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Abstract: In this paper we consider an algorithm for determining a basis for the
Terwilliger and quantum adjacency algebras of a distance-regular graph. For the Ter-
williger algebra, we consider the generating set. For the quantum adjacency algebra,
we consider the generating set consisting of the raising, flat, and lowering matrices. We
give optimization method by using generating matrices with a block-matrix structure
so that the number of matrix multiplications required is reduced.
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1. Introduction

In [10], Terwilliger defined the subconstituent algebra, also known as the Terwilliger
algebra, of a commutative association scheme. It is generated by the Bose-Mesner
algebra and the dual Bose-Mesner algebra of the association scheme.

In terms of graphs, the original definition of Terwilliger algebra only covers distance-
regular graphs, which are equivalent to P-polynomial association schemes [2]. The
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976 Algorithm for describing 7" and ) algebras of a distance-regular graph

class of distance-regular graphs includes strongly regular graphs and therefore Moore
graphs. Strongly regular graphs, in turn, are related to combinatorial designs [5].

In [11], the definition of Terwilliger algebra was extended to cover all finite, undirected,
connected, simple graphs. The generalized Terwilliger algebra has been used to ana-
lyze combinatorial properties of graphs [3, 4, 8] and properties of their automorphism
groups [6, 9, 12].

The Terwilliger algebra of a graph has a natural subalgebra called the quantum ad-
jacency algebra, introduced in [7], generated by the quantum decomposition of the
adjacency matrix (viz. the raising, flat, and lowering matrices). In some graphs, the
quantum adjacency algebra is equal to the Terwilliger algebra. Such equality would
make the Terwilliger algebra 3-generated (and even 2-generated for bipartite graphs).
In [11], some conditions were proved to be equivalent to the equality of the Terwilliger
and quantum adjacency algebras. Those conditions involve isomorphism classes of
modules over the two algebras. In the same paper, the equality has been established
for Hamming graphs and the inequality has been established for bipartite dual polar
graphs.

The aim of this paper is to give an algorithmic approach to the problem of determining
the equality of the Terwilliger and quantum adjacency algebras for distance-regular
graphs. The naive algorithm (which always terminates) is first considered, then some
optimizations are used to reduce computation time. Such an optimized algorithm
would aid the computational study of distance-regular graphs through the use of the
two algebras.

2. Basic concepts

Let G = (X, E) be a finite, undirected, connected, simple graph with order n, diameter
D, and i-th distance matrix A; for ¢ = 0,1,...,D. Fix any « € X. For each i
(0 <i < D), define the i*" dual idempotent E}(x) (henceforth written simply E}, as
x is fixed) of G to be the diagonal matrix in Matx (C) where

1 ifd(z,y) =1,
0 ifd(z,y)#i.

From the definition, the following properties can be derived:
() Bf' = E; (0<i< D)
1, ifi=
0, ifi#j
(iii) Ef + Ef +---+ Ej, = I

It can be concluded that Ej, ET, ..., E} form a basis for a subalgebra M*(z) = M*
of Matx(C), called the dual Bose-Mesner algebra of G with respect to x.
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The Terwilliger algebra T'(x) = T of G with respect to x is the subalgebra of Mat x (C)
generated by the adjacency matrix A = A; and the dual Bose-Mesner algebra M* of
G.

The graph G is said to be distance-regular whenever for every i,j € {0,1,..., D}, the
matrix A;A; is a linear combination of Ag, A,..., Ap, that is,

D
AiAj = pliAn.

h=0

Combinatorially, the above equation means that for every y,z € X, if d(y,z2) = h,
then there are exactly p?j vertices w € X such that d(y,w) =4 and d(w, 2) = j.

If G is distance-regular, then {Ag, A,..., Ap} is linearly independent and its span
is closed under multiplication, so they form a basis for a subalgebra M of the algebra
Mat x (C) consisting of complex matrices with coordinates indexed by X. Further, we
call M the Bose-Mesner algebra of G, which is none other than the adjacency algebra
of the graph. The Terwilliger algebra T is then also generated by the algebras M and
M*.

Next, define the raising, flat, and lowering matrices of a (not necessarily distance-
regular) graph G with respect to = (respectively denoted R(x) = R, F(z) = F, L(z) =
L) as follows:

D D D
R=Y"E; AE;, F=Y EfAE;, L= E; AE}.
=0 =0 =0

Note that the matrices R, F, L have real entries. Furthermore, F' is symmetric (in
fact, by reordering the elements of X we can make F' a block-diagonal matrix with
each block symmetric), R = L', and A= R+ F + L.

