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Abstract: Let G be a simple finite connected graph with vertex set V(G) =
{v1,v2,...,vn} and d; be the degree of the vertex v;. The Randi¢ matrix R(G) = [r; ;]
of graph G is an n X n matrix whose (i, j)-entry r; ; is r; j = 1/+/d;d; if v; and v; are
adjacent in G and 0 otherwise. A level-wise regular tree is a tree rooted at one vertex
r or two (adjacent) vertices r and ' in which all vertices with the minimum distance
i from r or r’ have the same degree m; for 0 < i < h, where h is the height of T.
In this paper, we give a complete characterization of the eigenvalues with their multi-
plicity of the Randi¢ matrix of level-wise regular trees. We prove that the eigenvalues
of the Randi¢ matrix of a level-wise regular tree are the eigenvalues of the particular
tridiagonal matrices, which are formed using the degree sequence (mo, m1,...,mp_1)
of level-wise regular trees.

Keywords: graph spectrum, Randi¢ matrix, level-wise regular tree.
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1. Introduction
The graphs considered in this paper are finite connected graphs without loops or
multiple edges. Denote V(G) = {v1,vs,...,v,} the vertex set of graph G and d;

the degree of vertex v; for i = 1,2,...,n. In 1975, Randi¢ [14] invented a molecular
structure descriptor defined as
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where the summation runs over all pairs of adjacent vertices of the underlying (molec-
ular) graph. This graph invariant is nowadays known as Randi¢ index named after
Randié; for details refer [10, 11, 15, 17, 18]. The readers are advised to refer [12] for a
detail survey on the Randi¢ index. Inspired by the Randi¢ index, a symmetric square
matrix R = R(G) of order n is associated to the graph G known as Randié¢ matrix
of G, whose (i, j)-entry r; ; is defined as

ﬁ, if v; and v; are adjacent vertices in G,
Tij = o
0,

otherwise.

The Randi¢ matrix R(G) without this name was first studied in the book [4] by
Cvetkovié, Doob and Sachs (refer [9]). The matrix R(G) was also used to study
Randi¢ index in 2005 by Rodriguez who called it the weighted adjacency matrix in
[17] and the degree adjacency matrix in [18]. The R-characteristic polynomial of
graph G is the R-characteristic polynomial of the Randi¢ matrix R of graph G which
is R(A) = det(Al, — R), where I, is the identity matrix of size n. The Randié
matrix is a real symmetric matrix and hence the eigenvalues of R are real numbers.
Denote the eigenvalues of Randi¢ matrix R by p; > p2 > -+ > pi with multiplicity
mi(p1), m2(p2),...,mr(pr), where k < n and mq(p1) + ma(p2) + -+ + mi(pr) = n.
The R-spectrum Sr(G) of graph G is the set of all eigenvalues of the Randi¢ matrix
of graph G which is conveniently written as

B 1 02 0£3 Pk
Sr(G) = (ml(Pl) ma(p2) ma(ps) ... mk(p’“))'

The relation between the eigenvalues of Randi¢ matrix of graph G and Randi¢ index
of graph G is as follows (see [3]):

> p=2-RIG).
i=1

In [9], Gutman et al. gave the following important observations about R(G) (and
it is worth to recall here in connection with our results) while studying the Randi¢
energy of graph G:

o If G has k components, namely G1, Ga, . .., Gy then Sp(G) = Sr(G1)USR(G2)U
... USRr(G).

e Let K,, be the complement of complete graph K,, then Sg(K,) = (2)

e Let G be a graph on n > 1 vertices and let p; be the greatest eigenvalue of its
Randi¢ matrix. Then p; = 0 holds if and only if G = K,,. If G has at least one
edge, then p; =1 (the last statement is also proved in [13, Theorem 2.1]).
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Moreover, Furtula and Gutman noted in [7] that the sum of eigenvalues of Randi¢
matrix of graph G is equal to zero and the relations

Pi = Pn—i+1, i:1727"'7n

holds if and only if the graph G is bipartite.

The spectra of the Randi¢ matrix is studied by many authors for different purposes,
like Randi¢ index, Randié energy, structural information of graph etc. (see [1, 5, §8]).
In [1], Alikhani and Ghanbari gave the R-characteristic polynomial (using it one
can easily find R-spectrum) for path P,, star K; ,_1, cycle C,, complete graph
K,, complete bipartite graph K,,, and friendship graphs F,, and D} (refer [1] for
definitions of friendship graphs F,, and D}). In [22], Yin studied the multiple Randié
eigenvalues of trees. Andrade et al. studied the Randié¢ spectra of caterpillar graphs
(a tree is called a caterpillar if the removal of all its degree-one vertices results in
a path) in [2]. Rather et al. studied the Randié spectrum of zero divisor graphs of
commutative ring Z, in [16]. The adjacency spectra and Laplacian spectra of level-
wise regular trees are studied in [19] and [20], respectively. Fernandes et al. discussed
the spectra of some graphs like weighted trees in [6].

