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Abstract: A signed graph Gσ = (G, σ) consists of an underlying graph G = (V,E)

along with a signature function σ : E → {−1, 1}. A cycle in a signed graph is termed
positive if it contains an even number of negative edges, and negative if it contains

an odd number of negative edges. A signed graph is considered balanced if it has no

negative cycles; otherwise, it is unbalanced. Let Km,n be a complete bipartite graph
on m+n vertices. It is well known that for a balanced complete bipartite signed graph

Km,nσ , the parameters m and n are Laplacian eigenvalues with multiplicities n−1 and
m − 1, respectively. This raises a natural question about the maximum multiplicities

of Laplacian eigenvalues m and n in an unbalanced complete bipartite signed graph

Km,nσ . In this paper, we demonstrate that the multiplicities of the Laplacian eigenval-
ues m and n in an unbalanced complete bipartite signed graph Km,nσ , m < n, are at

most n− 2 and m− 2, respectively. Additionally, we characterise all the signed graphs

for which m and n are Laplacian eigenvalues with these maximum multiplicities.

Keywords: signed graph, maximum multiplicity, Laplacian matrix, complete bipar-
tite signed graph, minimum multiplicity.
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1. Introduction

All the underlying graphs discussed in this paper are assumed to be simple and finite.

A signed graph Gσ = (G, σ) consists of an underlying graph G = (V (G), E(G)) along

with a signature function σ : E(G) → {−1, 1}. The graph G is referred to as the

underlying graph of Gσ, and the function σ is known as the signature of Gσ. An

induced signed subgraph HσH = (H,σH) of a signed graph GσG = (G, σG) is a signed

graph in which the underlying graph H is an induced subgraph of G, and σH is the

restriction of σG to E(H). Let Gσ be a signed graph with a sign function σ, and

U ⊆ V (G) be a subset of vertices in G. The notation Gσ(U) represents the signed

subgraph induced by U . The edge uv in a signed graph is called positive (negative) if
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uv gets the sign +1 (respectively, −1 ). In a signed graph, a cycle is termed positive

if it contains an even number of negative edges, and negative if it contains an odd

number of negative edges. A signed graph is considered balanced if it has no negative

cycles; otherwise, it is unbalanced. Unsigned graphs (simply graphs) can be viewed as

balanced signed graphs where all edges have a positive sign, known as the all-positive

signature.

The adjacency matrix of Gσ is defined as AGσ = (σij), where σij = σ(uivj) if there

is an edge uivj between the vertices ui and vj , and σij = 0 otherwise. The Laplacian

matrix of Gσ is defined as LGσ = DG − AGσ , where DG is the diagonal matrix of

vertex degrees of the underlying graph of Gσ. For any square matrix M of order

n, the polynomial, det(xIn −M), where In is the identity matrix of order n, will be

denoted by ϕ(M ;x). In particular, the Laplacian characteristic polynomial, det(xIn−
LGσ ), of Gσ will be denoted by ϕGσ (x). The Laplacian eigenvalues of Gσ are the

eigenvalues of LGσ . If λ1, λ2, . . . , λk are the distinct Laplacian eigenvalues of Gσ

and MGσ (λk) represents the multiplicity of the Laplacian eigenvalue λk, then the

Laplacian spectrum of Gσ is expressed as

SpecL(Gσ) =
{
λ
(MGσ (λ1))
1 , λ

(MGσ (λ2))
2 , . . . , λ

(MGσ (λk))
k

}
.

For a subset X ⊂ V (G), define GσX = (G, σX) as the signed graph obtained from

Gσ = (G, σ) by reversing the signs of the edges in the cut [X,V (G) \ X]. This

means σX(e) = −σ(e) for any edge e between X and V (G) \ X, and σX(e) = σ(e)

for all other edges. Two signed graphs Gσ and GσX are called switching equivalent,

denoted Gσ ∼ GσX . It is important to note that switching equivalent signed graphs

have similar adjacency and Laplacian matrices. Any switching determined by X

can be represented by a diagonal matrix S = diag(s1, s2, . . . , sn), where si = 1 for

each i ∈ X, and si = −1 otherwise. Consequently, we have AGσ = SAGσX S
−1

and LGσ = SLGσX S
−1, showing that the matrices AGσ and AGσX , and LGσ and

LGσX are signature similar, respectively. When studying a signed graph Gσ from

an adjacency and Laplacian spectral perspective, we always consider its switching

equivalent class.

