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Abstract: Let G be a finite group. The power graph P(G) of G is the simple
undirected graph with group elements as a vertex set and two elements are adjacent if
one of them is a power of the other. The order supergraph S(G) of the power graph
P(G) is the simple undirected graph with vertex set G in which two vertices z and y
are adjacent if o(z)|o(y) or o(y)|o(z). In this paper, we classify all the finite groups G
such that the order supergraph S(G) is the line graph of some graph. Moreover, we
characterize finite groups whose order supergraphs are the complement of line graphs.
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1. Introduction

The study of inter relationships between graphs and algebraic structures, viz: groups,
rings, vector spaces etc; is a broad research area of algebraic graph theory. Various re-
searcher studied the graphs associated with groups as they have enormous applications
in the area of mathematics and automata theory (see [11-13]). In literature, there are
various graphs associated with groups, e.g. Cayley graphs, commuting graphs, power
graphs, prime graphs etc.. The concept of the directed power graph was introduced
in [14]. The power graph P(G) of a group G is the simple undirected graph whose
vertex set is the corresponding set of G and two vertices a and b are adjacent if one
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2 Line graph characterization of the order supergraph of a finite group

is a power of the other or equivalently: either a € (b) or b € (a). In [4], the author
determined that the power graphs of two finite groups are isomorphic if they have the
same number of elements of each order. Later, Cameron et. al [5] proved that for
finite abelian groups G;1 and G2, P(G1) = P(Gs) if and only if G; = G2. A graph
I' is said to be I''-free if it contains no induced subgraph, which is isomorphic to I".
In [6], Doostabadi et. al classified all the finite groups with K s3-free, K 4-free or
Cy-free power graphs. In [18], the authors studied certain forbidden subgraphs such
as split, threshold, chordal and cograph of the power graphs of finite groups. For a
detailed list of results and open problems on power graphs, we refer the reader to [16]
and references therein.

The order supergraph S(G) of the power graph is the simple undirected graph whose
vertex set is G and two vertices z,y € G are adjacent if o(z)|o(y) or o(y)|o(x). The
power graph P(G) of a finite group G is a spanning subgraph of S(G). Hamzeh and
Ashrafi [8] studied the automorphism groups of order supergraphs of certain finite
groups. Further, in [9] they studied the relation between certain properties of the
power graph and the order supergraph. Some essential properties of S(G) including
Hamiltonianity, Eulerianness and 2-connectedness have been studied in [10]. Ma et al.
[17] studied the independence number of the order supergraph. Also, they obtained a
necessary and sufficient condition for the independence number of S(G) to be equal to
the number of distinct prime divisors of the order of G. Asboi et al. [15] showed that a
group is isomorphic to some simple groups, namely sporadic simple groups, PSL(2, p),
PGL(2,p) if and only if their corresponding order supergraphs are isomorphic.

The line graph L(T') of the graph I" is the graph whose vertex set is all the edges of T’
and two vertices of L(I") are adjacent if they are incident in I'. Bera [3] characterized
all the finite nilpotent groups whose power graphs and proper power graphs are line
graphs. In [19], the authors have been classified all the finite groups whose enhanced
power graphs are line graphs. Moreover, all finite nilpotent groups whose proper
enhanced power graphs are line graphs of some graphs are determined in [19]. In this
paper, we aim to study the line graphs of order super power graphs associated to
finite groups. The graphs §*(G) and §**(G) are the subgraphs of S(G) obtained by
deleting the identity element of G and all the dominating vertices of S(G), respectively.
We characterize all the finite group G such that A(G) € {S(G),S*(G),S**(G)} is
a line graph of some graph. Also, we classify all finite groups G such that A(G) €
{8(G),8*(G),5*(G)} is the complement of a line graph.

2. Preliminaries

A graph T consists of an ordered pair of the vertex set V(I") and the edge set E(T") C
V(T') x V(T'), in which two vertices u and v are adjacent if {u,v} € E(T'). If u is
adjacent to v, then we denote it by u ~ v. Otherwise, u » v. If {u,v} € E(T), then
the vertices v and v are called endpoints of the edge {u,v}. Two edges e; and ez are
called incident edges if they have a common endpoint. An edge e is called a loop if
both the endpoints of e are the same. A graph is called a simple graph if it does not
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contain any loop or multiple edges. We consider only simple graphs throughout the
paper.