The quantum adjacency algebra Q(x) = Q of graph G is defined as the algebra gen-
erated by the raising, flat, and lowering matrices R, F, L.

3. Naive algorithm for determining a basis for 7" and @

Let A be a finite-dimensional algebra. Consider the following algorithm:

In the above algorithm, after every iteration of the while loop, S’ will increase in
cardinality but remain linearly independent, until it cannot increase any more because
the product of every two elements of S’ is already a linear combination of the elements
of S’. When the algorithm terminates, B = S’ will span A as every element of A
can be written as a polynomial in terms of the elements of B, and can therefore be
written as the sum of linear combinations of the elements of B.

The above algorithm is very general (can be applied to any finite-dimensional alge-
bra, including 7" and @ of a non-distance-regular graph), but very unoptimized. It
multiplies all pairs of elements of S’ in each iteration of the while loop, including the
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Algorithm 1 Naive general algorithm for determining a basis for a
finite-dimensional algebra.
Require: r € N; S = {a1,a2,...,ar} C A linearly independent and generates A as an algebra
Ensure: B is a basis of A (linearly independent and spans A)
1: S/, S« S
2:if 14 ¢ span(S’) then
3: S+ S"u{la}

4: end if

5: while span(S’) # A do

6: " «— |9

7 for all 4,5 € [1,7']z do

8: if a;a; ¢ span(S”) then
9: 41

10: Q11 4= Qa5

11: S’ (*S”U{G,T//}

12: end if

13: end for

14: S' «+ S”
15: end while
16: B «+ S’

pairs whose products are already calculated in the previous iteration. To avoid that,
we can skip multiplications that are already performed.

To algorithmically implement the determination of span(S’) # A, we can use a vari-
able d (standing for ”done”) to end the while loop if the product of every two elements
of S’ is a linear combination of the elements of S”.

Now, how do we implement the determination of 1 4 ¢ span(S”’) and a;a; ¢ span(S”)?
We do not yet have a basis for A, so we cannot use that. Let us use the fact that 7" and
@ are subalgebras of Mat x (C), for which we have the standard basis of cardinality
|X|2. Furthermore, we can define an inner product on Matx(C) with (By, By) =
7(By o By) for every By, By € A, where 7 denotes the entry sum of a matrix and o
denotes the Hadamard product of matrices.

Then, if we require that S be an orthonormal set, we can determine whether an
element B of A is in the span of S’ or S” by projecting it onto the span. If the
projection is equal to B, then B is in the span; otherwise it is outside the span.
Therefore, B is in the span of V' if and only if B — proj,(B) = 0.

If A =@Q, we can use S = {R/||R|, F/||F||,L/||L||,I/+/n} if the graph G is not
bipartite or S = {R/||R|,L/||L|l,I/+/n} if the graph G is bipartite (as F = 0 if
and only if G is bipartite). If A = T and the graph G is distance-regular, let H =
{EfARES | hyi,j € [0,D]z} and S = {B/||B| | B € H\ {0}}. In both cases, S is
orthonormal and generates A, and the identity matrix I = 1 4 is always in the span
of S.

After the aforementioned changes, the algorithm becomes as follows:

The time complexity of the above algorithm can be calculated as follows. The relevant
lines are 7 (matrix multiplication), 9 (inner product), and 12 (norm calculation).

e Line 7 is executed dim(A)? times, each with (asymptotic) complexity
O(n?:3728596) ([1]). If we use the more practical Strassen’s algorithm, each
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Algorithm 2 The improvement of Algorithm 1.
{R/||RI|l, F/||FIl, L/|IL||,I/v/n} if A=Q and G is not bipartite

Require: A€ {T,Q}; S =< {R/|R|,L/||L|,I/v/n} if A= Q and G is bipartite
(B/IBIl | B € H\{0}} i A=T
Ensure: B is a basis of A
1: 8,8" «+ S
2: Térev +~—0
3: d + false
4: while d = false do
5 " |9
6 for all (i,5) € ([1,7]2)* \ ([1, 7prev]z)® do
7: a <— a;a;
8 for all k € [1,7"]z do
9: a <+ a—{a,ag)ay
10: end for
11: if a # 0 then > a ¢ span(S")
12: ' 7" +1
13: Qprr $— a/HaH
14: S« S"u{a,}
15: end if
16: end for
17: if 7/ =7’ then
18: d < true
19: end if
20: Threy & 1
21: S' «+ S”
22: end while
23: B« S’

matrix multiplication has complexity O(n!°®27) ~ O(n2807).