In this paper, we completely characterize all the eigenvalues (with their multiplicity)
of the Randi¢ matrix of the level-wise regular trees, a large class of trees. In fact,
we prove that the eigenvalues of the Randi¢ matrix of level-wise regular trees are
the eigenvalues of the leading principal submatrices of three symmetric tridiagonal
matrices of order equal to the height of level-wise regular trees plus one. This paper
is organised as follows: We define the necessary terms, notations and also recall some
well-known results of spectral theory in Section 2. We represent the Randi¢ matrix of
level-wise regular trees as a tridiagonal matrix of blocks, which we used to prove our
main result. The Section 3 consists of three Lemmas (which are useful to prove our
main results) and two main Theorems. We illustrated the whole procedure of main
results with the help of two examples.

2. Preliminaries

In this section, we define necessary terms and notations to prove our main results.
We also recall some standard results that are necessary for the present work.

A tree is a connected acyclic graph. A star on n vertices, denoted by K; ,_1, is a
tree consisting of n — 1 leaves and another vertex joined to all leaves by edges. A
level-wise regular tree is a tree rooted at one vertex r or two (adjacent) vertices r
and 7’ in which all vertices with the minimum distance, 7 from r or 7’ have the same
degree m; for 0 < ¢ < h, where h is the height of T. Denote the level-wise regular tree
by Tt = T} (with one root) and T? = T2 (with two root).

mo,mM1,...,;Mhp—1 mo,mMi,...,;Mhp—1

Observe that the diameter of 7'} is 2h and T2 =2h+1. The

mo,MmM1,...,Mp—1 MO, ML e, MR —1
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order of level-wise regular tree 7 =15, . . (2=1,2)is

1+mg +mo ) (szl(mk _ 1)) Cifa=1,

VT = e | (21)
24250 (Hk:O(mk - 1)) , if 2 = 2.

In this work by a tree T we mean a level-wise regular tree 7.7, . ., where

z = 1,2. Moreover, we assume mg > 2 for T' =T, .~ and mg > 3 for

T?* = T2 my...my_,- Denote C(T") = {r} and C(T?) = {r,r’}. In both cases, we

put the C(T%), where z = 1,2 at level 0 then T* has h levels. Thus the vertices in
the level h have degree m;, = 1. Define h+ 1 layers L;,0 < ¢ < h of level-wise regular
tree T% = T,'fm’ml’___’mhyil(z =1,2) as

L;={veV(T): min{d(v,u) : u e C(T*)} =i}.

Observe that |Lo| = 1,|L1| = mg for T and |Lo| = 2, |L1| = 2(mg — 1) for T2 and
for 2 <i<h,

L { mo [Ty (me — 1), if |Lo| = 1,
2Tzt (me — 1), if |Lo| = 2.

Moreover, in a level-wise regular tree 77, ., . (z=1,2), it is clear that for any

1<i<h-=1,|Liy1| = (m; — 1)|L;| and, |L;| = |L;+1| if and only if m; = 2. Observe
that for all 5 =0,1,...,h —1, L; divides L;{1.

We apply Algorithm 1 on vertices of 7% =T .. . (z=1,2) of order n to give
an ordering v1, v, ..., v, of V(T%) to write Randi¢ matrix of T%.

Algorithm 1 A vertex ordering vy, vs,...,v, of V(T#?), z =1,2.

Input: A vertex set V(T%?) of a tree T#, where z = 1, 2.
1: v1 < u for any u € Ly,

2. Set kg =0 and ki = Yt [Ln_ipa| for 1 <i < h—1.

3: for1<i<h-—1do

4: for 1 +ki_1<j<k;—1do

5: vjy1 < u for a w € Lj,_;41 such that d(v;,vj41) < d(vj,w) for any w €
Lp—it1 \{v1,v2,...,vj,u} and vy, 41 is a parent of vy, ,41.

6: end for

7. end for

8 v, < 1 if Ly = {r} and v,—1 < r,v, < 1’ such that d(vi,v,—1) = h and
d(vi,vp) =h+11if Lo ={r,r'}.
o: return V = {v1,v2,..., v}
Output: A linear order vy, vs,...,v, of V(T?), z=1,2.

The readers can view the vertex ordering of tree 7,7, .. .. (z=1,2) describe in

Algorithm 1 in Examples 1 and 2, respectively. We fix the ordering {v1,va,...,v,}
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of vertices of level-wise regular tree 77, ., ., . (z = 1,2) obtained by applying

Algorithm 1 for all our subsequent discussion.

