COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION CCO
Vol. 11, No. 3 (2026), pp. 717-737
https://doi.org/10.22049/cco.2024.30046.2289 COMMUN. ComB. OPTIM.

Research Article

The extended irregular domination problem

Lorenzo Mella', Anita Pasotti®*

1Dip. di Scienze Fisiche, Informatiche, Matematiche,
Universita degli Studi di Modena e Reggio Emilia,
Via Campi 213/A, 1-41125 Modena, Italy
lorenzo.mellaQunipr.it

*DICATAM - Sez. Matematica, Universita degli Studi di Brescia,
Via Branze 43, 1-25123 Brescia, Italy
*anita.pasotti@unibs.it

Received: 7 October 2024; Accepted: 13 December 202/
Published Online: 17 December 202/

Abstract: In this paper we introduce a new domination problem strongly related
to the following one recently proposed by Broe, Chartrand and Zhang. One says
that a vertex v of a graph I' labeled with an integer ¢ dominates the vertices of T"
having distance ¢ from v. An irregular dominating set of a given graph I' is a set S of
vertices of I', having distinct positive labels, whose elements dominate every vertex of I.
Since it has been proven that no connected vertex-transitive graph admits an irregular
dominating set, here we introduce the concept of an extended irregular dominating set,
where we admit that precisely one vertex, labeled with 0, dominates itself. Then we
present existence or non existence results of an extended irregular dominating set S for
several classes of graphs, focusing in particular on the case in which S is as small as
possible. We also propose two conjectures.
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1. Introduction

The concept of domination plays an important role in graph theory, having a large
variety of applications and being closely related to other topics in graphs, such as,
just to make an example, independent sets. This area began with the work of Berge
[2] and Ore [19], but it became active only 15 years later thanks to the survey by
Cockayne and Hedetniemi [8].

In the following, by I we denote an undirected simple graph with vertex set V' and
edge set E. A set S C V is said to be a dominating set if for every u € V there exists
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718 The extended irregular domination problem

a vertex v € S such that {u,v} € E. Over the course of the years, various kinds of
domination have been introduced and investigated, see [12]. In this work, we propose
a new variation of a domination problem first considered in [5] and further studied in
[1, 4, 6, 16, 17], that we report in what follows.

A vertex v of I, labeled with a positive integer ¢, is said to dominate, or cover, the
vertices of I' having distance £ from v. Similarly, a set S C V of labeled vertices is said
to dominate (or cover) a vertex u € V if there exists a vertex v € S covering u. Then,
an irregular dominating set of T' is a set S of vertices of I' having distinct positive
labels that covers every vertex of V. Note that the definition does not require that
the labelings are consecutive integers. As it is standard in the topic of domination, it
is interesting to determine the minimum value of k such that an irregular dominating
set of cardinality k exists, such a value is denoted by 7;(T") and it is called the irregular
domination number of .

By a counting argument, in [6] it has been proven that no connected vertex-transitive
graph admits an irregular dominating set. However, due to the many symmetries and
desirable properties of vertex-transitive graphs, it is natural to wonder if there exists
a labeling of the vertices of such a graph, different from the standard one, so that
it is possible to obtain something similar to an irregular dominating set. Here, we
propose the concept of an extended irregular dominating set of a graph, where we
admit that precisely one vertex, labeled with 0, dominates itself. More formally, we
give the following new definition.

Definition 1. Let I' = (V, E) be an undirected graph and let &k > 0. A k-extended
irreqular dominating set S C V is a set of k vertices having distinct non-negative labelings
that covers every vertex of V. A labeling A realizing the covering property for S is said to
be a k-extended irreqular dominating labeling.

Clearly, if A(v) # 0 for every v € S then we find again the concept of an irregular
dominating set/labeling, hence in the following we always assume that there exists a
vertex v € S labeled by 0 which dominates itself.

We have chosen the term “extended irregular dominating labeling”, since the connec-
tion between these and classical irregular dominating labelings is very similar to the
one between extended and classical Skolem sequences, see [20] for further details.
We call the minimum cardinality of an extended irregular dominating set of I', denoted
by 7e(T'), the extended irreqular domination number of T.

Example 1. Here we show an extended irregular dominating labeling inducing an ex-
tended irregular dominating set for the cycle of length 6 and for the cube:
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We underline that a graph does not necessarily admit an extended irregular domi-
nating labeling, take for example the cycle of length three. Clearly, if such a labeling
exists, the most interesting problem is that of determining a k-extended irregular
dominating labeling for a given graph I' with k as small as possible, or in other words
that of determining 7.(I'). We say that a k-extended irregular dominating set (label-
ing, respectively) is optimal if k = ~.(T), that is if there is no k¥’-extended irregular
dominating set (labeling, respectively) with k' < k. One can easily check that the
labelings of Example 1 are optimal.

The paper is organized as follows. In Section 2 we determine ~.(T') for every vertex-
transitive graph I'. This allows us to show that, for this class of graphs, an extended
irregular dominating set is necessarily optimal. Then, in Section 3, we prove the
existence or non existence of an optimal extended irregular dominating set for several
classes of vertex-transitive graphs. In Section 4 we show that the existence of an
optimal extended irregular dominating labeling of a cycle of odd length n is equivalent
to the existence of a strong starter of Z,,. Then we present some results for an optimal
extended irregular dominating labeling of odd cycles obtained as a consequence of
known results on strong starters, as well as some new results in the case of cycles of
single even length. In Section 5 we focus on a class of non vertex-transitive graphs:
the paths. We point out that, in general, it is not easy to establish the value of ~.(I")
if I' is a non vertex-transitive graph. Here we firstly present a complete answer to the
existence problem for an extended irregular dominating set for this class of graphs,
then we give a lower bound for «.(I'), I" being a path, and then we establish when this
bound is reached. To conclude, in the last section, we propose two conjectures: the
first one about the existence of an optimal extended irregular dominating labeling of
cycles of length divisible by 4, while the second regards the value of 7.(I') when T is
a path.