In a graph G, the neighbourhood of a vertex v, denoted as N(v), comprises the

set of vertices adjacent to v. Many well-established graph concepts can be directly

applied to signed graphs. For example, a signed graph is regular if its underlying

graph is regular, and the degree of a vertex v, denoted by dGσ (v) = |N(v)|, in Gσ

matches its degree in G. However, certain notions are unique to signed graphs. The

set of vertices adjacent to a vertex v in Gσ via a negative (positive) edge is called

the negative (respectively, positive) neighborhood. The positive degree d+Gσ (v) of a

vertex v in Gσ is defined as the number of positive edges incident to v. Conversely,

the negative degree d−Gσ (v) is the number of negative edges incident to v. The

net-degree of a vertex v in Gσ is defined as the difference between its positive degree

and its negative degree, denoted as d±Gσ (v) = d+Gσ (v) − d−Gσ (v). A signed graph is

classified as net-regular if the net-degree is consistent across all vertices. The rank



T. Shamsher 3

of an n × n symmetric matrix M , denoted as rank(M), is n −m(0), where m(0) is

the multiplicity of 0 as an eigenvalue of M . As usual, let Kn represents the complete

graph on n vertices. Km,n denotes a complete bipartite graph on m+n vertices with

the bipartition (Um, Vn), where Um = {u1, u2, . . . , um} and Vn = {v1, v2, . . . , vn}.
A signed graph Gσ whose negative edges (positive edges) induce a graph H will be

denoted by (G,H−) (respectively, (G,H+)).

The index of a signed graph is the largest eigenvalue of its adjacency matrix. Kafai

and Heydari [10] characterised all the signed graphs achieving the maximum index

in the class of complete signed graphs Kn
σ, whose negative edges induce a unicyclic

graph (a graph having the same number of vertices and edges) with a cycle length of

at least 4. Koledin and Stanić [12] conjectured that if Kn
σ is a complete signed graph

with k negative edges, k < n−1, and has the maximum index, then the negative edges

induce the signed star K1,k. Akbari, Dalvandi, Heydari, and Maghasedi [3] proved

that the conjecture holds for complete signed graphs whose negative edges form a

tree. Very recently, Ghorbani and Majidi [9] completely confirmed the conjecture.

Dalvandi, Heydari, and Maghasedi [8] characterized complete signed graphs with

exactly m non-negative adjacency eigenvalues. Akbari, Dalvandi, Heydari, and

Maghasedi [1] studied the multiplicities of the adjacency eigenvalues −1 and 1 for

the complete signed graphs. More results on the spectral theory of complete signed

graphs can be found in [2, 5, 7, 11, 15]. The spectral theory of complete bipartite

signed graphs is much less explored, see [4, 13]. Motivated by these, in this study, we

explore the Laplacian spectral properties of complete bipartite signed graphs.

In the context of the complete bipartite signed graphs, it is well-known that [6] for

a balanced complete bipartite signed graph Km,n
σ, the parameters m and n are

Laplacian eigenvalues with multiplicities n− 1 and m− 1, respectively. This raises a

natural question about the unbalanced signed graphs. To explore this, we consider

the following:

Problem 1.1. For an unbalanced complete bipartite signed graph Km,n
σ, are m and

n still Laplacian eigenvalues? What are the maximum multiplicities of the Laplacian

eigenvalues m and n?

Problem 1.2. Which unbalanced complete bipartite signed graphs Km,n
σ have m

and n as Laplacian eigenvalues with the maximum multiplicities?

The main objective of this paper is to give the answer to these questions and identify

the configurations that yield maximum multiplicities for the Laplacian eigenvalues m

and n. Complete bipartite signed graphs have a wide range of applications, partic-

ularly in data structures, as discussed in the notable paper [16] and the references

therein.