[Ln—jt1l

For j =1,2,...,h, define C; the column matrix of order i x 1 with each entry

1=

. 1 .
is equal to Nyt That is,

1
VMh—iMp—j+1
1

C _ VMh—iMp—j+1

J .
1
Vh— ;M 11 Lh—jt1l, 4
[Lp—jl

For j = 1,2,...,h, let B; is the block diagonal matrix of order |Lj_jt1| X |Lp—j]
defined by

c; 0 0
Bj:ocj

: .0

0 - 0 C

[Lh—jt1lX[Ln—jl

Observation 1. Let 775 1ny,....m,_, (2 = 1,2) be the level-wise regular tree. Then the
following hold for all 1 < j < h.

(a) |Lo| < L1 < ... <|Lp| and for 1 < j < h, % is a positive integer,
—J

T _ [ Lp—jt1l 1
(b) Cj C; = |Lhij‘ Mp_jMp_jt1’
cfe; o0 -0
0 CTcy
(€ BjBj=| ~ 7 =CiCilip, ),
: .0
0 -0 cfc

(d) det(BY B;) = (CTcy)! "=

We illustrate the above defined terms and notations with the help of the following
example of T} ; 3 and T} 3 , for more clarity to readers.

Example 1. Let T' = T4174,3 be the level-wise regular tree of height 3 as shown in the
following Figure 1.

Note that a tree T}, 5 has 4 levels, |Lo| = 1,|L1| = 4,|Ls| = 12,|Ls| = 24 and the

L L
vertex degrees are mo = 4, m; = 4,my = 3,m3 = 1. Then we have }LzI =2, IL?E =3
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41

37 38 39 40

25 26 27 28 29 30 31 32 33 34 35 36

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Figure 1. Tree T411473 and its vertex ordering.

and :f;} = 4. Moreover, for j = 1,2, 3, the matrices C; are

1 1
3 BN 1
01: \g§‘| ,02: % and03: i
V3daxa 1 ‘1*
2V3 3x1 11 ax1
Hence,
Bl = diag[chClvClaCl701701701701701701701a01}
BQ = diag[CQ,CQ,CQ,CQ}
and

Bs = diag[Cs].

The Randi¢ matrix of the tree T} , 5 is

0 B, 0 0
Bf 0 By 0
0 B 0 B;
0 0 B o

R(T") =

Example 2. Let T2 = T427374 be the level wise regular tree of height 3 as shown in the
following Figure 2.

Note that a tree T7 3, has 4 levels, |Lo| = 2, |L1| = 6, |La| = 12, |L3| = 36 and the

L L
vertex degrees are my = 4, my = 3, mg = 4, m3 = 1. Then we have }Lz} =3, % =2
|L1|
[Lo]

and = 3. Moreover, for j = 1,2,3, the matrices C; are

1
2V/3
1

] and C3 = ﬁ
2v3dox1

1
3x1 2v3 3x1

C(1: 502:

ST ST ST
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55 56
49 50 51 52 53 54
37 38 39 40 41 42 43 44 45 46 47 48
1 2 3 4 5 6 7 8 9 1011 1213 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

Figure 2. Tree T421374 and its vertex ordering.

Hence,
Bl = diag[C17 Cl, Cl, Cl, Cl, Cl, Cl, C17 017 Cl, Cl) Cl}
By = diag[Cs, Cs, Ca, Co, Co, Cs]
Bg = diag[C’g, 03]
and let
1

0,
30

The Randi¢ matrix of the tree T42737 4 1s

0 By 0 0

B 0 By 0
R(T?) = |}

() 0 B 0 B;

0 0 BI Q

In general, the Randi¢ matrix of level-wise regular tree T* =T, .. .. (2=1,2)

of order n is given by

[0 B, 0 -+ o 0]
BT 0 B, :
T .
R = | " 7
' B, O
. B}T—l 0 By,
_0 N B{ Q_
where
0, if z=1,
Q= 0o L
™o if z=2.

We recall some well known results (refer [4] and [21]) which are useful to prove our

main results.
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Theorem 2. [Eigenvalue Interlacing Theorem](refer [4]) Suppose A € R™*" is symmet-
ric. Let B € R™*™ with m < n be a principal submatriz (obtained by deleting both i-th row

and i-th column for some value of i). Suppose A has eigenvalues \1 < ... < A, and B has
eigenvalues Ny < ... < \,,. Then

Me <A < Xegnem fork=1,2,...,m.

And if m =n — 1 then

Lemma 1. [21] Let

1 ¢ 0 -+ - 0 T
a1 p2 Q2
M= |0 ®
0
. Pj-1 gj-1
L0 -+ -+ 0 g-1 pj |

and M;(\) = det(AL; — M;). Then M;(\) satisfies the following three-term recursion formula
M;j(A) = (A = pi)Mj—1(A) = 451 Mj—2(\)
with Mo(A) =1 and M1 (A\) = A —p1.