A graph T is said to be an empty graph if the vertex set V(T') is empty. A subgraph I
of a graph T is a graph such that V(I'V) C V(T') and E(I'V) C E(T'). A spanning
subgraph T of a graph T is a subgraph of I" such that V(I'') = V(T'). Let X C V(T').
Then the subgraph IV induced by the set X is a graph such that V(I'V) = X and
u,v € X are adjacent if and only if they are adjacent in I'. If a vertex u of a graph
I' is adjacent to all other vertices of I' then w is called a dominating vertex of I'. By
Dom(T"), we mean the set of all dominating vertices of I". A graph I" is said to be
complete if each pair of distinct vertices is adjacent. The complete graph of n vertices
is denoted by K,. A graph T is called a bipartite graph if the vertex set V(I') is
partitioned into two subsets Vi and V5 such that every edge of I' has an endpoint in
V1 and one endpoint in V5. A bipartite graph is said to be a complete bipartite graph
if each vertex of one partition is adjacent to every vertex of the other partition set.
We denote by K, , a complete bipartite graph with partition sizes m and n. The
complete bipartite graph K ,, is called the star graph. The complement of a graph I'
is the graph T such that V(I') = V(T') and two vertices u and v are adjacent in T if
and only if u is not adjacent to v in I'. A path from u to v in a graph I is a sequence
of 7 4+ 1 distinct vertices starting with v and ending with v such that consecutive
vertices are adjacent. A graph I' is said to be connected if there is a path between
any pair of vertices of I'. If a graph I is equal to a path, then I is called a path graph.
By P, we mean the path graph of n vertices. Let I'y,..., T, be m graphs such that
V() NV (T,) = @, for distinct 4, j. Then I' =T'1U---UT", is a graph with vertex set
V() U---UV(T,,) and edge set E(I'1)U---UE(T,,). Let I'y and 'y be two graphs
with disjoint vertex set, the join I'y VI's of I'; and I's is the graph obtained from the
union of I'; and I'y by adding new edges from each vertex of I'; to every vertex of I's.
Two graphs I'y and T'y are isomorphic if there is a bijection f from V(I';) to V(I's)
such that if u ~ v in T’y if and only if f(u) ~ f(v) in Ts.

The following two characterization of the line graph and the complement of the line
graph are useful in the sequel.

Lemma 1. [2] A graph T is the line graph of some graph if and only if none of the nine

graphs in Figure 1 is an induced subgraph of T.

Lemma 2. [1, Theorem 3.1] A graph T is the complement of a line graph if and only if
none of the nine graphs I'; in Figure 2 is an induced subgraph of T'.
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Figure 1. Forbidden induced subgraphs of line graphs.
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Figure 2. Forbidden induced subgraphs of the complement of line graphs.

Let G be a finite group. The order of an element 2 € G is denoted by o(z). For a
positive integer n, ¢(n) denotes the Euler’s totient function of n. The dihedral group
Dy, is a regular n-gon with n-rotational symmetries and n-reflectional symmetries
mathematically represented as D, = {x,y : 2" = e,y?> = e and yzy~* = 2~ !). For
n > 2, the semidihedral group SDsg, is a group of order 8n is defined as SDg, =
{a,b: a*™ = b? = e, ba = a®~1b). For n > 2, the generalized quaternion group Q4
is a group of order 4n is defined as Q4, = {(a,b: a®*™ = e,a™ = b, ab = ba™ ).

If |G| = p™ for some prime p, then G is called a p-group. An EPPO-group is a finite
group in which the order of every element is a power of a prime. Note that every
p-group is an EPPO-group. However, the converse need not be true. For example,
the symmetric group S3 and the dihedral group Ds,, where n = p® for some odd
prime p, are EPPO-groups but not p-groups. The exponent of G is defined as the
least common multiple of the orders of all the elements of G and it is denoted by
exp(G). Throughout this paper, G is a finite group and e is the identity element of
G.

The following results are useful for later use.

Theorem 1. [7] Let G be a finite group. Then the following statements are equivalent:
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(i) G is a nilpotent group.
(i3) Every Sylow subgroup of G is normal.
(15i) G =2 Py X Py X -+ X P., where P;’s are Sylow p;-subgroups of G.

(iv) For z,y € G, = and y commute whenever o(z) and o(y) are relatively primes.

Theorem 2. [9, Theorem 2.3] Let G be a finite group. Then the order supergraph S(QG)
is complete if and only if G is a p-group.

