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Abstract: Let k£ > 1 be an integer. A signed total Italian k-dominating function
(STIKDF) on a graph G = (V, E) is a function f : V — {—1,1, 2} satisfying the condi-
tions that 3, c n(y) f(u) = k for each vertex v € V, where N(v) is the neighborhood
of v, and each vertex u with f(u) = —1 is adjacent to a vertex v with f(v) = 2
or to two vertices w and z with f(w) = f(z) = 1. The weight of an STIKDF f is
w(f) = X, ey f(v). The signed total Italian k-domination number of G, denoted by
7§t1(G)7 is the minimum weight of an STIKDF on G. In this paper, we prove that the
decision problem for the signed total k-domination is NP-complete for k € {1,2}. We
present tight lower bound on 73215 1(G), and characterize all extremal graphs. Using a
discharging method, we also determine the value 'ygtI(Cg OCy) for all n > 3.

Keywords: signed total Italian k-domination number, signed total Italian k-
dominating function, complexity.
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1. Introduction

All graphs considered in this paper are finite, simple and undirected. Let G = (V, E)
be a graph with vertex set V" and edge set E. The order of G is given by n = |V| and
its size by m = |E|. The open neighborhood of a vertex v is the set of all neighbors
of v, denoted N(v), whereas the closed neighborhood of v is N[v] = N(v) U {v}.
The degree of a vertex v is denoted d(v) = |N(v)|. A leaf is a vertex of degree 1,
and its neighbor is called a support vertexr. A cubic graph is a graph in which every
vertex has degree 3. We denote the cycle graph and complete graph on n vertices by
C, and K,, respectively. A complete graph K3 is called a t¢riangle. The complete
bipartite graph K. is called a star. Let H be a graph. If G does not contain H
as an induced subgraph, then we say that G is H-free. A matching in a graph G
is a set of independent edges in G. A perfect matching M in G is a matching such
that every vertex of GG is incident to an edge of M. For disjoint subsets U and W of
© 2025 Azarbaijan Shahid Madani University



2 Signed total Italian k-domination

vertices, we let [U, W] denote the set of edges between U and W. For a set of vertices
S C V, the subgraph induced by S is denoted by G[S]. We use the standard notation
k] =1{1,2,...,k}.

For a pair of graphs G and H, the Cartesian product of G and H is the graph GOH
whose vertex set is V(G) x V(H), and two vertices are adjacent if and only if they are
equal in one coordinate and adjacent in the other. We restrict our attention to the
Cartesian product of C,, and C,,. Let V(C),) = {1,2,...,n}, E(C,) ={i(i +1),1n:
i=1,2,...,n — 1}. Hence we will denote vertices of V(C,,0C},) by (4,J) for i € [m]
and j € [n].

A signed total dominating function (STDF) of a graph G is defined as a function
[V = {=1,1} such that f(N(v)) =>_,cn( f(u) =1 for every v € V. The signed
total domination number, denoted ¢ (G), of G is the minimum weight of an STDF
on G. The signed total domination was introduced in [11] and has been studied by
several authors [3, 5].

If k£ is a positive integer, then the signed total Roman k-dominating function
(STRKDF) on a graph G is defined as a function f : V. — {—1,1,2} such that
f(N(v)) >k for every v € V and vertex u with f(u) = —1 is adjacent to a vertex v
for which f(v) = 2. The weight of f is the value w(f) = >, oy f(v). The signed total
Roman k-domination number 7%, o (G) of G is the minimum weight of an STRKDF on
G. The signed total Roman k-domination number was first defined in [8]. The special
case k = 1 was introduced and investigated by Volkmann [7]. For further details on
Roman domination and signed total Roman k-domination, we refer the reader to the
book chapter and survey paper in [1, 2].

A generalization of signed total Roman k-domination was introduced by Volkmann
[10]. A signed total Italian k-dominating function (STIKDF) is a function f : V —
{—=1,1,2} such that f(N(v)) =3 ,cn() f(w) = k for every v € V and each vertex u
with f(u) = —1 is adjacent to a vertex v for which f(v) = 2 or two vertices w and
z with f(w) = f(z) = 1. The signed total Italian k-domination number, denoted by
7% 1 (G), is the minimum weight of an STIKDF on G. The special case k = 1 was
introduced in [9], where it is called weak signed Roman domination and v ;(G) is
written as ys:7(G). The definitions lead to v%,5(G) > +%,(G). An STIKDF with
minimum weight is called a ¥, ,-function. For an STIKDF f,let V; = {v € V : f(v) =
i} for ¢ = —1,1,2. Since these three sets determine f, we can equivalently write
[ =V, V,).

In this paper, we continue the study of signed total Italian k-domination. Some
of our results are extensions of well-known properties of the signed total Roman k-
domination given in [6, 7]. As pointed out in [10], the signed total Italian k-domination
number exists when § > g Since in this paper we restrict our attention to the cases
k € {1,2}, this assumption requires only that graphs under consideration are isolate-
free.

