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Abstract: Let G = (V,E) be a graph with the vertex set V and the edge set E.

The first Zagreb index of a graph G is defined to be the sum of squares of degrees
of all the vertices of the graph. The second Zagreb index of the graph G is the sum

of the d(u)d(v) for every edge uv ∈ E, where d(u) and d(v) denote the degree of the
vertices u, v ∈ V . In this paper, we propose new lower bounds of the Zagreb indices of
unicyclic graphs in terms of the order and the Roman domination number. We prove
that 4n − 2

(
γR −

⌈
2n
3

⌉)
and 4n − 3

(
γR −

⌈
2n
3

⌉)
are the sharp lower bounds for the

first Zagreb index and the second Zagreb index, respectively. Also, we characterize the
extremal trees for these lower bounds.
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1. Introduction

We consider finite, undirected and simple graphs. Let G = (V,E) be a simple undi-

rected graph with |V (G)| = n vertices and |E(G)| = m edges. For a vertex v ∈ V (G),

∗ Corresponding Author
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the degree of v, written by dG(v) or d(v), is the number of edges incident with v. A

pendant vertex is a vertex of degree 1. Assume that PV (G) = {v : d(v) = 1}. For

two vertices u and v (u 6= v), the distance between u and v, denoted by d(u, v), is the

number of edges in the shortest path joining u and v. The open neighborhood of a

vertex v ∈ V is denoted by N(u) = {u ∈ V |uv ∈ E}, while its closed neighborhood is

given by N [u] = N(u) ∪ {u}. We use G− x, G− xy and G+ uv to denote the graph

obtained from G by deleting the vertex x ∈ V (G), the edge xy ∈ E(G) and adding

an edge uv /∈ E(G), where x, y ∈ V (G).

Let Ck be a cycle of length k. Unicyclic graphs Un are connected graphs of order n

and size n that contain exactly one cycle. For other notation and terminologies which

are not defined here, please refer to the book by West [20].

For a graph G = (V,E), let f : V → {0, 1, 2}, and let (V0, V1, V2) be the ordered

partition of V induced by f , where Vi = {v ∈ V |f(v) = i} and |Vi| = ni, for i = 0, 1, 2.

Note that there exists a 1− 1 correspondence between the functions f : V → {0, 1, 2}
and the ordered partitions (V0, V1, V2) of V (G). Thus, we will write f = (V0, V1, V2).

A function f = (V0, V1, V2) is a Roman dominating function (RDF) if V2 � V0, where

� means that the set V2 dominates the set V0, i.e. V0 ⊆ N [V2] \ V2. The weight of f

is f(V ) =
∑

v∈V (G) f(v) = 2n2 + n1 [8].

The Roman domination number, denoted γR(G) (or γR for short), equals the minimum

weight of an RDF of G, and we say that a function f = (V0, V1, V2) is a γR-function

if it is an RDF and f(V ) = γR(G). For some most recent research on the Roman

domination number of graphs, see [16, 17, 19].

The first Zagreb index M1 and the second Zagreb index M2 of graph G are defined as

[12]

M1(G) =
∑

v∈V (G)

(dG(v))2,

and

M2(G) =
∑

uv∈E(G)

dG(u)dG(v),

where dG(v) is the degree of vertex v in G.

Many results were obtained on the bounds of the Zagreb indices in graphs [6, 7, 15].

In [13], an extremal tree with the maximum second Zagreb index in the class of

trees with a given degree sequence was characterized. Liu and Liu characterized an

extremal unicyclic graph that achieves the maximum second Zagreb index in the class

of unicyclic graphs with a given degree sequence [14]. Zhou in [23] obtained sharp

upper bounds for the Zagreb indices of a graph. Das et al. proposed some upper and

lower bounds on the second Zagreb index in terms of the order, the minimum degree

and the maximum degree in a graph [9, 10]. In [5], Behtoei et al. determined the

extremal graph with the maximal first Zagreb index among all graphs with an edge

or vertex connectivity k.

Xu in [21] investigated the Zagreb indices of graphs with a given clique number.

Ali et al. [4] obtained extremal graphs of the second Zagreb index among all the
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connected molecular n-vertex graphs with cyclomatic number v ≥ 3. Stankov et al.

