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Abstract: A weak signed total Italian dominating function (WSTIDF) of a graph G
with vertex set V(G) is defined as a function f : V(G) — {—1, 1,2} having the property
that Zz€N<U> f(x) > 1 for each v € V(G), where N(v) is the neighborhood of v. The
weight of a WSTIDF is the sum of its function values over all vertices. The weak signed
total Italian domination number of G, denoted by vus¢1(G), is the minimum weight
of a WSTIDF in G. We initiate the study of the weak signed total Italian domination
number, and we present different sharp bounds on 7,,s:7(G). In addition, we determine
the weak signed total Italian domination number of some classes of graphs.
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1. Introduction

For notation and graph theory terminology, we in general follow Haynes, Hedetniemi
and Slater [9]. Specifically, let G be a graph with vertex set V(G) = V and edge
set E(G) = E. The integers n = n(G) = |[V(G)| and m = m(G) = |E(G)| are the
order and the size of the graph G, respectively. The open neighborhood of vertex v
is Ng(v) = N(v) = {u € V(G)|luv € E(G)}, and the closed neighborhood of v is
Nglv] = N[v] = N(v) U {v}. The degree of a vertex v is dg(v) = d(v) = |N(v)|.
The minimum and mazimum degree of a graph G are denoted by J(G) = ¢ and
A(G) = A, respectively. A graph G is regular or r-regular if §(G) = A(G) = r. For
a subset X C V(G), we use G[X] to denote the subgraph of G induced by X. Let
K, be the complete graph of order n, C,, the cycle of order n, P, the path of order
n, and K, , the complete bipartite graph with partite sets X and Y, where |X| =p
and |Y| = q. Let S(r, s) be the double star with exactly two adjacent vertices u and v
that are not leaves such that u is adjacent to r > 1 leaves and v is adjacent to s > 1
leaves.
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Cockayne, Dreyer, S.M. Hedetniemi and S.T. Hedetniemi [6] introduced the concept
of Roman domination in graphs, and since then a lot of related variations and gen-
eralizations in graphs have been studied (see, [2-4]). In this paper we continue the
study of Roman and Italian dominating functions in graphs.

A set D of vertices of G is called by Cockayne, Dawes and Hedetniemi [5] a total
dominating set if each vertex in V(G) is adjacent to some vertex of D. The total
domination number v:(G) equals the minimum cardinality of a total dominating set
in G. We note that this parameter is only defined for graphs without isolated vertices.
Total domination is very well studied in the literature. For more details on total
domination, the reader is referred to the two domination books by Haynes, Hedetniemi
and Slater [8, 9], the survey article on total domination by Henning [10] and the book
on total domination by Henning and Yeo [13].

A signed total Roman dominating function (STRDF) on a graph G is defined in [15] as
afunction f : V(G) — {—1,1, 2} having the property that f(N(v)) = > ey f(2) 2
1 for each v € V(G) and if f(u) = —1, then the vertex u must have a neighbor w
with f(w) = 2. The weight of a signed total Roman dominating function is the value
> uev(c) f(u). The signed total Roman domination number vs;r(G) is the minimum
weight of a signed total Roman dominating function on G.

A signed total Italian dominating function (STIDF) of a graph G is defined in [17]
as a function f : V(G) — {—1,1,2} having the property that (i) f(N(v)) > 1 for
each v € V(G) and (ii) every vertex u for which f(u) = —1 is adjacent to a vertex v
for which f(v) = 2 or adjacent to two vertices w and z with f(w) = f(z) = 1. The
weight of an STIDF f is the value Zwev(a) f(v). The signed total Italian domination
number of G, denoted by 747 (G), is the minimum weight of an STIDF in G.

A weak signed total Italian dominating function (WSTIDF) of a graph G is defined
as a function f : V(G) — {—1,1,2} having the property that f(N(v)) > 1 for each
v € V(G). The weight of a WSTIDF f is w(f) = }_,cv(q) f(v). The weak signed
total Italian domination number of G, denoted by 7ust7(G), is the minimum weight
of a WSTIDF in G. A v, (G)-function is a WSTIDF of weight vy,s:7(G). For a
WSTIDF f on G, let V; ={v e V(G) : f(v) =i} fori=—-1,1,2. A WSTIDF f can
be represented by the ordered partition f = (V_q, V1, V2).

