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Abstract: The Sombor index is a vertex degree-based topological index which it
was defined by Ivan Gutman in 2021. We study the Sombor index and the multiplica-
tive Sombor index on some products of graphs, crown graphs, shelf graphs, Ice-cream
graphs, helm graphs, flower graphs, generalized Sierpiniski graphs, ¢t-Mycielskian graphs,
t-ciclo graphs, and t-estella graphs. Then we provide some upper and lower bounds for
them.
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1. Introduction

Let © denote a connected, finite, and simple graph characterized by an order of
|[V(©)] = n and a size of |[E(©)] = m. Here, V(0©) = {wy,ws,...,w,} represents
the set of vertices, while F(©) signifies the set of edges associated with the graph
©. The number of first neighbors of the vertex w; denoted by deg(w;) and it is
called the degree of w;. Isolated and pendent vertices are vertices of degree zero
and degree one, respectively. Let §(0) = min{dg(w;),...,de(wy,)} and A(O) =
max{dg(w1),...,do(w,)}. A sequence w = wi,Wwa,...,Wsp_1,W, = v in O where
wyw; € B(©),1<i<n-—1iscalled aw—v walk in ©. If a walk with n vertices has
not repeated vertex, then it is said to be a path and denoted by P,. A cycle C,, is a
closed path of order n. The complete graph K, is defined as a graph consisting of n
vertices, in which every pair of vertices is adjacent.
In the general case, the topological index based on vertex degree [12] of graph © is
defined by

TI©)= >  B(de(w:),de(w))

wiw; EE(O)
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for some function B with condition B(r,s) = B(s,r) for all non-negative real number
r and s. In [12], Gutman listed 26 types of topological indices based on vertex
degree, for instance, the different type of Zagreb indices [2], Randié¢ indices [7], and
Sombor index. A molecular graph [17] is defined as a connected graph in which the
vertices represent atoms and the edges signify the covalent bonds that link these
atoms together. Topological indices contain information on the atom-connectivity
molecular refractivity, the nature of atoms, molecular volume, the bond multiplicity,
etc.

The Sombor index was proposed by Gutman [12] in the following manner

500)= 3 (@ w) + db(uwy), (1.1)
)

Wi W GE(@

and the multiplicative Sombor index [15] is defined as

Hso(g) = I \/(d%(wi) + dg (w;). (1.2)

w;w; €E(O)

The Sombor index has the mathematical properties and chemical applications, see
[1, 6, 9, 16, 21] and the references cited therein. Arif et al. [3] provided Sombor
index on some graphs operation such as C,, + C,,,, K, + Ky, P, + P, Cr, © Chy,
P,® Py, and K, ® K,,. Chanda and Iyer [5], studied the Sombor index of generalized
Siperpinski graphs and generalized Mycielskian graphs and obtained some upper and
lower bounds for them. Also, Liu [15] investigated multiplicative Sombor index on
some graphs such as unicyclic graphs and trees. Shang [20] found the scaling constant
of the Sombor index using network. Dehgardi and Shang [8] obtained some lower
bounds of the first irregularity Sombor index of any tree. Also, see [14, 18, 19] for
Sombor index under some graph products.

Motivated as the above works, we study the Sombor index and multiplicative Sombor
index on some graphs.

2. Main results
In the following, we present and demonstrate our primary findings.

2.1. Cartesian product

The Cartesian product of © and €2 denoted by ©0f) which is a graph, with

V(©eoQ) = {(z,2")|x € V(O) and 2’ € V(Q)},
E©D0Q) = {(x,2)(y,¥)|lr =y, 2’y € E(Q), or zy € BE(O), 2’ =y'}.

Graph products were studied in [13].
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Theorem 1. Let © = (V(0),E(0)) and Q = (V(Q), E(Q)) are two graphs. We have
S0(00Q) < |[V(0)|SO(Q) + 4V2|E(O)|[E(Q)| + [V (2)|SO(8),

V(©)ISO(Q) + |V()|S0(©) < So(enq),

and

I1..(©79 > ([T, "], ©n" "

Proof. By the definition of Cartesian product, we deduce dgnq(a,b) = de(a)+da(b).
Then

50(609) V(de(a) +da(b))? + (de(c) + da(d))?

(a,b)(c,d)€E(ODR)

> V(de(a) + da(b))? + (de(a) + da(d))?

bde E(Q),acV (O)

+ Z V(de(a) + da(b))? + (do(c) + da(b)?.  (2.1)

aceE(0©),beV(Q2)

Using inequality \/(z + 2)% + (y + 2)2 < /22 + 32 + /22 for x,y,2 > 0, we obtain

soeon) < X (&) + @)+ Vade(w)

bde E(2),a€V (0)

+ > ( (d%(a) + d@(c) + \/idg(b)) .

aceE(O),beV ()

Since

> (VR0 @@+ Vi)

bde E(Q),a€V ()

( > \Jd3(b) + d3(d ) (Z \/id@(a))
a€eV(0©) bdeE(Q2)

bde E(Q2) acV(0)

= > S0+ > 2v2/E0)

a€V () bde B(Q)

=|V(0)[SO() +2v2|E(0)||E(Q)]

and similarly,

Z < (d3(a) + d3(c) + \@dg(b)) = |V(Q)|SO(©) + 2v2|E(0)||E(Q)],

aceE(O),beV(Q)
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we conclude
50(000) < |V(©)[SOQ) + 4V2|E(©)||E(Q)| + |V (€2)]SO(0).

Inserting inequalities

> V(de(a) + da(b)? + (de(a) + da(d))? >

bde E(Q2),a€V (©) bde E()

> V(de(a) + da(b))? + (de(d) + da(b)? >

ac€EE(O),beV(Q) aceE(©

d,(b) + d§(d)
acv(©)

dg(a) + dg(c)

vMM

V(Q)

n (2.1), gives SO(OOQN) > |V(O)|SO(Q) + |V (Q)]|SO(O). Also

II, (e09) = II V(de(a) + da(b))? + (de(c) + da(d))?

(a,b)(c,d)e E(ODQ)

= II V(de(a) +da(b))? + (de(a) + da(d))?

bde E(Q),a€V (O)

X II V(de(a) +da(b))? + (de(c) + da(b))?

ac€E(0),beV(Q)

> (HSO(Q))IV(G)I(HSO(@))IV(Q)I_

O

For an r-regular graph ©, we have SO(0) = v/2|E(O)|r and [Is0(©) = (v/2r) I EO)I,
Hence, we can assert the subsequent corollary.

Corollary 1. Suppose © is an r-regular graph and Q is an r'-reqular graph, then

SO(@DQ):%rH’)ﬂv( O)IV®)| and [], (000) = (V2(r++) 3+ V@IVEL
FEspecially,
SO(CnOC,) = 8npV'2, HSO(CnDCp) = (4v2)™,

SO(CnDKp) = g(p—k I)an7 Hso(CnDKp) = (\/§(p—|— 1))%(P+l)np’

SO(KnDKp) = g(p +n—2np, J], (KaOK,) = (V2(p+n—2))2 @2,
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2.2. Direct product

The direct product of © and () is a graph, denoted by © x 2, and

VO xQ) = {(z,y)|lx € V(O) and y € V(Q)},
EO© xQ) = {(z,2")(y,y)|zy € E(O) and z'y' € E(Q)}.

Also, the direct product called Cartesian product, weak direct product, tensor prod-
uct, cross product, Kronecker product.

Theorem 2. Let © and Q are two graphs. We have
B(@)]5(2)S0(6) < 50(6 x 9) < |E@)IAR)S0(®)

and

(5(2)S0(©))/FWI < H (O x Q) < (A(Q)SO()) E@)I

Proof. We have dgxq(a,b) = deo(a)dq(b). Then

SOO x Q) = > V(de(a)do ()2 + (de(c)da(d))?.

(a,b)(c,d)eE(OXQ)
Inequality /(de(a)dqa(b))? + (de(c)da(d))? > 6(2)+\/d2 (a) + d2 (c) yields
SO© x Q) > |E(Q)]6(2)SO(O).