[18] established new inequalities involving the first Zagreb index, the inverse degree

index and the modified first Zagreb index. Some new and old bounds on the first

Zagreb index are given as corollaries of the obtained inequalities.

Yan et al. [22] established the bounds for the second Zagreb index of unicyclic graphs

and characterized the extremal graphs. Ahmad Jamri et al. [2] proposed a lower

bound on the first Zagreb index of trees with a given Roman domination number and

characterized all extremal trees. Furthermore, the upper bound for Zagreb indices of

unicyclic and bicyclic graphs with a given Roman domination number are investigated.

In [3], Ahmad Jamri et al. presented a lower bound on the second Zagreb index of

trees with n vertices and Roman domination number. The upper bounds on the first

and second Zagreb indices of trees with a given Roman domination number were

studied in [1, 11].

In this paper, we obtain new lower bounds for the Zagreb indices of unicyclic graphs

using the order and the Roman domination number.

2. Extremal unicyclic graphs for the Zagreb indices with a
given Roman domination number

First, we obtain a lower bound for the first Zagreb index of unicyclic graphs with n

vertices and Roman domination number γR. To do this, we consider

U+
n,k = {G ∈ Un,k : M1(G) is minimum}.

We first give the following lemma that will be used in the proof of Theorem 1.

Lemma 1. Let G ∈ U+
n,k be a unicyclic graph with order n and k leaves with the minimum

Roman domination number in Un,k. For any uv ∈ E(G) with d(v) = 1, then d(u) ≥ 3.

Proof. We consider the path P = v0v1 . . . vs(s ≥ 2) of G such that d(v0) = 1,

d(vs) ≥ 3 and d(vi) ≥ 2 for 1 ≤ i ≤ s − 1. Let w1w2 ∈ E(G) with dG(wi) ≥ 2,

i = 1, 2. We take G′ = G− {w1w2, vs−1vs}+ {w1vs−1, w2v0}. Thus, G
′ ∈ Un,k. But

we obtain

M1(G′)−M1(G) = 4 +
(
d(vs)− 1

)2 − 1− d(vs)
2 = 4− 2d(v2) < 0.

a contradiction with the choice of G.

We consider the family F of graphs which includes cycles of order at least 3 and

graphs obtained as follows.

Suppose that G′ ∈ F is a cycle of order 3q or 3q + 1. The conservative vertices on
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cycle G′ are x1, x2, . . . , x3q or x1, x2, . . . , x3q+1 where q ≥ 0. We construct the graph

G by adding a vertex v1 with deg(v1) = 1 to one of the vertices G′ (assume that x1).

Therefore, the graph G where V (G) = V (G′) ∪ {v1} and E(G) = E(G′) ∪ {v1x1},
belongs to F (see Figure 1).

Figure 1. The graphs of Family F .

Lemma 2. Let G be an unicyclic graph of order n and Roman domination number γR.
If G ∈ F , then

M1(G) = 4n− 2

(
γR −

⌈
2n

3

⌉)
,

Proof. To simplify the calculations, we consider

g(n, γR) = 4n− 2

(
γR −

⌈
2n

3

⌉)
.

If G is a cycle with n vertices we can easily check that the result is true. Let G ∈ F
with n vertices where n ≡ 1, 2 (mod 3) be unicyclic with a cycle of order n− 1 shown

in Figure 1. Using the proof of Theorem 5 for the graph G of order n ≡ 1, 2 (mod 3),

we have γR = d 2(n−1)3 e and consequently g(n, γR) = 4n + 2. Since the sequence

degree of graph G shown in Figure 1 is (1, 3, 2, 2, . . . , 2), thus the first Zagreb index

equals to M1(G) = 1 + 9 + 4(n− 2) = 4n+ 2. Therefore, the result is completed.

Theorem 1. Let Un be a unicyclic graph with order n and Roman domination number
γR. Then

M1(Un) ≥ 4n− 2

(
γR −

⌈
2n

3

⌉)
,

where the equality holds if and only if G ∈ F .
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Proof. Using again the function

g(n, γR) = 4n− 2

(
γR −

⌈
2n

3

⌉)
.

