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Abstract: A signed graph G° = (G, o) consists of an underlying graph G = (V, E)
along with a signature function o : E — {—1,1}. A cycle in a signed graph is termed
positive if it contains an even number of negative edges, and negative if it contains
an odd number of negative edges. A signed graph is considered balanced if it has no
negative cycles; otherwise, it is unbalanced. Let Ky, »n be a complete bipartite graph
on m+n vertices. It is well known that for a balanced complete bipartite signed graph
Km,n?, the parameters m and n are Laplacian eigenvalues with multiplicities n—1 and
m — 1, respectively. This raises a natural question about the maximum multiplicities
of Laplacian eigenvalues m and n in an unbalanced complete bipartite signed graph
Km,»n?. In this paper, we demonstrate that the multiplicities of the Laplacian eigenval-
ues m and n in an unbalanced complete bipartite signed graph K, »?, m < n, are at
most n — 2 and m — 2, respectively. Additionally, we characterise all the signed graphs
for which m and n are Laplacian eigenvalues with these maximum multiplicities.

Keywords: signed graph, maximum multiplicity, Laplacian matrix, complete bipar-
tite signed graph, minimum multiplicity.
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1. Introduction

All the underlying graphs discussed in this paper are assumed to be simple and finite.
A signed graph G° = (G, o) consists of an underlying graph G = (V(G), E(G)) along
with a signature function o : E(G) — {—1,1}. The graph G is referred to as the
underlying graph of G?, and the function ¢ is known as the signature of G°. An
induced signed subgraph H°H = (H, o) of a signed graph G°¢ = (G, 0¢) is a signed
graph in which the underlying graph H is an induced subgraph of GG, and oy is the
restriction of og to F(H). Let G” be a signed graph with a sign function o, and
U C V(G) be a subset of vertices in G. The notation Gyy represents the signed
subgraph induced by U. The edge uv in a signed graph is called positive (negative) if
© 2024 Azarbaijan Shahid Madani University



2 Unbalanced complete bipartite signed graphs

uv gets the sign +1 (respectively, —1 ). In a signed graph, a cycle is termed positive
if it contains an even number of negative edges, and negative if it contains an odd
number of negative edges. A signed graph is considered balanced if it has no negative
cycles; otherwise, it is unbalanced. Unsigned graphs (simply graphs) can be viewed as
balanced signed graphs where all edges have a positive sign, known as the all-positive
signature.

The adjacency matriz of G? is defined as Age = (045), where 0;; = o(u;v;) if there
is an edge u;v; between the vertices u; and v;, and o;; = 0 otherwise. The Laplacian
matriz of G° is defined as Lge = Dg — Age, where D¢ is the diagonal matrix of
vertex degrees of the underlying graph of G°. For any square matrix M of order
n, the polynomial, det(xzI, — M), where I, is the identity matrix of order n, will be
denoted by ¢(M; z). In particular, the Laplacian characteristic polynomial, det(z1,, —
L), of G7 will be denoted by ¢g-(x). The Laplacian eigenvalues of G are the
eigenvalues of Lgo. If A, Ao, ..., A\ are the distinct Laplacian eigenvalues of G7
and Mo (\g) represents the multiplicity of the Laplacian eigenvalue Ak, then the
Laplacian spectrum of G is expressed as

Spec, (G7) = {)\gMGU()\l)), AMasGa)) )\]({MGG(,\k))} .

For a subset X C V(G), define G°% = (G,o0x) as the signed graph obtained from
G’ = (G,o0) by reversing the signs of the edges in the cut [X,V(G) \ X]. This
means ox(e) = —o(e) for any edge e between X and V(G) \ X, and ox(e) = o(e)
for all other edges. Two signed graphs G° and G?X are called switching equivalent,
denoted G ~ G°X. It is important to note that switching equivalent signed graphs
have similar adjacency and Laplacian matrices. Any switching determined by X
can be represented by a diagonal matrix S = diag(s, $2,...,Sn), where s; = 1 for
each i € X, and s; = —1 otherwise. Consequently, we have Age = SAgex S~1
and Lgo = SLgox S™', showing that the matrices Ags and Agex, and Lge and
Lgeox are signature similar, respectively. When studying a signed graph G? from
an adjacency and Laplacian spectral perspective, we always consider its switching
equivalent class.