We proceed as follows. In Section 2, we show that the decision problem for the signed
total Ttalian k-domination is NP-complete on bipartite graphs for & € {1,2}. In
Section 3, we present a sharp lower bound on the signed total Italian 2-domination
number. Finally, in Section 4 we investigate the signed total Italian k-domination
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Figure 1. The graphs H; and F;.

number for cubic graphs and determine ~2,;(C30C,,) for all n > 3.

2. Complexity result

In this section, we establish the NP-complete result for the signed total Italian k-
domination problem on bipartite graphs for k € {1,2}.

Signed total Italian k-domination problem (STIKDP)

Instance: A graph G and a positive integer k < |V (G)].

Question: Does G have an STIKDF with weight at most k& ?

We will prove that this problem is NP-complete by reducing it to the special case of
Exact Cover by 3-sets, referred as X3C3. The completeness of X3C3 was proven in
2008 by Hickey et al [4].

X3C3

Instance: A set of elements X with |X| = 3¢ and a collection C of 3¢ 3-element
subsets of X, such that every element appears in exactly 3 members of C.
Question: Does there exist a subcollection €/ C C such that every element of X
occurs in exactly one member of C’ ?

Theorem 1. Problem STI1DP is NP-complete for bipartite graphs.

Proof. STIIDP is clearly in the class NP, since we can verify in polynomial time
that a function f : V — {—1,1,2} has weight at most k and is an STI1DF. In the
following, let us transform any instance of X3C3 into an instance G of STI1DP, so
that one of them has a solution if and only if the other one has a solution. Assume
that I = (X,C) is an arbitrary instance of X3C3, with X = {1, 22,...,234} and
C={C1,Cy,...,Cs}.

For each z; € X, we build a connected graph H; as shown in Figure 1. Let W =
{vhvd, ... ,véq}. For each C; € C, we create a vertex c; to which we associate two
stars K1 with centers y; and z; and two edges c;y; and c;z;. Now to obtain a
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Figure 2. NP-completeness of STI1D for bipartite graphs.

bipartite graph G, we add edges cjv; if z; € Cj. Set k = 22¢. Figure 2 shows an
example of the bipartite graph G for ¢ = 2.

Suppose that C’ is a solution of the instance X3C3. Define an STIIDF f on G of weight
k as follows. For every i € {1,2,...,3q}, let f(y;) = f(2:) =2, f(y}) = f(z}) = -1,
F02) = F08) = F(0]) = F(05) = —1, f(v}) = F(v}) = 2. For every Cj, if C; € €', let
f(cj) = 2, otherwise let f(c;) = 1. Finally, assign 1 to all the remaining vertices of
G. Since C' is a solution for X3C3, every vertex in W is adjacent to a vertex assigned
2. It is straightforward to see that f is a signed total Italian 1-dominating function
with weight 2(3q) + 4(3q) + 4qg = 22¢ = k.

Conversely, suppose that G has an STI1IDF with weight at most k. Among all such
functions, let g be one that assigns smallest possible values to the leaves of G. Clearly,
g assigns a positive value to each support vertex. We claim that g(¢;) > 1 for all
1<i<3q. Ifg(cl):flforsomeithenz2 (j)>2andz2 g(z)) > 2. So

Y 1g(yz)+2j 1902 )+g(yz)+g(zz)+g(cz) > 5. Now we define g' : V. — {-1,1,2}
such that ¢'(y}) = ¢'(2}) = —1, ¢'(y}) = ¢'(}) = 1, g(wi) = g9(21) = 2, ¢'(c;) = 1
and g = ¢’ for the remaining vertices of G. Thus, ¢’ is an STIIDF of G such that
w(g') < w(g), and the weight of leaves under ¢’ is less then the weight of leaves
under g, contradicting the choice of ¢g. So g(¢;) > 1 for 1 < i < 3q. Therefore,
9(yi) +g(y?) = 0 and g(2}) + g(27) = 0.

Next, we shall show that g(V(HZ)) >2for 1 <i<3q,andif g(V(H;)) € {2,3,4},
then g(v?) = g(vf) = g(vf) = —1. Observe that if g(v}) = —1, then g(v3) =
g(v?) = g(v]) = 2, and if g(v}) = 1, then g(v3) > 1, f(v?) > 1 and g(v]) > 1.
Similarly, if g(v}) = —1, then g( 2) = g(vf) = g(v?) = 2, and if g(v}) = 1, then
g(v?) > 1, g(vs ) > 1 and g(vf) > 1. It is easy to check that g(V(H;)) > 8 when
g(o?) = —1. Suppose g(vf) = 2. Since g(N(v}) > 1, then g(V(Hy)) > 4 when
g(v}) = -1, g(V(H;)) > 3 when g(v}) = 1 and g(V(H;)) > 2 when g(v}) = 2.
Moreover, the equalities hold only if g(v?) = g(v9) = g(v$) = —1. Finally, we assume
g(v}) = 1. Then g(V(H;)) > 9 when g(v}) = —1, g(V(H;)) > 8 when g(v;) = 1 and
g(V(H;)) > 7 when g(v}) = 2.