Let G be an unicyclic graph of order n with k leaves where 0 ≤ k ≤ n− 3. Suppose

that G contains a unique cycle C of order q with labeled vertices wi for i = 1, . . . , q.

Let f = (V0, V1, V2) be a γR-function of graph G.

If k = 0, then G ' Cn. Since M1(Cn) = 4n and γR(Cn) = d 2n3 e, we have g(n, γR) =

4n. Therefore, M1(Cn) = g(n, γR). If k = 1, then G has only a vertex of degree

1. Let uv ∈ E such that d(v) = 1. Thus, for x ∈ V (G) \ {u, v} we have d(x) = 2

and d(u) = 3. In this case, u ∈ V2 and v ∈ V0. Therefore, γR(Cn−1) = d 2(n−1)3 e and

M1(G) = 4n+2. If n ≡ 0 (mod 3), then g(n, γR) = 4n and we have M1(G) > g(n, γR)

and if n ≡ 1, 2 (mod 3), then g(n, γR) = 4n+ 2 and consequently, M1(G) = g(n, γR).

Therefore, we suppose that k ≥ 2 and the result is true for any unicyclic Un with

k − 1 leaves. We prove that the result holds when Un has n vertices and k leaves.

Suppose that G ∈ U+
n,k. Let v1 ∈ PV (G) with uv1 ∈ E(G). Then using Lemma 1,

d(u) = t ≥ 3. Let N(u)∩PV (G) = {v1, . . . , vr} and N(u) \PV (G) = {x1, . . . , xt−r}.
Then, t− r ≥ 1 and all d(xi) = di ≥ 2. We study the following cases.

Case 1. Let f(v1) = 0. So, f(u) = 2 and in this case, we consider the following

cases.

Case 1.1. Assume that u ∈ V (C) and N(u) ∩ V (C) = {x1, x2} such that d(u) ≥ 3

and d(xi) ≥ 2 for i = 1, 2. In such that, the vertices of cycle C are x2ux1w1w2 . . . wq−3
such that d(wi) ≥ 2 for i = 1, . . . , q − 3 and according to the labeling of vertices on

cycle C, we consider x2 = wq−2, u = wq−1, x1 = wq.

Case 1.1.1. We suppose that the set V2 has at least one of the vertices x1 and

x2. Without loss of generality, we suppose that f(x1) = 2. Then we take G1 =

G−ux1+v1x1. In such a case, we have γR(G1) = γR(G) and G1 ∈ Un,k−1. Therefore,

we get

M1(G) = M1(G1) + 2t− 4

≥ g(n, γR) + 2

> g(n, γR).

Case 1.1.2. We suppose that f(x1) = f(x2) = 0. Then we consider the path x1w1w2

on cycle C. We consider two new cases.

i) If f(w1) = 2 then, we take G1 = G−ux1+v1x1 and we follow Case 1.1.1. Therefore,

we have γR(G1) = γR(G) and G1 ∈ Un,k−1. Consequently, M1(G) > g(n, γR).
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ii) Assume that f(w1) = 0. In this case, we take G1 = G − v1. Thus, we have G1 ∈
Un−1,k−1. Since f(v1) = f(x1) = f(x2) = 0 and f(u) = 2, thus γR(G1) = γR(G).

Therefore, we obtain

M1(G) = M1(G1) + 2t

≥ 4(n− 1)− 2

(
γR −

⌈
2(n− 1)

3

⌉)
+ 6

≥ 4n− 2

(
γR −

⌈
2n

3

⌉)
+ 2

≥ g(n, γR) + 2

> g(n, γR).

Case 1.2. Assume that u /∈ V (C). We consider the path v1ux1y1 · · · ylw1 such that

w1 ∈ V (C), d(v1) = 1, d(u) = t ≥ 3, d(x1) = d1 ≥ 2, d(w1) ≥ 3 and dyi
≥ 2 for

1 ≤ i ≤ l.
Case 1.2.1. Let f(x1) = 2. Then, we take G2 = G − ux1 + v1x1. In this case, we

have γR(G2) = γR(G) and G2 ∈ Un,k−1. So, M1(G2) ≥ g(n, γR). We obtain

M1(G) = M1(G2) + 2t− 4

≥ g(n, γR) + 2

> g(n, γR).