In a graph G, the neighbourhood of a vertex v, denoted as N(v), comprises the
set of vertices adjacent to v. Many well-established graph concepts can be directly
applied to signed graphs. For example, a signed graph is regular if its underlying
graph is regular, and the degree of a vertex v, denoted by dgo(v) = |N(v)|, in G°
matches its degree in G. However, certain notions are unique to signed graphs. The
set of vertices adjacent to a vertex v in G via a negative (positive) edge is called
the negative (respectively, positive) neighborhood. The positive degree df., (v) of a
vertex v in G is defined as the number of positive edges incident to v. Conversely,
the negative degree d..(v) is the number of negative edges incident to v. The
net-degree of a vertex v in G is defined as the difference between its positive degree
and its negative degree, denoted as d, (v) = d. (v) — dg.,(v). A signed graph is
classified as net-regular if the net-degree is consistent across all vertices. The rank
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of an n x n symmetric matrix M, denoted as rank(M), is n — m(0), where m(0) is
the multiplicity of 0 as an eigenvalue of M. As usual, let K, represents the complete
graph on n vertices. K, , denotes a complete bipartite graph on m +n vertices with
the bipartition (U, V,), where U, = {u1,u2,...,un} and V;, = {v1,v2,...,0,}.
A signed graph G? whose negative edges (positive edges) induce a graph H will be
denoted by (G, H™) (respectively, (G, HT)).

The index of a signed graph is the largest eigenvalue of its adjacency matrix. Kafai
and Heydari [10] characterised all the signed graphs achieving the maximum index
in the class of complete signed graphs K,,, whose negative edges induce a unicyclic
graph (a graph having the same number of vertices and edges) with a cycle length of
at least 4. Koledin and Stanié [12] conjectured that if K, is a complete signed graph
with k negative edges, k < n—1, and has the maximum index, then the negative edges
induce the signed star K; . Akbari, Dalvandi, Heydari, and Maghasedi [3] proved
that the conjecture holds for complete signed graphs whose negative edges form a
tree. Very recently, Ghorbani and Majidi [9] completely confirmed the conjecture.
Dalvandi, Heydari, and Maghasedi [8] characterized complete signed graphs with
exactly m non-negative adjacency eigenvalues. Akbari, Dalvandi, Heydari, and
Maghasedi [1] studied the multiplicities of the adjacency eigenvalues —1 and 1 for
the complete signed graphs. More results on the spectral theory of complete signed
graphs can be found in [2, 5, 7, 11, 15]. The spectral theory of complete bipartite
signed graphs is much less explored, see [4, 13]. Motivated by these, in this study, we
explore the Laplacian spectral properties of complete bipartite signed graphs.

In the context of the complete bipartite signed graphs, it is well-known that [6] for
a balanced complete bipartite signed graph K,,,°, the parameters m and n are
Laplacian eigenvalues with multiplicities n — 1 and m — 1, respectively. This raises a
natural question about the unbalanced signed graphs. To explore this, we consider
the following:

Problem 1.1. For an unbalanced complete bipartite signed graph K, ,“, are m and
n still Laplacian eigenvalues? What are the maximum multiplicities of the Laplacian
eigenvalues m and n?

Problem 1.2. Which unbalanced complete bipartite signed graphs K,, ,° have m
and n as Laplacian eigenvalues with the maximum multiplicities?

The main objective of this paper is to give the answer to these questions and identify
the configurations that yield maximum multiplicities for the Laplacian eigenvalues m
and n. Complete bipartite signed graphs have a wide range of applications, partic-
ularly in data structures, as discussed in the notable paper [16] and the references
therein.

The remainder of the paper is organised as follows: In Section 2, we state some pre-
liminary results that will be used in the sequel. In Section 3, we demonstrate that
the multiplicities of the Laplacian eigenvalues m and m in an unbalanced complete
bipartite signed graph K, ,,” are at most n —2 and m — 2, respectively. Additionally,
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we characterise all the signed graphs for which m and n are Laplacian eigenvalues
with these maximum multiplicities.