Now assume that r = [V N¢;|, then w(g) = 2r + (3¢ —r) +4(3¢) +2(3¢) = r+21g <



Q. Chen 5

3
23

Figure 3. NP-completeness of STI2D for bipartite graphs.

k = 22q and so » < ¢q. On the other hand, each c; has exactly three neighbors in W,
then 3r > 3¢. Hence, r = g and ¢’ = {C; : g(¢;) = 2} is an exact cover for C. O

Theorem 2. Problem STI2DP is NP-complete for bipartite graphs.

Proof.  Similar as the proof of Theorem 1, STI2DP belongs to NP, since we can
check in polynomial time that a function f : V — {—1,1,2} has weight at most k
and is an STI2DF. In the following, let us transform any instance of X3C3 into an
instance G of STI2DP, so that one of them has a solution if and only if the other
one has a solution. Assume that I = (X,C) is an arbitrary instance of X3C3, with
X = {3?1,1‘2, . 7:L‘3q} and C = {01702, ce ,ng}.
For each z; € X, we build a connected graph F; as shown in Figure 1. For each
C; € C, we create a vertex c¢; to which we associate two stars K 3 with centers y;
and z; and two edges c¢;y; and c;z;. Now to obtain a bipartite graph G, we add edges
1

CjUZ-

if x; € C;. Set k = 34q. Figure 3 shows an example of the bipartite graph G for
q=2.

Suppose that C’ is a solution of X3C3. Define a signed total Italian 2-domination
function f on G of weight k as follows. For every i € {1,2,...,3q}, let f(y;) =
fz) =2, fy}) = f(z}) = =1, f(v2) = f(v]) = =1, f(v}) = 2. For every C;, if
C; €, let f(c;) =2, otherwise let f(c;) = 1. Assign 1 to all the remaining vertices
of G. It is straightforward to see that f is a signed total Italian 2-dominating function
with weight 4(3¢) + 6(3q) + 4¢ = 34¢ = k.

Conversely, suppose that G has an STI2DF with weight at most k. Among all such
functions, let g be one that assigns smallest possible values to the leaves of G. Clearly,
g assigns value 2 to each support vertex. We claim that g(¢;) > 1 for all 1 <1 < 3q.
If g(c;) = —1 for some i, then 23:1 g(y!) > 3 and Z?Zl g(z}) > 3. Now we define
gV — {-1,1,2} such that ¢'(y}) = ¢’(z}) = —1 and ¢'(x) = 1 for any other leaf
of y; and z;, ¢'(¢;) = 1 and g = ¢’ for the remaining vertices of G. Thus, ¢’ is an
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STI2DF of G such that w(g’) < w(g), contradicting the choice of g. So g(¢;) > 1 for
1<i<3q

Notice that g(v}) > 1, otherwise ZueN(vf) f(u) < 1. With a similar reasoning, we
conclude that g(v3) > 1 and g(v9) > 1. Since EueN(v?)f(u) = g(v}) + g(v?) +
9(v]) > 2, we get g(V(F)) > 4. If g(V(F;)) = 4, then g(v}) = g(v}) = g(vf) = 1,
9(v}) = g(v]) = —1 and g(v]) + g(v7) = 3.

Now assume that r» = |V2 N ¢;|, then 2r + (3¢ — r) + 4(3¢q) + 6(3¢) = r + 33¢ <
k = 34q and so r < ¢q. On the other hand, each c; has exactly three neighbors in
W = {v},vi,... ,véq}, then 3r > 3¢. Hence, r = ¢ and hence, C' = {C} : g(¢;) = 2}
is an exact cover for C. O

3. Lower bounds

It was proved in [9] that for every connected graph G of order n and size m, v4¢1(G) >
Un—12m = This section is dedicated to presenting a general lower bound on 2, (G).
If f = (V_q1,V1,Va) is an STIKDF of G, then for notational convenience, we let
G; = G[Vz] and |V(G1)| = ny, |E(G7)| = m,; for i € {71,1,2}. Let Vio = ViUV,
and G12 = G[Vlg] Further, we let |V(G12)| = Ni2 and ‘E(G12)| = Mia. Thus,
nia = ny + ng and myy = my + mo + |[V1,V2]|. Let V2, C V_; be the maximum
set such that each vertex of V2, is adjacent to at least one vertex of Vo and let
V=V \ V3.

For k > 1, let Hy, be the graph obtained from a graph H of order k by adding exactly
2d g (v)—2 or at least 2dy (v) pendent edges at each vertex of H. Let H = {H|k > 1}.
Note that H contains all stars K; ,, (n > 1).