The remainder of the paper is organised as follows: In Section 2, we state some pre-

liminary results that will be used in the sequel. In Section 3, we demonstrate that

the multiplicities of the Laplacian eigenvalues m and n in an unbalanced complete

bipartite signed graph Km,n
σ are at most n−2 and m−2, respectively. Additionally,
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we characterise all the signed graphs for which m and n are Laplacian eigenvalues

with these maximum multiplicities.

2. Preliminaries

Let Gσ be a signed graph consisting of a bipartite underlying graph with the biparti-

tion (Um, Vn), where Um = {u1, u2, . . . , um} and Vn = {v1, v2, . . . , vn}. By applying

suitable vertex labelling, the Laplacian matrix takes the form

LGσ =

(
D(Um)m×m Mm×n
M>n×m D(Vn)n×n

)
,

where D(Um)m×m represents the diagonal matrix of vertex degrees for vertices in

Um, D(Vn)n×n represents the diagonal matrix of vertex degrees for vertices in Vn,

and Mm×n = (mij) is an m× n matrix defined as

mij =

{
−σ(uivj) if there is an edge uivj between vertices ui ∈ Um and vj ∈ Vn of Gσ ,

0 otherwise.

Here, σ(uivj) denotes the sign associated with the edge between vertices ui and vj .

The matrix Mm×n is known as the Laplacian block incidence matrix of the signed

graph Gσ.

The subsequent result provides an easy method for determining the characteristic

polynomial of the Laplacian matrix of a complete bipartite signed graph.

Lemma 1. (Shamsher [14]) Let Km,n
σ be a complete bipartite signed graph on m + n

vertices, and let Bp×q be the Laplacian block incidence matrix of the induced signed subgraph
Km,n

σ
(Up∪Vq), which contains the minimum number of vertices, including all the negative

edges of Km,n
σ. Then, we have the following:

(i) If p ≤ q, then the Laplacian characteristic polynomial of Km,n
σ is given by

ϕKm,nσ (x) = (x−m)n−p−1(x−n)m−p−1ϕ

((
Bp×qB

>
q×p + (n− q)Jp×p C

C> n(m− p)

)
; (x−m)(x− n)

)
,

(2.1)

where C =
√
m− p(D±(Up) + (n− q)Jp×1), Jr×s is a matrix of order r× s with each

entry equal to 1, and D±(Up) is the column vector of the net vertex degrees for vertices
in Up.

(ii) If q ≤ p, then the Laplacian characteristic polynomial of Km,n
σ is given by

ϕKm,nσ (x) = (x−m)n−q−1(x−n)m−q−1ϕ

((
B>q×pBp×q + (m− p)Jq×q E

E> m(n− q)

)
; (x−m)(x− n)

)
,

(2.2)

where E =
√
n− q(D±(Vq) + (m − p)Jq×1) and D±(Vq) is the column vector of the

net vertex degrees for vertices in Vp.
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Let M be a square matrix of order n, written in block form as:

M =


M1,1 M1,2 · · · M1,s−1 M1,s

M2,1 M2,2 · · · M2,s−1 M2,s

...
...

. . .
...

...

Ms−1,1 Ms−1,2 · · · Ms−1,s−1 Ms−1,s
Ms,1 Ms,2 · · · Ms,s−1 Ms,s

 . (2.3)

The quotient matrix Q = (qij)s×s is a square matrix of order s, where the (i, j)-th

entry of Q is the average row sum of the block Mij in M . If each block Mij of M has

a constant row sum, then Q is called the equitable quotient matrix.

The following theorem describes the relationship between the eigenvalues of M and

those of Q.

Lemma 2. (Brouwer and Haemers [6]) Let M be a real symmetric matrix of order n in
the form given in (2.3), and let Q be its quotient matrix of order s (with n > s). Then the
eigenvalues of Q are included in the spectrum of M .