Similarly Inequality \/(de(a)dq(b))? + (de(c)da(d))? < A(Q)\/d%(a) + d3(c) leads
to SO(© x Q) < |E(Q)|A(22 )SO(@) Also

Hso(e x Q) = V(de(a)da(h)? + (de(c)da(d))?
(a,b)(c,d)€eE(OxQ)
> 11 S()\/ 43 (a) + d3 ()
(a,b)(c,'d)e E(OXQ)
= (6(2)50(©))FEL.
Similarly [[50(© x Q) < (A(R)SO(©))EEI, -

By the last theorem, we have the following corollary.

Corollary 2. If Q is a r-regular graph then for any graph © we get SO(O x Q) =
rSO(0)|E(Q)] and g0 (0 x Q) = (r[150(0))FD!. Especially

S0(© x Cp) = 2pSO(©), HS (O x Cp) QHSO P,

p(p—1)
2 .

s0(0 x 1) = "2~ Ws000), HSO@pr):((p—l)HSO(e))
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2.3. Strong product

We denoted by © X 2 the strong product of two graphs © and €2, which

V(OXN) {(z,y)|r € V(O) and y € V()},
E©ORQ) = EO09Q)| JE® x Q).
Theorem 3. Let © = (V(0),E(O)) and Q = (V(Q), E(Q)) are two graphs. We have

SOOMQ) < V2(4+ A)EO)IEQ) + (21E(©) + |V (9))SO(Q)
+(B+AW)IEQ) +[V(Q)]) SO(©).

Proof. We have dgrgq(a,b) = do(a) + da(b) + de(a)dq(b). Then

SO(ORO) = > V(de(a) + do(b) + de(a)da(b))? + (de(c) + da(d) + do(c)da(d))?

(a,b)(c,d)€ E(ORQ)

= Z \/(d@ (a) 4+ da(b) + do(a)da(h))? + (de(a) + da(d) + de(a)da(d))?
bdeE(Q),acV(O)

+ > V(e (a) + da(b) + de(a)da(b))? + (de(c) + da(b) + de(c)dn (b))
ac€E(0),beV (Q)

+ Z \/(d@(a) +da(b) + de(a)da(b))? + (de(c) + da(d) + de(c)da(d))?.
ace E(©),bdc E(Q)

Since \/(z +y +2y)2 + (z + 2 + 22)2 < V2zx + (z + 1)\/y2 + 22 for z,y,z > 0, we
arrive at

SOORQ) < > (x/id@(a) + (do(a) + 1)1/ d3(b) + d?z(d)>

bde E(Q),a€V (O)

b (Ve + o) + 1) (o) + )

aceE(©),beV(Q)
+ > ((1 + A(Q))y/d3 (a) + d(c) +\/§A(Q))
ac€E(O),bdeE(R2)
W2AE©O)[|EQ) + (2|E(©)] + [V (8))SO(Q)
+Q[EQ)| + [V(Q))SO(O) + (1 + A(Q))[E(Q)[SO(©)
++ V2A(Q)|E(O)||E(9Q)].

2.4. Lexicographic product

The lexicographic product of two graphs © and 2 is a graph which denoted by © o {2
and

V(©0Q)={(z,y)lx € V(O),y € V()},

E(©09Q) = {(z,2')(y,y)|zy € E(©),0orz = yanda'y’ € E(Q)}.
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Theorem 4. Let © = (V(0),E(0)) and Q = (V(Q), E(Q)) are two graphs. We have
S0(©0Q) < 2|E(0)| (VZIE(Q)| + SO(Q)) + (1 + AQ)| E®)|SO(®),

SO(6 0 ) > 2E(©)| (|E(Q)| + SO(Q)) + (1 + 3(Q))| E(Q)SO(©),
and

[V (©)] [E()]

[T, @02 > @en" =] @)

SO

(14 §(Q)) E@IE@) (Hso(6)>

Proof. We have deoq(a,b) = de(a) + de(a)da(b). Then

SO(@ [¢] Q) = Z \/(d@(@) —+ d@(a)dﬂ(b))2 + (d(—)(C) + d@(c)dg(d))2
(a,b)(c,d)EE(©0Q)
(2.2)

= > V(de(a) + de(a)da(b))? + (de(a) + de(a)dqa(d))?
bde E(2),a€V (©)

+ Y Vlde(a) +de(a)da(b))* + (de(c) + de(c)da(d))>.
accE(0),bde E(Q2)

Applying inequalities

> V(de(a) + de(a)da(h)? + (de(a) + de(a)da(d))?

bdeE(2),acV(©)

tot0) (V40 ~ @),

IN

and

> V(de(a) + de(a)da(h) + (de(c) + do(c)da(d))

aceE(O),bdeE(Q)
< (14 A9Q)y/dg(a) + d§(c)-

We conclude that

S0(©0Q) < > de(a) <\f2 +1/d3(b) + d%(d))

bde E(Q),aeV (O)

__ ((1+A(Q)) d%.)(a>+d%(c))

ac€E(©),bdeE($)

= 2|E(O)] (V2IE(Q)] + SO()) + (1 + A@))|E(©)|SO(6).
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Also,
V(do(a) + do(a)da(b))? + (do(a) + de(a)da(d))?
bdeE(Q),aeV(©)
> dofa) (14 /a8 0) + a3(a)).
and
> V(do(a) + do(a)da(b))? + (do(c) + do(c)da(d))?
aceE(O),bdeE(Q)
> (1+6(Q)y/dg(a) +d3(c).
Therefore,

SO(©0Q)

Y

S dela) (1 B+ dé(d))

bdE E(R),a€V (O)

Y (<1+5<m> dé(a)+d%<c))

ac€E(O),bde E(Q)

2[E@) (IE@)]+ SO(Q)) + (1 +6(2)[E(Q)[SO(©).

Morover, we can write

HSO(@ 0 Q)

= II V(de(a) + de(a)da(b))? + (de(a) + de(a)da(d))?
bdeE(R2),acV (O)

X 11 V(de(a) + de(a)da(b))? + (de(c) + do(c)da(d))?
ac€E(0),bde E(Q)

I s©(yao+e)

bd€E(Q),a€V (O)

X 11 ((1 +8(Q)4/d2 (a) + d'g;)(c)>

aceE(0),bdeE(R)

Y

(Q))\V(G)\ (14 5()) E@IIE@) (H

= (5(0))V@IE®) (H o >\E(Q)|.

SO SO

O

Remark 1. If Q is a k-regular graph then using (2.2) we get SO(© o Q) = 2v/2(1 +
RIEO)IE@)]+ (1+ k)|[E(Q)[SO(6).
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2.5. Sum of graphs

We denote the sum of © and 2 is a graph by © + , which is a graph and

V(O+Q)=V(O)uV(Q),
E(©+ Q) = {abla € V(©)andb € V(Q)orab € E(?),orab € E(O)}.

Theorem 5. Let © and H are two graphs. We have

SO(O©+Q) < (2+V2)IE®O)V(Q)|+ |[V(©O)[V(Q)+ 2+ V2)|EQ)V(O)
+HVEQ)|V(O)]? + S0(8) + SO(Q).

and

S0(8 + Q) > VIV(Q)? +[V(O)2[V(8)|IV(Q) + |EO)|IV(Q)| + | EQ)|IV(8)
+50(0) + SO(%),

do(u) +V(Q) if ueV(O)

. Then by direct com-
do(u)+V(©) if ueV(Q)

Proof. We have doiq(u) = {

putation we obtain

S0O+0) = 3\ [d0(0)+ ()
abe E(©+Q)
= > Vlde(a) + V()2 + (da(b) + [V(O)])2

a€V(0),beV(Q)
+ > V(de(a) + [V(Q? + (de(b) + [V(Q)])2 (2.3)
abeE(O)
+ > Vl(da(a) +[V(O)))2 + (da(b) + [V(O)])2.
abe E(R2)

Thus,

S0©+Q) < Y (dela) + [V(Q)| +da(b) + [V (O)])

a€V(0),beV (Q)

+ > < +d2()+x/§|V(Q)|)

abeE(O)

+ ) ( a) + d2,(b )+\/§|V(6)|)

abe E(Q)

2+ V2)E®O)|[V(Q)| + [V(O)IV(Q) + (2 + V2)[EQ)|[V(8)|
+HV(Q)V(O)]? + SO(O) + SO(Q).
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Also, we can write

SO© +Q) > Yo VIVOQPR+[V(O))?
acV(0),beV(Q)

+ Y 2 +d2()+|V(Q)|>

abeE(O)

£ ¥ (Ve +aw+ve)

abeE(Q)

VIVIQP +V(O)RIV(O)IV(R) + E(0)V (D)
+EQ)||V(©)] + S0(0) + SO(Q).