Theorem 3. Let G be a connected graph of order n and size m. Then
72 (G) > 4n — 4m
with equality if and only if G € H.
Proof.  Since v%,;(P) = v2,;(Ps) = 4, the result is immediate for n = 2,3. Assume

that n > 4 and let f = (V_1,V4,V2) be a v2;-function. If V_; = (), then 72,,(G) >
n > 4n — 4m since G is connected. Suppose that V_; # (). We have

2|V711| < |[V7117V1H = Z dv_ll(U)~
veEV]

For each vertex v € V, we have 2 < f(N(v)) = 2dy, (v) + dv, (v) — dy_, (v), and so
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dy_, (v) < 2dy,(v) + dy, (v) — 2. Hence,

VL] < Y dvi (0) < ) dy,(v)
veVy veEV]
< Z (2dV2 (’U) + dv, (U) - 2)
veV;

= 2|[V1,V2]| +2m1 - 2711,

and we obtain [V1,| < |[V4, Va]| + m1 — ny.
Since each vertex of V2, is adjacent to at least one vertex in V5, we have

V2 < (V2LVe][ = ) dyz (v)
veEVs
< Z del(U)
veVs
= Z (2dV2 (U) +dv, (U) - 2)
veVs

= 4m2—|—|[V1,V2]| — 2no
= 4(maz —ma — [[V1, Vo]]) + [[V1, V2| — 2n2
= 4m1274m1—3|[V1,V2H72n2.

Combining the corresponding inequalities, we deduce that

n_y = V2|4 |V2| < dmiz — 3myg — 2|[Vi, V]| — n1 — 2no,

and thus mis >

v

m

I vV

This yields

ni2
Therefore,

’YEtI(G)

(n_1 4+ n1 + 2ng + 3my + 2|[V4, V2]|)/4. This leads to

mi + |[V_1, Va]| + [[V_1, V1|

1 1
Z(n,l +n1 + 2np + 3my + 2|V, V2]|) +n_q + §|[V,17V1]|

1
4
1
4

1
(5n_1 + 2n12 — ny + 3mq + 2|[V1, V2]|) + §|[V717Vﬂ|

1
(5n— 3nig —ni + 3my +2|[V1,Vv2]‘) + §|[V,1,V1]|.

1
>

5(571 —ny + 3m1 —4m + 2‘[‘/‘1, ‘/2” + 2|[V,17V1”)

2no +mn1 —n_q

3N —n—ny
577,7711 +3m1 74m+2|[V1,V2]| +2|[V_1,V1H — N —n1
dn — dm + 3my — 2nq + 2|[Va, V]| + 2|[V_1, VA])-

Y
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Let
¢(n1) = 3m1 — 2TL1 + 2‘[‘/1, ‘/2” + 2|[V717V1]|.

It suffices to show that ¢(ny) > 0. If ny = 0, then ¢(n1) = 0 and we are done.
Next, we assume that ny > 1. Let Hy, Ho, ..., H; be the components of the induced
subgraph G[V;] with order hq, ha, ..., ht, respectively. Since G is connected, each
component H; contains a vertex adjacent to a vertex in V_; U V5. Therefore,

my + [V, Vo]l + [V, V]l = (b —1) 4+ (he—1)+---+(hy — 1)+ ¢
= hi+ho+- -+ h =nq.

This yields that

p(n1) = 3my —2ny + 2|[V1, Va]| + 2[[V_1, V1|
2my — 2ny + 2|[V1, Va]| + 2|[V_1, V]|

2’17,1 — 2’111 =0.

(AVARLY,

Suppose that v2,;(G) = 4n — 4m. Then all the inequalities above must be equalities.
In particular, f(N(v)) = 2 for each vertex v € V3 U Vo, m_1 = 0, |[V2| = |[V2, V2]
and further, either ny = 0 or |[V_1, V4]| = 0, m; = 0. This implies that for each vertex
v € V_1 UV;, we have dg(v) = 1 and v is adjacent to exactly one vertex in V5. That
is, each vertex of V_; UV; is a leaf in G. Moreover, dy_, (v) = 2dy, (v) + dy, (v) — 2
for each vertex v € V5. This implies that G € H.

Conversely, suppose that G € H. Then G is obtained from a graph H of order k by
adding exactly 2dg (v) — 2 or at least 2dy (v) pendent edges at each vertex of H. For
any non-leaf vertex v of G, let v1,vs,...,v; be the leaves adjacent to v in G. Denote
d'(v) the number of non-leaf neighbors of v. By our construction, ¢ > 2d’(v) — 2 and
t # 2d'(v) — 1. We define an STI2DF f as follows. Let f(v) = 2 for every non-leaf
vertex v in G. For the leaf neighbors of v, define f(v;) = —1for 1 <4 < 2d'(v) —2. If
tis even, then let f(v;) = (—1)" for 2d’(v) —1 < i < t. If tis odd, let f(vag(v)—1) = 2,
f(aarw)) = f(vaa(vy+1) = —1 and let f(v;) = (—1)" for 2d'(v) +2 < i < t. So the
total weight of all leaf neighbors of v is 2 — 2d/(v). Let G’ be the subgraph of G
induced by all non-leaf vertices of G. Denote |V (G')| = n/ and |E(G’)| = m'. Let I
be the number of leaves of G. Thus, n = n’ + 1 and m = m’ 4+ . Then the weight of

fis
w(f)

o'+ > (2-2d(v))

veV(G’)
= 20 +2n' —4m’
= 4n' —4(m —1)

= 4n —4m.