The signed total Roman, signed total Italian and weak signed total Italian domination
numbers are well-defined for graphs G without isolated vertices, since the function
f:V(G) = {-1,1,2} with f(z) = 1 for each z € V(G) is an STRDF, an STIDF
as well as a WSTIDF. Thus we assume throughout this paper that 6(G) > 1. The
definitions lead to Yustr(G) < Yst1(G) < vatr(G) < n(G). Therefore each lower
bound of 7,,5:1(G) is also a lower bound of v4:7(G) and vs:r(G).

In this paper we continue the study of signed (total) Roman (Italian) domination
in graphs (see, for example, [1, 7, 11, 12, 14-16]). Our purpose in this work is to
initiate the study of the weak signed total Italian domination number. We present
basic properties and sharp bounds for the weak signed total Italian domination
number of a graph. In particular, we show that many lower bounds on ~vs(G) and
on v5r(G) are also valid for 7,57 (G). In addition, we prove vyus¢7(G) > (8n—9m)/3
for connected graphs of order n and size m, and we characterize the graphs achieving



L. Volkmann 285

equality. Furthermore, we observe that the difference vs:7(G) — Yuwstr (G) can be
arbitrarily large, and we determine the weak signed total Italian domination number
of some classes of graphs.

We make use of the following known results.

Proposition 1. [17/If n > 2, then vs:1(K,) = 2 when n is even and 741 (K,) = 3 when
n is odd.

Proposition 2. [17]If p,q > 2 are integers, then vet1(Kp,q) = 2.

Proposition 3. [17] Let S(r,s) be the double star. If r,s > 3, then vs1(S(r,s)) = 2.
In addition, vs:7(S(1,s)) =2 for s =1 or s > 3.

Proposition 4.  [17] If C, is a cycle of length n > 3, then v4:(Cyn) = n/2 when
n = 0(mod4), vst1(Crn) = (n+ 3)/2 when n = 1,3 (mod 4) and vs:7(Cr) = (n + 6)/2 when
n = 2 (mod 4).

Proposition 5. [15] Let P, be a path of order n > 3. Then vstr(P,) = n/2 when
n = 0(mod4) and vstr(Pn) = [(n + 3)/2] otherwise.

2. Preliminary results and first bounds

In this section we present basic properties and some first bounds on the weak signed
total Italian domination number.

Observation 1. If f = (V_1,V1,Va) is a WSTIDF of a graph G of order n with §(G) > 1,
then the following holds.

(a) |V_1| + |Vi| + |V2| = n.
(b) w(f) = Vi| +2|Va| = [V_4].

(c) ViU Vs is a total dominating set of G.

Proof.  Since (a) and (b) are immediate, we only prove (c). By the definition, each
vertex of V_; is adjacent to a vertex of Vi U Va. Suppose that G[V; U V5] has an
isolated vertex v. As 6(G) > 1, the vertex v is adjacent to a vertex in V_; and all
its neighbors are in V_;. This leads to the contradiction f(N(v)) < —1. Therefore
G[V1 UV,] does not contain an isolated vertex and hence V3 UV; is a total dominating
set of G. O

The proof of the next lower bound is identically with the proof of Proposition 3 in
[17] and is therefore omitted.
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Proposition 6. If G is graph of order n with 6(G) > 1, then
Ywst1 (G) > max{A +1—n,6(G) +3 —n}.

Proposition 7. If G is graph of order n with 6(G) > 1, then vyust1(G) > 27 (G) — n.

Proof. Let f = (V_1,V1,V3) be a yyst1(G)-function. Then it follows from Observa-
tion 1 that

Ywst1 (G) = V1| 4+2|Va| = |V_1| = 2|]V1|+3|Va| —n > 2|V1UVa| —n > 294(G) —n, (2.1)
and the desired inequality is proved. O

Example 1. Let p > 3 be an integer, and let vi,va2,...,vp, be the vertex set of the
complete graph K,. Now let H be the graph consisting of K, and the p(p — 2) new vertices
wil,w?,...,wffz for 1 < i < p such that v; is adjacent to the vertices w,-17w1-2,...7wf72
for 1 < i < p. Now define f : V(H) — {=1,1,2} by f(vi) = 1 for 1 < i < p and
f(z) = —1 otherwise. Then f is a WSTIDF on H of weight p — p(p — 2) = 3p — p*> and
thus ywstr (H) < 3p — p?. In addition, we observe that v(H) = p. Combining this with
Proposition 7, we obtain

3p —p° = 2ve(H) — n(H) < vwser(H) < 3p — p°

and thus vwstr (H) = 3p —p? and Ywsti (H) = 2v:(H) — n(H).