2. Preliminary results

In this section, we show that an extended irregular dominating set of a vertex-
transitive graph, if it exists, is necessarily optimal.

Firstly we need to introduce some notation and to recall some basic concepts of graph
theory. Given two integers a, b with a < b, by [a, b] we mean the set {a,a+1,...,b}.
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The degree of a vertex v of I', denoted by deg(v), is the number of neighbours of v in
I". A graph is said to be regular if all its vertices have the same degree. We also recall
that the diameter of a graph I', denoted by diam(T"), is the largest distance between
any pair of vertices of T'.

Remark 1. The labels of an extended irregular dominating set of a graph T', if it exists,
can assume value in [0, diam(I")] and hence ~.(I") < diam(T")+1.

Proposition 1. A k-extended irreqular dominating set cannot exist for k = 2, 3.

Proof. When k = 2, if the label different from 0 is assigned to a vertex v, then it is
not possible to dominate v with the remaining label 0.

Suppose now k = 3 and let v and w be the vertices with a non-zero label. It is easy
to see that necessarily w has to be dominated by v and vice versa, but this is not
possible since we use distinct labelings. O

Corollary 1. The complete graph K, with n > 1, and the complete bipartite graph K, »
do not admit an extended irreqular dominating set.

Clearly, a graph has a 1-extended irregular dominating set if and only if it is an isolated
vertex. Hence, if a non trivial graph I" admits a 4-extended irregular dominating set
S, then S is optimal and ~.(I') = 4.

With the following lemma we show an interesting property of vertex-transitive graphs,
that implies the well-known result that these graphs are regular.

Lemma 1. LetT' = (V,E) be a vertez-transitive graph. For every vertex v € V and for
every i € [0, diam(T")] let s;(v) be the number of vertices having distance i from v. Then, the
sequence (50(v),. .., Sdiam(r)(v)) is nvariant on the choice of v, and " si(v) = |V].

Theorem 1. Let T = (V, E) be a vertez-transitive graph admitting an extended irreqular
dominating set S. Then, for every vertexu € V there exists a unique vertex v € S covering u.

Proof. From Remark 1 we have that an extended irregular dominating labeling of
I' takes values in [0,diam(I")]. Let S be an extended irregular dominating set and
W = {wi,...,w,} be the set of vertices that are covered by at least two vertices of
S. We have to prove that W = ). For every j € [1,a], let m; > 2 be the number of
vertices of S covering w;. Then, by Lemma 1, the number of vertices covered by S is
given by:

a

VI=> (mj—1) <|V|-a.

j=1

Since S is an extended irregular dominating set, we deduce that necessarily a = 0,
hence every vertex of I' is covered by precisely one vertex of S. O
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As a consequence, we have that if there exists a k-extended irregular dominating set of
a vertex-transitive graph I', then I' cannot admit a k’-extended irregular dominating
set with k' # k, otherwise at least one vertex should be dominated more than once.
By the above arguments and by Lemma 1 we have the following.

Corollary 2. A k-extended irregular dominating set S of a vertez-transitive graph T', if
it exists, is optimal and k = v.(I') = diam(I") + 1. Moreover, the k vertices of S are labeled
with all the elements in [0, diam(T")].

3. Some results obtained using the diameter of the graph

In what follows, we show some existence and non-existence results of extended irreg-
ular dominating sets for vertex-transitive graphs in which the diameter of the graph
plays a crucial role.

First note that as a consequence of Proposition 1, we have the following.

Proposition 2. Let T be a vertex-transitive graph such that diam(T') € {1,2}. Then,
there does not exist an extended irreqular dominating set in .

We consider now graphs with diameter equal to three. Firstly, we recall the definition
of the crown graph. Let K, , be the complete regular bipartite graph on 2n vertices,
and denote by A = {a1,aq9,...,a,} and B = {b1,bs,...,b,} the two parts of K, .
Note that M = {{a;,b;} : i € [1,n]} is a perfect matching of K,, ,,. Given an integer
n > 3, the crown graph of order 2n is the graph I' = K,, , \ M. We recall that
these graphs are vertex-transitive, and have diameter equal to three. We are going to
prove that this is the unique class of bipartite vertex-transitive graphs with diameter
3 admitting an extended irregular dominating set.

Proposition 3. The crown graph admits an optimal extended irregular dominating set.

Proof. Let T" be a crown graph, and pick any two pairs of non-adjacent vertices
(@i, b;) and (aj,b;), and let A : {a;, a;,b;,b;} — [0,3] be the following labeling:

)\(al) = 0, )\(aj) = 3, )\(bl) = 1, )\(bj) =2.

We have that b; dominates A\ {a;}, while b; dominates B\ {b;}. Trivially, a; and a;
dominate itself and b;, respectively, thus concluding the proof. O

Theorem 2. Let ' be a vertez-transitive bipartite graph with diam(T') = 3. Then, T
admits an optimal extended irregular dominating set if and only if it is a crown graph.
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Proof. Let T' be a vertex-transitive bipartite graph with diam(I") = 3, and assume
that it admits a k-extended irregular dominating labeling. Recall that, by Corollary
2, we have k = 4. Let u be the vertex having label 1, and partition the vertex set of
I into the sets Sy, S1, S2, S3, where v € S; if and only if d(u,v) = ¢ (in particular,
So = {u}). Clearly, all the vertices in S; are dominated by u. We split the proof into
two cases.