e For every (i,7) € [1,dim(A)]z, line 9 is executed r times; the value of ” may
change with (7, j) and is bounded above by dim(A). The number of executions
of line 9 is thus bounded above by dim(A)3. Each execution of line 9 has
complexity O(n?).

e Line 12 is performed dim(A) — r times, each with complexity O(n?). It is
therefore overshadowed by line 7.

From lines 7 and 9, we calculate an upper bound for the time complexity of the
algorithm, if dim(A) is known:

ke dim(A)2n2-37285% 4k, dim(A)3n?

As dim(A) is bounded above by n?, we obtain the time complexity figure of O(n¢)
where
2.3728596 < ¢ < 8§,

or, with Strassen’s algorithm,
2.807 <c<8.
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The complexity approaches the lower bound when dim(A) << n, and it approaches
the upper bound when log,, dim(A) ~ 2.

4. Block structure optimization for the algorithm for T

Let B € T. Consider that if we sort the vertex set X of a distance-regular graph
G by ascending distance from the fixed point = (by applying a permutation, say
o : X — X), then B will be mapped to [¢]B[o], which is equivalent to B.

From now on, let us assume without loss of generality that the vertices of G are
already sorted in ascending distance from z. Let k; be the number of vertices of G
with distance ¢ from x. The dual idempotents will have the form

Ez* = dia‘g(60i761i7 "o )51i762i7 s 762i3 .- '76Di7 L 76D7,')~

k1 ko kp

Consider an arbitrary B € T with

Boo | Bo1 |--.| Bop
Bio | Bi1 |---| Bip

B =

where B;; is a block of size k; x k; for every i,j € [0, D]z. We call B;; the (4, j)-block
of B. For every 1i,j € [0, D]z we have

EfBEf = |0]...[By]|...|0

o]0 [ ]o)
Define (i, j)-monoblocks to be matrices of the form E; BE; where B € T'.

Let B € T be a (i,j)-monoblock and B’ € T be a (j', k)-monoblock. We say that
B is compatible with B’ if 7 = j. The compatibility relation is not symmetric; a
(1,2)-monoblock is compatible with a (2, 3)-monoblock, but not vice versa.

Now let B, B’ € T be monoblocks. Because the dual idempotents are orthogonal
(EfEf =0if i # j), the matrix BB’ can be nonzero only if B is compatible with B’.
We consider Algorithm 2 where A =T (using S = {h/||h||| | h € H}). By definition,
every element of S = {B/||B|| | B € H \ {0}} is a monoblock, and likewise, the
product of any number of elements of S is also a monoblock. Therefore, throughout
the algorithm, all elements of the set S’ are always monoblocks.

Let S}; be the set of all elements of S" with nonzero (i, j)-block. (The sets S;; change
as ' changes.) Then {S}; | 4,5 € [0, D]z} partitions S’. We obtain the following:
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Proposition 1. If B,B" € S’ such that BB" # 0, then B € Sj;, B' € S}, for some
’i,j,k‘ € [O,D}Z.

Algorithm 3 The optimized algorithm for T'.
Require: S ={B/|B| | B € H\{0}}, where H = {E} Ay E7 | h,i,5 € [0, D]z}
Ensure: B is a basis of T'
1. §,8" « 8
2: T;:orev 0
3: d + false
4: while d = false do

5: 'y« |9

6: for all 4, j,k € [0, D]z do

7 for all (a’,a") € S}; x S}, such that the multiplication a’a” has not been calculated do

8: a < a'a"’

9: for all a € S}, do
10: a <+ a—(a,a)a
11: end for
12: if a # 0 then
13: r L1
14: apr <+ afllall
15: S+ S"U {aru}
16: end if
17: end for
18: end for
19: if v/ =1’ then
20: d < true
21: end if
22: Threy & 1

23: S'+ S”
24: end while
25: B+« S’

We calculate the time complexity of the above algorithm as follows. Let C' = (¢;;) be

such that ¢;; = [S};|. The optimization reduces the number of matrix multiplications

to 7(C?%) = tr(C?J) < tr(C)tr(CJ) = tr(C)r’ < dim(A)? < n*. The number of
inner product calculations ({(a,a)) is reduced to (D + 1)tr(CJ) = (D + 1)r’ < (D +
1) dim(A) < n3. We obtain the time complexity figure of O(n¢) where

2.3728596 < ¢ < 6.3728596. (4.1)

With Strassen’s algorithm, we obtain

2.807 < ¢ < 6.807.