3. Line graph characterization of S(G)

In this section, we classify all the groups G such that S(G) is a line graph (see Theorem
3). Further, we determine all the group classes such that S*(G) (see Theorem 4) and
S**(@) (see Theorem 5) are line graphs. Finally, we characterize all the groups G
such that S(G), S*(G) and §**(G) are the complement of the line graph of some
graph (see Theorem 6). The set {1,2,...,k} is denoted by [k].

Theorem 3. The order supergraph S(G) is a line graph of some graph T if and only if
G is an EPPO-group and the order of G is divisible by at most two distinct primes.

Proof.  First, assume that S(G) is a line graph. If |G| = p{'ps? - - - pp*, where k > 3,
then by Cauchy’s Theorem there exist x,y,2 € G such that o(x) = p1, o(y) = po
and o(z) = ps. Note that the subgraph of S(G) induced by the set {e,z,y,z} is
isomorphic to I'y. This implies that ¥ < 2 and so o(G) is divisible by at most two
primes. Now suppose there exists an element of order p;ps. Consider z,y, z,w € G
such that o(x) = p1, o(y) = o(z) = p1p2 and o(w) = py. Then the subgraph induced
by the set {e,x,y, z,w} is isomorphic to I's (see Figure 1); a contradiction. Thus, G
is an EPPO-group.

Conversely, suppose G is an EPPO-group and o(G) is divisible by at most two primes.
If G is a p-group, then S(G) is complete and so S(G) is line graph. Now suppose
|G| = p{*p5?. Assume that I' is an induced subgraph of S(G) such that I’ = T'; for
some %, where 2 < ¢ < 9. Note that I' has an induced subgraph isomorphic to I as
shown in Figure 3. Since x ~ w, we obtain x # e. Therefore, o(x) = p§ or o(z) = p.
Without loss of generality, let o(x) = p§. Since x ~ y it follows that o(y) =1 or p{*.
If y = e, then z # e. Since z ~ z, we get o(z) = pi*. Consequently z ~ w gives
o(w) = pj. Then either o(x)|o(w) or o(w)|o(x). Consequently, z ~ w; a contradiction.
If o(y) = p}*, then y ~ w implies that o(w) = p7? or 1. Since x is not adjacent to w,
therefore o(w) # 1. Now if o(w) = p{?, then w ~ z; a contradiction. Thus, I" can not
be an induced subgraph of S(G).

Now if I' 2 K 3 as shown in Figure 3. If o(d) = 1, then o(a) € {p¢,p5}. Without
loss of generality, assume that o(a) = p%. Since a = b, it follows that o(b) = pJ.
Observe that o(c) € {p},p5}. Consequently, either a ~ ¢ or b ~ ¢ which is not

possible. Thus, o(d) # 1 and so o(d) € {p!, pg}. Without loss of generality, assume
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that o(d) = p!. Since a ~ d and d ~ b it imply that o(a), o(b) and o(d) are divisors of
pi*. Consequently, a ~ b; a contradiction. Thus, I'; cannot be an induced subgraph
of S(G). Hence, S(G) is a line graph. O

c

K3 I

Figure 3. Forbidden induced subgraphs of line graphs.

Let G be a nilpotent group. Then note that G is an EPPO-group if and only if G is
a p-group. Thus, we have the following corollary of Theorem 3.

Corollary 1. Let G be a finite nilpotent group. Then S(G) is a line graph of some graph
T if and only if G is a p-group.

Corollary 2. Let Do, be the dihedral group of order 2n. Then S(Day) is a line graph of
some graph T if and only if n = p* for some prime p and o € N.

Proof. Let S(Da,) be a line graph and let n is not a power of a prime. Note that
D5, has a cyclic subgroup of order n and so G contains an element of order pgq,
where p, ¢ are distinct prime divisors of n. Consequently, G is not an EPPO-group;
a contradiction to Theorem 3.

Conversely, if n = p* then Dy, is an EPPO-group and therefore S(Ds,) is a line
graph of some graph I'. O

Theorem 4. The proper order supergraph S*(G) is a line graph of some graph T if and
only if either G = Z¢ or G is an EPPO-group.

Proof.  First, assume that $*(G) is a line graph. Let G contains an element z of
order d > 6, which is not a power of a prime. Since ¢(d) > 4 for every d > 6, there
are at least four elements of order d in G. Consider x1,x2,x3,y1,y2 € G such that
o(x1) = o(z2) = o(z3) = d, o(y1) = p and o(y2) = ¢, where p and ¢ are distinct prime
divisors of d. Then the subgraph of $*(G) induced by the set {x1,z2,23,y1,y2} is
isomorphic to I's; a contradiction. Thus, G cannot have an element of order d.