Case 1. u is dominated by a vertex v in Se having label 2.

By vertex-transitivity, v dominates |Sa| vertices, hence, since T' is bipartite, by a
counting reasoning it dominates Sy U Sy \ {v}. Clearly v must be dominated by
the vertex having label 3, and since every other vertex in Sy U S \ {v} is already
covered, by vertex-transitivity we have |S3| = 1. Call then w the vertex having label
3. Clearly, w ¢ Ss, otherwise it would dominate u, hence w € S;. Since diam(I") = 3,
every vertex in Sy has either distance 1 or 3 from w, and from |S3| = 1 and vertex-
transitivity we deduce that v is the unique vertex having distance 3 from w. Thus, w
is adjacent to every vertex of Sy \ {v}. We then have deg(w) = |So|+]S2 \ {v}| = |Sa|,
and since T' is regular and bipartite deg(w) = |Sa| = |S1| = deg(u). It then follows
that T' is a regular bipartite graph on 2(|S1| 4+ 1) vertices, having degree |S|, hence
I' is a crown graph.

Case 2. u is dominated by a vertex v in S3 having label 3.

Since I is bipartite, v dominates u and |S3| — 1 vertices of Sz, hence to dominate the
vertices in S (in particular v) we use the remaining labels 0 and 2. Let w be the
vertex having label 2.

e If w € 57, then w must be adjacent to every vertex in S, otherwise there would
be a vertex that is dominated by both v and w. If |S7| > 1, the graph I would
not be bipartite, while if |S1| = 1, that is if S; = {w}, then I" would be a regular
graph of degree 1, that is the path of length 1, and diam(I') = 1 # 3. In any
case, we reach a contradiction.

o If w € S3, then there exists a path P realizing the minimum distance between
uw and w, namely P = [u, $1, 82, w], with s; € S; and sy € S;. We have then
that v and w dominate s;, hence by Theorem 1 it is not an extended irregular
dominating labeling.

Hence, Case 2 cannot occur. L]

In the remaining part of this section we present a complete solution for the existence
problem of an optimal extended irregular dominating set in the case of hypercubes
and Mobius ladders.

We recall that given a positive integer n, the hypercube of dimension n, that we denote
here by Q,, is the graph whose vertex set is identified by the sequences in {0, 1}",
and whose edges connect vertices having Hamming distance equal to 1. Clearly, Q,
is a bipartite graph with diameter n.

Theorem 3. The n-dimensional hypercube admits an optimal extended irreqular domi-
nating set if and only if n =0, 3.



L. Mella, A. Pasotti 723

2 0000 0001
1001 0010
1000 0011
0100 0101
1010 1011
1100 0111
1101 0110
1110 -y

Figure 1. The hypercube Q,.

Proof. The existence of an extended irregular dominating set is trivial for Qg, which
consists of a single vertex, and Example 1 shows the case Q3. Also, the non existence
for Q1 and Qs follows from Corollary 1.

Consider now Q4 shown in Figure 1. It is not restrictive to assume that the vertex
v =(0,0,0,0) has label 2. A direct check shows that v cannot be covered by a vertex
having labels 1 or 3, otherwise there should be some vertex covered twice. Hence it
must be covered by a vertex having label 4, that has to be w = (1,1,1,1). It is then
easy to see that this cannot be completed to an extended irregular dominating set.
Assume now that there exists an irregular dominating set in Q,, for some integer n > 4.
For any fixed vertex v of Q,,, and for every d € [0,n] let S; denote the set of vertices
in 9, having distance d from v, where it is understood that Sy = {v}. It is easy to
see that |Sq| = (7}), and that if u € Sy for some d € [1,n], then Ng, (u) C Sq—1USq41
where Ng, (u) denotes the set of vertices of Q,, adjacent to u.

Without loss of generality assume that v = (0,0,...,0) is the vertex having label 4.
We then have that Q,, \ S4 has two connected components, and in particular the one
containing v, say C, has 1 +n + (g) + (g) vertices. If A is the part of the bipartition
of Q, containing v, then [ANC| =1+ (}).

Assume that the vertex v is dominated by a vertex w = (wq,...,w,) having label d:
this implies that w € Sy, thus there is a d-set I = {i1,...,i4} such that w; = 1 if and
only if i € I. Now, if 2 < d < n — 2, let 41,19, j1,jo be four distinct indexes, with
i1,92 € I and j1,j2 € I; let z = (21,...,2,) be the vertex having coordinates:

L 1 if’L'E{i17i2aj17j2}7
' 0 otherwise.

It is easy to see that z € Sy, and that the Hamming distance between z and w is
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d, hence z is dominated by v and w, and the labeling does not induce an extended
dominating set.

We now show that it is not possible to dominate v using the labelsd =1 ord =n—1.
Let then w in S7 be the vertex that dominates v, having label 1 (it is easy to see
that the case where the label is n — 1 is analogous to this one). If, without loss of
generality, w = (wy, ws, ..., w,) = (1,0,...,0), then w covers the n — 1 vertices of Sy
having the first coordinate equal to 1. We show that it is not possible to cover the
remaining vertices of So, with a vertex u having label £. As a first remark, the label
¢ = 2 cannot be used to cover the remaining vertices of Sy; indeed, it is easy to see
that this implies u = (uq,...,u,) € S4, hence, since n > 4, then there exists at least
one component u; = 0. If u; = 1 for some j € [1,n], then the vertex z = (z1,...,2y)
having z,, = u,, for each m € [1,n]\ {i,j}, z; = 1 and z; = 0 has distance 2 from wu,
but belongs to Sy, thus it is dominated twice.