Hence, 72,;(G) < w(f) = 4n — 4m. Consequently, v2;(G) = 4n — 4m. O
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Since 72, (G) < ¥4z (G), Theorem 3 leads to the following known lower bound.
Corollary 1. (/6]) Let G be a connected graph of order n and size m. Then

V2 r(G) > 4n — 4m.

4. Regular graphs

In this section, we investigate the signed total Italian k-domination on r-regular graphs
with r = 3,4. Volkmann [10] established a lower bound on the signed total Italian
k-domination number for r-regular graphs.

Lemma 1. ([10]) If G is an r-regular graph of order n with r > g, then % (G) > an
We note that if §(G) > 2, then any STDF of G is also an STIIDF of G. Hence, the
following result is immediate.

Observation 4. Let G be a graph with §(G) > 2. Then 751 (G) < £ (G).

An open packing in a graph G is a subset S of vertices whose open neighborhoods are
pairwise disjoint. The open packing number, p°(G), is the maximum cardinality of an
open packing in G. It is shown in [3] that if G is a cubic graph of order n, then v§ (G) =
n —2p°(G). The following result shows that the signed total domination number and
the signed total Italian domination number are equivalent for cubic graphs.

Theorem 5. If G is a cubic graph of order n, then vst1(G) = vi (G) =n — 2p°(G).

Proof.  Since G is cubic, 751 (G) < 77 (G) = n—2p°(G). On the other hand, let f be a
~ser-function of G, M the set of vertices of weight —1 under f. Then |[N(v)NM]| <1
for every v € V. That is, M is an open packing of G and |M| < p°(G). Thus,
w(f) >n—|M|—|M|>n—2p°(G) and then v51(G) =n — 2p°(G). O

It is shown in [3] that 7 (G) > n/3 is a sharp lower bound for a cubic graph G.
Hosseini Moghaddam et al. [5] showed that 77 (G) < 2n/3 is a sharp upper bound
for all connected cubic graphs G different from the Heawood graph G14. Note that
p°(G14) = 2. As an immediate consequence, we have the following result.

Corollary 2. IfG is a connected cubic graph different from the Heawood graph G4, then
n/3 < vst1(G) < 2n/3. And vs:1(G1a) = 10 for the Heawood graph Gis.

By Lemma 1, we establish lower and upper bounds on v2;(G) for cubic graphs.
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v3 Uy

U1 V2 U Ua

Vy us

Heawood graph G N,

Figure 4. Illustration for Corollary 2 and Example 1

Corollary 3. Let G be a connected cubic graph of order n. Then 2n/3 < ~2;(G) < n.

The following example will demonstrate that the upper bound in Corollary 3 is sharp.

Example 1. Let Nz be a claw-free cubic graph of order n = 8, as shown in Figure 4.
Then v2,;(N2) = 8.

Proof. Let f be a2 -function of Ny. Since at most one of v; and vy can be assigned
value —1, we may assume f(v1) > 1. Then f(v1) + f(N(v1)) = Z?Zl f(v;) > 3. If
Z?Zl f(v;) = 3, then f(v1) =1 and f(v2) + f(v3) + f(va) = 2. We will show that
Yoimy f(us) > 5 when 50 f(v;) = 3. Since f(v1) + f(vs) + f(va) = F(N(v2)) > 2,
it follows that f(vy) < 1. If f(va) = —1, then {f(vs), f(vs)} = {1,2}, f(uz) =
f(ug) = 2 and f(u1) 4+ f(uz) > 1. This implies 2?21 f(u;) > 5. If f(ve) =1, then
[F(vs), f(00)} = {12}, f(us) > 1, f(us) > 1 and f(un) + f(us) > 3. This immplics
Z?Zl f(u;) > 5 again. Therefore, 2, ;(N3) > 8 and then 72;(N3) = 8 by the trivial
upper bound of Corollary 3. O

To show that the lower bound in Corollary 3 is attained, we introduce some notations.
Let G be a connected (K7 3, K4 — e, Cy)-free cubic graph of order n > 6. Then every
vertex of G belongs to a unique triangle of G and every two triangles in GG are joined
by at most one edge. We define the contraction graph of G to be the graph G’ whose
vertices correspond to the triangles in G and where two vertices of G’ are adjacent
if and only if the corresponding triangles in G are joined by an edge. Note that the
order of G’ is n(G’') = n/3, that is, the number of triangles in G.