Example 1 shoes that Proposition 7 is sharp. Example 1 will also demonstrate that
the difference 411 (G) — Ywst1(G) can be arbitrarily large.

Example 2. If f is an STIDF on the graph H of Example 1, then we show that f(v;) +

’;:_12 (w;) >4—pforl <j<p. Iff(w;v) = —1 for an index 1 < i < p — 2, then
f(v;) = 2 and therefore f(v;) + S P2 (w}) >2—(p—2) =4—p. If f(w}) > 1 for each
i€ {1,2,...,p—2}, then f(vj) + P2 f(wl) > 14+ (p—2) =p—1>4—p. This leads
to erV(H) f(x) > p(4 —p) = 4p — p° and thus ver(H) > 4p — p*. Using the fact that

Ywstr (H) = 3p — p?, we observe that Yst1(H) — Ywstr (H) > 4p —p? - (3p —p2) =p.

We present a further example which will show that the difference v5:7(G) — Yuwstr (G)
can be arbitrarily large.

Example 3. Let p > 2 be an integer, and let SPapy1 be the spider with the central
vertex w, the neighbors ui,ua,...,up of w and the leaves v; adjacent to u; for 1 < i < p.
If f is a vst1(SPopt1)-function, then we observe that f(u;) + f(vi) > 1 for 1 < i < p and
fuws) + f(vi) =1 if and only if f(w) = 2. Therefore vst1(SPapt1) > p+ 2, and in fact we
observe Yst1(SPop+1) = p + 2.

On the other hand, the function g defined by g(vi) = —1, g(u;) =1 for 1 < i < p and
g(w) =2 is a WSTIDF on SPapt1 of weight 2 and thus Ywst1(SPapy1) < 2. In fact we have
Ywst1 (SPapy1) = 2.

Consequently, we deduce that vst1(SPapt1) — Ywstr (SPapt1) 2 p+2—2=1p.
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The proof of the next proposition is identically with the proof of Proposition 8 in [15]
and is therefore omitted.

Proposition 8. Let f = (V_1, Vi, V2) be a WSTIDF of a graph G of order n, A = A(G)
and § = §(G) > 1. Then the following holds.

(a) A =1D[Va[+ (A =1)Vi| = (6 + 1)[V-al.
(b) (2A +8)|Va| + (A + §)|VA] > (6 + 1)n.
() (A4+0w(f) > (6 —A+2)n+ (6 — A)|Val.
(d) w(f) > (6 — 2A +2)n/(2A + 8) + |Val.

As an immediate consequence of Proposition 8 (¢), we obtain a lower bound on the
weak signed total Italian domination number of regular graphs.

Corollary 1. If G is an r-regular graph of order n with r > 1, then ~vus1(G) > [n/r].

Using Corollary 1 and the inequalities vyst7 (G) < 7st1(G) < vstr(G), we obtain the
next known bounds immediately.

Corollary 2. [15, 17] If G is an r-regular graph of order n with r > 1, then vy.r(G) >
Ystr(G) > [n/r].

In the case that G is not regular, Proposition 8 (c¢) and (d) lead to the following lower
bound.

Corollary 3. Let G be a graph of order n, maximum degree A and minimum degree
6>1. If § <A, then

N I(G)>[—2A+25+31
wst = |77 aaxn |, &

2A+96

Proof.  Multiplying both sides of the inequality in Proposition 8 (d) by A — § and
adding the resulting inequality to the inequality in Proposition 8 (c), we obtain the
desired lower bound. O

Corollary 3 leads to the next known results.

Corollary 4. [15, 17] Let G be a graph of order n, maximum degree A and minimum
degree § > 1. If § < A, then

Ystr(G) > vsu1 (G) > [M -‘

2A+6
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The examples in [15, 17] which show the sharpness of Corollary 4 yield to the sharpness
of Corollary 3.

Theorem 2. If G is a graph with 6(G) > 2, then Yuwstr (G) = V511 (G).