Lemma 2. Let T? = Tj, m,,.

omn_y (2 =1,2) be the level-wise regular tree, L;’s are
defined as earlier and

XL, 0 0 0 7
0 T,y 0
p=| © 0 —Lipy_y
: . . -
(=D)L, 0
L 0 0 0 (~)",]

then
DL+ R(T?))D™" = X — R(T?).
In particular,
det(AI — R(T%)) = det(A\L + R(T7)).
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Proof.
DAL+ R(T%))D~?
Xz Mz, - =iz,

Mz, =Bi 0
~BT N, ,| -Bs
_| 0o -B
0

3.
tree

Iz, - Br-Iig, |

—Bp-1
fB,{_l /\I|L1‘
0 -BF

ALz, — Q]

IR SRS IS (RINEDY [FFRNES (N

0
—Bp

It is clear that D = D~!. Computing the multiplication block wise, we have

0

(=1)" (AL ) — ) (=1)" T

— AL - R(T?).

O

The spectrum of the Randi¢ matrix of level-wise regular

We continue to use terms and notations defined in the previous sections. We prove

the following main result in this section.

Theorem 3.

Let T? =T}

mo,mi1

.....

mn_y (2 =1,2) be the level-wise regular tree, Li’s are

defined as earlier and ¢ = {j: 5 € {1,2,...,h} and |Lh—jy1| > |Lr—j|}. Forj=1,2,... h,
let P; be the j x j principal sub matriz of the (h+ 1) x (h+ 1) symmetric tridiagonal matriz

mp_1—1

()

mpMp—1

Pri =

and for z =1,2,

Y

mp_1—1

()

mpMp—1
0

mp_o9—1

)

Mp—1Mp—2

(

0 0
mp_g—1 )
Mp—1Mp—2
(mlfl) 0
momi
() 0 yE
momy mi

0 = 0

mi |
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0 (meomt) 0 0

mp_1—1 mp_o—1
(m) o (Fmis)
Ph+1 =
() o
() 0 (=)

0 0 (est) S
Then
(a) Sr(T") = | | Sr(P)) | U Sa(Pus1) and Sr(T?) = || Sr(P;) | U Sr(Pii) U

IS JEY
SR(PF%Jrl)'

(b) The multiplicity of each eigenvalue of the matriz P; as an eigenvalue of R(T) is at least
(ILh—j+1| = |Ln—4l) for j € ¢ and 1 for j =h+1.

We first prove some important Lemmas which are useful to prove our main results.
Lemma 3.

Let Tr o, (z = 1,2) be the level-wise regular tree and B;’s are as

defined earlier. Let a1,z ..

., ay be any real numbers and

faajp, ) Br 0 0
BY axljp, || B
0 BY
P= ’
an—1ljL,) Br-1 0
Biq;fl anljL,| Bn
L0 0 By Q|
where
Ohtt, if z=1,
Q = 1
|:Oéhl+1 mo ] . ifz=2.
mo Qp 41
Let 1 = a1 and 35 = Oéj*CJTfle—lﬁhj =2,3,...,h+1. IfB; #0 forallj =1,2,...,h
and
0, if z =1,
Br+1 #
i L ifz=2
Then
B\th,\ﬂth_ﬂ . 51‘1[;21‘ }‘ILl‘/Bh+17 if z=1,
det(P) = izl alacsl  altal glia] 1 1 ‘ )
51 ﬁQ e Bh—l n (B]’H-l =+ mi()) (ﬁh+1 - mio) ) ZfZ = 2.
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Proof.

Suppose 3; # 0 forall j =1,2,...,h+1. We apply Gauss elimination proce-

dure to reduce the matrix P to an upper triangular matrix without row interchanges.
Then by Observation 1, we have the following matrix just before the last step.

(8111, Bi 0 0]
0  BoIjp, | B2’
0 0
Brn-1liL,y Bn-1 0
: 0 BrliL,| Bn
|0 0 B}f Q/_

We now consider the following two cases.
Case 1. z = 1.

In this cases, note that ' = a1 and hence applying the final step of Gauss elimi-

nation gives

[B1IL,,) By 0
0 Bl | B2 '
0 0
Br-11L,)
0
0 0

0

Bj_1 0

BrIiL, By
0 appr— C;?Ch/%h_

Taking determinant of the above matrix, we obtain

det(P) = gl g

Case 2. z = 2.
Qh41

In this case, note that Q' = mo

mo  Yh+1

|L2| gl L]

h—1Fh Bh1-

1 ] and hence applying the final step of Gauss
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elimination gives

(AL, B 0 0
0  Bolip, ., By~
0 0
Br—11iL, Bp-1 0
: 0 BrIiL By,
0 0 0 Q’—ﬁB,th_

Taking determinant of the above matrix, we obtain

1
det(P) = giFnlglin=tl - gllal glial qep (Q’ - BhB,:th) .

{c,fch 0 } L

0 cfo, Brit|
Hence, det(Q — ,B%B?;Bh) = ,B;QLH — m%% = (ﬁh+1 - m%]) <5h+1 + m%)) Substituting
this in above, we get the result.