Theorem 6. Let G be a connected (K13, Ka — e, Cy)-free cubic graph of order n > 6.
Then v2,;(G) = 2n/3 if and only if the contraction graph G’ of G contains three edge-disjoint
perfect matchings.
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Proof.  Since G is a connected (K13, K4 — e,Cy)-free cubic graph, its contraction
graph G’ is a connected cubic graph. Denote the ith triangle of G by A; and let
V(A;) = {ui,vi,w;i b, 1 <i<n/3. Let f be av2,-function of G. Then

n/3
20 < 3 SN =30 100 S0 =30 =20 (1)

Thus, f(N(v)) = 2 for each vertex v € V. Since at most one vertex in each triangle of
G can be assigned value —1, we have f(u;)+ f(v;)+f(w;) > 1. Suppose f(u;)+ f(v;)+
f(w;) =1 for some 4, say f(u;) = —1 and f(v;) = f(w;) = 1. Then f(N(u;)) >3, a
contradiction. So f(u;)+ f(v;) + f(w;) > 2, and in fact f(u;)+ f(v;) + f(w;) = 2 for
each 1 < i < n/3 by (4.1). This implies that the vertices of A; are assigned values
—1,1,2, respectively. Then their corresponding neighbors outside A; are assigned
values —1,1,2, too. It is easy to check that the edges of G whose endpoints assigned
value t induce a matching M; of G for each t € {—1,1,2}. These three matchings of
G corresponding to three edge-disjoint perfect matchings of G'.

Conversely, suppose that M’ , M{ and M} are three edge-disjoint perfect matchings
of G’. Each perfect matching M, corresponding to a matching M; of G, whose edges
connect two vertices in different triangles. We construct an STI2DF f on G of weight
2n/3 as follows. For each ¢ € {—1,1,2}, assign value ¢ to the vertices covered by M;
in G. Then the three vertices of each triangle are assigned distinct values and two
endpoints of each edge connecting two triangles are assigned the same value. It is
straightforward to check that f is an STI2DF of G with weight %n So~%,(G) <2n/3
and then 72,;(G) = 2n/3 by Corollary 3. O

Finally in this section, we determine the signed total Italian 2-domination number of
C30C,, a family of 4-regular graph. For convenience, we introduce some notation.
Denote the ith Cs-layer of C30C,, by C?, that is, V(C?) = {(j,i) : j € [3]}. If fis
an STI2DF of C50C,, let f; = f(1,i) + f(2,i) + f(3,4), namely, f; stands for the
weight of the ith Cs-layer with respect to f. Two Cs-layers C* and C7 of C30C,, are
adjacent if |i — j| = 1.

Lemma 2. Letn >3 and let f be an STI2DF of Cs0C,,. Then the following assertions
hold, where all the indices are taken modulo n.

(i) If fisr =0, then fi >0, firo >0, fi #1, fixa #1, and fi + fiv2 > 6.

(ZZ) Iff¢+1 = 71, then fl 2 4 and fi+2 2 4.

(4i) If fixa = 1, then fi + fixo > 4 and f; > 1, fiyo > 1. Further, if fi + fiy2 = 4, then
{fi, fira} = {1,3}.

(Z"U) If fi+1 = —3, then fz = fi+2 =6.

Proof. (i) Suppose that f;1; = 0. Then we may assume that f(1,i4+1) = f(2,i+
1) = =1 and f(3,s + 1) = 2. Since f(N(3,i + 1)) > 2, we have f(3,i) =
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f(3,i+2) =2 and hence f; > 0, fito >0, fi # 1, fir2 # 1. Moreover, since
f(N(1,i+1)) > 2 and f(N(2,i+1)) > 2, it follows that f(1,i)+ f(1,i+2) > 1
and f(2,47) + f(2,7+ 2) > 1, which implies that f; + fi42 > 6.

(ii) As fi+1 = —1, we may assume that f(1,i+1) = f(2,i+1) = —1l and f(3,i+1) =
1. Since f(N(3,i+1)) > 2, we have f(3,i) = f(3,i+2) = 2. If f(2,i) = —1 or
f(2,i42) = —1, then f(N(2,i+1)) <1, a contradiction. Hence, f(2,7) > 1 and
f(2,i+1) > 1. By a similar argument, we get f(1,4) > 1 and f(1,s+1) > 1.
Consequently, f; > 4 and f;12 > 4.

(iii) Since f;+1 = 1, we may assume that f(1,i4+1) = f(2,i+1) = 1 and f(3,i+1) =
—1. As f(N(1,i+ 1)) > 2, we must have f(1,4) > 1 and f(1,i+2) > 1, and
similarly, f(2,4) > 1 and f(2,i4+2) > 1. Hence, f; > 1 and f;12 > 1. Meanwhile,
f(3,9)+ f(3,i+2) > 0 must hold as f(N(3,i+1)) > 2. So f;+ fit2 > 4. Suppose
further that f;+ f;12 = 4. Then f(1,7) = f(2,:¢) =1, f(1,i4+2) = f(2,i+2) =1
and {f(3,4), f(3,i+2)} = {1, —1}. Consequently, {fi, fi+2} = {1, 3}.