Let then u be labeled with £ > 2. Clearly, u € Sy, otherwise it would dominate v
another time, and if u € S,,, with m < /¢ —4 or m > ¢+ 4, then u does not dominate
any vertex of Sy. Then:

e if u € Sy_o, then there are precisely £ — 2 > 1 indexes i1,...,%—2 such that
u;; =1 for j € [1,£— 2], and 0 otherwise. In particular, if n —1 > /, then there
are at least three zero entries uq, up, u. (indeed, two of them are required to
dominate vertices of Sy, while the third one is ensured by n — 1 > £). Let then
z = (21,...,2n) be the vertex such that z,, = 1 if and only if m € {a,b, ¢, i }:
z belongs to S; and has distance ¢ from u, thus it is dominated twice. Now, if
{ = n, then v would dominate precisely one vertex of Sy, but the vertices of Sy
that are not dominated by w are:

(Z)—(n—l):n(n?_g)-i-l.

It would be then necessary to use other labels to cover the remaining vertices
of Ss, thus returning in one of the other cases.

e if u € Syyo, then there are precisely £ + 2 > 3 indexes i1, ...,i¢12 such that
ui; = 1 for j € [1,£—2], and 0 otherwise. If £ < n — 3, then there is at least one
zero entry ug: if z = (z1,...,2,) is the vertex such that z, = 1 if and only if

m € {a,i1,i2,i3}, then z € Sy and is dominated twice. If £ = n — 2, necessarily
u € Sy, but then u would dominate the whole set Sy, that is already partially
covered by w.

To conclude, assume that v is dominated by the vertex w = (1,...,1) € S,, having
label n. Assume now that some of the vertices of S; are dominated by a vertex
u = (uq,...,u,) having label £. Clearly, £ # 1, otherwise u would cover either v or

vertices of Sy. If £ = 2, since n > 4 there are vertices in S; that are dominated by u
(see above). If £ > 2, then the reasoning explained above can be applied for almost
all the cases: the only exceptions are for £ = n — 2, that in this case would imply
u = w, and for £ = n, that it is not possible as that label is already used.
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It then follows that it is not possible to cover the vertices in Sy U Sy with a labeling
that induces an extended irregular dominating set, hence the statement follows. [

We recall now the definition of a Mobius ladder. For every positive integer n > 2, the
Mobius ladder on 2n vertices, denoted by My, is the graph having {x1,29,..., 29, }
as vertex set, and such that E(May,) = {{zi,xip1} | 1 <@ < 2n} U {{zi, Titn} |
1 < i < n}, where the subscripts have to be considered modulo 2n. Note that M} is
nothing but the complete graph on 4 vertices.

Lemma 2. Letn > 3 and let x be a vertex of Ma,. Assign a label £ € [1,[%]] to x. Then,
for every vertez v covered by x there exists a vertex u, dominated by x, such that d(u,v) = 2.

Proof. Clearly, by vertex-transitivity, we can assume that * = x;. The vertices
dominated by 1 are 144, Tap—¢+1, Tnte and z, g2 (note that for n odd and £ = ”T'H
we have 21419 = Tp_pyo = Tnis and To,_g11 = Tpie = xL;—l) Since {x;, x;yn} is an
edge of My, for every i € [1,n], we have d(211¢, Tnie) = d(Tp—p12,Ton—e41) = 2. O

Theorem 4. For every n > 2, the Mobius ladder Mas, does not admit an extended
irregular dominating set.

Proof.  Since My is the complete graph of order 4 and Mg is the complete bipartite
graph K3 3, for n = 2, 3, the result follows from Corollary 1.

Suppose now n > 4. Assume by contradiction that there exists an extended ir-
regular dominating set of Ms,. By vertex-transitivity, we can suppose, without
loss of generality, that x; is the vertex that receives label 2, hence dominating
X = {(Eg, Tpy Ln4+2, 1’271,1}.

If n is even, from Lemma 2, it can be seen that it is not possible to cover z;
with a vertex having label in [1, % — 1]: indeed, there would be a vertex between
T3, Tp, Tnt2, Tn—1 covered twice. Hence, ; has to be covered with a vertex having
label 5. It can be seen that the graph induced by the vertices dominated by a vertex
having label n/2 is a path P on 4 vertices. However, Ms,, \ X is a disconnected graph,
where the connected component containing x; is isomorphic to the complete bipartite
graph K 3: since P is not a subgraph of K 3, it follows that z; cannot be covered.
Hence an extended irregular dominating set of Ms,, does not exist.

Suppose now n odd. By Lemma 2 it can be seen that if a label in ¢ € [1, %] is
assigned to a vertex w, and d(w, 1) = ¢, then there exists a vertex x € X such that
d(w,x) = £, that is then covered twice. Hence, there does not exist an extended
irregular dominating set. O

4. Results for cycles via strong starters

In this section, we show that optimal extended irregular dominating labelings of cycles
are equivalent to a combinatorial structure that has been thoroughly studied over the
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course of the years, that is strong starters in a cyclic group, see [9].