Proof. Clearly, Yustr(G) < 7st1(G). Let now f be a vyust1(G)-function. Then
> zen(w f(x) = 1 for each vertex v € V(G). If f(u) = —1, then it follows from
d(u) = 2 and 3y, f(x) = 1 that u is adjacent to a vertex v with f(v) =2 or u
is adjacent to two vertices w and z with f(w) = f(z) = 1. Hence f is also an STIDF

on G and thus Ys¢7(G) < Ywser (G). This leads t0 Vustr (G) = Y51 (G). O

3. Special classes of graphs

In this section, we determine the weak signed total italian domination number for
special classes of graphs. Since 7, st7(K2) = 2, Theorem 2 and Proposition 1 lead to
the first result in this section immediately.

Proposition 9. If n > 2, then yus1(Ky) = 2 when n is even and vuser (Kn) = 3 when
n is odd.

For even n, Proposition 9 shows that Proposition 6 is sharp.
Proposition 10. If n > 3, then yusir(K1,n-1) = 2.

Proof. Let G = Kj 5,—1, and let f be a 501 (G)-function. If w is the central vertex
of the star G, then clearly f(w) > 1. This implies vyst1(G) = f(w) + f(N(w)) >
14+1=2.

Now let vy, vg,...,n,_1 be the neighbors of w. If n is even, then define g by g(w) =
g(v1) = g(v2) = ... = g(vy2) = 1 and g(vy/241) = g(Unj242) = ... = g(Un—1) = —1.
Then g(N(w)) = 5 — (5 —1) = 1 and hence g is a WSTIDF on G of weight 2 and
thus vus:7(G) < 2. If n is odd, then define g by g(v1) = 2, g(w) = g(v2) = g(vs) =
oo = g(Wm-1)/2) = 1 and g(v(n11)/2) = 9(V(n43)/2) = ... = g(vp—1) = —1. Then
g(N(w)) =2+ 251 —1— 21 = 1. Therefore g is a WSTIDF on G of weight 2 and so
Ywstr (G) < 2. In both cases we obtain 7y,s¢7(G) = 2, and the proof is complete. [

Theorem 2 and Proposition 2 yield to the next result immediately.
Proposition 11. If p,q > 2 are integers, then yusir(Kp,q) = 2.

Proposition 12. If S(r,s) is the double star, then vus:r(S(r, s)) = 2.
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Proof. Let u and v be two adjacent vertices of S(r,s) such that u is adjacent to r
leaves and v is adjacent to s leaves. If f is a y,5:1(S(r, s))-function, then the definition
implies yyst1(S(r,5)) = w(f) = fF(N(u)) + f(N(v)) > 2.

Assume, without loss of generality, that r < s. If > 3, then if follows from Propo-
sition 3 that vu,ser(S(r,s)) < vse1(S(r,8)) = 2 and thus v,s7(S(r, 8)) = 2 in this
case.

Assume next that » = 2 and let u be adjacent to the leaves x and y, and let v be
adjacent to the leaves wi,wa,...,ws. If s = 2¢ is even, then define g by g(u) =
g(v) = g(z) = g(w1) = g(w2) = ... = g(wg) =1 and g(y) = g(wg41) = g(wg+2) =
... —g(way) = —1. Then g is a WSTIDF on S(2, s) of weight g+3 — (¢+1) =2 and
SO Ywst1(S(2,8)) < 2. If s = 2¢ + 1 is odd, then define g by g(wy) = 2, g(u) = g(v) =
g9(x) = g(wz) = g(ws) = ... = g(wg) = 1 and g(y) = g(wgs1) = g(wgt2) = ... =
g(waq4+1) = —1. Then g is a WSTIDF on S(2, s) of weight 243+ (¢—1)—(¢+1)—1 =2
and 80 Yust1(S(2,8)) < 2. This leads to Yust1(S(r, $)) = 2 in both cases.

Finally, assume that » = 1. If s = 1 or s > 3, then Proposition 3 yiels the desired
result. If s = 2, then let v be adjacent to the leaf z and v be adjacent to the leaves
w and z. Define g by g(v) =2, g(u) = g(w) = 1 and g(x) = g(z) = —1. Obviously, g
is a WSTIDF on S(1,2) of weight 2 and consequently 7,st1(S(1,2)) = 2. O

We obtain the weak signed total Italian domination number of cycles from Theorem
2 and Proposition 4.

Proposition 13. If C, is a cycle of length n > 3, then ~vust1(Cn) = n/2 when n =
0 (mod4), Ywstr(Crn) = (n+ 3)/2 when n = 1,3 (mod4) and Yuws:r(Crn) = (n + 6)/2 when
n = 2 (mod 4).