Using (2.3), and

II, e+ = [[ Vel + VD + (da() +[V(O)])?

aEV(0),beV (Q)

< JI V(dela)+[V(QD2+ (de(b) + [V (Q)])2

abeE(O)

< [ V(daa) +[V(O))? + (da(d) + [V (O)]).

abeE(RQ)

We can state the following corollary.

Corollary 3. If © and Q are two r-regular and v’ -reqular graphs, respectively, then

S0©+9Q) = VI + V(D2 + (" +[V(O))V(e)V(Q)

2004 V@DIV(O) + L0 + VODIVQL

and

Hso(e +9) = (\/(T +HIVE))2+ (" + |V(@)|)2) VIVl
v (Q)]

< (var+ @) (vae! + ve)?
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A

Figure 1. ¢s0K;

FEspecially,

SO(Cp + Ct) = /(t+2)2+ (2 +n)2np + V2n(2 + t) + V2t(2 + n),
[I,,(Cn+C)=(C+82+2+n)2nt)" (\/§(t + 2))” (x/§(2 + n))t ,
SO(Cr+ Ki) =/ 2+ )2+ (t+n—1)2np+ V2n(t +2)

V2

+5 (= 1)t +n = 1),

L+ K= (VEToz+E+n-17)" (Va@+)"
)%(tfl)t

’

x(\/i(t+n—1)

SO(K, +Ki)=+/(n+t—1)2+ (t+n—1)2nt

+§(n -n—-1+t)n+ g(t -1t +n—1),

%(n—l)n

[1. 0+ K = (Vin+t—1)2+ (t+n— 1)2)m (Vam+t-1)
)%(t—l)t'

X (\/i(tJrnfl)

2.6. Corona of two graphs

We denote by ©® ® H the corona of two graphs © and H which is obtained by union
|V (O)| copies of H and one copy of © and joining the ith vertex of © with an edge
to every vertex in the ith copy of H.

Theorem 6. Let © and Q are two graphs of order n and m, respectively. We have

SO0 ®N) < SO(0)+ V2m|E(0)| + nSO(Q) + nv2|E(Q)| + 2nm|E(©)|
+2n2|E(Q)| 4+ n®my/m?2 + 1,

5006 0) > SO(0)+m|E(©)|+nsSOQ) 4+ n|E(Q)|
+n°mA/(5(0)) + m)2 + (5(Q) + 1)2,
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|E(©)] |E(©)]
@9 < (I, < A<e>+m>> - (v2a@) ")
|E©Q)] [E@)\ "™
x HSO #0) " - (vaa@) ")

x ((A(® 2)%n2m
and
I[,,ec9 > (HSO @)+(f5(@) )' @1 _ (\/55(9)>|E<e>\)
X (HSO + (Vas@) + )‘ (Q)'—(\/ia(ﬂ))“;(m‘)n
x ((6(0 +(6(R) +1)2)2"
Proof. - Let V(©O) = {u,va,..vn), V() = {unug,...,un}, V(QF =

{ubub, ... ubl for 1 <k < n,and V(O © Q) = V(O)UVQLU--- UV Q)"
We have

de(v) +m ifv e V(0O),
deca(v) =
do(u;)) +1 ifv=uf 1<k<n
For the Sombor index, we conclude

SO0 = Z \/‘%@Q (u) + dg o (v)

uwvEE(0ON)

= Y (o) +m)? + (de(v;) +m)?

v;v; EE(O)

£ fdalw) + 102 + (dal) + 12

k=1 ukukeE (060)

+Z Z \/d@ ’Uz +m (dQ(Uj)+1)2.

k=1v,€V/(6),ukeV (Q)*

Using inequalities \/(z + a)2 + (y + a)2 < /22 + y2 + v/2a for z,y,a > 0, and

V(o (v) +m)2 + (da(ug) +1)2 < de(v:) + da(u;) + Vm? + 1,
we find

so@e) < <d%(vi)+d%(vj)+\/§m>+n > <d?2(ui)+d?l(u_,-)+\/§>

v;v; €EE(O) u;u; €E(Q)

+n Z <d@('u,;) +do(uj) + Vm? + 1)
v; €V (0),u; €V ()

= SO(0) + V2m|E(0)| + nSO(Q) + nv2|E(Q)| + 2nm|E(©)

+ 202 |E(Q)| 4+ n?*mv/m?2 + 1.
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Also,

SO© 60 > Z (d%(vi)+d%(vj)+m>+n Z <d?z(ui)+d§2(uj)+1)

viv; €E(O) wiu; €E(Q)

+n > V(6(O) +m)? + (6(Q) +1)2

v, €V (0),u; EV ()
= 50(0) +m|E(©)| +nSO(Q) + n|E(Q)]
+n2my/(5(0) +m)2 + (6(Q) + 1)2.

For computing the multiplicative Sombor index, we have

H \/‘%@Q(U) + d3pa(v)
uwweE(OO0N)

= T /et +m2+ (doluy) +mp2
©)

’U,;’UjGE(

II, eow

<11 I1 \/(dﬂ(ui) +1)2 + (da(u;) + 1)

k=1 ufu?eE(@@Q)

[T I yew)+m)?+(datu,) + 1),

k=1, EV(@),ufEV(Q)k

[I,,eem< ]I d%(vi)-ﬂ-d%(vj)-l—\@m)( 11 (d?l(uq;)-f—d%(uj)-i-\/i))

wiu; €E(Q)

IN
—
0
OA
@
+
—~
=

(A(©) + m))lE(e)‘ _ <\/§A(®)) \E<®)I)
) HSO(Q) + (ﬂ(A(Q) + 1))‘E(Q)‘ _ (\/QA(Q)>\E(SZ)\)”

2

% ((A(©) +m)? + (AQ) + 1)2)*" ™

For obtaining the lower bound for the multiplicative Sombor index, we get
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Meon= I (mm)( I (dé(ui)er?z(uj)H))n

v;v; EE(O) uju; EE(Q)

( V(8(8) +m)? + (6(2) + 1)2)
v, EV(0),u; €V (Q)

= (Hso(@) +(vas(e) +m)'E<@” - (\/55(@))”5(@”>
x (HSO(Q) + (\@6(9) + 1)‘E(Q)‘ _ (\/55(9)>IE(9>|)"

In?m

x ((6(©) +m)? + (5() + 1)%)2

O

Corollary 4. IfT is an r-reqular graph of order n and H is an r’'-regular graph of order
m, then

SOT ©H)= grn(r +m) + ?r'nm(r’ + 1)+ n’m/(r +m)? + (r' +1)2,

’
r’mn n2m

HSO(I‘@H):(\/i(m—&—r))%(\/i(r'—i—l)) om0+ 1))

Especially we get

SO(Cy, ® Cm) = V2n(2 4+ m) + 3V2nm + n’m+/(2 4+ m)2 + 9,

[1.,Cn0Cm = (3v2)"" (@+m)v2)" (2+m)*+9) 7",

SO(Cn © Km) = V2n(2 +m) + gan(m — 1) +n*m/(2+m)? +m?,
n (m=Dmn 2

[1,,(Coo Kn) = (ﬁ(z + m)) (ﬁm) N (O s

SO(K, © Km) = gn(n +m—-1)(n—-1)+ ?an(m — 1) +n’my/(n+m—1)2 +m?,

n(n—1) (m—1)mn 2

HSO(KnQKm) = ((n+m— 1)\/5) : (\@m) : (n+m—1)%+m?) 2

2.7. Crown graphs

A crown graph on 2p vertices is a simple graph with two sets of vertices
{wi,wa,...,wp} and {uy,us,...,up} and with edges from w; to u; whenever i # j
for 1 <4,j <p. Any crown graph I" with 2p vertices is a (p — 1)-regular graph, thus
we get the following corollary.

Corollary 5. For any crown graph T of order 2p,

som =vip- 1. I], 0= (vVae-)" "

SO
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Figure 2. Crown graphs with six and eight vertices

Figure 3. Sg

2.8. Shell graphs

The shell graph S, is a graph constructed by adding n — 3 concurrent chords incident
with a common vertex in cycle C,,. An apex vertex is a vertex at which all the chords
are concurrent.