3. Unbalanced complete bipartite signed graphs Km,n
σ having

m and n as Laplacian eigenvalues with maximum multiplicities

In this section, we provide an upper bound for the multiplicities of Laplacian eigenval-

ues m and n in an unbalanced complete bipartite signed graph Kσ
m,n and characterise

all the signed graphs containing m and n as Laplacian eigenvalues with these max-

imum multiplicities. Before that, we construct two families of graphs that will be

utilized in the main theorem:

Let Km1,n1
be a complete bipartite graph with the bipartition Um1

∪ Vn1
. From

this complete bipartite graph, we construct the new bipartite graphs of the class

GKm1,n1
(m2,m3;n2); with the bipartition U ∪ V , where U = Um1 ∪ Um2 ∪ Um3 and

V = Vn1
∪ Vn2

. That is by adding two vertex sets Um2
and Um3

to the vertex set

Um1 , and a vertex set Vn2 to the vertex set Vn1 . In the resulting graph, we have the

following properties:

i) d(u) = n1 for each vertex u ∈ Um1 ,

ii) N(u) = N(u′) for each pair of vertices u, u′ ∈ Um2
,

iii) N(u) = N(u′) for each pair of vertices u, u′ ∈ Um3
,

iv) N(u) ∩N(u′) = ∅ for each pair of vertices u ∈ Um2
and u′ ∈ Um3

,

v) N(u) ∪N(u′) = Vn1
∪ Vn2

for each pair of vertices u ∈ Um2
and u′ ∈ Um3

.

Note that m2,m3, and n2 are non-negative integers and m2 + m3 > 0. Moreover,

a graph of type GKm1,n1
(m2,m3;n2) is not uniquely determined by the parameters

only. If the neighbours of any vertex u, u ∈ Um2 , or v, v ∈ Um3 , are known, then it

is uniquely determined by the parameters. A graph of type GK2,3
(2, 2; 2) is shown in

Figure 1.

Let Km1,n1
∪Km2,n2

be a disjoint union of two complete bipartite graphs with the
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Figure 1. A graph of type GK2,3
(2, 2; 2)

partition U ∪V , where U = Um1 ∪Um2 and V = Vn1 ∪Vn2 . From this bipartite graph,

we construct the new bipartite graphs of the class GKm1,n1
∪Km2,n2

(m3,m4); with the

bipartition U ′ ∪V ′, where U ′ = Um1 ∪Um2 ∪Um3 ∪Um4 and V ′ = Vn1 ∪Vn2 . That is,

by adding two vertex sets Um3
and Um4

to the vertex set Um1
∪Um2

. In the resulting

graph, we have the following properties:

i) d(u) = n1 for each vertex u ∈ Um1
,

ii) d(u) = n2 for each vertex u ∈ Um2
,

iii) N(u) = N(u′) for each pair of vertices u, u′ ∈ Um3 ,

iv) N(u) = N(u′) for each pair of vertices u, u′ ∈ Um4
,

v) N(u) ∩N(u′) = ∅ for each pair of vertices u ∈ Um3 and u′ ∈ Um4 ,

vi) N(u) ∪N(u′) = Vn1
∪ Vn2

for each pair of vertices u ∈ Um3
and u′ ∈ Um4

.

Note that m3 and m4 are non-negative integers and m3 +m4 > 0. Moreover, a graph

in GKm1,n1
∪Km2,n2

(m3,m4) is not uniquely determined by the parameters only. If the

neighbours of any vertex u, u ∈ Um3
, or v, v ∈ Um4

, are known then it is uniquely

determined by the parameters. An example of a graph in GK2,3∪K2,2
(2, 2) is shown in

Figure 2.

The following two results are essential in establishing the main conclusion.

Lemma 3. For positive integers m1, m2, n1, and n2, the following holds:

i) If m = m1+m2, then the signed graph
(
Km,n, (Km1,n1 ∪Km2,n2)−

)
is switching equivalent

to
(
Km,n,K

−
m1,n1+n2

)
.

ii) If n = n1 +n2, then the signed graph
(
Km,n, (Km1,n1 ∪Km2,n2)−

)
is switching equivalent

to
(
Km,n,K

−
m1+m2,n1

)
.

Proof. Let Um1
∪ Vn1

and Um2
∪ Vn2

be the bipartitions of Km1,n1
and Km2,n2

respectively.

i) The signed graph
(
Km,n,K

−
m1,n1+n2

)
can be obtained from(

Km,n, (Km1,n1
∪Km2,n2

)
−
)

by performing a switching operation determined

by the vertex set Vn2
.
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Figure 2. A graph of type GK2,3∪K2,2
(2, 2)

ii) Similarly, the signed graph
(
Km,n,K

−
m1+m2,n1

)
can be derived from(

Km,n, (Km1,n1 ∪Km2,n2)
−
)

by applying a switching operation determined by

the vertex set Um2
.