Observe that Q' — 2-Bj By, =

1
Ah+1 50 1 1
1

ah+1 ﬁh

mo mo

[5h+1

Denote [1,h] = {1,2,3,...,h}. Define a subset ¢ of [1,h] as ¢ = {j € [1,h] :
|Lh—j+1] > |La—j;|}. Since |Li| > |Lo| = 1, the index h € ¢ and hence ¢ # 0.
Observe that if I € [1,h]\ ¢ then |Ly_;41| = |Lp—;| and in this case, Cj is of size 1 x 1
and by the definition of B;, we have

c, 0 -+ 0
Bl = 0 Cl )

: 0

0 - 0 ¢

where By is of size |Lp—;| X |Lp—;|. That is, B; =

1 IL
vV (mp—imp_141) 1Ln—il

Let T =T},

QML 5.y mp—1

Lemma 4.
as earlier. Let

(z=1,2) and for i = 0,1,...,h, L;’s are defined

Po(A) = 1,01(N) = A
and for j =2,3,...,h+1,

6 (N) = Ap;-1(N) — CJ1Cj-165-2(N).

Then
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(@) If ¢;(A) # 0 for all j = 1,2,...,h and ¢ppt1(N) # 0 if z = 1 and ¢n1(A) # imiﬂ if
z=2. Then det(\I — R(T*))

bni1(N) H ¢LL;L—J'+1I*\Ln—jI()\)7 ifz=1,
_ jew
(6n10) = 2 0n ) (Br1() + 2 o) [T o4+ 7100, ipz =2
e (3.3)
(U{AeR:@(A):O}) U{A € R: ¢nia(A) =0}, ifz=1,
i€y
(b) Sr(T") =

(U{A ER:6;(N) —0}) U € R gt (V) & Lgn(X) =0}, if 2 =2.

JjEY

Proof. (a) We apply Lemma 3 to the matrix P = A\I — R(7%*). For this matrix
aj=Afor j=1,2,3,...,h+1. Let f1,B2,...,Bn+1 be as in the Lemma 3. Suppose
that A € R is such that ¢;(A\) #0 for all j =1,2,...,h+ 1. We have

10N
fr=A= Po(A)
_ T _ T Po(A)
By = A— clclﬁ1 r-ofa R
_ Ai(N) — C1T01¢0(/\) (/\)
- o0 a7
3 _ T 7~ P1(N)
B3 = A 020252 A—C5 Cy 520V
_ Ada(N) — CzTC2¢1()\) _ ( )
- 5200 PRV
e gt e B
A1 (N) = O Chidna(N)  én(N) 20
B dn-1(N) o1 (V)
Bryr = A— C,?chﬂh —A—C,{Ch¢h é())
_ An(N) — G Chdn—1(N) _ ¢h+1( )
n(N) dn(A)

We consider the following two cases.
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Case 1. z = 1.
By (3.1), we have

det(\ —R(TY)) = pllnlglinl. . gllalglialg,

S a7 ) @) 8 ) dna (V)

¢|Lh\(/\) ¢|Lh 1\( ) |Lh,—2|( ) ¢\L1 ( ) ¢h()\)

_ ¢\1Lf| |Lp— 1|( )¢|L} 1l=|Ln- 2|( )¢\Lf —a|— ‘L}HS‘()\)"'¢|;L1|_1(/\)¢h+1()\)
_ ¢’L+1()‘)H¢‘J'Ll —j+1l=ILn- J‘(A)A

Jjey

Case 2. z = 2.
By (3.1), we have

1 1
det(NL— R(T2)) = pirlgiinail . gltal gl (ﬁh+1— —) (5h+1+—)
mo mo

_ oo ey et <¢h+1( ) _ ;) <¢h+1m +L)
so " ) ol ) ) ety N 9w mo S\ dn(h) T mo

- ¢‘1L""*'LH‘(A)as‘fh*‘*””‘(A)aﬁlf’ B VR OV
(r100 = 0 ) (om0 + im(x))
0

<¢h+1()‘) - mi/()%(/\)) <¢>h+1( + 7¢h ) H¢>‘L} i),

Jjey

(b) We consider the following two cases.

Case 1. z =1.
From (3.3), if A € R is such that ¢;(\) # 0 for all j =1,2,...,h+ 1, then det(A\I —
R(T1)) # 0. That is,

h+1

ﬂ {AER:¢;(N) #0} C (Sr(T))".
That is,
h
Sr(T") € (U A ER: 950 = 0}) U{AER: drya(N) =0}
We claim that

Sr(T") C (U {AeR:9;(N) = 0}) U{A € R: dpy1(A) = 0}.

Jjey
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If ¢» = [1,h] = {1,2,...,h} then nothing to prove. Suppose that 1 is proper subset
of [1, h] then above equation is equivalent to

M A ER:6;(0) £0} | N{AER: dpaa(N) £ 0} C (S(T)".