Theorem 7. For any shell graph S,, we have

SO(S,) =25+ 2n+n2 + 2V13 + (n — 4)V18 + (n — 3)v/n? + 2n + 10,

and
n—3
2 .

[1. () =13G+2n+ n2)18"Z (n? + 2n + 10)

Proof. Let S, has vertex set V(S,) = {v1,...,v,} such that v; is an apex vertex
and v1v903 ... v,_1U,V1 be a cycle in C,,. We have

n—1 ifv=uwq,
ds, (v) =<2 ifv € {va,v,},
3 ifo=v;, 3<i<n-—1.
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Figure 4. Ice-cream graph I

Then
SO(S,) = > yJdi (u)+d3 (
wEE(Sy)
= \Jd, (v1) + @2 (v2) + W@n (v1) + 3, (v)
B (02) + @B (v5) + /B (va) + B (0 1)
+ Y YR @) +E )+ Y R )+ B ()
’Ui’UjEE(Sn) vlvieE(Sn)
3<i,j<n—1 3<i<n—1
= 2v/5+42n+n2 +2V13+ (n — V18 + (n — 3)v/n2 + 2n + 10,
and

II,,650 = I & (+dd (v

wEE(Sy)

\/d2 (v1) +d% (v2) \/ds (v1) +d% (vn)

\/d2 (v2) + @2, (vs) \/ds (vn) + 2 (vn_1)

x I Y& w)+d w)x  TI & (o) +d3 ()

viv; €EE(Sy) v1v; EE(Sy)
3<i,j<n—1 3<i<n—1

= 13(5 + 2n +n?)18"% (n® + 2n + 10) "2

2.9. Ice-cream graphs

An Ice-cream graph is obtained by combining a shell graph and a path P, graph
keeping vy and v,—; common where n > 3 sharing common end point called the apex
vertex vg. It is denoted by I,.
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Theorem 8. For Ice-cream graph I,,, we have
SO(I,) =2v13+4+ (n —2)V18+ (n — 1)4/9+ (n — 1)2

and

n—2 n—1

I1,,0n) =13018)= 9+ (n—1)*) =

Proof. Let I,, has vertex set V(I,) = {vg,v1,v2,...,v,} such that vy is an apex
vertex and vyv1vs ... vy_2U,_1vg be a cycle in C,,. We have

n—1 ifv =g,
dr,(v) =143 ifo=uv;, 1<i<n-—1,

2 ifv=v,.

Therefore,
SO(L,) = Y \/d3 (u)+d3 (v)
wveE(Iy,)
= B (01) + & (00) + /& (00 1)+, (v0)
+ Y BB e Y )+ B ()
viv; €E(Iy) vovi €EE(Iy)
1<i,j<n—1 1<i<n—1
= 2V13+ (n—2)V18+ (n—1)/9+ (n — 1)2,
and

[I,0 = I & w+dw

weE(Iy)

VB, @) + & (00) % \Jd3 (0n-1) + 3, (v)

< II Va&.e)+d )< TI & o) +d, (w)

viv; €EE(Iy) vov; EE(Iy)
1<i,j<n—1 1<i<n—1
= 13(18)" (10 4 2n + n?) "=

2.10. Helm graphs

By attaching a pendent edge to each rim vertex of a wheel graph W,, a graph is
obtained, which is called Helm graph and denoted by H,,.
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Figure 5. Helm graph Hg

Theorem 9. For Helm graph H,, we have

SO(H,) = nv/n%+16 +nv32 + nV17

and
HSO(Hn) = (544(n® + 16)) .

Proof.  Let H,, has vertex set V(H,,) = {vg,v1,...,Un,u1,...,u,} such that vy is an
apex vertex and {vy,va, ... Un_2,Un_1,U,} be a vertex set of C,,. We have

n ifv = v,
dHn(Q)) = 4 ifw = Vs, 1 S ) S n,
1 ifo=wu;, 1<i<n.

Then

SO(H,,)

ST B )+ ()

wveE(Hy)

S o)+ )+ S )+ ()
’L)()ﬂiGE(Hn) ’L)iﬂ]‘GE(Hn)

1<i<n 1<i,j<n
Y )+ ()

u;v, €EE(Hy,)
1<i<n

= nv/n2 + 16 + nV32 + nV17,
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Figure 6. Flower graph Flij

and

[L, ) = I &, +d, @

w€EFE(Hy)

I V. +d, )< TI &, )+, (@)

vov; EE(Hy,) viv; €EE(Hy)
1<i<n 1<i,j<n

X H \/d (ui) + d3;, (vi)

w;v; EE(Hy,)
1<i<n

= (544(n” + 16))2.

2.11. Flower graphs

By joining each pendent vertex of the Helm H,, to the apex vertex of H,, a graph is
obtained, which is called flower graph and it is denoted by Fl,,.

Theorem 10. For flower graph Fl,,, we have

SO(Fl,) = 2ny/n? + 4+ 2ny/n? + 1+ nV32 + nv20

and

w\:

HSO(an) = (10240(n” + 4)(n® + 1))

Proof. Let Fl, has vertex set V(Fl,) = {vo,v1,...,0pn,u1,...,u,} such that vy is
an apex vertex and {vy, v, ... Vn—2,Un_1,V,} be a vertex set of C,,. We have

2n  ifv = vy,
dFln(v): 4 if’U:Ui, 1§i<n
2 ifo=wuy, 1<i<n
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Then

SO(Fl,) = 3. \/d%ln(u)+d2ﬂ"(v)

wweE(Fly)
= Y B )t ) Y\ fdy () dy ()
vovi EE(Fly) vou; EE(Fly)
1<i<n 1<i<n
Y BB )+ D [y () + Ry ()
v;v; EE(Fly) w;v; EE(Fly,)
1<i,j<n 1<i<n

= 2nyv/n2 4+ 44 2nvn2? + 1+ nv32 + nv20,

and
[T, Ft) =TI \Jdb, () +di, )
wv€EE(Fly)
= II \/dZFln (v0) + iy, (i) x  T] \/d%zn (vo) + dfy,, (us)
vov; EE(Fl,) vou; EE(Fly,)
1<i<n 1<i<n
< ]I \/d%“zn (v:) +dy, (v5) x 1 \/d%zn (ui) + dfyy, (vi)
viv; EE(Fly,) w;v; EE(Fly,)
1<i,j<n 1<i<n

(10240(n” + 4)(n* + 1)) .

2.12. Generalized Sierpinski graphs

Suppose t is an integer and © is a graph of order n. Let V(©)! represent the set of
all words y1y2 .. .y; of length ¢ on alphabet V(©). The generalized Sierpinski graph
[5, 11] S(©,1), is the graph with V(©)! such that F(S(O,t)) is defined as follows.
Forz = zy22...2, € V(O)  and y = y1y2...y: € V(O)!, {z,y} € E(S(0,1)) if there
exist ¢ € {1,2,...,¢} such that

(i) x; = y;, forj < i, (i) x; # y; and {z;,y;} € E(O) (i) z; = y; and y; = x; forj > 1.

For edge {z,y} then there is a word w = z122...2;_1 and an edge {z;,y;} € E(O)
such that x = wz;y; ... y; and y = wy;z; ... x;.

For every edge x;y; € E(©), add an edge between vertex z;y;y;...y; and vertex
YiZiZy ... ;. Vertices as x;x; ... x; are called extreme vertices of S(O,t). The number
of extreme vertices of S(©,t) is [V(©)] and, dg(e,)(z:x;i ... 2;) = de(x;). Also, the
degrees of two vertices y;x;x;...x; and z;y;y; ...y, are equal to de(z;) + 1 and
do(y;) + 1, respectively. The copies of an edge z;y; € E(O) in S(O,t) are edges
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SO b
\0 15 .\0/2
8¢ s
\0/5 \0/ 35 /45
51 @52
g
v

®55

Figure 7. A generalized Sierpinski graph S(0,2)

{wzyl, wy;zt}, where r € {0,1,...,t — 1} and w € V(0)717". We denote by
fs@.4)(de(x;) 4+ 1,de(y;) +I') the number of copies x;3; € E(©) in S(0,t), where
vertex wx;yl has degree dg(x;) + I, vertex wy;a’ has degree do(y;) + ', and [,1’ €
{0,1}.