Definition 2. Let G be an additive abelian group of odd order g, where the neutral
element is denoted by 0. A starter L in G is a set of unordered pairs {{z;,y:} | 1 < i <
(g — 1)/2} such that:

(1) {wi,yi [ 1 <i<(g-1)/2} =G\ {0}
(2) {£(i—w) |1 <i<(9-1)/2} =G\ {0}

A starter L = {{x;,y:}} in G is called a strong starter if the additional property:
(3) s +yi = x; +y; implies ¢ = j and for any 4, x; + y; # 0

is satisfied. In other words a starter is called strong if {(z; + ;) | 1 < i < (¢ — 1)/2}
comprises of distinct elements in G \ {0}.
A starter L = {{x;,y:}} in G is said to be skew if the following additional property holds:

(4) xs +y: = £(x; + y;) implies ¢ = j and for any i, x; + y; # 0.
or equivalently if:

@) {x(@itw) [1<i<(9-1)/2} =G\ {0}

It is clear that a skew starter is also a strong starter. Both strong and skew starters
have been studied in many groups, achieving various existence results. Here, we
are interested in the case of the cyclic group Z, for some positive integer n. An
hill-climbing algorithm to find strong starters in cyclic groups has been developed in
[10]. In [22], Stinson presented several results for strong starters in view of which he
proposed the following conjecture.

Conjecture 4. Let n > 5 be an odd integer. There exists a strong starter in Z,, if and
only if n #5,9.

It is easy to see that a starter of Zs does not exist. Also, the non existence of a
strong starter of Zg is well-known. In the same paper Stinson proved the existence
of a strong starter in Z,, for every odd n # 9, with 7 < n < 99. We point out that
the conjecture proposed in [22] has a more general statement that Conjecture 4, but
for the purpose of this paper it is sufficient to focus on this special case. We also
underline that this special case is contained in the following conjecture [13] proposed
by Horton in 1990, which is not restricted to cyclic groups and which is still far from
being solved.

Conjecture 5. Suppose that G is an abelian group of odd order g > 3. Then there is a
strong starter in G if and only if G # Zs, Zs,Z9 or Z3 X Zs.

Now we summarize the main results for skew starters in a cyclic group, obtained in
[7, 14, 15, 18].
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Theorem 5. Let n be a positive integer. Then, there exists a skew starter in Z, in the
following cases:

e n=2"+1 is a prime power, where t > 1 is an odd integer (Mullin-Nemeth starters);
e n = 16t> + 1 (Chong-Chang-Dinitz starters);

e gcd(n,6) =1 and either n # 0 (mod 5) or n =0 (mod 125).

As remarked by Stinson in [21], the parameters for the Mullin-Nemeth and Chong-
Chang-Dinitz starters allow to construct skew starters in the notable class of cyclic
groups whose order is a prime number larger than 5. We now establish the following
equivalence, where by C,, we denote the cycle of length n.

Proposition 6. Letn be an odd integer. Then, an optimal extended irregular dominating
set over Cyp, is equivalent to a strong starter in Zn,.

Proof. Let S be an extended irregular dominating set over C, = (vo,v1,...,Un—1),
with labeling function A : S — [0, 251]. Recall that, by Corollary 2, |S| = “+1, that
is, A is a bijection. Observe that, since n is odd, 2 admits a multiplicative inverse in
Z,, that we denote by 271 for the sake of brevity. Assume without loss of generality
that vy € S and A(vg) = 0, and construct the following set L C Z,, X Z:

L ={{i,j} | vi,v; are dominated by v € S\ {vo} }.

We prove that L is a strong starter in Z,. Since every vertex of C), is dominated
exactly once, it is immediate to verify that property (1) of Definition 2 holds. More-
over, let {¢,j} € L, with ¢ > j, and let v} be the vertex that dominates v; and v;,
receiving label £. It can be immediately seen that precisely one between ¢ — j and

n+j — i is even. In the first case, we necessarily have vy = v(;15)/2 and £ = i

while in the second case vy, = V(n4itj)/2 and £ = % Suppose now that propeity
(2) of Definition 2 does not hold, and let {x,y} and {r,s} be two pairs such that
{£(x —y)} = {£(r — 9)}, with x > y and r > s. Note that it is not restrictive to
assume that © —y = r — s is an even number (otherwise, consider y + n and s + n).
Then, the labels assigned to the vertices v oty and v ria are not distinct, hence X is not
a bijection and S is not an extended irregular dominating set, that is a contradiction.
Thus property (2) of Definition 2 holds. Hence we have proved that L is a starter.
Finally, it is easy to see that if property (3) of Definition 2 does not hold, there exist
{z,y} and {r, s} in L such that +y = r+ s, then the vertices dominating v, v, and
vy, Ug must coincide. It would follow that S is not an extended irregular dominating
set, hence also property (3) of Definition 2 holds, and L is a strong starter in Z,,.

Let now L = {{z;,y;} | 1 <@ < (n—1)/2} be a strong starter in Z, with x; > y;
foreach 1 < ¢ < (n—1)/2. Let V = {wg,v1,...,v,_1} be the vertex set of C,, and
E(C,) = {{vi,vit1} | © € [0,n — 1]} where the indexes are understood modulo n.
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{zi,yi} € S} C V, where if z; + y; < n is odd,

by Va;+y; We mean vnte;+y; . Lake now the labeling so defined:
2 2

Consider the following set {Ua:i+yi
2

Ty — . .
if ; —y; (mod n) is even,

)T
A (L;y) )Y n— (T — i)

5 otherwise.