JjEY

Suppose that A € R is such that ¢;(A) # 0 for all j € ¢ and ¢p41(N) # 0. Since
h €, dn(N) # 0. If ¢;(N) # 0 for all j € [1,h] \ ¢ then det(A\I — R(T")) # 0 that is
AE (SR(Tl))C. If ¢;(A) = 0 for some ¢ € [1,h] \ ¢, let | be the first index in [1,h] \ ¢
such that ¢;(A) = 0. Then 8; # 0 for all j =1,2,...,l —1 and f; = 0. Now taking
j=1+21in (3.2), we obtain

b1+2(A) = Adr+1(N). (3.4)

Note that ¢;41(A) # 0; otherwise taking j =14 1 in (3.2), we have
Pr41(A) = Adi(N) = CF Cigi—1(N)

which gives ¢;—1(\) = 0 as ¢111(A) = ¢1(A) = 0 and |Lp—iq1l, [ Ln—il, ma—141, mn—1 #
0, and continuing this back substitution in this way in (3.2) gives ¢o(A) = 0, a
contradiction.

Hence, ¢;11(A\) # 0. Therefore, we have

Bz = A— Clj-;-lclJrlm
A (N) = G Crgn(M)
B Pr41(N)
Pry2(N)
d141(N)
. (by (3.4)).

Since ! € [1,h] — 4, then |Lp_;41| = |Lp—;|. That means B; = éIwh_, N
V (Mp—1mp_i41) -+

and the Gaussian elimination procedure applied to P = Al + R(T") yields to the
intermediate matrix

(1L, B1 0 0T
0 ' :
: 1
0 0 Frmmes Ul 0
mllhdw\ AI‘Lh—l‘ By
. BT

1+1 AI‘Lh—l—ll 0
' B,
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(1L, B 0
0 .
1
0 0 \/ml\%—m
= o1 7 Bl
Vi i1 -l I+14 Ly ]
- I+1

BT

0

Now, a number of |Lj_;41| rows interchanges gives the matrix

(6110, Bi 0
0

: 1
C /Mh— My —i+1 I‘Lh—l+1‘ ﬂl+lI|Lh—L‘

= . 1
: 0 0 /M — 1M — 1 I\Lh—l+1\
1+1

BT

Therefore,

-1
Mh—1Mh—1+1

det(M + R(T1)) = (

[Ln—it1] |
Ln| glLn-1] |Ln—142]
) By "By B det

0 1
0
B
ﬂl+21|Lh—l—1\ 0
. B,
0 BJ B
0 1
Bt
0
Bl+QI|Lh471\ 0
. By
0 B Bhi1l
ﬁlJFQI\thzfl\ 0
Bh
0 BI' Bt

Now, if there exists j € [1,h] \ ¢, [ +2 < j < h — 1, such that ¢;(\) = 0, we apply

the above procedure to the matrix

Bl+2I|Lh,—l—1| 0
. B,
0 Bl Biya

Finally, we obtain ,

det AN+ R(TY)) =7 - Bap1 =7+

Pr+1(N)

én(N)

(3.5)

where ~ is different from 0 and by hypothesis, ¢p11(N) # 0 and ¢ (A) # 0. Therefore,

det(M\I + R(T")) # 0.

That means A € (Sg(T"))°.
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Now, we claim that

UPreR:¢;(0) =0} | U{A € R: ¢pia () = 0} C Sp(T).
JEY

Let A€ [ | J{AeR:¢;(A) =0} | U{X €R: ¢pp1(A) =0}. Let I be the first index
JEY

in ¢ such that ¢;(A\) = 0. Then g, = % = 0. The corresponding intermediate

matrix in the Gaussian elimination procedure applied to the matrix P = A\ + R(T!)

is

'511|th By 0 e e 0
0 . .
0 0 By 0 (3.6)
. BZT ALz, |
: P . By
0 0 B,f A |

Since | € 1, |Lp—j41| > |Lp—i| and By is a matrix with more rows than columns.
Therefore, the matrix in (3.6) has at least two equal rows. Thus det(AI+R(T")) = 0.
That is, A € Sg(T'). Hence, we obtain

U eR:g;(0) =0} | € Sa(Th). (3.7)

Jjey

Now let A € {A € R: ¢p41(X) =0} . Observe that ¢p(N\) # 0; otherwise back substi-
tution in (3.2) yields to ¢o(A) = 0. If ¢,;(A) = 0 for some j € 9 then the use of (3.7)
gives A € Sp(T?"). Hence ¢;(\) # 0 for all j € ¢. If in addition ¢;(A\) # 0 for all
j € ¥\ [1,h] then (3.3) holds and thus det(AI + R(T)) = 0 because ¢p+1(A) = 0.
Thus we obtain A € Sg(T?). If ¢;(A) = 0 for some i € 9 \ [1,h] then we have the
assumptions under which (3.5) was obtained gives

det AL+ R(TY)) =~ Bry1 =7~

Since det(AI — R(T1)) = det(A\ + R(T")) by Lemma 2, we obtain A\ € Sg(T").
Case 2. z = 2.
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From (3.3), if A € R is such that ¢;(A) # 0 for all j = 1,2,...,h and ¢p41(N) £
%¢h@\) # 0 then det(\I — R(T?)) # 0. That is,

h
(ﬂ{A ER:9;(\) # 0}) A ER: (V) £ miomm 40} C (S(T?))".