Lemma 4. For positive integers m1, m2, m3, m4, n1, and n2, the following holds:

i) Let Γ = (Km,n,Λ
−) be a signed graph whose negative edges form the bipartite graph

Λ ∈ GKm1,n1
(m2,m3;n2) with m1 + m2 + m3 = m and n1 + n2 = n. Then, Γ is

switching equivalent to
(
Km,n,K

−
m1,k1+k2

)
, where

k1 :=
∣∣N− (Um3) ∩ Vn1

∣∣ , k2 :=
∣∣N− (Um2) ∩ Vn2

∣∣ ,
and N− (Ua) is the set of vertices connected to elements in Ua with a negative edge.

ii) Let Γ = (Km,n,Λ
−) be a signed graph whose negative edges form the bipartite graph

Λ ∈ (Km,n,GKm1,n1∪Km2,n2
(m3,m4)−) with m1 + m2 + m3 + m4 = m and n1 +

n2 = n. Then, Γ is switching equivalent to
(
Km,n, (Km1,k1+k2 ∪Km2,k3+k4)−

)
, where

k1 :=
∣∣N− (Um4) ∩ Vn1

∣∣ , k2 :=
∣∣N− (Um3) ∩ Vn2

∣∣ , k3 :=
∣∣N− (Um3) ∩ Vn1

∣∣ , k4 :=
∣∣N− (Um4) ∩ Vn2

∣∣ ,
and N− (Ua) is the set of vertices connected to elements in Ua with a negative edge.

Proof. i) Let Γ = (Km,n,Λ
−), Λ ∈ GKm1,n1

(m2,m3;n2), be a signed graph with

the bipartition U ∪ V , where U = Um1
∪ Um2

∪ Um3
and V = Vn1

∪ Vn2
. Let

k1 := |N− (Um3
) ∩ Vn1

| and k2 := |N− (Um2
) ∩ Vn2

| , where N− (Ua) is the set

of vertices connected to elements in Ua with a negative edge. The signed graph(
Km,n,K

−
m1,k1+k2

)
can be obtained from (Km,n,Λ

−) by performing a switching op-

eration determined by the vertex set Um3
∪N− (Um2

).

ii) Let Γ = (Km,n,Λ
−), Λ ∈ GKm1,n1∪Km2,n2

(m3,m4), be a signed graph with

the bipartition U ∪ V , where U = Um1 ∪ Um2 ∪ Um3 ∪ Um4 and V = Vn1 ∪ Vn2 .
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Let k1 := |N− (Um4
) ∩ Vn1

| , k2 := |N− (Um3
) ∩ Vn2

| , k3 := |N− (Um3
) ∩ Vn1

| , and

k4 := |N− (Um4) ∩ Vn2 |. The signed graph (Km,n, (Km1,k1+k2 ∪Km2,k3+k4)−) can be

obtained from (Km,n,Λ
−) by performing a switching operation determined by the

vertex set Um4 ∪N− (Um3).

The following constitutes the main result of the paper, establishing upper bounds for

the multiplicities of the Laplacian eigenvalues m and n in an unbalanced complete

bipartite signed graph Km,n
σ. Additionally, it characterises all the signed graphs for

which m and n are Laplacian eigenvalues with maximum multiplicities.

Theorem 1. Let Km,n
σ, m < n, be an unbalanced complete bipartite signed graph on

m + n vertices. Then

i) MKm,nσ (m) ≤ n− 2. The equality holds if and only if Km,n
σ is switching equivalent to

(Km,n,K
−
m1,n1

), where m1 + n1 < m + n.

ii) MKm,nσ (n) ≤ m− 2. The equality holds if and only if Km,n
σ is switching equivalent to

(Km,n,K
−
m1,n1

) where m1 + n1 < m + n.