One can easily check that A is an optimal extended irregular dominating labeling
of Cp,. O

Since every skew starter is a strong starter, the existence of an optimal extended
irregular dominating set is granted for cycles of length n, for every n belonging to one
of the cases of Theorem 5 and for every n for which Conjecture 4 holds. In particular,
we have.

Corollary 3.  The cycle C,, admits an optimal extended irregular dominating set for
every odd integer n # 9, such that 7 <n <99 and for every prime n > 5.

Example 2. Starting from the following strong starter of Z7

{{9,10},{3,5},{13,16}, {11,15},{1,6},{2,8}, {7, 14}, {4,12}}

one can construct the optimal extended irregular dominating labeling of C'17 below.

Vg V10 U1 V12 V13 V14 V15 V16
6 2

Vs vy Vg V5 Uy V3 vy vy

In what follows, we show that there exists an optimal extended irregular dominating
set for many cycles, having singly even length.

Proposition 7. Let n be an odd integer. If C,, admits an optimal extended irregular
dominating set, then Ca, admits an optimal extended irreqular dominating set too.

Proof.  Since n is an odd integer, for every x € Z} precisely one element between z
and n—x is odd. Let Cy,, = (vo,v1,...,v2,—1), and for any vertex v; by —v; we mean
Vi1+n, where indexes are read modulo 2n. Let now A and A’ be two labelings on Ca,
such that A(v) = z and XN (—v) = n — z for some vertex v, where z,n —x € Z. Then
v through A and —v through X dominate the same set of vertices. Set A = {vy; : 4 €
[0,n — 1]} and B = {vg;4+1 : 7 € [0,n — 1]}.
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Let V(C,) = (zo,...,2n-1), and set Ay : X C V(C,) — [0, 251] be an optimal
extended irregular dominating labeling of C,, which exists by hypothesis. Let ¥ be
the natural bijection ¢ : V(Cy,) — A C V(Cay,), where x; — t(z;) = ve;. Construct
the labeling Ao : (X) C V(Cay,) — [0,n], where A2(ve;) = Aoth(z;) = 2A1(x;). Since
the vertices in ¢ (X) are contained in A and have even labels, from the fact that \;
induces an optimal extended irregular dominating set it follows that the vertices of
(X)) dominate A.

Let now vy; € A be any vertex that is not labeled by Ao, that is ve; € A\ ¥(X).
Let Y = {vg;,—v2;} be a cut of Cy,, and let C; and Co be the vertex set of the
two connected components of Cy,, \ Y. For the sake of brevity, denote by Z the set
(W(X)NC)U(—(¥(X)NCq)), and let A3 : Z C C; — [0, n] be the following labeling:

/\2(11) ifUEi/)(X)ﬂcl,
Az(v) =< = Az(v) (modn)  if Aa(v) #0 and v € —(¢(X) NCa),
n if A2(v) =0 (and v € —(¢(X) N C3)).

As previously remarked, it follows that A3 induces a set of labeled vertices dominating
A. Let now n : C; — Ca, v — n(v) = w, where w is the vertex of Cy such that the
distance between w and wvy; is equal to the distance between v and vy;. We conclude
the proof by constructing the labeling A : Z Un(Z) — [0,n], where:

Az(v) ifveZ,
Aw)=4q —A3(v) ifA3(v) #nandve —2Z,
0 if A3(v) =n (and v € —2).

Since Z C Cy, it follows that A is well-defined, and as the dominated set induced by
A3 is A, A is an optimal extended irregular dominating labeling inducing an optimal
extended irregular dominating set on Cl,,. O]

It is easy to see that the converse of the previous result does not hold. For example,
even if C3 and Cy do not admit an extended irregular dominating set, Cg and C1iq
have such a set as shown below:

Ce: (3,1,0,2,0,0), Cio: (1,4,2,0,0,3,0,0,5,0),
where O denotes a vertex with no label.

Corollary 4. Let p be a prime with p > 7. Then, there exists an optimal extended
wrreqular dominating set of Cap.

Corollary 5. Letn be an odd integer withn # 9 and 7 <n < 99. Then, there exists an
optimal extended irregular dominating set of Cap.
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Example 3. We show the construction provided in Proposition 7 for n = 7. Consider the
following optimal extended irregular dominating labeling of C7:

We now consider the cycle Cis = (vo,v1,...,v13), and a possible choice for the labeling
obtained by doubling the labels of C7:

v v Vo v3 (7 V5 v

o]
L
o]
L
o]

It can be seen that the labeled vertices cover all the vertices of the form {vs; : ¢ € [0,6]}.
Consider now the cut Y = {v1, vs}, and the vertex sets C1 = {v; : ¢ € [2,7]} and Co = {v; : 7 €
{0}U]9, 13]} of the connected components of C14\Y. We then have Z = {vs4}U{vs,vs,v7} C
C1, and we construct the labeling A3 : Z — [0, 7]:

)\3(1]4) = 47 )\3(113) = 77
)\3(115) = 1, )\3(117) =5

)

that we show below:

g v V2
o

o

L
[0}
- ¢
[o
¢
C

~
5

«
&

C
U1 V12 g 7

We then conclude the example by showing the labeling A. Since A can also be obtained by
reflecting the labeled vertices along the line joining the vertices of the cut Y, we have added
the dashed line between v; and vs:
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[
~p &
[

o o .y
V13 V12 mn V10 Vg s vr

It can then be seen that the labeling A so defined induces an optimal extended irregular
dominating set.