Case 1.2.2. Let f(x1) = 0. We consider G2 = G−v1 and in such a case, G2 ∈ Un,k−1
and γR(G2) = γR(G). Therefore, we have

M1(G) = M1(G2) + 2t

≥ g(n− 1, γR) + 6

≥ 4(n− 1)− 2

(
γR −

⌈
2(n− 1)

3

⌉)
+ 6

≥ 4n− 2

(
γR −

⌈
2n

3

⌉)
+ 2

= g(n, γR) + 2

> g(n, γR).

Case 2. Let f(v1) = 1 and f(u) = 0. We consider the following cases.

Case 2.1. Assume that u ∈ V (C) and the vertices of cycle C are x2ux1w1w2 . . . wq−3
such that d(wi) ≥ 2, 1 ≤ i ≤ q − 3, d(x1), d(x2) ≥ 2, d(u) = t ≥ 3 and according to

the labeling of vertices on cycle C, x2 = wq−2, u = wq−1, x1 = wq.

Case 2.1.1. We suppose that at least one of f(x1) and f(x2) equals 0 for i = 1, 2.

Without loss of generality, we suppose that f(x1) = 0. Thus, we take G′1 = G−x1u+
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v1x1. Therefore, we have G′1 ∈ Un,k−1 and γR(G′1) = γR(G). Similar to Case 1.1.1,

we obtain

M1(G) = M1(G′1) + 2t− 4

≥ g(n, γR) + 2

> g(n, γR).

Case 2.1.2. Assume that x1, x2 /∈ V0. Since each vertex of V0 is adjacent to at most

a vertex of V1, thus {f(x1), f(x2)} ∈ {1, 2}. Thus, we have two new cases.

i) We suppose one of the vertices x1 or x2 is at the set V1. Without loss of generality,

we consider f(x1) = 1 and f(x2) = 2. In this case, we take G′1 = G − ux1 + v1x1.

Therefore, G′1 ∈ Un,k−1 and γR(G′1) = γR(G). So, we have M1(G′1) ≥ g(n, γR).

Similar to Case 2.1.1, we obtain M1(G) > g(n, γR).

ii) We suppose that f(x1) = f(x2) = 2. In such a case, we take G′ = G−v1. Therefore,

G′ ∈ Un−1,k−1 and γR(G′) = γR(G)− 1. Thus, we obtain

M1(G) = M1(G′) + 2t

≥ f(n− 1, γR − 1) + 6

≥ 4(n− 1)− 2

(
γR − 1−

⌈
2(n− 1)

3

⌉)
+ 6

≥ 4n− 2

(
γR −

⌈
2n

3

⌉)
+ 4

= g(n, γR) + 4

> g(n, γR).

Case 2.2. Assume that u /∈ V (C). We consider the path v1ux1y1 · · · ylw1 in G such

that d(v1) = 1, d(u) = t ≥ 3, d(x1) = d1 ≥ 2, d(w1) ≥ 3 and dyi
≥ 2 for 1 ≤ i ≤ l.

Case 2.2.1. Let x1 ∈ V0. Since f(u) = 0 and f(v1) = 1 thus, deg(u) = 3. We consider

G′2 = G− ux1 + v1x1 that in such a case, we have G′2 ∈ Un,k−1 and γR(G′2) = γR(G).

Thus, M1(G′2) > g(n, γR). Similar to the above discussions, we obtain

M1(G) = M1(G′2) + 2

≥ f(n, γR) + 2

> f(n, γR).

Case 2.2.2. Let f(x1) = 2. In this case, we take G′2 = G − v1 and we have,
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G′2 ∈ Un−1,k−1 and γR(G′2) = γR(G)− 1. Therefore, we have

M1(G) = M1(G′2) + 2t

≥ g(n− 1, γR − 1) + 6

≥ 4(n− 1)− 2

(
γR −

⌈
2(n− 1)

3

⌉)
+ 6

≥ 4n− 2

(
γR −

⌈
2n

3

⌉)
+ 4

= g(n, γR) + 4

> g(n, γR).

This then completes the proof.

Here, we obtain the lower bound for the second Zagreb index of unicyclic graphs with

a given Roman domination number. To do this, we recall some known results that

are useful for our main results.