2. Preliminaries

Let G be a signed graph consisting of a bipartite underlying graph with the biparti-
tion (Up,, Vi), where Uy, = {ug,ua,...,un} and V, = {v1,v9,...,v,}. By applying
suitable vertex labelling, the Laplacian matrix takes the form

LGU — (D(Um)mxm men )
M;erm D(Vn)an ’

where D(U,,)mxm represents the diagonal matrix of vertex degrees for vertices in
Unm, D(Vy)nxn represents the diagonal matrix of vertex degrees for vertices in V,,,
and My, xn = (Mmy;) is an m x n matrix defined as

S —o(u;vj) if there is an edge u;v; between vertices u; € Un, and v; € V,, of G,
” 0 otherwise.

Here, o(u;v;) denotes the sign associated with the edge between vertices u; and v;.
The matrix M,,«, is known as the Laplacian block incidence matrix of the signed
graph G°.

The subsequent result provides an easy method for determining the characteristic
polynomial of the Laplacian matrix of a complete bipartite signed graph.

Lemma 1. (Shamsher [14]) Let K., n” be a complete bipartite signed graph on m + n
vertices, and let Bpxq be the Laplacian block incidence matriz of the induced signed subgraph
Kmv"?Upqu)’ which contains the minimum number of vertices, including all the negative
edges of Km,n?. Then, we have the following:

(i) If p < gq, then the Laplacian characteristic polynomial of Kmn° 1is given by

c

e . BpxqBgxp + (n—q)J,
. — (P —P—1( . ym—p—1 pxqBgxp pXp
PKn o () = (x—m) (z—n) ¥ (( cT n(m — p)

Jsto—me—n))

(21)
where C = /m — p(D*(U,) + (n — q)Jpx1), Jrxs is a matriz of order r x s with each
entry equal to 1, and Di(Up) 1s the column vector of the net vertex degrees for vertices
in Up.

(ii) If ¢ < p, then the Laplacian characteristic polynomial of K n° is given by

ByxpBpxa + (m —p)Joxq E

i () = =) o)™ t B HERIDICEO) R
(2.2

where B = \/n — q(D*(Vy) + (m — p)Jgx1) and DE(V,) is the column vector of the
net vertex degrees for vertices in V.
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Let M be a square matrix of order n, written in block form as:

Myy Mo -+ Mys1 Mg
My Mao -+ Mys1 Moy

M = (2.3)

Msfl,l M571,2 Msfl,sfl Msfl,s
Ms,l Ms,2 e Ms,sfl Ms,s

The quotient matrix Q = (gij)sxs is a square matrix of order s, where the (4, j)-th
entry of () is the average row sum of the block M;; in M. If each block M;; of M has
a constant row sum, then () is called the equitable quotient matrix.

The following theorem describes the relationship between the eigenvalues of M and
those of Q.

Lemma 2. (Brouwer and Haemers [6]) Let M be a real symmetric matriz of order n in
the form given in (2.3), and let Q be its quotient matriz of order s (with n > s). Then the
etgenvalues of Q are included in the spectrum of M.

3. Unbalanced complete bipartite signed graphs K,,,” having
m and n as Laplacian eigenvalues with maximum multiplicities

In this section, we provide an upper bound for the multiplicities of Laplacian eigenval-
ues m and n in an unbalanced complete bipartite signed graph K7, ,, and characterise
all the signed graphs containing m and n as Laplacian eigenvalues with these max-
imum multiplicities. Before that, we construct two families of graphs that will be
utilized in the main theorem:
Let K, n, be a complete bipartite graph with the bipartition Up,, U V,,. From
this complete bipartite graph, we construct the new bipartite graphs of the class
Koy, (ma, mg;ng); with the bipartition U UV, where U = U,,, U U, U U, and
V =V, UV,,. That is by adding two vertex sets U,,, and U,,, to the vertex set
Up,,, and a vertex set V,,, to the vertex set V,,,. In the resulting graph, we have the
following properties:
i) d(u) = ny for each vertex u € Up,,,
1) N(u) = N(u') for each pair of vertices u,u’ € Upy,,
i14) N(u) = N(u') for each pair of vertices u,u’ € Uy,
iv) N(u) N N(u") = 0 for each pair of vertices u € Up,, and v’ € Uy,
v) N(u)UN W) =V,, UV,, for each pair of vertices u € Uy, and v € U,.
Note that mso, m3, and ny are non-negative integers and msy + msg > 0. Moreover,
a graph of type Uk, .. (ma, m3;ng) is not uniquely determined by the parameters
only. If the neighbours of any vertex u, u € Up,,, or v, v € Uy, are known, then it
is uniquely determined by the parameters. A graph of type Gx, ,(2,2;2) is shown in
Figure 1.