S. Chanda and R. Iyer [5] studied the Sombor index on generalized Sierpiniski and
generalized Mycielskian graphs. We investigate the multiplicative Sombor index on
generalized Sierpiniski graphs. We denote the set of neighbours a € V() by N(a),
ie., N(a) ={be V(O):abec E(O)}. Let 7(a,b) denote the number of triangles of ©
containing a,b. For a graph © of order n, let (t) =1+ n+n?+---+nt~1t = %
From [10], we get the following lemma.

Lemma 1 ([10]). For any graph © of order n with edge vy and any integer t > 1, we
have

(i) fsen(de(2),do(y)) = n'"*(n — de(x) — de(y) + 7(z,y)).

(i1) fse.(de(2),de(y) +1) = n'"*(de(y) — 7(z,y)) — ¥(t — 2)de(x).
(it) fson(do(z) +1,de(y)) = n'~*(de(z) — 7(z,y)) — ¥ (t - 2)de (y).
(do(x)

(iv) fsen(do(x)+1,de(y) +1) =n'(7(x,y) + 1) + ¢(t — 2)(de(x) + do(y) + 1).
Now we have:

Theorem 11. For any integer t > 2 and any graph © of order n > 3,

[, (s©.0)> (HSO(@))W).
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Proof. The multiplicative Somobr index of S(©,t) can be computed as

[I,s00 = TI Bey@+de,®

abeE(S(0, t)
— H H H d@ (d@(b) + j)2)%fs(e‘t))(dg(a)+i1d@(b)+j)
abeE(©) i=035=0

= 1l {((de(a))2+(de(b))2)%fS<e,t>>(de(a),de(b))

abeE(©)

% ((d@(a) + 1)2 + (de(b))Q)%fs(@,t))(d@(a)"l‘Ld@(b))
~ ((d@(a))2 + (d@(b) + 1)2)%fS((—),t))(d@(a)vd@(b)"rl)
« ((d@(@) + 1)2 + (d@(b) + 1)2)%fs(@,“)(d@(a)+1,dg(b)+1)} )

Using Lemma 1, we get

HSO(S(G),t)): H {((d@(a))2+(d@(b))2)%nt—Z(n—d@(a)*d@(b)JrT(a,b))

abeE(O)

% ((do(a) +1)2 + (do(p))?) (" e rlemnuli=2e(o)
< ((do(a))? + (do(p) + 1)2) H" o T o)

x ((dofa) +1)* + (do(®) + 1) 1" ““”’”””’(“)“@<“>+d@<*’>“)>} .

Since

we conclude

where

A = {n"%(n —de(a) — de(b) + 7(a,b)) + n'"*(de(b) — 7(a,b)) — ¢(t - 2)de(a)
+n'"*(de(a) — 7(a,b)) — ¥(t — 2)de (D)

+n'73(r(a,b) + 1) + ¢(t — 2)(de(a) + do(b) + 1)} .

nt=1 4 pt=2 4 W(t —2)

= P(t).
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Therefore,

HSO(S(Qvt)) > H ((d@(a))Q + (d@(b))Q)%ll’(t)

abeE(O)

»(t)
( II ((d@<a>>2+<d@<b>>2)%)

abeE(O)

- (HSO(G))w(t) '

Theorem 12. Let © be a triangle-free k-reqular graph of order n. Then

SO(S(0,1)) — %” [n'=2(n — 2K)Vak +2(n' ™ — w(t — )ky/E 17 1 32
F V20 (- 2)(2k + 1)) (k + 1)}

and

[, (50.0) = (2k) 5" 07 (2h? g4 1) 2H o)

77. nt 2
x (2K° + 4k 4 2) T TUEDEED)

Proof. If © is a triangle-free k-regular graph then for any a,b € V(0) we have
7(a,b) = 0. Then from Lemma 1 we obtain

(i) fs.p(de(a),de(b)) =n'~2(n — 2k).
(i) fs(o,n(de(a),de(b) +1) = (n'"2 —(t — 2))k.
(iil) fs(o.)(de(a) +1,de(b)) = (n'~2 —(t — 2))k.
(iv) fs@.n(de(a)+1,de(b) +1) =nf~2 +(t — 2)(2k + 1).

For the Sombor index, we deduce

SOSO.0) = ¥ B, @)+dde, )
abe E(S(O,t))

1 1
Yo DY fseapldela) +i.de(b) + )V (de(a) +i)? + (de(b) + 5)?

abe E(©) i=0 j=0

=y {fS(e,t))(de(a),de(b))\/(de(a))2+(de(b))2

abeE(O)

+ fse.(do(a) + 1,de(v))V/(de(a) + 1)? + (do(b))?
+ fse. (de(a),do(b) +1)1/(de(a)* + (de (b) + 1)
+ fse.(do(a) + 1,de(b) + 1)/(de(@) + 17 + (do(b) + 17}
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Inserting (7) — (iv) in the last equation gives

sos@©.1) = Y {nt_Q(n 22+ 20t — ot — 2))kV/2k2 + 2k + 1

abEE(O)

+ V20t 4 (- 2)(2k + 1)) (k + 1)} .

= B LBkt 0 — 2k) 4 2(n' % — (e — 2)kVRRE T 2K 11
£ VB (- 22k + D)k 1) )

For the multiplicative Sombor index, we conclude

[Is00 =TI Beny@ +dde®
abeE(S(0,t))

1 1
_ H H H ((d@(a) + 2)2 + (d@(b) +j)2)%fs(@,t))(d(—)(a)+i7d(—)(b)+j)

abEE(©) i=035=0

— H {((d@(d))Q + (de(b))2)%fs(c—),t))(de(a)xde(b))
abEE(O)

X ((d@(a) + 1)2 + (de(b))Q)%fs(@,t))(de)(“)"rLd@(b))
« ((d@(@))Q + (d@(b) + 1)2)%fs((_)yt))(d@(a),d@(b)Jrl)
v ((d@(a) + 1)2 + (d@(b) + 1)2)%fs(e,t))(d(—)(a)+1wd<—>(b)+1)} .

Using (i) — (iv) in the above equation, we arrive at
In'=2(n—2k) Lk(n'=2—y(t—2))
HSO(S(G,t)) = ] {(%2) (22 + 2k + 1)
abeE(O)
Llppt—2_ _
x (2K 4 2k 4 1)2H V)

1 t—2 _
X (2k2 + 4k + 2) 5(n° 7 (t 2)(2k+1))}

— (2k2)§”t71(n_2k) (2]{32 +2]€+ 1)%’f2”(n“2—w(t—2))
k

3 t—2 _
% (2]'(12 4 4]’(} 4 2) 4"(” +1Z1(t 2)(2k+1)) )

Corollary 6. For any n > 4 and any integer k > 2, we have
SO(S(Cn,k)) = n {nH(n — )2V2 + 4" — (k- 2)VIB + (0" + 5k — 2))3\/5}
and

_ Ink=l(n-1) 2n(nF 72—y (k—2)) In(nF =245y (k—2))
[, (5(Cn k) = (8) (13) (18) -
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From [5] for uwv € S(K),) we have

fS(Kp n)(de)(u)’ de)(U) + 1) =5
fsx, ) (di,)(w) + 1,dg, ) (v) = 1,
fsr,m)(dic,)(w),dg,)(v)) =0,

pt—=2p+1
fsx,my(dr,)(w) +1,dg ) (v) +1) = |

Since dg(k,n)(v) € {p — 1,p} for any v € V(S(Kp,n)), we get

[L,6Em =TI uum® + B, ©)

wweE(S(Kp,n))

1 1
TT  TITT (i, () + )% + (dic, (v) + )%) #7500m e Cren (0 icy (1)
we€E(K)p)i=0j=0

[T 2 —2p+1) (27) 7
wwEE(Kp)

(p=1)p p(p™ —2p+1)

= (2p2 —2p+ 1) 2 (2p2)

Thus we have:

Corollary 7. For any p and any integer n > 2, we have

(p=1)p p(p"742p+1)

II,, (5&Kpm) = (-1 +p") = (2°)
2.13. Generalized Mycielskian graph

Let © = (V(©), E(©)) be a graph with V(0) = {vy,...,v,}. The Mycielskian graph
1(0) of © is the graph with V(u(©)) = V(0) UV'(0) U {w} where V'(0) = {u; :
v; € V(0©)}, that is,

V(@) ={v1,...,on,u1,...,up,w}
and

E(u(©)) = E(©) U{uvj,viu; : viv; € E(O©)}U{uw : 1 <i<n}.