Suppose that Un,k = {G : G is unicyclic graph with n vertices and k leaves, 0 ≤
k ≤ n− 3}. We consider

U∗n,k = {G ∈ Un,k : M2(G) is minimum}.

Lemma 3. [22] Let G ∈ U∗n,k be an unicyclic graph of order n and k leaves with the
Roman domination number in Un,k. For any uv ∈ E(G) with d(v) = 1, then d(u) ≥ 3.

Lemma 4. [8] For cycle Cn, γR(Cn) = d 2n3 e.

Lemma 5. Let G be an unicyclic graph of order n and Roman domination number γR.
if G ∈ F , then

M2(G) = 4n− 3

(
γR −

⌈
2n

3

⌉)
.

Proof. To simplify the calculations, we denote

f(n, γR) = 4n− 3

(
γR −

⌈
2n

3

⌉)
.

If G ∈ F is a cycle with n vertices then we can easily check that the result is true.

We suppose that the graph G ∈ F is the graph shown in Figure 1. Therefore, G is

an unicyclic graph of order n where n ≡ 1, 2 (mod 3) and G contains a cycle of order

n− 1. Thus, one can consider γR(Cn−1)-function for graph G. So, γR(G) = d 2(n−1)3 e
and consequently,

f(n, γR) = 4n− 3

(⌈
2(n− 1)

3

⌉
−
⌈

2n

3

⌉)
= 4n+ 3.



F. Movahedi, et al. 967

On the other hand, it can be easily obtained that M2(G) = 4n + 3. Therefore, the

result is completed.

Theorem 2. Let Un be an unicyclic graph of order n and Roman domination number
γR. Then

M2(Un) ≥ 4n− 3

(
γR −

⌈
2n

3

⌉)
,

which the equality holds if and only if G ∈ F .

Proof. Using again the function

f(n, γR) = 4n− 3

(
γR −

⌈
2n

3

⌉)
.

Let G be an unicyclic graph of order n with k leaves where 0 ≤ k ≤ n− 3. Suppose

that G contains a unique cycle C of order q with labeled vertices wi for i = 1, . . . , q.

Let f = (V0, V1, V2) be a γR-function of graph G.

If k = 0, then G ∼= Cn. Since M2(Cn) = 4n and γR(Cn) =

⌈
2n

3

⌉
, we have f(n, γR) =

4n. Therefore, M2(Cn) = f(n, γR). If k = 1, then G has only a vertex of degree 1.

Let uv ∈ E such that d(v) = 1. Thus, for x ∈ V (G) \ {u, v} we have d(x) = 2 and

d(u) = 3. In this case, u ∈ V2 and v ∈ V0. Therefore, γR(Cn−1) =

⌈
2(n− 1)

3

⌉
and

M2(G) = 4n+ 3. Since f(n, γR) = 4n, for n ≡ 0 (mod 3) and f(n, γR) = 4n+ 3, for

n ≡ 1, 2 (mod 3) then, M2(G) ≥ f(n, γR). Therefore, we assume that k ≥ 2 and the

result is true for any unicyclic Un with k − 1 leaves. We investigate that it is true

when Un has n vertices and k leaves.

Suppose that G ∈ U∗n,k. Let v1 ∈ PV (G) with uv1 ∈ E(G). Then using Lemma 3,

d(u) = t ≥ 3. Let N(u)∩PV (G) = {v1, . . . , vr} and N(u) \PV (G) = {x1, . . . , xt−r}.
Then, t− r ≥ 1 and all d(xi) = di ≥ 2. We study the following cases.

Case 1. We suppose that f(v1) = 0. Thus, f(u) = 2 and in this case, we consider

the following cases.

Case 1.1 Assume that u ∈ V (C) and N(u)∩V (C) = {x1, x2} such that d(u) ≥ 3 and

d(xi) ≥ 2 for i = 1, 2. In such that, the vertices of cycle C are x2ux1w1w2 . . . wq−3
such that d(wi) ≥ 2 for i = 1, . . . , q − 3 and according to the labeling of vertices on

cycle C, we consider x2 = wq−2, u = wq−1, x1 = wq.