The next lemma is easy to prove but useful.

Lemma 1. Let G be a graph without isolated vertices, and let f be a WSTIDF on G. If
V12034 is a path of G with d(v2) = d(v3) = 2, then f(v1) + f(v2) + f(vs) + f(va) > 2.

Proof. Since f is a WSTIDF on G and d(ve) = d(v3) = 2, we observe that f(vi) +
f(v2) + f(vs) + f(va) = f(N(v2)) + f(N(v3)) = 2. O

Proposition 14. Let P, be a path of order n > 4. Then vystr(Pn) = n/2 when
n = 0(mod4) and yuwstr(Pn) = (n 4+ 2)/2 when n = 2 (mod 4), Ywstr(Pn) = (n + 3)/2 when
n = 3 (mod4), ywstr(Pn) = (n+1)/2 when 9 < n =1 (mod4) and vwser (Ps) = 2.

Proof. Let P, =vjvy...v, and let f be a vyst1(Py)-function.
Since f(v2) > 1 and f(N(v2)) > 1, we deduce that A = f(v1) + f(v2) + f(vs) > 2.
Analogously we have B = f(v,) + f(vn-1) + f(vp_2) > 2.
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Assume first that n = 0 (mod 4). Let n = 4t for an integer ¢t > 1. Using Lemma 1, we
obtain

t—1
Ywstr(Pn) = Yustr(Pa) = D (f(vair1) + f(vaiva) + f(vaira) + f(vaira)) > 26 = g
=0

On the other hand define g by g(v4it+1) = g(vai14) = —1 and g(vait2) = g(vaits) =
for 0 <i <t—1. Then g is a WSTIDF on P, of weight 2¢, and therefore vy,s¢1 (P, )
n/2 in this case.

Assume second that n = 2 (mod 4). Let n = 4t+ 2 for an integer ¢ > 1. Using Lemma
1, we obtain

t—1

’sztI(Pn) = A + B + Z U4z + f(v41+1) + f(v41+2) + f(U4l+3))

=1
2
> 24242t—1)=2+2= ”; .
On the other hand define g by g(v4;) = g(vgi—1) = 2 for 1 < i < t, g(vgit1) =
g(Vgit2) = =1 for 1 <i <t—1, gv1) = g(vary2) = —1 and g(v2) = g(vary1) = 1.
Then g is a WSTIDF on P, of weight 2t + 2, and therefore v,5:1(P) = (n+2)/2 in

this case.

Assume third that n = 3 (mod4). Let n = 4t + 3 for an integer ¢ > 1. Assume
next that f(vs) = —1. It follows that f(ve) = 2. If f(vs) = 2, then A = f(vy) +
f(v2) + f(vs) > 3, if f(vs) =1, then f(v1) > 1 and so A > 4, and if f(v3) = —1 then
f(v1) = 2 and thus A > 3. Therefore Lemma 1 implies

t

n+3
Ywsti (Pn) = A+ Z(f(”lm) + f(vait1) + f(vaig2) + f(vaivs)) >3+ 2t = 5
i=1
Let now f(v4) > 1. Then A+ f(v4) > 3, and we obtain
-1
Ywsti (Pn) = A+ f(va) + Z (Vait1) + f(vaiv2) + f(vaivs) + f(Vaiga)) + B
=1

2
> 342(t-1)42=2643= "2,

2
Conversely, Proposition 5 implies vyustr(Pn) < vstr(Pn) = (n 4+ 3)/2 and thus
Ywstl (Pn) = (n+ 3)/2 when n = 3 (mod 4).
Finally, assume that 9 < n = 1(mod4). Let n = 4t + 1 for an integer ¢t > 2. If
f(vs) =1, then f(v1)+f(v2)+f(v3)+f(va)+f(vs) = f(N(v2))+f(N(vs))+f(vs) > 3
and thus

5 t—1

Ywst1 (Pn) = Z flvi) + Z(f(v4i+2) + f(vaits) + f(vaiga) + f(vait5))

=1 =1

1
> 342(t—1)=2+1=""2
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Let now f(vs) = —1. This leads to f(vs) = f(v7) = 2. If f(vq) = 2, then again
f(v1) + f(v2) + f(vs) + f(va) + f(vs) > 3 and we arrive at yyser(Py) > (n+1)/2 as
in the last case. If f(vs) = —1, then we see that f(ve) = f(vg) = 2. This leads to
23:1 f(v;) > 5. Since f(var) + f(vae1) > 0, we deduce that

Ywst1 (Pn) = Z (v;) + Z (vag) + f(vait1) + f(vaige) + f(vaigs)) + f(vae) + f(vapg1)
i=1
n+1

2

Y

54+2(t—2)=2t+1=

If f(vs) = 1, then we observe f(vg) > 1. Since f(v2) > 1, we again have 23:1 flvi) >
5, and hence we deduce 7Yyst7(Pr) > (n+ 1)/2 as in the last case.