We then summarize these results:

Corollary 6. Letn be a positive integer, where either
e n > 7 1is a prime,
e n is an odd integer with n 9 and 7 < n < 99,
e n =241 is a prime power, where t > 1 is an odd integer,
e n=16t>+1, or
e gcd(n,6) =1 and either n # 0 (mod 5) or n =0 (mod 125).

Then, there exists an optimal extended irregular dominating set of C,, and Cap.

5. A class of non vertex-transitive graphs: the paths

Obviously it makes sense to consider the irregular extended domination problem also
for non vertex-transitive graphs. In this section we focus on paths. By P, we denote
the path on n vertices, that we also write as its list of vertices [z1, 22, ..., 2,], where
the edges are {x;,x;4+1} for every i € [1,n — 1]. First of all we completely solve
the existence problem of an extended irregular dominating set for a path, then we
establish v, (P,) for several values of n. To do this, let us see some connection between
irregular dominating sets and extended irregular dominating sets for paths.

Remark 2. Let S be a k-irregular dominating set of P,. If there exists a vertex v
dominating a unique vertex u of P, and u ¢ S, then there also exists a k-extended irregular
dominating set of P,. In fact it is sufficient to remove the label from v and to label u by 0.

Remark 3. If there exists a k-irregular dominating labeling, say A, of the path P, =
[z1,Z2,...,%s], then there exists a (k+ 1)-extended irregular dominating labeling, say \’, of
Poy1 = [x1,2%2,...,Zn, Tnt1]. In fact it is sufficient to extend A by labeling the vertex zpn41
by 0. Unfortunately, if A is optimal, this does not necessarily imply that )\’ is optimal too.
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Clearly, the same reasoning can be applied also to other classes of graphs.

Example 4. In [4] the following 6-irregular dominating labeling of Ps is presented
0,5,3,1,4,2,0,6],

where O denotes a vertex with no label, and it is proved that it is optimal, that is v;(Ps) = 6.
Such a labeling can be extended to the following 7-extended irregular dominating labeling
of Pg:

[0,5,3,1,4,2,0,6,0]

which is not optimal; in fact there exists a 6-extended irregular dominating labeling of Py:
0,0,2,0,3,0,4, 1, 5].

The existence problem for an irregular dominating set of a path has been completely
solved in [4], where the authors proved the following.

Proposition 8. The path P, has an irregular dominating labeling if and only if n > 4
except for n = 6.

We point out that the proof is constructive, but the resulting labeling is not necessarily
optimal. Actually, the problem of establishing the exact value of ~;(P,) is still open.
The previous proposition allows us to prove the following.

Proposition 9.  Given n > 1, the path P, admits an extended irregular dominating
labeling if and only if n # 2, 3.

Proof. Since P, and P35 do not have an extended irregular dominating labeling by
Proposition 1, it remains to verify the converse. For n = 1 the existence is trivial. An
extended irregular dominating labeling for the paths P, and Ps is given by:

Py . [3,1,0,2],
Py ¢ [0,0,2,3,1,0,4],

where O denotes a vertex with no label. The other cases follow from the Remark 3
and Proposition 8. O

By Remark 3 the extended irregular dominating labelings of previous proposition are,
in general, not optimal. In particular, in [4], a k-irregular dominating labeling of P,
is constructed with k =n—2forn=7,8 withk =n—3forn =9, and with k =n—4
for every n > 10. Starting for these labelings, we immediately have a k’-extended
irregular dominating labeling of P, with ¥’ = k+ 1. On the other hand, we believe
that this result can be improved, that is that there exists a k”-extended irregular
dominating labeling of P,1; for k"’ < k'.

In the remaining part of this section, we make some consideration on 7. (P, ), we start
with a lemma whose proof is trivial.
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Lemma 3. For everyn > 1, v.(P,) > [2H].
In the following result we establish when the equality holds in Lemma 3.
Theorem 6. Letn > 1, v(P,) = [*] if and only if n = 1,6, 10.

Proof. Suppose firstly n odd, and set n = 2m + 1 for some integer m. If m = 0 the
result is trivial, so assume that m > 1. Note that ve(Pam,41) = m+ 1 implies that we
have to use the labels from the set [0, m], where every vertex labeled with an integer
different from 0 has to cover 2 vertices. For this reason, the label m has to be given
to the vertex x,,11, covering x; and xg,,+1. However, it is not possible to assign the
label m — 1 and cover two vertices, hence an extended irregular dominating set of size
m + 1 cannot exist. In other words, v.(P,) > [%51].

Let now n = 2m for some integer m. By Corollary 1, P, and P; do not admit
an extended irregular dominating set, while for Ps and P;g we have the following
labelings:

P [3,1,00,2,0,0,
Pl(] . [D,670, 2,4, 1,3, D, D, D}

Hence 7.(Ps) = 4 and v.(P1p) = 6 hold.

Assume now that m > 8. Also here, V¢ (Psy,) = m+ 1 implies we have to use labels in
the set [0,m — 1] U A, where A € [m,2m — 1] in such a way that the vertices receiving
labels 0 and ) cover exactly one vertex, and the vertices receiving labels from [1,m—1]
have to cover two vertices. To this aim, it is easy to see that the label m — 1 has
to be assigned either to x,, or to x,,+1. By symmetry we can assume without loss
of generality that this label is assigned to z,,, thus covering z; and zg9,,—1. This
assignment forces the following labeling:

(1) the label m — 2 has to be assigned to @, 42, covering x4 and To,;
(2) the label m — 3 has to be assigned to z,,_1, dominating zo and zg,—_4;
(3) the label m — 4 has to be assigned to 1, covering x5 and Xo,,—3.