Let Ky ny U Ky .n, be a disjoint union of two complete bipartite graphs with the
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Figure 1. A graph of type Gk, ;(2,2;2)

partition UUV, where U = Uy,, UU,,, and V =V, UV,,,. From this bipartite graph,
we construct the new bipartite graphs of the class Gr,, . UK., ., (M3,M4); With the
bipartition U’ UV’ where U’ = U,,, UUy,, UUp, UU,,, and V' =V,,, UV,,,. That is,
by adding two vertex sets Up,, and U,,, to the vertex set Up,, UUp,,. In the resulting
graph, we have the following properties:

i) d(u) = ny for each vertex u € Uy, ,

i1) d(u) = ngy for each vertex u € Upy,,,

i14) N(u) = N(u') for each pair of vertices u,u’ € Uy,

iv) N(u) = N(u') for each pair of vertices u,u’ € U,y,,,

v) N(u) N N(u') = for each pair of vertices u € U, and v’ € Up,,,

vi) N(u)UN(u') =V, UV, for each pair of vertices u € Uy, and v € U,y,,.

Note that ms and my4 are non-negative integers and ms +my > 0. Moreover, a graph
in Gk, . UKy, ., (M3,Mm4) is not uniquely determined by the parameters only. If the
neighbours of any vertex u, u € Uy, or v, v € Up,,, are known then it is uniquely
determined by the parameters. An example of a graph in Gk, ,uK, ,(2,2) is shown in
Figure 2.

The following two results are essential in establishing the main conclusion.

Lemma 3. For positive integers m1, mz, ni, and na, the following holds:

i) If m = mi+ma, then the signed graph (Kmn, (Kmy ny U Kmyn,) ™) is switching equivalent
to (Km,m K_ )

my,ny1+nz

i) If n = n1+nq, then the signed graph (Km,n, (Kmymy U Km2,n2)_) s switching equivalent
to (Km,n, K

m1+M27n1)‘
Proof. Let U,,, UV,, and U,, UV,, be the bipartitions of K,,, », and Ky, n,
respectively.

i)  The signed graph (Kmﬁn, K_

m17n1+n2) can be obtained from
(Km’n, (Kmyn, U Km%ng)*) by performing a switching operation determined

by the vertex set V,,,.
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Figure 2. A graph of type Gk, ;uK, 5(2,2)

ii) Similarly, the signed graph (Kmm,Kn_lﬁmz,m) can be derived from

(Kmn,(Kmhn1 UKmZ,nQ)_) by applying a switching operation determined by
the vertex set U,. O

Lemma 4. For positive integers m1, mza, ms, ma, n1, and na, the following holds:

i) Let T = (Kmn, A7) be a signed graph whose negative edges form the bipartite graph
A e gmeq (ma,ms;n2) with mi1 + ma2 +ms = m and n1 +nz2 = n. Then, T is
switching equivalent to (Km,n, K ), where

my,k1+ko

ki = |N" (Uns) NVay|, k2= |N" (Uny) N Vay|,

and N~ (U,) is the set of vertices connected to elements in U, with a negative edge.

ii) Let T’ = (Km,n, A7) be a signed graph whose negative edges form the bipartite graph
A € (Kmns GKpmyiny UKmg,ny (M3, Mma) ™) with my + m2 + m3 + ma = m and n1 +
ny =n. Then, T is switching equivalent to (Kmn, (Kmy ky+ks U Ko ks+ks) ), where

k1= N~ (Umn) N Vay|, k2= |N" (Uny) N Vo |, ks 1= [N~ (Umz) N Vay|, ka:= [N~ (Un,) N Vo],
and N~ (U,) is the set of vertices connected to elements in U, with a negative edge.