That is,
h
Sr(T?) C (U{)\ ER:¢;(N) = O}) U{XAeR: ¢p1(N) = mi()(ﬁh()\) = 0}.

We claim that

jE€YP

Sr(T?) C (U{)\ ER:¢;(N) = 0}) U{AER: ¢ (V) £ mio@l(x) =0}.

Obviously, if ¢ = [1,h] = {1,2,...,h} then the claim is straight forward. Suppose
that ¢ is proper subset of [1, h] then above equation is equivalent to

(ﬂ DER: g # 0}) NAER: G (V) £ - dn(N) 70} € (SalT™)"

Jjey

Suppose that A € R is such that ¢;(\) # 0 for all j € ¢ and ¢p11(\) = m%,¢h (\) #£0.
Since h € ¥, ¢p(A) # 0. If ¢;(A) = 0 for some i € [1, h]\ 7 then let [ be the first index
in [1, ] \ ¥ such that ¢;(A\) = 0. Then 3; # 0 for all j =1,2,...,1—1 and 5 = 0.
Now proceeding as in Case-1, we obtain

ms Prta

- <5h+1 - nllo) (ﬁhﬂ + n}bo)
ot 1Y e\ 1
= (% ) (% )
(6410 = 60 (Sra1(N) + (V)
- o7 (\)

1
det(M\I + R(T?)) = ~ - det lﬁhjl mo 1

(3.8)

where 7 is different from 0 and by hypothesis, ¢p+1(A) £ m%)(/)h()\) # 0 and ¢ (\) # 0.
Therefore, det(AI + R(T?)) # 0. That is, A € Sg(T?).
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Now we claim that

UD€ R: 6,00 =0} | U{A € R nin (M) £ 7-0n() = 0) € Sa(Z?)
JEY

Let A\ € U {AeR:¢;(X) =0} |. Let I be the first index in 1) such that ¢;(\) = 0.
Jjey
Then g; = ¢f~};5)&) = 0. Again proceeding as in Case-1, we obtain

U{reR:¢;(\) =0} | € Sr(T?). (3.9)

JjeY

Now let A € {A € R: ¢py1(N) £ m%)(bh()\) = 0}. Observe that ¢p(A\) # 0; otherwise
back substitution in (3.2) yields to ¢o(A) = 0, a contradiction. If ¢;(A) = 0 for
some j € ¢ then the use of (3.9) gives A € Sg(T?). Hence, assume ¢;(A) # 0 for
all j € 9. If in addition ¢;(X) # 0 for all j € ¢ \ [1,h] then (3.3) holds and thus
det(AI — R(7?)) = 0 because ¢p11()\) & m%)@l()\) = 0. Thus we obtain A € Sg(T?).
If ¢;(A) = 0 for some i € ¢\ [1,h] then we have the assumption under which (3.8)
was obtain gives

(8010 = 80 (D1 (V) + Fon (V)

520 =0

det(M\ + R(T?)) = ~-

Since det(A\I — R(7?)) = det(AI + R(T?)) by Lemma 2, we have A € Sg(T?). The
proof is complete. O

Lemma 5. Forj=1,2,3,...,h, let P; be the j X j principal sub matriz of the (h+1) x
(h+ 1) symmetric tridiagonal matriz

my,_1—1
0 0 oo 0
mpmp 1
mp—1—1 0 mp_2—1
MpMp—1 Mp_1Mp—2

my_a—1
0
Mmp—1Mp—2

Ppyr =
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and for z =1,2,

0 (mh’l_l) 0 0

mpmp_1
mp_1—1 0 mp_g—1
MpMp 1 Mp—1Mp—2

mp_o—1 .
0
2 Mph—1Mh—2
Ph+1 = ’
. . . my—1
(bmt) 0

my—1 0 mo—1)
mamy mimo

0 0 (mn—l> (=17
\/ \mimo ™o

and ¢;(N),7=1,2,...,h+ 1 are as defined in Lemma 4. Then for j =1,2,...,h+1,

det(AI — P;) = ¢, (N).

and for z =1,2,

det(A\I — Piyy) = ¢y (N) + (;110) Pn(A).-

Proof. 1In Lemma 1, taking p; = 0 for j = 1,2,3,...,h and pp41 = 0 for Ppi4
and ppi1 = ( " for P7., (where z = 1,2), \/CTC EZESESY