5. Optimizations for the algorithm for @)

As discussed before, for distance-regular graphs, every element of the set {B/||B]| |
B € H\ {0}} only has one nonzero block, which enabled us to optimize the algorithm
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for A = T. On the other hand, for a general graph, R, L can be written as the sum
of D monoblocks, I can be written as the sum of D + 1 monoblocks, and F' can be
written as the sum of < D 4+ 1 monoblocks.

Therefore, we can optimize Algorithm 2 for A = @ by reducing the number of opera-
tions in the calculation of matrix product by only multiplying compatible monoblocks
in the decomposition of each matrix. We can also reduce the number of operations
in the calculation of inner product by only multiplying monoblocks with the same
position ((¢, j)-monoblock with (4, j)-monoblock). This optimization is not restricted
to distance-regular graphs.

More specifically, consider that every element of S € {{R/||R||, F/||F|, L/|| LI, I/v/n},
{R/|IR|l,L/||L||,I/+/n}} can be written as the sum of < D+1 monoblocks with differ-
ent horizontal and vertical positions (for instance, I/y/n can be written as the sum of
the matrices Ej/v/n, Ef/v/n, ..., Ef,/+/n, which are respectively a (0, 0)-monoblock,
(1,1)-monoblock, ..., and (D, D)-monoblock). From there we can inductively obtain
that the product of finitely many elements of S (not necessarily distinct) can also
be written as the sum of < D + 1 monoblocks with different horizontal and vertical
positions.

Therefore, the number of operations in a matrix multiplication in the algorithm (where
A = Q) is bounded above by (D+1) max; k23728596 whereas the number of operations
in an inner product calculation in the algorithm is bounded above by (D + 1) max; kZ.
Generally, they are bounded above by n?3728596 and n?, and therefore the optimiza-
tion reduces the coefficient of the time complexity.

6. Example and results of algorithm implementation

We consider as an example the working of Algorithm 3 for the Terwilliger algebra
of the Petersen graph. The following chart shows the 14 elements of S, divided by

monoblock positions, where ;[h]; := %
i j
0[0Jo | o[1]x 0[2]2

1[1o | 1[0]1,1[2]1 [ 1[1]2,1[2]2
2(2]o | 2[1]1, 2[2]1 | 2[0]2, 2[1]2, 2[2]2

The algorithm runs without finding a new element of S” until it reaches i = k = 2,
j=1,a=2[1]1,and o’ = 1[1]2. At that point, we obtain a new element M/||M|| of S”,
where M = MQ - <M2,2[2]2>2[2]2, Mg = M1 - <M1,2[1]2>2[1]2 = M1 —-0- 2[1]2 = Ml,
and M = ad’ — {(ad’,2[0]2)2[0]2. The rest of the algorithm runs without finding any
other element of S”. Therefore, we conclude that the dimension of the Terwilliger
algebra is 15, with basis B = SU{M/||M]||}.

Below is a table detailing the computational times, in seconds, of applying Algorithm
2 to @ (with and without optimization) and applying Algorithms 2 and 3 to T, in
the context of the odd graphs Os (Petersen graph), Oy, and Os. The exponents ¢

and coefficients k of the time complexities kn¢ for each algorithm were obtained by
exponential regression.
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Algorithm O3z | Oy Os ¢ |k-108
Algorithm 2 for @ 0.0445.111|763.625|3.853| 6.026
Optimized Algorithm 2 for @ |0.013|0.968|184.858|3.775| 1.894
Algorithm 2 for T' 0.043|5.045|759.505(3.860| 5.798
Algorithm 3 for T’ 0.004|0.140| 16.845(3.295| 1.671
Order of graph 10| 35 126

Table 1. Computational times of applying the algorithms to odd graphs.