On the other hand define g by g(vs;) = g(v4iy3) = 2 and g(vair1) = g(vaiye) = —1
for 1 <i<t—1,g(v1) = g(vary1) = —1, g(ve) = 1 and g(v3) = g(var) = 2. Then g is
a WSTIDF on P, of weight 2t + 1, and therefore v,st1(P,) = (n+ 1)/2 in this case.
Clearly, ywstr(Ps) > A+ f(va) + f(vs) > 2 and thus 74,s:7(Ps) > 2. Conversely, define
g by g(v1) = g(vs) = —1, g(v2) = g(vg) = 1 and g(v3) = 2. Then g is a WSTIDF on
Ps of weight 2, and therefore ~,,5¢7(Ps) = 2. O

Proposition 15. If G = Ku, n,,.....n, is a complete p-partite graph with n; < np <
.. <np, p>3and ny > 2, then vusr (G) = 2.

Proof. Let X1, Xs,..., X, be the partite sets of G with | X;| =n,; for 1 <i <p, and
let f be a yyst7(G)-function. If we suppose that f(X;) <0 for each i € {1,2,...,p},
then we obtain the contradiction f(N(v)) = Y% , f(X;) < 0 when v € X;. Hence
there exists a partite set, say X, with f(X;) > 1. If v € X3, then we deduce that

Ywst1 (G) = f(X1) + f(N(v)) > 2.

If |X;| = |[{v1,v2,...,0s}| > 2, then we show next that we can define a function
g:X; — {-1,1,2} with ¢g(X;) = 0 or g(X;) = 1. Let first s = 2k be even. If we
define g by g(v1) = 2, g(v2) = g(v3) = ... = g(vr) = 1 and g(vk+1) = g(ve+42) =
.. = g(ver) = —1, then ¢g(X;) = 1. If we define g by g(vi) = g(v2) = ... =g(vx) =1
and g(vi41) = g(Vgt2) = ... = g(vag) = —1, then g(X;) = 0. Let second s=2k+1
be odd. If we define g by g(v1) = g(va) = ... = g(vgy1) = 1 and g(ve42) =
g(vkss) = ... = g(v%_H) = —1, then ¢g(X;) = 1. If we define g by g(vi1) = 2,
g(v2) = g(vs) = ... = g(vg) = 1 and g(vk41) = g(Vk+2) = ... = g(vak41) = —1, then
9(Xi) =0.
Now assume that ny > 2. Define g such that g(X;) = g(X2) = 1 and g(X;) = 0
for 3 < i < p. We observe that g(N(w)) = 1 for w € X; U X5 and g(N(w)) = 2
for w e X3U X, U...UX,. Therefore g is a WSTIDF on G of weight 2 and thus
Ywst1 (G) < 2 and s0 Y51 (G) = 2 if ng > 2.
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Assume next that ny = no = ... = ng = 1 for an integer s > 1 and
Mst1,Mst2s - -5y > 2. Let X; = {a;} for 1 <@ <.

If s = 2k is even, then define g by g(z1) = g(z2) = ... g9(xk41) = 1, g(xp42) =
9(zrys) = ... = g(xor) = —1 and g(X;) = 0 for s +1 < i < p. We note that

g(N(z;))=1for 1 <i<k+1, g(N(z;)) =3 for k+2 <4 <2k and g(N(z)) =2
for x € X541 U Xs42U ... UX,. Hence g is a WSTIDF on G of weight 2 and thus
Ywst1 (G) < 2 and 80 Yyst7(G) = 2 in this case.

