of S corresponding to the eigen-

value o, then
n

ZS(Lj)xj =ox;, fori=1,...,n,

J=1

by the Cauchy-Schwarz inequality we get

n 2 n n
o—zxgz(ZS(i,j)xj> ng Z zng _ Z (i, )
Jj=1 j=1 j=1

Jj=1

but 02 =S " . o222, so we get
=1 79

n n n n
SR ICHWHEESHOIELY
i=1 j=1 j=1 i=1
n n
g2 =2 _ =
S EE SE R
j=1 j=1
Thus, ¢ < /5.
Now, if ¢ = /5, we have 02 = 5 and each of the above inequalities are equalities,
particularly,
n n n
3ot = 308380
i=1 i=1  j=1
thus,

i=1 j=1 % j=1 j=1
obtaining
n n n
(ZS(L] ) = S(z,j)ZS(z,j)xj, fori=1 n,
j=1 Jj=1 Jj=1
which happens if and only if 1 = --- = z,. By Lemma 1, " is Schultz-regular.
Conversely, suppose that I' is Schultz-regular, then S; = --- = 5, = s is its largest

eigenvalue, thus,
n n
= S(i,7)S :Z ZS(i,j)sz, fori=1,...,n,

Jj=1

which implies

Therefore, o = /3. O
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Theorem 5. Let S be the Schultz matrix of a labeled graph T' and let o be the largest
eigenvalue of S. If 3; = s% 251 8(4,5)S;, fori=1,...,n, then

Ugmax{\/§i§j:1§i<j§n},

and the equality holds if and only if T is Schultz-reqular.

Proof. Let D be the n x n diagonal matrix whose (¢, ) entry is given by S;, then o
is also the largest eigenvalue of D~1SD. Consider an eigenvector X = [z1 -+ x,]'
of S associated to the eigenvalue o, such that x, = 1 and z; < 1, for ¢ # r, and let
xy = max{x; : i # r}. Notice that for 1 <i,j < n, we have

S(i. ).
DilsD(Z’,j) — (Za])SJ’
Si
then we get
ox; = DTISDX (1) ZD ISD(i, )X (5)
Jj=1
1< ,
ZS i,7)S;x;, fori=1,...,n.
’L j=1
In particular, we have
1 n 1 n
o= E;S(T’j)ijj < Sy and omy = E;S(t,j)ijj < S,

thus,

that is, o < +/5,.5;. Hence,

agmax{\/éiéj : 1§i<j§n}.

Now, suppose that we have the equality o = max{\/éiéj 1 <<y < n}, then
o = +/5,-5; and this implies

§Txf <35 and § < §T:rf,

that is, §T33§ = 54, obtaining o = §,x;. Thus,

n

Sizn:Serx]—;ZSr]Sxt,

j=1 "



A.L. Galan-Cipagauta, et al. 13

so we get

O)

ZS S—xt—xj)zo.

Jj=1

Now, observe that each summand is non-negative, Wlth > 0, then z; — z; = 0, for
j # r. Next, note that §,2? = 3; implies ox; = 5, as above we have

n

ZStj

j=1

0

2 (I1—z;)=0,

2 \

and an analogous reasoning shows that 1 — x; = 0, for j # ¢, obtaining z; = --- =
%, = 1. From this, the sum of the entries of each row of D™'SD is constant, that is,
§ =+ =35, = 0. Moreover, D71SDX = ¢X implies that DX = [S; --- S,]! is an
eigenvector of S associated to o, thus,

> S(i,j)S; =08, fori=1,...,n
j=1

but 0 =35, =--- = 3§,, then

Skzn:S(i,j) E": Sj, forik=1,...,n
i=1 i=1

and these equalities hold if and only if S; = --- = 5,,, that is, if " is Schultz-regular.
Conversely, if ' is Schultz-regular, S; = --- = S,, = s and Theorem 3 implies o = s.
Observe that

= :ZSZJ iS(z iS gjzéi, fori=1,...,n,
=1

j=1 j=1
then
o =Vs?=,/55;, fori,j=1,...,n
Therefore, o = max{\/§i§j 1<i< < n} O

Next, we give some lower bounds for the largest eigenvalue.

Theorem 6. Let S be the Schultz matriz of a labeled graph T' and let o be the largest

eigenvalue of S, then

0>§
n

where S = S(T'), and the equality holds if and only if T’ is Schultz-regular.
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Proof. Consider the unit vector Y = ﬁ [1 1]t, then Rayleigh’s Principle im-
plies

thus, o > 2S5/n.
Now, let s = max{Si,...,S,}, since 25 = S1 + -+ -+ S, we have that 25 = ns if and
only if 51 =--- =85, = s, that is,

28 =ns if and only if T is Schultz-regular.

But, by Theorem 3 we know that the last condition is equivalent to o being s. Thus,
I' is Schultz-regular if and only if o = 25/n. O

Theorem 7. Let S be the Schultz matriz of a labeled graph T and let o be the largest

eigenvalue of S, then
24 ... 2
Y it

n

and the equality holds if and only if T is Schultz-reqular.

Proof. Let X be a unit eigenvector of S associated to the eigenvalue o and consider
the unit vector Y = ﬁ[l -+ 1]t If p is the largest eigenvalue of S, then 02 = p.
Thus,

o=/ =VXtS$2X > VY!S2Y.

On the other hand, observe that

Y!S?Y = Y!SSY = Y!S!SY = (SY)!SY = |SY|? = % > s?,
i=1

thus, o > /Sitot5e
b -

o
Now, let s = max{5S1,...,S,} and notice that

S48
n

=s ifandonlyif S;=---=5,=s.

Thus, the equality holds if and only if T' is Schultz-regular. O

Finally, we present a result that gives an upper bound for the least eigenvalue of the
Schultz matrix.

Theorem 8. Let T be a labeled graph of order > 2 and let S be the Schultz matriz of T.
If o' is the least eigenvalue of S, then o' < —2§diam(T"). Moreover, the bound is attained if
T" is a complete graph.
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Proof.  Consider a labeling of I" such that d(vy,vs) realizes the diameter of the graph.
Let M € Mataxo2(R) be the principal submatrix of S given by

M=oy 7o)

and observe that its eigenvalues are p; = S(1,2) and ps = —S(1,2). If 01 > 09 >
-+ > o, are the eigenvalues of S, Cauchy’s theorem implies

On—2+2 < o < 02,
that is, o, < —S(1,2), but
S(1,2) = (deg(v1) + deg(vz))d(v1, v2) > 26 diam(T"),

thus, o/ < —24.
Now, if I' = K,, clearly its least eigenvalue satisfies

o' =-2(n—1)=-26(1).

Conclusions

In this work, we have studied a matrix associated to the Schultz index of a graph
obtaining relations between some parameters of this matrix and the Schultz and the
generalized Schultz indices. Moreover, our main results are over the largest eigenvalue
of the Schultz matrix, getting some bounds for it. After having carried out this study,
we consider that we leave the following open problems, among many others.

o Explore possible relations between our results and physical-chemical properties
of some molecules.

o Define a Laplacian matrix related to the Schultz index and study it as we did
for the Schultz matrix.

o Generalize as much as possible our results for any topological index.
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