We observe that the optimization for Algorithm 2 for @ reduces the time complexity
exponent slightly and reduces the time complexity coefficient significantly, whereas
Algorithm 3 for T reduces both the exponent and coefficient significantly with respect
to Algorithm 2.

7. Conclusion and open problems

We have given an optimized algorithm for determining 7" in distance-regular graphs
and optimizations for determining @) in general graphs. We also calculated the algo-
rithmic time complexity both analytically and experimentally for odd graphs.

There are still some problems that remain:

e Can we obtain a tighter upper bound for (4.1)7

e What conditions of distance-regular graphs enable tighter upper bounds for
(4.1)?

o Is there a more efficient algorithm for determining the basis of the Terwilliger
and quantum adjacency algebras of a distance-regular graph?

e What optimizations can we do for determining the basis of the Terwilliger and
quantum adjacency algebras of a non-distance-regular graph?

Acknowledgements: This research was funded by Penelitian, Pengabdian
kepada Masyarakat dan Inovasi Kelompok Keilmuan (PPMI-KK) 2024 Grant No.
FMIPA.PPMI-KK-PN-36-2024.

Conflict of Interest: The authors declare that they have no conflict of interest.

Data Availability: Data sharing is not applicable to this article as no datasets were
generated or analyzed during the current study.

References

[1] J. Alman and V.V. Williams, A refined laser method and faster matriz multipli-
cation, Proceedings of the 2021 ACM-SIAM Symposium on Discrete Algorithms



984 Algorithm for describing 7" and ) algebras of a distance-regular graph

(SODA) (D. Marx, ed.), STAM, 2024, pp. 522 — 539.
https://doi.org/10.1137/1.9781611976465.32.

[2] E. Bannai and T. Ito, Algebraic Combinatorics I: Association Schemes, Benjam-
in/Cummings, 1984.

[3] B. Ferndndez and S. Miklavi¢, On the terwilliger algebra of distance-biregular
graphs, Linear Algebra Appl. 597 (2020), 18-32.
https://doi.org/10.1016/j.1aa.2020.03.016.

, On bipartite graphs with exactly one irreducible T-module with endpoint
1, which is thin, European J. Combin. 97 (2021), 103387.
https://doi.org/10.1016/j.ejc.2021.103387.

[5] J.M. Goethals and J.J. Seidel, Strongly reqular graphs derived from combinatorial
designs, Canad. J. Math. 22 (1970), no. 3, 597-614.
https://doi.org/10.4153/CIM-1970-067-9.

[6] A. Hanaki and M. Yoshikawa, Terwilliger algebras and some related algebras de-
fined by finite connected simple graphs, Discrete Math. 346 (2023), no. 9, 113509.
https://doi.org/10.1016/j.disc.2023.113509.

[7] A. Hora and N. Obata, Quantum Probability and Spectral Analysis of Graphs,
Springer, Berlin, 2007.

[8] S.D. Li, Y.Z. Fan, T. Tto, M. Karimi, and J. Xu, The isomorphism problem of
trees from the viewpoint of terwilliger algebras, J. Combin. Theory Ser. A 177
(2021), 105328.
https://doi.org/10.1016/j.jcta.2020.105328.

[9] Y. Tan, Y. Zhang, T. Xia, and X. Liang, Terwilliger algebras of a fan graph,
Journal of Hefei University of Technology Natural Science Edition 46 (2023),
no. 3, 419-425.

[10] P. Terwilliger, The subconstituent algebra of an association scheme,(part I), J.
Algebraic Combin. 1 (1992), no. 4, 363-388.
https://doi.org/10.1023/A:1022494701663.

[11] P. Terwilliger and A. Zitnik, The quantum adjacency algebra and subconstituent
algebra of a graph, J. Combin. Theory Ser. A 166 (2019), 297-314.
https://doi.org/10.1016/j.jcta.2019.02.022.

[12] J. Xu, T. Tto, and S.D. Li, Irreducible representations of the Terwilliger algebra
of a tree, Graphs Combin. 37 (2021), no. 5, 1749-1773.
https://doi.org,/10.1007/s00373-021-02384-9.

[4]




	Introduction
	Basic concepts
	Naive algorithm for determining a basis for T and Q
	Block structure optimization for the algorithm for T
	Optimizations for the algorithm for Q
	Example and results of algorithm implementation
	Conclusion and open problems
	References