If s = 2k + 1 is odd, then define g by g(z1) = g(x2) = ... g(zk4+1) = 1, g(xrr2) =
9(@k+3) = ... = g(war41) = =1, 9(Xak42) = 1 and g(X;) =0 for s+2 < i < p.
We note that g(N(z;)) =1for 1 <i<k+1, g(N(x;)) =3for k+2<i<2k~+1,
g(N(z)) =1 for € Xopyo and g(N(z)) =2 for v € Xe10U Xs43U...UX,. Hence
g is a WSTIDF on G of weight 2 and thus vi,s:7(G) < 2 and 80 Yyst1(G) = 2 in the
last case. O

Theorem 2 shows that Proposition 15 is also valid for the signed total Italian domi-
nation number.

Corollary 5. If G = Ky, n,,....,n, is a complete p-partite graph with ny <ng < ... < nyp,

p > 3 and np > 2, then vs:7(G) = 2.

4. Further lower bounds
Theorem 3. Let T be a tree of order n > 4. If T is not a star, then

Proof. Let f be a yysir(T)-function, and let v be a vertex of maximum degree
A =A(T). If f(v) > 2, then

Ywstr(T) = f() + F(N)+ Y fla)=2+1+(A+1-n)=A+4-n.
z€V (T)\NJv]

If f(v) = —1, then v has a neighbor u with f(u) > 1. As T is a tree, u has a neighbor
w ¢ N[v] with f(w) = 2 or u has two neighbors a,b € N[v] with f(a) = f(b) = 1.
This leads to

Ywstt(T) = f(v) + f(N(v) + f(w) + > f(=)

z€V(T)\(N[v]u{w})
—14+1+2+(A+2—-n)=A+4—n

v

or

Ywstr(T) = f(v) + f(N(v)) + f(a) + f(b) + > f(z)

zeV (T)\(N[v]U{a,b})
> —14+14141+(A+3—-n)=A+5—n.
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Let now f(v) = 1. Since T is not a star, there exists a vertex w ¢ N[v] adjacent to a
neighbor u of v. If f(w) > 1, then it follows that

Yuostr(T) = f(v) + F(N(v)) + f(w) + > f(x)
zeV(T)\(N[v]u{w})
> 1+1+1+(A+2—-n)=A+5—n.

However, if f(w) = —1, then u has a further neighbor z € (N[v]U{w}) with f(z) > 1,
and we obtain again vys¢7(T) > A+ 5 —n. O
If T is a star, then Proposition 10 inplies yyst1(T) = 2 = A(T) +3 — n(T). The next

example will demonstrate that Theorem 3 is sharp.

Example 4.  Let T3, be the wounded spider by subdividing p of the edges of the star

Kiop—1 for p > 2. Let w be the center of the star, vi,v2,...,v, be the vertices of degree
two, u; be the neighbor of v; for 1 < i < p and y1,y2,-..,Yp—1 be the leaves adjacent to
w. Define the function f by f(w) =2, f(v1) = f(v2) = ... = f(vp) =1 and f(z) = -1

otherwise. Then f is a WSTIDF on T3, of weight 3 — p = A(T5p) +4 — n(Tsp). Therefore
Ywstr (Tap) < A(Tsp) +4 —n(T3sp) and thus Ywstr (Tsp) = A(T3p) +4 —n(Tsp) by Theorem 3.

For p > 2, let T3, be the wounded spider of Example 4. Let 7 = {15, | p > 2}.

For a subset S C V(G), we let ds(v) denote the number of vertices in S that are
adjacent to the vertex v. For disjoint subsets U and W of vertices, we let [U, W]
denote the set of edges between U and W. Now let f = (V_1, V1, V52) be a WSTIDF.
For notational convenience, we let Vio = V3 UVa, |Via| = n1g, |Vi| = ny and |Va| = na.
Furthermore, let |V_1| = n_; and so n_; = n—nq3. Let G152 = G[Vi2] be the subgraph
induced by V32 and let G5 have size myy. Fori = —1,1,2,if V; # 0, let G; = G[V;] be
the subgraph induced by V; and let G; have size m;. Hence mi2 = my+mo+|[V1, V2]|.

Theorem 4. If G is a connected graph of order n > 4 and size m, then

8n —9
sztI(G) 2 ua
3
with equality if and only if T' € T.