(iv) As fiz1 = =3, f(j,i+ 1) = —1 holds for any j € [3]. Therefore, f(j,i) =
f(j,i+2) =2 for any j € [3], and hence f; = fi12 = 6.
O

Since C30C,, is 4-regular, by Lemma 1, v%,(C30C,) > % X 3n = %n To obtain

a tight lower bound of 72,;(C50C,,), we apply the discharging method to prove this
lower bound again.

Lemma 3. Ifn >3, then v2,;(Cs0C,) > 3n.

Proof. Let f be an STI2DF of C30C,,. We define the initial charge of each column
C' of C30C,, by ch(C?) = fi. Let ch/(C*) be the the final charge after the following
discharging process is finished. ‘

R: Every C'-layer with ch(C?) > 2 gives M charge to each adjacent C7-layer
with ch(C7) < 1.

We now distinguish the cases based on the value of ch(C?) to show that ch/(C?) > 3
for any i € [n].

Case 1. ch(C?) > 2.

Since O sends at most M charge to two adjacent columns, ch/(C?) > ch(C*) —
9 % ch(CH-15 _ 3
2 =3

Case 2. ch(C?) = 1.
By Lemma 2(iii), C* must be adjacent to a column C7 with ch(C7) > 3.
receives W > 3 charge from CY. Thus, the final charge ch/(C) > 1+
Case 3. ch(C?) = 0.
By Lemma 2(i), C* is either adjacent to a column C7 with ch(C7) > 5 or ad-
jacent to two columns C*~! and C*! with ch(C?™') > 2, ch(CiT!) > 2 and

ch(C=1) + ch(C*1) > 6. Hence, C* receives W > T charge from C7

i

So

Q

0o
[~y
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or Ch(ci71)+;h(ci+l)_3 > 32 charge from C'~! and C*T'. Thus, the final charge
ch'(C?) > 2

Case 4. ch(C?) = —

In this case, Lemma 2(ii) asserts that ch(C*~1) > 4 and ch(C*™t) > 4. Hence, C*
receives a charge at least 2 from each of C*~! and C**!. Thus, ch/(C?) > —1+32 = 3.
Case 5. ch(C?) = —

In this case, Lemma 2(iv) asserts that ch/(C?) = —3 +

ch(C'"D+ch(Cit)—3 _ 3
2 -2

In summary, we have that ch’'(C*) > 2 for any i € [n]. Since the discharging procedure
preserves the total value of initial charge, we conclude that w(f) = > i ch(C?) =
i, ch/(C") = 3n. This completes the proof. O

Lemma 4. Ifn=1 (mod 2) and n > 3, then vZ,;(C30Cy) > [22] + 1.

Proof.  Suppose, to the contrary that, f is an STI2DF of C30C,, with weight w(f) =
3ntl " Let ch(C") = f; be the initial charge of the column C? and ch’(C?) the final
charge of C* after the discharging process is finished according to R. By the analysis in
the proof of Lemma 3, we obtain that ch’/(C?) < 2 for each i € [n], and if ch/(C?) = 2
for some i, then ch’'(C7) = 3 for any j # i. Due to the symmetry, we consider the
initial charge on C2.

Case 1. ch(C?) = —

By Lemma 2(iv), ch(C') = ch(C?) = 6. Since C® sends § charge to C*, ch(C*)+9 <
ch/(C*) < 2. So ch(C*) < —1. Suppose ch(C?*) = —1, say f(1,4) = f(2,4) = —1 and
f(3,4) = 1. Then f(1,5) > 1, f(2,5) > 1 and f(3,5) = 2, which indicates ch(C®) > 4
But then ch/(C*) > —1 4 ®1=3 = 3 a contradiction. Hence, ch(C*) = —3 and
similarly, ch(C™) = —3. Repeat above process, we can see that ch(C*) = —3 for even
i and ch(C*%) = 6 for odd i. But then ch(C™) = 6, a contradiction again.

Case 2. ch(C?) = —

We may assume that f(1,2) = f(2,2) = —1 and f(3,2) = 1. By Lemma 2(ii) we
know that ch(C') > 4 and ch(C ) > 4. Since ch/(C?) = 1—}—% <2, we
conclude that ch(C1) +ch(C?3) < 9. So at least one of ch(C') and ch(C?) equals to 4,
say ch(C?3) = 4. Then f(1,3) = f(2,3) =1 and f(3,3) = 2, which yields f(1,4) > 1
and f(2,4) > 1. Hence ch(C*) > 1 and C* receives a charge 2 from C®. But then
ch'(C*) > 1+ 2 =9 > 2, a contradiction.

From Cases 1 and 2, we deduce that ch(C?) > 0 for any i € [n].

Case 3. ch(C?) = 1.