Proof. i) Let Km,n
σ be an unbalanced complete bipartite signed graph on m + n

vertices. Let Bp×q be the Laplacian block incidence matrix of the induced signed sub-

graph Km,n
σ
(Up∪Vq), which includes all the negative edges of Km,n

σ with the minimum

number of vertices. We show that MKm,nσ (m) ≤ n− 2 by analysing two cases:

Case 1. If p ≤ q, then by Lemma 1 (i), the Laplacian characteristic polynomial of

Km,n
σ is given by

ϕKm,nσ (x) = (x−m)n−p−1(x−n)m−p−1ϕ

((
Bp×qB

>
q×p + (n− q)Jp×p C

C> n(m− p)

)
; (x−m)(x− n)

)
,

(3.1)

where C =
√
m− p(D±(Up) + (n− q)Jp×1) and D±(Up) represents the column

vector of net vertex degrees for vertices in Up. We know that x−m is a factor

of the polynomial ϕ(M ; (x − m)(x − n)) if and only if 0 is an eigenvalue of

the matrix M . Therefore, by the Rank-Nullity Theorem and Equation (3.1),

MKm,nσ (m) ≤ n− 2 if and only if

rank(Q) ≥ 2, (3.2)

where

Q =

(
Bp×qB

>
q×p + (n− q)Jp×p C

C> n(m− p)

)
.

Now, the following two subcases arise:

Subcase 1.1. Let p 6= m. If D±(Up) = −nJp×1, then it is evident that

Km,n
σ
(Up∪Vq) = (Kp,q,−) and q = n. Clearly, the signed graph Km,n

σ is switch-

ing equivalent to a signed graph with all positive signature, which contradicts
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the fact that Km,n
σ is an unbalanced signed graph. Hence, there must exist

at least one vertex of Up in Km,n
σ
(Up∪Vq) where at least one positive and one

negative edge are incident. Without loss of generality, assume that vertex to be

up. The submatrix obtained by deleting the first p− 1 rows and columns of Q,

resulting in

R =

(
n

√
m− p(rp + (n− q))√

m− p(rp + (n− q)) n(m− p)

)
,

where rp is the net vertex degree of the vertex up in Up. Given that at least

one negative and one positive edge are incident on the vertex up ∈ Up in

Km,n
σ
(Up∪Vq), it follows that rp < q. Thus, the determinant (m− p)(n2 − (rp +

n− q)2) of the matrix R is nonzero. Consequently,

rank(Q) ≥ rank(R) = 2.

This establishes that the rank of Q is at least 2, thereby proving the result for

this subcase.

Subcase 1.2. If p = m, then it is sufficient to show the rank of the ma-

trix Bp×qB
>
q×p + (n − q)Jp×p is at least 2. Suppose to the contrary that

rank(Bp×qB
>
q×p + (n − q)Jp×p) = 1. If q = n, then it is clear that

rank(Bp×qB
>
q×p + (n − q)Jp×p) = rank(Bp×qB

>
q×p) = rank(Bp×q). As the en-

tries of the matrix Bp×q are either +1 or −1 and Km,n
σ is an unbalanced signed

graph. Therefore, rank(Bp×q) = 1 if and only if the matrix Bp×q is permuta-

tionally similar to one of the matrices, Jp×q or(
Jm1×n1 −Jm1×n2

−Jm2×n1
Jm2×n2

)
,

where m1 + m2 = p and n1 + n2 = q. The signed graphs corresponding to

these matrices are Km,n
σ
(Up∪Vq) ∼ (Kp,q,−) or Km,n

σ
(Up∪Vq) ∼ (Kp,q, (Km1,n1

∪
Km2,n2

)−). In these cases, the signed graph Km,n
σ is switching equiva-

lent to a balanced signed graph. Which is a contradiction. If q 6= n and

Km,n
σ
(Up∪Vq) is not switching equivalent to (Kp,q,−), then one can easily see that

rank(Bp×qB
>
q×p+(n−q)Jp×p) = rank(Bp×qB

>
q×p)+1 = rank(Bp×q)+1. As the

entries of the matrix Bp×q are either +1 or −1, therefore, rank(Bp×q) + 1 = 1,

leads to a contradiction. Hence, the result is proved in this subcase.