Let t be any positive integer. For any integer k with 0 < k < ¢, Suppose V(0)F =
{vk, vk ... vk}, The generalization Mycielskian or the t-Mycielskian p;(©) of © is
the graph with V(1,(0)) = V(©)° U (UE=1 V(0)") U {w} and the edge set

E(u(0)) =E(©)U <O {vaf+1 tvv; € E(@)}) U <O{vf+1v§“ tvv; € E(@)})
k=0 k=0

U {viw : vl € V(O)').
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Figure 8. u(Cs)

Theorem 13. Let © be a graph with |[V(©)| =n and t > 2 be an integer, we have

o 1 (©) < 2 DIE®) (HSO(G))%_I (1A(6) + (A(©) + 1)2)|E(@)\

< ((A©) + 1) +n?) %
and

@t-DIE®)] |B(©)|
SOut(e) 2 2 (HSO

x ((6(©) +1)* +n?)

©)" (15(0) + (5(6) + 1)

n
2

Proof.  From [4], for each v € V(ut(0)), we have

[V (0)] v =w,
dut(@)(v) = 1+d@(vi) v:vf,
2de (v;) v=0oF0<k<t-—1.

Then

s0r® =TI &)+ & o))
©)

’Ui’UjEE

t—2
k k+1
<11 11 \/dit(e)(”i )+ o))

k=0 {vaerl:vivj €E(©)}

t—2
k+1
<11 I1 \/dit@)(”i )+ 5, 0)(V5)

k=0 {vk+1v;°:vivj €E(©)}

k3
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2 2
< I Vet + e )
{v; Mol €B(0)}
—1
x 11 UACICIRL OIS
{viv jfl:vivjeE(@)}
I 20w+ 0w
v, EV(O)
The above equation becomes
[, m(©) = 27O ] \Jda )+ d ()
viv; €E(O)
t—1
«9(t=1)|E(©)] H d2 (vi) + d% (vj)
viv; EE(O)
t—1
«o(t=1)|E(©)] H a2 (v;) + d2 (vj)
v;v; EE(O)
2
< I Aad) + (1 +de(vy)
{vi™ lvt v, EE(O)}
< II J+de)? +4a3(wy)
{vivf v € E(0)}
H V(1 + de(v5))? + n2.
v, EV(O)
Therefore,
2t—1
(2t—1)|E(O) 2\ | E(©)]
m(©) < 2 (I1,,©)  (a@©)+@a®©)+1)?)
x ((A(©) +1)* +n?)?
and
2t—1
_ o |E(©)]
5o 11(0) = 2 VEOHTT (@) (45(0) + (1+6(6))?)
x (14 6(0))? +n?)7 .
O

Corollary 8. For any integer t > 1 and any k-regular graph © with n vertices,

o he(©) = V2RV (4 4 4 ok +1) T (B 2k +1+07)F
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Figure 9. Ciclo graph C4(K4)

Especially,

o Fi(C) = (R (T (94 p7) B

and

s(s—1) s(s=1)
2

(As— 1)+ = (2577,

[1,, (k) = @v2(s 1)

2.14. Ciclo graphs

Suppose I' = (V(I"), E(I")) is a graph, e € E(T'), and ¢ > 3 is a integer. A t-ciclo
graph C;(T',e) of T with e, is a graph obtained from ¢ copies of I" and a t—cycle C;
by identifying one copy of e with any edge of Cy. If there is no ambiguity, we will
represent Cy(T", e) with Cy(T").

Theorem 14. Let ' be a graph, t be any positive integer, and e = ab be an edge in T'.
We have

tSO(T') < SO(Cy (T, e)) < tSO(T) + 2tdr(a)dr (b)

and

Hso(ct(r’e)) o (HSO(P)>t'

Proof. Let t be any positive integer and I' be a graph and e = ab be an edge in I'.
Let V(T) = {a,b,v1,...,v.}, V(C}) = {uy,ua,...,us}, V(I)* = {oF vk ... oF} for
1<k <t and V(Cy(T,e)) = V(Cy) U (Ul_, V(I')?). We have

dr(a) + dr(b) ifv =4

2.4
dr(v;) ifo=0vF1<k<t (24)

dCt(F,e) (U) = {
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Then

SOCHT,e) = D0 \J 2y () + &, g (1)

u;uj; €E(Cy)

Y B w) By ()

uiv}“EE(Ct (Te))

+ Z \/dcf(r e)\v )+ dQC,(r e) (’U}?)-

va, €E(C¢(T,e))

Applying (2.4) in the last equation we obtain

SO(Cy(T,e)) = tf(dp( )+ drp(b))

Z \/ dr —|— dr 24 d% (Uj)

a'uJEE F
3 dr(a) +dr(h)? + dA(vy)
bv; e E(T)
>y dR (i) + d(vy)
v;v; €E(T)
and
SO(Cy(Te)) > ty/d2(a) +d2(b) +t > a) + d2(vy)
av; €E(T)
20)+ dR(v)+t Y yJdR(v) + dE(v))
b’UjEE(F) ’Ui’U]'EE(F)

= tSO(I).

Also, we have

Tt Z ( d%(a)+d12“(vj)+dr(b))

av; EE(T)

oY <w/d%(b)+d%(vj)+dp(a)>
bv; € E(T)

+tY a2 (vi) + d(vj)
’Ui’L)jGE(F)

= tSO(T) + 2tdp(a)dr (b).
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The definition of the multiplicative Sombor index leads us to the conclusion that

Lo @en =TI fa o) + 2, 0m)

u;uj; €E(Cy)

X H \/dzct(r,e)(“i) + g, .o ()
)

uivfeE(Cf(F e

< TT B0+ @y @)

va}‘EE(C, (Tye))

Inserting (2.4) in the above equation, we conclude that
¢
[1,, () = (Vadr(a) +dr(v)))

< 11 \/dr ) +dr(b )+d%(vj))

av; €E(T

<11 \/(dr(a) +dp(b))* + d%(”j))
b € E(T)

x| II k() +di(vy)

viv; €E(T)

= (HSO(F)>t '

Corollary 9. Suppose I is a k-regular graph of order p. Then
SO(Cy(T)) =t (2\/5k(k —1)+ (kp + 1)\/> ,

and
L _2k+1)t

L e - () () ()

Especially,

SO(CU(Cy) =1 (V2 +4VE+ (0~ 3VE) |
[T = (1v2)" (2v5)" (2v2) ",
S0(Cu(K,)) =t (20 = DIVE+ (- 2V5) + <’@ -2+ 3)VE),

2=l _opt6)t pr-1),
2

TT. (= (v3) "™ (va)" (-1
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Figure 10. Estrella graph S4(K4)

2.15. Estrella graphs

Let T' = (V(T'), E(T")) be a graph, ¢ € E(T'), v € V(T') such that v is not a vertex
of edge e, and t is an positive integer. The union of the complete bipartite graph
K, and a t-ciclo C(T', e) such that any copy of v is adjacent with each degree one
vertex of K4, is called a t-estrella graph of I' with edge e and vertex v presented by
S¢(T, e,v). If there is no ambiguity, we will represent S;(T', e, v) with S;(T).

Theorem 15. Let T be a graph, e = ab € E(I'), ¢ € V(I') such that ¢ is not an endpoint
of e, and t is a positive integer. We have

SO(Si(T,e,¢)) > tSO(T) + 11/ + (1 + dr(c))2,

SO(St(F, e, C)) < tSO(F) + 2tdr(a)dr(b) -+ tdF(C) +t/t2 + (1 + dF(C))Q,
and

[, ey > (I1,,@) (VETa+d@r) .