(mn—jr1mn—j)[Ln—jl

and in addition, using \/(m EZESESY mh—g=l for j =1,2,...,h and
hgimh— L]\ ma_jy1mn_;

if TV = T, onrom,_, then observe that \/ChTC’h = \/(mgli/;)lllzo‘ = n‘lirlrll =

s /% = 1/m—1 in (3.2) gives the polynomials ¢;(\), j = 1,...,h which completes

the proof. O

Proof of Theorem 3. We recall that eigenvalues of any symmetric tridiagonal ma-
trix with nonzero co-diagonal entries are simple. Then (a) and (b) both are immediate
consequences of Lemma 4 and Lemma 5. O]

Theorem 4. Let T =T, m,,...m,_, (z=1,2) be the level-wise regular tree of order n
and p1(T?%) > p2(T?) > ... > pp(T?) be the eigenvalues of R(T?) (z =1,2). Then

(a) p1(T") =1 € Sr(Pus1) and p1(T?) = 1 € Sr(Pi11),

(b) The multiplicity of 0 as an eigenvalue of R(T?) is o + Z (ILh—j41| — |Lh—j|), where
iLota
a =1 if h is even and 0 otherwise.

Proof. (a) The proof follows by using interlacing property of the eigenvalues of
real symmetric matrix (Theorem 2) in Theorem 3 and observing that Sr(P,,,) =
—Sr(P }?—4—1)-

(b) Again the proof is straight forward by using the fact that R(T*)
real symmetric matrix (hence the eigenvalues are real) and 7% (z = 1

(z=1,2)is a
,2) is bipartite
graph (hence p; = pp—i41i=1,2,...,n) in Theorem 3. O
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Example 3. Let T41,473 be the tree as in Fig. 1. For T41’4’3, h=3m3=1m2=3,m; =
4,m0 = 47 |L3| = 24, |L2| = 12, |L1| = 47 |L0| =1.

c.o\w
i’
o

Hence, we have P, =

0 0

V@ o

Using Theorem 3, the eigenvalues of Randi¢ matrix of T417473 with its multiplicity are
given in the following table.

’ Matrix ‘ Eigenvalues ‘ Multiplicity

P 0 (|L3| = |L2|) =24 — 12 =12
B | (L] - i) =12 -4 =38
Py | =¥30,¥38 (L]~ |Lo)=4-1=3
P, —%,—171, 16 1

Example 4. Let T42,3,4 be the tree as in Fig. 2. For T42,3,4, h=3 ms=1,m2=4,m1 =
3,m0 =4 and |L3| = 36, |L2| = 12, |L1| = 6, |L0| = 2.

oY)

B =
Using Theorem 3, the eigenvalues of Randi¢ matrix of T} 3 ; with its multiplicity are
given in the following table.

Hence, for z = 1,2, we have P} =

’ Matrix ‘ Eigenvalues ‘ Multiplicity

P, 0 (|Ls| = |L2|) =36 — 12 = 24
P, —-¥3 3 (|La| — |L1]) =12~ 6=6
Ps —@,O,@ (L1 = [Lol) =6 —2=4
P —1,—-0.5672,0.3373,0.9799 | 1

P} —0.9799, —0.3373,0.5672,1 | 1

The star Ky ,—1 is a level-wise regular trees T,%

given in [1] as follows:

~1,1

. The Randi¢ spectra of K ,_1 is
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Theorem 5. [1] Let Kin—1 be the star on n wvertices. Then Sr(Kin-1) =
-1 0 1
1 n—21)
The above result can also be proved using our main result Theorem 3. The outline of
the proof is as follows: For a star graph K ,_; on n vertices, note that h = 1.

Hence, we have P, = [(1) (1)] .

Using Theorem 3, the Randi¢ spectra of K ,_; is given as

’ Matrix ‘ Eigenvalues ‘ Multiplicity
Py 0 (IL1| = |Lo)=(n—1)—1=n—2

P, 1,1 1

Concluding Remarks

The results presented in this paper reduce the computation of the eigenvalues of the
Randi¢ matrix of level-wise regular trees of size equal to the order (given in (2.1))
of level-wise regular trees to specific tridiagonal matrices (described in Theorem 3)
of size equal to the height of level-wise regular trees plus one. For examples, the
level-wise regular trees given in Examples 1 and 2 are of order 41 and 56, respectively
(and hence their Randi¢ matrices are of size 41 x 41 and 56 X 56, respectively), but
the eigenvalues for both trees can be calculated using matrices of size 4 x 4 (refer
Examples 3 and 4). Hence, the Randi¢ index (which is the sum of the squares of
the eigenvalues of Randi¢ matrix) and the Randi¢ energy (which is the sum of the
absolute values of the eigenvalues of Randi¢ matrix) can be easily calculated for
level-wise regular trees.
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