Case 2. If q ≤ p, then the Laplacian characteristic polynomial of Km,n
σ is given by

ϕKm,nσ (x) = (x−m)n−q−1(x−n)m−q−1ϕ

((
B>q×pBp×q + (m− p)Jq×q E

E> m(n− q)

)
; (x−m)(x− n)

)
,

(3.3)

where E =
√
n− q(D±(Vq) + (m − p)Jq×1) and D±(Vq) is the column vector
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of the net vertex degrees for vertices in Vq. Following a similar approach as in

Case 1, we arrive at the desired conclusion for this case.

This proves that MKm,nσ (m) ≤ n− 2.

For equality, consider that MKm,nσ (m) = n − 2. Now, we have the following two

cases:

Case 3. Let p 6= m or q 6= n. Assume, without loss of generality, that p 6= m

and p ≤ q. As MKm,nσ (m) = n − 2, therefore, the Equation (3.2) turns into

equality. That is

rank

((
Bp×qB

>
q×p + (n− q)Jp×p C

C> n(m− p)

))
= 2

If n = q, then it is easy to see that

rank

((
Bp×qB

>
q×p + (n− q)Jp×p C

C> n(m− p)

))
= rank(Bp×qB

>
q×p + (n− q)Jp×p) + 1

= rank(Bp×qB
>
q×p) + 1

= rank(Bp×q) + 1.

Thus, we get rank(Bp×q) = 1. Since, the entries of the matrixBp×q are either +1

or −1, and the signed graph Km,n
σ is unbalanced, therefore, Km,n

σ is switching

equivalent to (Km,n,K
−
m1,n1

), m1 +n1 < m+n, or (Km,n, (Km1,n1
∪Km2,n2

)−),

m1 + m2 = m or n1 + n2 = n, and m1 + m2 + n1 + n2 < m + n.

By lemma 3, (Km,n, (Km1,n1
∪ Km2,n2

)−), m1 + m2 = m or n1 + n2 =

n, and m1+m2+n1+n2 < m+n, is switching equivalent to
(
Km,n,K

−
m1,n1+n2

)
or
(
Km,n,K

−
m1+m2,n1

)
. Thus, Km,n

σ is switching equivalent to (Km,n,K
−
m′

1,n
′
1
),

m′1 +n′1 < m+n, for suitable m′1 and n′1 in this case. If n 6= q, then it can again

be seen that Km,n
σ is switching equivalent to (Km,n,K

−
m′

1,n
′
1
), m′1+n′1 < m+n.

Case 4. Let p = m and q = n. By Equation (3.2) and Lemma 1, we have

rank(Bp×qB
>
q×p + (n− q)Jp×p) = 2.

Which further implies that

rank(Bp×q) = 2.

Let X = (1, 1, . . . , 1︸ ︷︷ ︸
n1

,−1,−1, . . . ,−1︸ ︷︷ ︸
n2

) be a vector in Rq and Y ,

Y ∈ Rq, be a vector with entries +1 and −1 which is lin-

early independent to X. Then, the matrix Bp×q is permutation-

ally similar to one of the matrices [X X · · · X︸ ︷︷ ︸
m1

1> 1> · · · 1>]>
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(Y = 1>), [X X · · · X︸ ︷︷ ︸
m1

−X −X · · · −X︸ ︷︷ ︸
m2

1> 1> · · · 1>]>,

[X X · · · X︸ ︷︷ ︸
m1

Y Y · · · Y︸ ︷︷ ︸
m2

−Y − Y · · · − Y︸ ︷︷ ︸
m3

]>, or

[X X · · · X︸ ︷︷ ︸
m1

−X −X · · · −X︸ ︷︷ ︸
m2

Y Y · · · Y︸ ︷︷ ︸
m3

−Y − Y · · · − Y︸ ︷︷ ︸
m4

]>,

where 1 is a column vector of appropriate size with each entry equal to

1. The signed graphs corresponding to these matrices are (Km,n,K
+
m1,n2

),

(Km,n, (Km1,n2
∪ Km2,n1

)+), (Km,n,Λ
−) (Λ ∈ GKm1,n2

(m2,m3;n1)), or

(Km,n,Λ
−) (Λ ∈ GKm1,n1

∪Km2,n2
(m3,m4)), respectively. It is easy to see

that the signed graphs (Km,n,K
+
m1,n2

) and (Km,n, (Km1,n2
∪ Km2,n1

)+) are

switching equivalent to (Km,n,K
−
m1,n1

) and (Km,n, (Km1,n1 ∪ Km2,n2)−),

respectively. Hence, considering Lemmas 3 and 4, we obtain Km,n
σ is switching

equivalent to (Km,n,K
−
m′

1,n
′
1
) for suitable m′1 and n′1 with m′1 + n′1 < m+ n.