Proof. i) Let I' = (Kyn, A7), A € Gk, . (ma,m3;na), be a signed graph with
the bipartition U UV, where U = Uy, UUp, UUy, and V = V,,, UV,,. Let
ki := [N~ (Uns) NV, | and ke = [N~ (Un,) N Va,|, where N~ (U,) is the set
of vertices connected to elements in U, with a negative edge. The signed graph
(Kmm, K;hkﬁkz) can be obtained from (K, », A~) by performing a switching op-
eration determined by the vertex set Uy, U N~ (U, ).

i) Let I' = (Kmn, A7), A € Gk, . UK., .., (M3,m4), be a signed graph with
the bipartition U UV, where U = Uy, UUp, UUpy, UUp,, and V = V,,, U V,,.
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Let k1 := N7 (Uny,) NV, |, k2 == [N~ (Upy) N Vool ks == |[N™ (Uny) N Vi, |, and
kq :=|N~ (Up,) N Va,|. The signed graph (K, n, (K, ky+ks U K kstk,) ) can be
obtained from (K, n,A”) by performing a switching operation determined by the
vertex set Uy, UNT (Upy)- O

The following constitutes the main result of the paper, establishing upper bounds for
the multiplicities of the Laplacian eigenvalues m and n in an unbalanced complete
bipartite signed graph K, ,°. Additionally, it characterises all the signed graphs for
which m and n are Laplacian eigenvalues with maximum multiplicities.

Theorem 1. Let Kun»n®, m < n, be an unbalanced complete bipartite signed graph on
m + n vertices. Then

i) Mk, ,o(m) <n—2. The equality holds if and only if Kmn is switching equivalent to
(Kmyn, Kmy ny), where my +ny < m+n.

il) Mk, ,o(n) < m —2. The equality holds if and only if K »° is switching equivalent to
(Kmn, Ky oy ) where mi +n1 < m+n.

1,M1

Proof. 1) Let K,,,° be an unbalanced complete bipartite signed graph on m + n
vertices. Let B, be the Laplacian block incidence matrix of the induced signed sub-
graph Km,ngUpqu)v which includes all the negative edges of K, ,,° with the minimum
number of vertices. We show that Mg, o (m) < n — 2 by analysing two cases:

Case 1. If p < ¢, then by Lemma 1 (¢), the Laplacian characteristic polynomial of
K, »° is given by

T n— .
Pip e (@) = (=m)" P (z—n)" P g <<Bp><quxp Z‘T( @) Jpxp n(mCL p)) i(x—m)(x — ﬂ)) ,
(3.1)

where C' = \/m — p(D*(U,) + (n — q)Jpyx1) and D*(U,) represents the column
vector of net vertex degrees for vertices in U,. We know that x — m is a factor
of the polynomial ¢(M;(x — m)(x — n)) if and only if 0 is an eigenvalue of
the matrix M. Therefore, by the Rank-Nullity Theorem and Equation (3.1),
Mk, .»(m) <n—2if and only if

rank(Q) > 2, (3.2)

where
Q= BquBt;rXp + (n— @) Jpxp c
c’t n(m—p))’

Now, the following two subcases arise:

Subcase 1.1. Let p # m. If D¥(U,) = —nJyx1, then it is evident that
Km,n((yU,,qu) = (Kp,4,—) and ¢ = n. Clearly, the signed graph K, ,,° is switch-

ing equivalent to a signed graph with all positive signature, which contradicts
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the fact that K,,,° is an unbalanced signed graph. Hence, there must exist
at least one vertex of U, in Km,n((TU,,uvq) where at least one positive and one
negative edge are incident. Without loss of generality, assume that vertex to be
up. The submatrix obtained by deleting the first p — 1 rows and columns of @,
resulting in

R:( n W—p(rw(n—q)))
=By + (n— q)) n(m — p) ’

where 7, is the net vertex degree of the vertex u, in U,. Given that at least
one negative and one positive edge are incident on the vertex u, € U, in
Km’"((TUpqu)’ it follows that r, < g. Thus, the determinant (m — p)(n? — (r, +

n — q)?) of the matrix R is nonzero. Consequently,
rank(Q) > rank(R) = 2.

This establishes that the rank of () is at least 2, thereby proving the result for
this subcase.