We may assume that f(1,2) = —1, f(2,2) = f(3,2) = 1. By Lemma 2(iii), ch(C') +
ch(C3) > 4. If C? is adjacent to a column C? with ch(C?) > 4, then ch’'(C?) > 1+
4215 > 2, a contradiction. Hence, we may assume that ch(C') < 3 and ch(C?) < 3.
If ch(C) + ch(C3) > 5 and ch(C') > 2, ch(C?) > 2, then ch'(C?) > 14 232 = 2.
Thus, ch/(C") = 3 for each i # 2 and {ch(C"),ch(C?)} = {2,3}. Suppose ch(C?) = 2.
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Since f(2,3) > 1 and f(3,3) > 1, we may assume f(1,3) = —1, f(2,3) = 1 and
f(3,3) = 2. In this case, f(i,4) > 1 for i € [3]. Then ch(C*) > 3. Since C* sends at
most W charge to C%, ch/(C*) > ch(C*) — W > 3, a contradiction.

Therefore, ch(C') + ch(C?) = 4. By Lemma 2(iii) again, {ch(C*),ch(C?)} = {1,3}.
Assume that ch(C') = 3 and ch(C?) = 1. Since f(2,1)+f(2,3) > 2, f(3,1)+£(3,3) >
2 and f(1,1) 4+ f(1,3) > 0, we have f(2,1) = f(2,3) = f(3,1) = f(3,3) = 1 and
f(1,1) =1, f(1,3) = —1. Then f(j,4) > 1 for each j € [3] and hence ch(C*) > 3.
If ch(C*) > 4, then ch/(C3) > 1+ 3 > 2, a contradiction. So ch(C*) = 3 and
f(j,4) = 1 for each j € [3]. In this case, ch'(C?) = ch'(C3) = 1+ 3 = I. Hence,
ch (C?)+ch/(C3) = 2 =2x 2+ 1. Then ch/(C?) = 2 for any i ¢ {2,3}. This implies
ch(C®) = 0. By the values assigned on C3 and C*, we conclude that f(1,5) = 2 and

f(2,5) = f(3,5) = —1. However, f(N(1,5)) <1 which yields a contradiction.

Case 4. ch(C?) = 0.
By Lemma 2(i), ch(C') > 0, ch(C3) >0
then ch(C') = 6. Hence, ch/(C?) = C}L(Cf = 252 = 9 > 2, a contradiction. So
by Lemma 2(i) again, we have ch(C') > 2 and ch(C3) > 2. As ch(C?) = 0, we may
assume that f(1,2) = f(2,2) = —1 and f(3,2) = 2. Hence, f(3,3) = f(1,3) = 2.
Suppose ch(C1) = 2, and assume that f(1,1) = —1 and f(2,1) = 1. Now f(1,3) =2
and f(2,3) > 1, which implies ch(C?) > 5. Since ch(C*) > 0, then ch’'(C?) >
24853 = 2 and ch/(C*) > % = T > 2 a contradiction. Therefore, ch(C') > 3
1 3
and ch(C?3) > 3. Meanwhile, since ch/(C?) = W < 2, we have ch(Ct) +
ch(C3) < 7. Hence, at least one of ch(C') and ch(C?) equals to 3, say ch(C?3) = 3.
If ch(C') = 4, then ch/(C?) = 2 and so ch/(C?) = 2 for each i # 2. This forces
ch(C?F1) = 3 and ch(C?') = 0 for 1 < 1 < 251, Especially, ch(C™) = 3. However,
in this case, ch/(C') =4 — 4555 > 2 a contradiction. Hence, ch(C') = ch(C?) = 3.
To ensure ch’(C3) < 2, it must have ch(C*) < 1. By Case 3, ch(C*) = 0. Repeat
the above argument, we have that the weight sequence on the columns of C50C,, is
3030 - - -0, but this is impossible since n is odd.
By the above analysis and symmetry, we have ch(C?) > 2 for each i € [n], then
w(f) > 2n > 3% " a contradiction. Therefore, v, (C50C,) > [22] + 1 for odd
n. O

~
=}
oo O
o

h(CY) + ch(C3) > 6. If ch(C3) = 0
6

_3
2

We are now in a position to provide the formula for v2,;(C30C,,).

3 —
2 _ | 3n, n =0 (mod 2);
Theorem 7. Letn > 3. Then v5,;(Cs0C,) = { E — 1 (mod 2),

Proof. 1t suffices to provide an STI2DF f with the desired bounds. We distinguish
two cases depending on the parity of n. For even n, assign value 2 to each vertex of
column C' if { is odd, and assign value —1 to each vertex of column C? if i is even.
For odd n, assign value 2 to each vertex of column C? if 4 is odd and i < n — 2, and
assign value —1 to each vertex of column C? if i is even and i < n — 3. Assign value
2 to vertices (2,n — 1) and (2,n), value —1 to (1,n — 1), (3,n — 1), (1,n) and (3,n).
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It is straightforward to check that f is an STI2DF with w(f) = %n for even n and
w(f) =[32]+1 for odd n. O
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