Case 1.1.1. We suppose that the set V2 has at least one of the vertices x1 and

x2. Without loss of generality, we suppose that f(x1) = 2. Then we take G′ =

G−ux1 +v1x1. In such a case, we have γR(G′) = γR(G) and G′ ∈ Un,k−1. Therefore,
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we obtain

M2(G) = M2(G′) + (t− 2)d1 + (r + t)− 1− 2(t− 1) +

t−r∑
i=2

di

= M2(G′) + (t− 2)d1 + (r − t) +

t−r∑
i=2

di + 1

≥M2(G′) + 2(t− 2) + (r − t) + 2(t− r − 1) + 1

≥M2(G′) + 2t+ (t− r)− 5

≥ f(n, γR) + 2

> f(n, γR).

Case 1.1.2. We suppose that f(x1) = f(x2) = 0. Then we consider the path

x1w1w2 on cycle C. We consider two new cases.

i) If f(w1) = 2, then we take G′ = G − ux1 + v1x1 and we follow the case 1.1.1.

Therefore, we have γR(G′) = γR(G) and G′ ∈ Un,k−1. Consequently, M2(G) >

f(n, γR).

ii) Assume that f(w1) = 0. In this case, we take G1 = G − v1. Thus we have

G1 ∈ Un,k−1. Since f(v1) = f(x1) = f(x2) = 0 and f(u) = 2, thus γR(G1) = γR(G).

Therefore, we get

M2(G) = M2(G1) + (t+ r) +

t−r∑
i=1

di − 1

≥M2(G1) + (t+ r) + 2(t− r)− 1

= M2(G1) + 2t+ (t− r)− 1

≥ f(n− 1, γR) + 6

= 4(n− 1)− 3

(
γR −

⌈
2(n− 1)

3

⌉)
+ 6

= 4n− 3

(
γR −

⌈
2(n− 1)

3

⌉)
+ 2

≥ 4n− 3

(
γR −

⌈
2n

3

⌉)
+ 2

= f(n, γR) + 2

> f(n, γR).

Case 1.2. We suppose that u /∈ V (C). We consider the path v1ux1y1 . . . ylw1 such

that w1 ∈ V (C), d(v1) = 1, d(u) = t ≥ 3, d(x1) = d1 ≥ 2, d(w1) ≥ 3 and dyi
≥ 2 for

1 ≤ i ≤ l.
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Case 1.2.1. Assume that f(x1) = 2. Then we take G2 = G − ux1 + v1x1. In this

case, we have γR(G′) = γR(G) and G′ ∈ Un,k−1. So, M2(G′) ≥ f(n, γR). We obtain

M2(G) = M2(G′) + (t− 2)d1 + (r − t+ 1) +

t−r∑
i=2

di

≥M2(G′) + 2(t− 2) + (r − t+ 1) + 2(t− r − 1)

= M2(G′) + 2t+ (t− r)− 3

≥M2(G′) + 6 + 1− 3

≥ f(n, γR) + 4

> f(n, γR).

Case 1.2.2. Let f(x1) = 0. We consider G1 = G−v1 and in such a case, G1 ∈ Un,k−1
and γR(G1) = γR(G). Therefore, we have

M2(G) = M2(G1) + (t+ r) +

t−r∑
i=1

di − 1

≥M2(G1) + 2t+ (t− r)− 1

≥M2(G1) + 6

≥ f(n− 1, γR) + 6

= 4n− 3

(
γR −

⌈
2(n− 1)

3

⌉)
+ 2

≥ f(n, γR) + 2

> f(n, γR).

Case 2. We suppose that f(v1) = 1 and f(u) = 0. We consider the following cases.

Case 2.1. Assume that u ∈ V (C) and the vertices of cycle C are x2ux1w1w2 . . . wq−3
such that d(wi) ≥ 2, 1 ≤ i ≤ q − 3, d(x1), d(x2) ≥ 2, d(u) = t ≥ 3 and according to

the labeling of vertices on cycle C, x2 = wq−2, u = wq−1, x1 = wq.

Case 2.1.1. We suppose that at least one of f(x1) and f(x2) equals 0 for i = 1, 2.