This demonstrates that if MKm,nσ (m) = n − 2, then Km,n
σ is switching equivalent

to (Km,n,K
−
m1,n1

) with m1 + n1 < m+ n.

Conversely, if Km,n
σ is switching equivalent to (Km,n,K

−
m1,n1

) with m1+n1 < m+n.

Then, we show that m is a Laplacian eigenvalue of Km,n
σ with multiplicity n −

2. Clearly, Km,n
σ
(Up∪Vq) ∼ (Km1,n1 ,−). The Laplacian block incidence matrix of

Km,n
σ
(Up∪Vq) is given by Bp×q = Jm1×n1

. By Lemma 1 (i), the Laplacian characteristic

polynomial of Km,n
σ is given by

ϕKm,nσ (x) = (x−m)n−m1−1(x−n)m−m1−1ϕ

((
nJm1×m1

C

C> n(m−m1)

)
; (x−m)(x− n)

)
,

where C =
√
m−m1(n− 2n1)Jm1×1. Nothing that (x−m)(x− n)− γ is a factor of

ϕ(M ; (x−m)(x− n)) whenever γ is an eigenvalue of M , it is sufficient to show that

0 is an eigenvalue of the matrix(
nJm1×m1

√
m−m1(n− 2n1)Jm1×1√

m−m1(n− 2n1)J1×m1
n(m−m1)

)
with multiplicity m1 − 1. Let {X1, X2, . . . , Xp} is an orthogonal basis of Rp with

X1 = 1p. Then, we have

(
nJm1×m1

√
m−m1(n− 2n1)Jm1×1√

m−m1(n− 2n1)J1×m1 n(m−m1)

)(
Xi

0

)
= 0

(
Xi

0

)
, i = 2, . . . , p.

Therefore, 0 for i = 2, . . . ,m1, is an eigenvalue of the given matrix with multiplicity

m1 − 1 . The remaining two eigenvalues are given by the equitable quotient matrix

(by Lemma 2)

Q =

(
nm1

√
m−m1(n− 2n1)√

m−m1(n− 2n1)m1 n(m−m1)

)
.
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As m1 + n1 < m+ n, the determinant of the matrix Q is non-zero. Thereby, proving

the result.

ii) The proof is similar to i).

The proof of the following result is similar to Theorem 1.

Theorem 2. Let Km,m
σ be an unbalanced complete bipartite signed graph on 2m vertices.

Then

MKm,mσ (m) ≤ 2(m− 2).

The equality holds if and only if Km,n
σ is switching equivalent to (Km,n,K

−
m1,n1

), where
m1 + n1 < 2m.

Conclusion. In this paper, we establish an upper bound for the multiplicities of

Laplacian eigenvalues m and n in an unbalanced complete bipartite signed graph

Kσ
m,n. Furthermore, we characterize all the signed graphs for which m and n are

Laplacian eigenvalues with their respective maximum multiplicities. As demonstrated

in Lemma 1, the lower bound for the multiplicities of Laplacian eigenvalues m and n

in Kσ
m,n are at least n−min(p, q)−1 and m−min(p, q)−1, respectively. Consider the

complete bipartite signed graph Kσ
4,6 depicted in Figure 3. Here, the dashed lines show

the negative edges, and bold lines show the positive edges. The Laplacian spectrum

of ˙K4,6 is given by

{
2(1), 4(3), 6(1), 8(1), 5±

√
7 + 2

√
3
(1)
, 5±

√
7− 2

√
3
(1)
}

. Thus,

it indicates that the provided lower bounds are optimal. Consequently, the following

problem remains open.

Problem. To characterise all complete bipartite signed graphs for which m and n

are Laplacian eigenvalues with the minimum multiplicities.

Figure 3. Signed graph ˙K4,6
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