Subcase 1.2. If p = m, then it is sufficient to show the rank of the ma-
trix BpxqBgy, + (n — q)Jpxp is at least 2. Suppose to the contrary that
rank(BquB;—Xp + (n — q@)Jpxp) = 1. If ¢ = n, then it is clear that
rank(BquB;rxp + (n— Q) Jpxp) = rank(BquB;—Xp) = rank(Bpxg). As the en-

tries of the matrix By are either +1 or —1 and K, ,,° is an unbalanced signed
graph. Therefore, rank(B,x,) = 1 if and only if the matrix By, is permuta-
tionally similar to one of the matrices, Jpxq Or

( J’ITL1><TL1 _Jm1Xn2>

_Jm2><n1 Jm2><'n2 ’

where m1 + mo = p and n; + no = q. The signed graphs corresponding to
these matrices are Km)n‘(TUvaq) ~ (Kpg4,—) oOr Km,n((?Upqu) ~ (Kpg, (Kmyn, U
Kpym,)” ). In these cases, the signed graph K,,,° is switching equiva-
lent to a balanced signed graph. Which is a contradiction. If ¢ # n and
Km’n((TU,,qu) is not switching equivalent to (K, 4, —), then one can easily see that
rank(Byx g By, + (1 —q) Jpxp) = rank(Bpx By ) +1 = rank(B,x,) + 1. As the

qxp qXxXp
entries of the matrix By, are either +1 or —1, therefore, rank(B,x,) +1 =1,

leads to a contradiction. Hence, the result is proved in this subcase.

Case 2. If ¢ < p, then the Laplacian characteristic polynomial of K, ,° is given by

T p—
1 (@) = o)1 ot (oot =D B o=
(3-3)
where E = \/n — q(D*(V,) + (m — p)Jyx1) and D*(V,) is the column vector
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of the net vertex degrees for vertices in V;. Following a similar approach as in
Case 1, we arrive at the desired conclusion for this case.
This proves that Mg, -(m) <n—2.

For equality, consider that Mg, -(m) = n — 2. Now, we have the following two
cases:

Case 3. Let p # m or ¢ # n. Assume, without loss of generality, that p # m
and p < q. As Mg, ,o(m) = n — 2, therefore, the Equation (3.2) turns into
equality. That is

BPXQB(;FXp+(n_q)JP><P ¢ _
rank << ol n(m — p) =2

If n = g, then it is easy to see that

BpxgB., —q)J, C
rank (( pxa=axp gT(n o n(m *p))) = rank(BquB;rXp +(n— @) Jpxp) +1
= rank(ByxqByy,) + 1

=rank(Bpxq) + 1.

Thus, we get rank(Bpx4) = 1. Since, the entries of the matrix B, are either +1
or —1, and the signed graph K, ,° is unbalanced, therefore, K,, ,,7 is switching
equivalent to (K n, Ky, ny ), m1+n1 < m+n, or (K, (Kiny g UKy n,) ™),
my 4+ me = mor ng +ng = n, and my + mo +ny +ny < m+ n.
By lemma 3, (K, (Kmyng U Kmame) ™), M1+ Mg = m or ng + ng =
n, and my+mo+nq+no < m+n, is switching equivalent to (Km,n, K;n,n1+n2)
or (Km7n7K’r:L1+m2,’ﬂ1)' Thus, K, is switching equivalent to (K, n, K;@’l»n’l)’
m} +n} < m+n, for suitable m) and n] in this case. If n # ¢, then it can again

be seen that Ky, 7 is switching equivalent to (K n, K, ), mi+n} <m+n.
1

’
mi,n

Case 4. Let p = m and ¢ = n. By Equation (3.2) and Lemma 1, we have
rank(BquB;rxp + (n—q@)Jpxp) = 2.
Which further implies that

rank(Bpxg) = 2.