To summarize, up to this point, the vertices labeled are {z;,—1,%m,Tm+1, Tmt2},
and they dominate the set of vertices {x1, 22, x4, x5} U {Zom—1, Tom—3, Tam—1, Tam },
as shown in the following:

m—-3 m—1 m—-4 m-2

Ty T2 T3 Ty x5 Tm-2  Tm-1  Tm Tmtl Tmy2 Tt Tom—4  Toam-3  Tam-2 Tam-1 Tam

It can then be seen that the label m —5 has to be assigned either to x,,_2 or x,,13; by
symmetry, it is not again restrictive to assume that this label is given to z,,_s, thus
dominating z3 and zg9,,—7. Then, the label m — 6 has to be given to x,,14, covering
10 and o, _o. However, it can be seen that now there is no possible assignment of
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the label m — 7 to cover two of the remaining vertices, hence proving that for m > 8
there is no k-extended irregular dominating labeling of the path of even order with
k=20,

To conclude, for m = 4,6, 7 repeat then the procedure shown before until the label
2 is assigned. It can then be seen that it is not possible to assign the label 1 to any
vertex of the path. O

Corollary 7. Letn >4 with n # 6,10, then v.(Pn) > [2£2].

The next natural question is the following: when does the equality hold in Corollary
77

Clearly it holds for n = 4, see the labeling of P, given in the proof of Proposition 9.
Below we show that the equality holds for every n € [5,26] \ {6,10}. Some of these
optimal extended irregular dominating labeling of P, have been obtained thanks to

Remarks 2 and 3 starting from an irregular dominating labeling of P,, constructed in
(3]-

P; 3,1,00,2,0],

P 6,0,2,00,1,3,0]

Ps 0,0,3,1,4,2,0,6]

P, 3,6,0,2,4,1,0,0,0

P 0,0,5,3,1,4,2,0,0,7,0],

Py 0,10,00,5,3,1,4,2,0,0,7,00],

Py 0,5,0,0,1,4,6,3,0,2,0,9,0],

Py 7,0,0,0,2,4,6,3,5,1,0,0,,8],
Pis 0,0,0,0,1,3,5,7,4,0,0,2,00,6, 8],

[
[
[
[
[
[
[
[
[
P : [0,9,0,0,1,3,5,7,4,0,0,2,0,6,8,0],
[
8,
[
[
[
[
[
[
[
[

P, 8,0,0,0,2,5,3,00,7,4,6,0,00,1,0,0,9],

Pig 10,0,0,2,5,3,0,7,4,6,0,0,1,0,0,9, 0],

Pio 0,0,0,13,0,3,6,4,1,8,5,7,2,0,0,0,10, 0,0,

Py 0,0,0,13,9,3,6,4,1,8,5,7,2,0,0,0, 10, 0,0, 0],

Pa 0,10,0,0,0,1,03,5,7,9,3,8,2,4,6,0,0,12, 0, 0, O]

Py, 0,0,0,0,0,0,4,7,5,3,9,6,8,2,0,0,0,1, 11, 10, 12, 0],

Py 12,0,0,0,0,3,0,4,8,10,5,7,9,1,6,2,0,0,0,0, 11,0,

Py, 12,0,0,0,0,3,0,4,8,10,5,7,9,1,6,2,0,0,0, 13, 11, 3, 0],

Pys 0,12,0,0,0,0,3,0,4,8,10,5,7,9,1,6,2,0,0,0,13, 11,0, 0],

Py 14,12,0,0,0,0,4,1,0,6,9,11,5,8, 10,3,7,0,2,0,0,0,0,0, 13, 0],

where J denotes a vertex with no label.
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6. Conclusions

In this paper we have introduced the concept of an extended irregular dominating
set focusing, in particular, on the optimal case. In some cases we presented complete
solution to existence problem of an optimal extended irregular dominating set for
some classes of graphs, while for other ones we have only some partial results.

For example note that in Section 4 about cycles, we have not considered the class of
cycles Cp,, with n = 0 (mod 4). A direct check shows that there exists no extended
irregular dominating set of C,, for n = 4,8, while here we report an optimal extended
irregular dominating labeling for the cycles Cy,, with n € [3,6]:

C12 (6,3,0,0,1,4,0,5,0,2,0,0),

Cy : (0,0,0,0,0,7,4,1,0,0,3,6,8,2,5,0),

Cao (10,8,0,3,0,9,1,0,0,6,0,7,0,0,0,4,0,5,0, 2),

Ca4 (0,11,8,2,12,1,00,3,9,6,0,0,0,0,5,7,0,4,0,00,, 10,0, 3),

where the examples for C1g and Cay4 have been found with the aid of a computer by
Falcon [11]. At the moment we have no further results for this class of graphs, on the
other hand for n € [3, 6] we obtain really many labelings of Cy,, satisfying the required
properties, hence we believe that n = 1,2 are the only exception and we propose the
following.

Conjecture 10. There exists an optimal extended irregular dominating labeling for Cys,
for every n > 3.

About paths we established that v.(P,,) = [”T'H] if and only if n = 1,6, 10, and hence
that ve(P,) > [%£3] for n > 4 with n # 6, 10. Also we proved that the equality holds
for every n € [4,26] \ {6,10}. This leads us to propose another conjecture.

Conjecture 11. Let n > 4.

[";11 if n = 6,10,
Ye(Pn) =

{n + 3—‘ otherwise.
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