Proof. Let t be any positive integer and I' be a graph, e = ab be a edge of I, and
c € V(). Let V(') = {a,b,c,v1,v,...,vn_3}, V(C¢) = {us,ua,...,us}, V(I)¥ =
{ck of vk o vk Y for1 <k <t and V(S(T,e,c)) = {w}UV(Cy)uV () UV (T)?U

- UV(T)! where w is the star vertex and vertices c* are starneighbor vertices. We
get
dr(a) +dr(b) ifv=u;
dr(v;) ifo=2oF1<k<t,
dSt(F,e,C) (U) = . L (2‘5)
dr(c) +1 ifv=c’1<k<t,

t ifv=w.
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Suppose ¢ ¢ N(a) and ¢ € N(b). In this case,

SO(Si(Te,0)) = 3 \/cF oy (W) + 2, o) (1)

u;u; EE(Cy)

Y R m) T e ()

uivfeE(St(F,e,c))

+ > \/ LRI CORN G

PR EE(S¢(T,e,c))

+ ) \/ A, (r,e) (VF) + A, 1,0y ()

vFck€E(S¢(Te,c))

Y R @) g ().

wck €E(S¢(T,e,c))

Substituting (2.5) in the last equation, we arrive at

SO(S¢(T, e, c))

= +V2(dr(a) +dr®) +t >/ (dr(a) +dr(b)? + di(vy)
av;€E(T)
3 \/(dr(a)+dr(b))2+d%(vj)—|—t S () + ()
b’UjGE(F) ’Ui’UjGE(F)
Y \/dmz (1+dp(c)? + t/2 + (1 + dp(c))2.
v;c€E(T
Then
SO(Si(T,e,c)) > ty/di(a) +d2(b) +t Y a) + d2(v;)
av;€E(T)
oy )+ di(v)+t Y\ dR(v) + dE(vy)
bq)JEE( ) viv; €E(T)
t Y (AR (vi) + d3(c) + /8 + (1+ dr(c))?
vchE(F

= tSO() + ty/t2 + (1 + dr(c))2.
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Also,

SO(S¢(T, e, c))

ty/d%(a) + d&(b) + t(dr(a) + dr(b)) + ¢ Z ( d%(a)+d%(vj)+dp(b)>

av; €E(T)

IN

oy <d(b)+d2(vj)+d1‘ )+t > d2(vi) + d2(v;)

bv; e E(T") viv; EE(T)

oy ( d%(vi)+d2()+l>+t\/t2 + (1 +dr(c))?

vice E(T)

= tSO(T) + 2tdr(a)dr(b) + tdr(c) + tA/t2 + (1 + dr(c))2.

For computing the multiplicative Sombor index, we have

Ioed) =TT o) + i)

u;u; EE(Cy)

X H \/d%'t(F,e) (ui) + d2, p ) (V)

uiv;?GE(S't (Tye,c))

x H \/d%'t(l—‘,e) (Uf) + d2Ct(F,e) (’U?)

vl.“v;?EE(S't (Tye,c))

X II \/ A, (0.0 (V) + A, (1 ) (F)

vFckeE (S (T, e,c))

I R )+ @)
wek€E(S(T,e,c))

Applying (2.5) in the above equation, yields
HSO(St(F7 €, C))

= (\/ﬁ(dp(a)wp(b)))t x ( 1T \/(dp(a)wp(b))ud%(vj))

av; €E(T)

X( 11 \/(dr(a)+dr(b))2+d%(vj)) X( 11 d%(vi)+d%(ﬂj))

b’UjGE(F) ’Ui’UjEE(F)

( \/dz (v;) + (1 +dr(c ) (\/tz + (1 +dr(c))? )t
> (H ) (\/tQ (1+ dr(c))? )t.
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Suppose ¢ € N(a) and ¢ € N(b) or ¢ ¢ N(a) and ¢ € N(b). We obtain

SO(SiTresc) = D \Jd, () + d2, ()

u;uj; €E(Cy)

+ Z \/dc (T.e) (ui) (p e)( k)

uiv;?"EE(Sf(l" e,c))

+ Z \/dc (T,e) (ui) c (ne)(ck)

uick€E(Sy(T,e,c))

+ ) \/dcf(r 0 (V) + d&, 0, (V)

vFvR € E(S¢(T,e,c))

+ Z \/dzc,,(r,e) (0F) + dg, (1 ey (cF)

vFckeE(S¢(Te,c))

+ ) \/dcmr 0(W) g, (p ) (¢")-

wck €E(S(T,e,c))

Equation (2.5) implies that

SO(S¢(T, e, c))
= tV2dr(a) +dr®) +t S y/(dr(a) +dr(b)? + di(vy)

av;€E(T)
S ldr(a) +dr(®)? + di(vy)
bu;€E(T)
=y \/dp Y+ dr(0)? + (1 +dp(c))?
aceE(T
+t Z \/dz(vz)—i—d2 (v)) Z \/d2 (v;) + (1 +dr(c))?
viv; €E(T v,c€E(T)
+t/12 + 1+dr (c))2.
Therefore
SO(Sy(Te,c)) > ty/d3(a)+d2(b)+t a) + d2(v;)
av; EE(T)
ty JARO) i)+t Y \/di(a) + di(c
bv,eE(r) aceE(I")
=y d(v) +d3 () +t Y \[dE(v:) + dB(c)
viv; €E(T) v;c€ E(T)

/12 + (1 + dp( ))
= tSO(T) + t\/t2 + (1 + dr(c))?
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and

SO(S¢(T, e, c))

< ty[dR(a) + D) + t(dra) + ) 41 Y ( d%(a)—&—d%(vj)—&—dr(b))

av; EE(T)
+t Z ( d%(b)+d%(vj)+dp(a)) < d2(a) + di(c) +dr(b +1)
bv; e E(T) ace E(T)
s X aerdw e X (VR rae )
viv; €E(T) vic€E(T)

+t/12 + (1 + dr(c))?
= tSO(T) + 2tdp (a)dr (b) + tdr(c) 4+ t1/t2 + (1 + dp(c))?.

Also,

L6000 > (o) (Frmreer)

Suppose ¢ € N(a) and ¢ € N(b). We conclude

SO(St(F767C)) = Z \/dCt Ie) U, Ct(r‘,e)(uj)

u;u; EE(Cy)

k
LD DRV USRIt

uiv;?"EE(St(l",e,c))

+ Z \/d%'t(l",e) (ul) + dét(ne)((}k)

u;ck€E(S:(T,e,c))

+ > \/dc,(r 0 (07) + g, (0 ) (v7)

VEoREB(S, (T e,0))

+ Z \/d%‘,,(l‘,e) (Uﬂ + d%‘t(r,e)(ck)

vfckéE(St (T,e,c))

+ Z \/d%'f,(l",e) (’LU) + dzct(rae) (Ck)

wekeE(S¢(T,e,c))
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Applying (2.5) we obtain
SO(S¢(T e, c))
= +V2(dr(a) +dr®) +t >/ (dr(a) +dr(h)? + dA(vy)

av;€E(T)
30 (@) +dr0)? + dR ()
bv;eE(T)
+2t > /(dr(a) +dr(0)? + (1+ dr(c))?
aceE(T)

B(v) + R (o) +t > (S @)+ (14 dr(e)?

viv; €EE(T vic€E(T)
+t/t2 + (1 + dr(c))2.

Hence,
SO(Sy(T,e,c)) > ty/d2(a) +d2(b) +t > a) + d(v;)
av; €E(T)
Y \JARO) FdR(v) +t Y \[dR(a) + di(c
bv;eE(T) aceE(T)
d2(v;) + d&(vj) +t Z d2(v;) + d&(c)
’Ui’UjeE(F) vic€E(T)
Y (R (D) + dE(c) + /12 + (1 + dr(c))?
bee E(T)
= tSO() + t/t2 + (1 + dr(c))?
and

SO(S¢(T, e, c))

<t a) + d&(b) + t(dr(a) + dr (b)) + ¢ Z < d%(a)+d%(vj)+dp(b)>
av; EE(T)

+t Z (\/d% ;) +dr(a ) ( d%(a)—i—d%(c)—&—dr(b)—i—l)
bv;eE(T) ace E(T)

+t Z (w/ b) + di(c) + dr(a +1> +t Z d2(v;) + d2(vy)
bece E(T") v;v; EE(T)

oy ( a2 (v; +d2()+1>+t\/t2 (1 +dr(c))?
vic€E(T)

= tSO(I) + 2tdr(a)dp(b) + tdr(c) + t1/t2 + (1 + dr(c))2.
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Corollary 10. Suppose I is a g-reqular graph of order m, e = ab € E(T"), ¢ € V(I') such
that ¢ is not an endpoint of e, and t is an positive integer. If ¢ ¢ N(a) and c & N(b) then

SO(Su(T,e,0) = t(2v5ala—1) + (4" = 3q+3)v/2g

+av2¢ £ 20+ 1+ /2 + (1+qP)

and
[1, (5r.e.0) = (2v2q) (Jéq)mq_l) (\/iq)t(%_gﬁl)
< (Ve +2+1) " (Ve TR
Ifc € N(a) and ¢ € N(b) or ¢ € N(a) and ¢ € N(b) then

SO(S:(T, e,¢)) = t(\/gq(Zq—S)—f—(%—3q+3)\@q+\/5q2+2q+1

+a - DV2@ T 20+ 1+ + (1 +q)?)

and

qm

HSO(St(P,e,C)) _ (2\/5(1) (\fq) (2¢-3) (\/iq)t( 2 —3q+1>( ﬁqz—i—Qq—&—l)
x (\/W)t(q_n ( 2+ (1 +q)2)t.
If c € N(a) and c € N(b) then

SO(S:(T,e,c)) = t(Z\/gq(q—Q)—l-(%—3q+3)\/§q+2\/5q2+2q+1

+Ha-DVE T A+ a2+ VE+(1+0)?)

t

and

HSO(St(F,e,C)) _ (2\/§q)t (ng)zm 2) (\[ )t(

Corollary 11. For any complete graph of order q we have

q'm.