Without loss of generality, we suppose that f(x1) = 0. Thus we take G′ = G−x1u+

v1x1. Therefore, we have G′ ∈ Un,k−1 and γR(G′) = γR(G). Similar to Case 1.1.1,

we obtain

M2(G) = M2(G′) + (t− 2)d1 + (r + t)− 1− 2(t− 1) +

t−r∑
i=2

di

= M2(G′) + (t− 2)d1 + (r − t) +

t−r∑
i=2

di + 1

≥M2(G′) + 2t+ (t− r)− 5

≥ f(n, γR) + 2

> f(n, γR).
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Case 2.1.2. Assume that x1, x2 /∈ V0. Since each vertex of V0 is adjacent to at most

two vertices of V1, thus {f(x1), f(x2)} ∈ {1, 2}. So we have two new cases.

i) We suppose one of the vertices x1 or x2 is in the set V1. Without loss of generality,

we consider f(x1) = 1 and f(x2) = 2. In this case, we take G′1 = G − ux1 + v1x1.

Therefore, G′ ∈ Un,k−1 and γR(G′) = γR(G). Thus, we have M2(G′) ≥ f(n, γR).

Similar to Case 2.1.1, we obtain M2(G) > f(n, γR).

ii) Let f(x1) = f(x2) = 2. Therefore, d(x1) ≥ 3 or d(x2) ≥ 3. Assume that d(x1) ≥ 3.

If N(x1)∩PV (G) 6= ∅, then there is a vertex s ∈ PV (G) such that sx1 ∈ E, d(s) = 1,

d(x1) ≥ 3, f(s) = 0 and f(x1) = 2. Therefore, by considering x1 = u and s = v1, we

have Case 1 and the result follows.

Otherwise, we take G1 = G − v1 and we have γR(G1) = γR(G) − 1. Therefore, we

obtain

M2(G) = M2(G1) + (t+ r) +

t−r∑
i=1

di − 1

≥M2(G1) + 2t+ (t− r)− 1

≥M2(G1) + 6

≥ f(n− 1, γR − 1) + 6

= 4(n− 1)− 3

(
γR − 1−

⌈
2(n− 1)

3

⌉)
+ 6

= 4n− 3

(
γR −

⌈
2(n− 1)

3

⌉)
+ 5

= 4n− 3

(
γR −

⌈
2n

3

⌉)
+ 5

≥ f(n, γR) + 5

> f(n, γR).

Case 2.2. Assume that u /∈ V (C). We consider the path v1ux1y1 . . . ylw1 in G such

that d(v1) = 1, d(u) = t ≥ 3, d(x1) = d1 ≥ 2, d(w1) ≥ 3 and dyi
≥ 2 for 1 ≤ i ≤ l.

Case 2.2.1. Let x1 ∈ V0. Then we consider G′ = G−ux1 + v1x1 that in such a case,

we have G′2 ∈ Un,k−1 and γR(G′) = γR(G). So, M2(G′) > f(n, γR). Similar to the

above discussions, we obtain

M2(G) = M2(G′) + (t− 2)d1 + (r − t) +

t−r∑
i=2

di + 1

≥M2(G′) + 2(t− 2) + (r − t) + 2(t− r − 1) + 1

= f(n, γR) + 2t+ (t− r)− 5

≥ f(n, γR) + 2

> f(n, γR).
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Case 2.2.2. We suppose that f(x1) = 2. So, we take G1 = G − v1 and we have

γR(G1) = γR(G)− 1. Therefore, we obtain

M2(G) = M2(G1) + (t+ r) +

t−r∑
i=1

di − 1

≥M2(G1) + 2t+ (t− r)− 1

≥M2(G1) + 6

≥ f(n− 1, γR − 1) + 6

= 4n− 3

(
γR −

⌈
2n

3

⌉)
+ 5

> f(n, γR).

Consequently, the result completes.

3. Concluding remaks

The purpose of this research is to look at the link between the Zagreb indices and

the Roman domination number of unicyclic graphs. We provided the lower bound for

the Zagreb indices of unicyclic graphs in terms of the order and Roman domination

number, and characterize such graphs that attain the equality case.

To conclude this paper, we suggest the following open problem.

Problem Determine the upper and lower bounds for other degree-based topological

indices of unicyclic graphs using the order and Roman domination number.
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