Proof. Let f = (V_1,V1,V3) be a vyser (G)-function. Since each vertex of V_; has
at least one neighbor in V; U V5, we observe that

Vol < Ve, ViuVel[ = > dy, (0) + > dv, (v).
veVy veVs
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For each v € V3 UV;, we have 1 < f(N(v)) = 2dy,(v) + dv, (v) — dy_, (v) and so
dy_,(v) < 2dy,(v) + dy, (v) — 1. Hence we obtain

noy o= Vol <> dv, (0)+ Y dv, (v)

veEV] vEV,

< Y 2y, (v) +dvy (v) = 1)+ Y (2dv, () + dvy (v) = 1)

veV; veEVy
= 2|[V1, Va]| 4 2mq — nq + 4mg + |[V1, Va]| — n2
= dmqs — 4mq — 4|[V1, Va]| + 2mq + 3|[V1, Va]| — n1 — n2

= 4dmqp — 2my — |[V1,Va]| = n1 —na
1 1 1 1
= 4mqo + 32 = 5M1 — 5M2 — §|[V1,V2H —2my — |[Vi, Vo]| —n1 — no
9 5 3
< 5Mi2 = 51 — §|[V1,V2]| —ny — N2 (4.1)

and so

2 5 3
Mg > 9 (nl +n1 +ng + §m1 + 2|[V1>Vz]|) .

Hence we deduce that

3
%

> mag + Vo1, Vig]| > mag + 1y

Y

2 /11 5 3
3 (2n1 g+ g+ 2|[V1,V2]|>

2 (11 9 5 3
= 2 (- gme Jmik Bivaval). (12)

This yields
11 1

and thus
Ywstr(G) = 2n2 +n1 —n_q =3nz +2n1 —n =3n12 —n —m
11 1
> §n73mfn+§(5m1+3|[‘/1,‘/}73111)
8n —9Im

1

Let ¢(nq) = bmy + 3|[V1, V2]| — 3ny. It suffices to show that ¢(ny) > 0, since then
Ywst1 (G) = (8n — 9m) /3, which is the desired bound. If ny; = 0, then ¢(ny) = 0, and
we are done. Assume now that ny > 1. Let Hy, Hs,..., H; be the components of
the induced subgraph G[V;] of order hy, ha, ..., h; and size py,pa,...,ps. Since G is
connected, each component H; contains a vertex adjacent to a vertex of V5 or to a
vertex of V_; for 1 <4 < t¢. Assume that Hy, Ho,..., Hs are the components which
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does not contain a vertex adjacent to a vertex of Vo and that Hgyq1, Hgio, ..., H;
are the components which contain a vertex adjacent to a vertex in Va. Let n} =
hi+ ho + ... 4 hg, n% :nl—n}, m% =p;+p2+ ...+ ps and m% :ml—m%. We
observe that h; > 3 for 1 <7 < s and thus n% > 3s. This leads to

2
my=prtprtotps 2 (=14 (e =1+t (he = 1) =ny—5 > Ty, (4.3)

In addition, we observe that

mi +|[Vi,Va]| = (hsp1 — 1) + (hy2 — 1)+ ...+ (hy = 1)+ (t —s) =nf.  (4.4)

Combining the inequalities (4.3) and (4.4), we obtain

qb(nl) = 5m1 —|— 3|[V1,V2]| — 3%1
= 5m} 4+ 5m? + 3|[V1, Va]| — 3n} — 3n?
10
> (5m1 — 3n%> + (3m? + 3|[Va, Va]| — 3nT) >0, (4.5)

and the desired bound is proved,

Assume now that 7,57 (G) = w. Then all inequalities above must be equalities.
In particular, ms = 0 (according to (4.1)), m_; = 0 (according to (4.2)), n} = 0,
m? = 0 (according to (4.5)), mi = 0 and so m; = 0 and n? = ny. In addition,
(4.2) yields |[V_1, Vi2]| = n_1 and hence each vertex of V_; is a leaf of G. Now the
condition ¢(ny) = bmy + 3|[V1, V2]| — 3ny = 0, leads to |[Vi,V2]| = ni. Since G is
connected, G2 is connected and thus mis = |[V1, V]| > n1 + na — 1 > ny + 1 when
ny > 2. Consequently, ng = 1. The condition f(N(v)) > 1 for each vetex v leads
to |[[V_1,Vi]| < my and |[V_1,V2]| < ny — 1. Using the identity n_y = 3|[V1, V2]| —
ny—mng =3n; —ng —1 = 2ny —1 (see (4.1)), it follows that |[V_1,V1]| = ny and
[[V_1, Va]| = n1 — 1. All together, we note that G € T with p = n;.

Conversely, it is easy to see that yyser(T5p) = 8n(T3p);9m(T3p) = 24”_37"""9 =3—p. O
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