—3q+1) ( T q)2)2t

s0(5:(K.) = 1 (2500 - 1=+ (L 5 0)vag- 1)
+24/5¢% — 8¢+ 1+ (r —2)/2¢2 —2¢+ 1 + /12 + q2)

and

(QEl)q —3p+6)

[T, (k) = (2v2-1) (Vata—1)""" (var)"
«(Var—sq+1) " (var—2+1) Y (Ve )
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3. Conclusion

In this paper, we considered the Sombor index and multiplicative Sombor index on
some product of graphs. We study these indices on Cartesian product of two graphs
0, and we obtained some bounds for Sombor index of Cartesian product of © and
Q in terms of the Sombor indices of © and €. Also, we provided a lower bound for
the multiplicative Sombor index of Cartesian product of ©® and 2 in terms of the
multiplicative Sombor indeices of © and ). In special case, when © is an r-regular
graph and 2 is an r’-regular graph, we finded the Sombor index and multiplicative
Sombor index of Cartesian product of © and € in terms of r,7/,|V(0)| and [V (Q2)].
Then, we presented upper and lower bounds for the Sombor index and multiplicative
Sombor index of Direct product of ©® and Q. Especially, we computed SO(© x
Cp), [1s0(© x C}), SO0 x Kp),[[55(© x K,) for an arbitrary graph © where C),
is a cycle graph of order p and K, is a complete graph of order p. In following, we
gave some bounds for the Sombor index and multiplicative Sombor index of strong
product, lexicographic product, sum, corona of © and 2. In the specific case, we
calculated SO(C,, © Cp), [[50(Cn © Cr,), SO(Cr, © Ky ), [[56(Crn © Ki,), SO(K, ©
Kp), g0 (K ®Ky,). Also, we found Sombor index and multiplicative Sombor index
for crown graphs, shell graphs, Ice-cream graphs, Helm graphs, flower graphs.

We proved a lower bound for the multiplicative Sombor index of generalized Sierpinski
graph of an arbitrary graph © in terms of the multiplicative Sombor index of ©. In
particular, when © is a triangle-free k-regular graph of order n, we obtained the
Sombor index of generalized Sierpinski graph of ©. Lower and upper bounds for the
multiplicative Sombor index of generalized Mycielskian graph of an arbitrary graph
© are obtained. Especially [[¢o 1:(Cp) and []gp e (K)) were calculated. We showed
upper and lower bounds for Sombor index and lower bound for multiplicative Sombor
index of t-ciclo graph and t-estrella graph of an arbitrary graph ©. Especially, we
calculated SO(C(Cy)), [15o(Ce(Cy)), SO(CL(Kp)), [ 150 (Ce(Kp)), SO(Si(K))), and
[so(Si(K,)).

Conflict of Interest: The author declares that they have no conflict of interest.
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References

[1] S. Alikhani and N. Ghanbari, Sombor index of polymers, MATCH Commun.
Math. Comput. Chem. 86 (2021), no. 3, 715-728.

[2] V. Anandkumar and R.R. Iyer, On the hyper-Zagreb index of some operations on
graphs, Int. J. Pure Appl. Math 112 (2017), no. 2, 213-220.
https://doi.org/10.12732/IJPAM.V11212.2.



D.H. Mohammed 825

[3] N.E. Arif, A.H. Karim, and R. Hasni, Sombor index of some graph operations,
Int. J. Nonlinear Anal. Appl. 13 (2022), no. 1, 2561-2571.
https://doi.org/10.22075 /ijnaa.2022.5957.

[4] A. Behtoei and M. Anbarloei, Gutman index of the Mycielskian and its comple-
ment, arXiv preprint arXiv:1502.01580 (2015).

[5] S. Chanda and R. Iyer, On the Sombor index of Sierpinski and Mycielskian
graphs, Commun. Comb. Optim. 10 (2025), no. 1, 20-56.
https://doi.org/10.22049/cco.2023.28681.1669.

[6] R. Cruz, I. Gutman, and J. Rada, Sombor index of chemical graphs, Appl. Math.
Comput. 399 (2021), 126018.
https://doi.org/10.1016/j.amc.2021.126018.

[7] K.C. Das, S. Das, and B. Zhou, Sum-connectivity indez of a graph, Front. Math.
China 11 (2016), no. 1, 47-54.
https://doi.org/10.1007/s11464-015-0470-2.

[8] N. Dehgardi and Y. Shang, First irregularity Sombor index of trees with fized
mazimum degree, Res. Math. 11 (2024), no. 1, 2291933.
https://doi.org/10.1080/27684830.2023.2291933.

[9] H. Deng, Z. Tang, and R. Wu, Molecular trees with extremal values of Sombor
indices, Int. J. Quantum Chem. 121 (2021), no. 11, €26622.
https://doi.org/10.1002/qua.26622.

[10] A. Estrada-Moreno and J.A. Rodriguez-Veldzquez, On the general Randi¢ index
of polymeric networks modelled by generalized Sierpinski graphs, Discrete Appl.
Math. 263 (2019), 140-151.
https://doi.org/10.1016/j.dam.2018.03.032.

[11] S. Gravier, M. Kovse, and A. Parreau, Generalized sierpiriski graphs 1, POsters
at EuroComb’11, Rényi Institute (2011).

[12] I. Gutman, Geometric approach to degree-based topological indices: Sombor in-
dicesy, MATCH Commun. Math. Comput. Chem. 86 (2021), 11-16.

[13] R. Hammack, W. Imrich, and S. Klavzar, Handbook of Product Graphs, second
edition, CRC Press, 2011.

[14] R. Hemalatha and K. Somasundaram, Sombor index of edge corona product of
some classes of graphs, South East Asian J. Math. Math. Sci. 18 (2022), no. 3,
307-316.

[15] H. Liu, Multiplicative Sombor index of graphs, Discrete Math. Lett 9 (2022), 80—
85.
https://doi.org/10.47443 /dml.2021.s213.

[16] H. Liu, I. Gutman, L. You, and Y. Huang, Sombor index: review of extremal
results and bounds, J. Math. Chem. 60 (2022), no. 5, 771-798.
https://doi.org/10.1007/s10910-022-01333-y.

[17] T. Puzyn, J. Leszczynski, and M.T. Cronin, Recent Advances in QSAR studies
methods and applications, Springer, 2010.

[18] N.J.M.M. Raja and A. Anuradha, On Sombor indices of generalized tensor prod-
uct of graph families, Results Control Optim. 14 (2024), 100375.
https://doi.org/10.1016/j.rico.2024.100375.



826 The Sombor index and multiplicative Sombor index

[19] I. Rezaee Abdolhosseinzadeh, F. Rahbarnia, and M. Tavakoli, Sombor index un-
der some graph products, Math. Interdiscip. Res. 7 (2022), no. 4, 331-342.
https://doi.org/10.22052 /mir.2022.246533.1362.

[20] Y. Shang, Sombor index and degree-related properties of simplicial networks,
Appl. Math. Comput. 419 (2022), 126881.
https://doi.org/10.1016/j.amc.2021.126881.

[21] Z. K. Vukéevié, on the Sombor index of chemical trees, Math. Montisnigri 50
(2021), 5-14.
http://doi.org/10.20948 /mathmontis-2021-50-1.



	Introduction
	Main results
	Conclusion
	References