Let X = (1,1,...,1,-1,—-1,...,—1) be a vector in R? and Y,
—_— —
ni ng
Y € R? be a vector with entries +1 and —1 which is lin-
early independent to X. Then, the matrix B,yx, is permutation-
ally similar to one of the matrices (X X --- X 1T 17 ... 1T7]T
—

mi
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v = 17 XX --X -X-X- -X 1T 17 ... 177
mi mo
XX - - X Yy ..Y -Y -Y - —YJT, or
N——— —_—
mi m2 ms
XX - X -X - X .- - X YY ...V Y -Y ... _Y,]Tv
my mo m3 my

where 1 is a column vector of appropriate size with each entry equal to
1. The signed graphs corresponding to these matrices are (Km7n7K$17n2),
(K (Kmyne U Kinging)T), (K, A7) (A € G Koy oy (M2, m3501)), oOr
(Kmn, A7) (A € Gk,,, . UK, ., (M3,m4)), respectively. It is easy to see
that the signed graphs (K n, K., ,.,) and (Ko, (Ko, U Ky on,)T) are
switching equivalent to (Kyn, Ky, 0,) and (Kpns (Kmyng U Kinging) ),
respectively. Hence, considering Lemmas 3 and 4, we obtain K, ,,° is switching
equivalent to (K, n, K, ,) for suitable m} and n} with m} +n{ <m 4+ n.

mi,nj
This demonstrates that if Mg, o(m) =n — 2, then K,, 7 is switching equivalent
to (Kpmn, K with m1 +n1 < m +n.

ml,nl)

Conversely, if K, , is switching equivalent to (K, n, K, ,,,) With my+n; <m+n.
Then, we show that m is a Laplacian eigenvalue of K, ,,? with multiplicity n —
2. Clearly, Km’nL(TUpuvq) ~ (K, n,,—)- The Laplacian block incidence matrix of
Km,n((TUpuvq) is given by Bpxq = Jm xn, - By Lemma 1 (), the Laplacian characteristic

polynomial of K,, ,,° is given by

_ _ n—mi—1/._ _\ym—mi—1 nJml Xmy c . _ _
e ) = (amm) amromp (M €Y@ mia - m).
where C' = y/m — my(n — 2n1)Jm, x1. Nothing that (z —m)(z — n) — ~ is a factor of
©(M; (x —m)(x — n)) whenever ~ is an eigenvalue of M, it is sufficient to show that
0 is an eigenvalue of the matrix

( anleml mel(n2nl)Jm1X1>
vm—mi(n —2n1)J1xm, n(m —my)

with multiplicity m; — 1. Let {X1, Xs,...,X,} is an orthogonal basis of RP with
X1 =1,. Then, we have

Ny xmy vm=mi(n —2n1)Jm, x1 X; 0 X, -
Vm—mi(n—2n1)J1xm, n(m —my) 0) =% o) PTEHP
Therefore, 0 for i = 2,...,my, is an eigenvalue of the given matrix with multiplicity

mi1 — 1 . The remaining two eigenvalues are given by the equitable quotient matrix
(by Lemma 2)

Q= (\/mimzlgzl 2n1)my mmgl(%j”l)) .
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As my +n1 < m+n, the determinant of the matrix ) is non-zero. Thereby, proving
the result.
ii) The proof is similar to i). O

The proof of the following result is similar to Theorem 1.

Theorem 2. Let Kp,m” be an unbalanced complete bipartite signed graph on 2m vertices.
Then
MKrn,rn(T(m) S 2(m - 2)

The equality holds if and only if Ky n® is switching equivalent to (Kmn, Km, n,), where
mi +n1 < 2m.

Conclusion. In this paper, we establish an upper bound for the multiplicities of
Laplacian eigenvalues m and n in an unbalanced complete bipartite signed graph
K7, ,,. Furthermore, we characterize all the signed graphs for which m and n are
Laplacian eigenvalues with their respective maximum multiplicities. As demonstrated
in Lemma 1, the lower bound for the multiplicities of Laplacian eigenvalues m and n
in K7, , are at least n—min(p, ¢) — 1 and m —min(p, ¢) — 1, respectively. Consider the
complete bipartite signed graph K ¢ depicted in Figure 3. Here, the dashed lines show

the negative edges, and bold lines show the positive edges. The Laplacian spectrum

. (1) 1)
of K6 is given by {2(1),4(3),6(1),8(1),5i VT+2v3 57 -2V3 } Thus,

it indicates that the provided lower bounds are optimal. Consequently, the following
problem remains open.

Problem. To characterise all complete bipartite signed graphs for which m and n
are Laplacian eigenvalues with the minimum multiplicities.

Figure 3. Signed graph K
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