Now suppose that G has an element of order 6. Further we have the following two
cases.
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Case 1. G has more than one cyclic subgroup of order 6.

In this case G has at least four elements of order 6. Consider x1,x2,z3,y1,Yy2 € G
such that o(z1) = o(z2) = o(x3) = 6, o(y1) = 2 and o(y2) = 3. Then the subgraph
of §*(@G) induced by the set {z1,z2, 23,91, y2} is isomorphic to I's; a contradiction.
Therefore, this case is not possible.

Case 2. G has exactly one cyclic subgroup of order 6.

In this case, we prove that G is isomorphic to Zg. Let H = () be the unique cyclic
subgroup of order 6 in G. Then g 'Hg = H for ¢ € G and so H is a normal
subgroup of G. Now we claim that Cg(z) = (). Clearly (z) C Cg(x). Let y €
Ca(z) \ (x). Then o(y) is the power of a prime. Consider o(y) = p®, for some
prime p. If ged(6,p) = 1, then (zy) is a cyclic subgroup of order 6p® which is not
possible. If p = 2, then note that yz? = 2%y and o(2?) = 3. Consequently, G has a
cyclic subgroup of order 3.2% containing y, which is not possible. By using a similar
argument, we obtain a contradiction for p = 3. This proves our claim. Thus, (z) is a
normal subgroup of G and Cg(z) = (z). For a normal subgroup H, it is known that
%(H) is a subgroup of Aut(H). Thus, o(G) € {6,12}. Therefore, G is isomorphic to
one of the three groups: Zg, D12, Q12.

If G =2 Dio, then G has seven elements of order 2, two elements of order 3 and
two elements of order 6. Consider x1,x2,y1,y2, 21, 22 such that o(x1) = o(xz) = 2,
o(y1) = o(y2) = 3 and o(z1) = o(z2) = 6. The subgraph of S*(G) induced by the set
{x1,z2,y1, Y2, 21, 22} is isomorphic to T'g; a contradiction.

If G =2 Q12, then G has two elements of order 6, two elements of order 3, one element
of order 2 and six elements of order 4. Let z1,x2,¥y1,¥y2,21,22 € G be such that
o(x1) = o(x2) = 6, o(y1) = o(y2) = 3, 0(21) = 2 and o(z2) = 4. The subgraph of
S*(G) induced by the set {x1,z2,y1,y2, 21, 22} is isomorphic to I's, a contradiction.
It follows that G = Zg.

Conversely, if G = Zg then note that S*(G) is a line graph of the graph I" (see Figure

4(a)).

(a) (b)

Figure 4. (a) The graph I" (b) L(T) = S*(Zs)-

Now let G be an EPPO-group, where |G| = p* ---p;*. Then §*(G) is the disjoint
union of complete graphs K, Ky,,... , K,,, respectively, where n;(1 < i < k) is
the number of elements whose order is divisible by p;. Note that S*(G) = L(K7,,, U
Kip,U---U Kl,nk). This completes our proof.

O
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The order supergraph S(G) is dominatable if S(G) has a dominating vertex other
than identity. In order to prove the Theorem 5, we require the following lemma.

Lemma 3. The graph S(G) is dominatable if and only if there exists an element x in G
such that o(z) = exp(G). Moreover, x is a dominating vertez in S(G).

Proof. If G is a p-group, then S(G) is complete. Thus, the result holds trivially.
We may now suppose that G is not a p-group. Let S(G) be a dominatable graph.
Then there exists a non-identity element x of G such that x is adjacent to every other
element of G. We show that o(x) = exp(G). Assume that exp(G) = pi*p5? - - pp*.
On contrary, let o(z) # exp(G). Then there exists ¢ € [k] such that pi*|o(z). Consider
g € G such that o(g) = pj*. It follows that = ~ ¢ if and only if o(z) = pf for some
Bi < ;. But o(z) = pf implies that x is not adjacent to the element z such that
o(z) = p; for some i # j € [k]; a contradiction. Conversely, let G contains an element
x such that o(z) = exp(G). Then for any y € G, we have o(y)|o(z). Thus, y ~ x in
S(G) and so §(G) is dominatable. O

G is a dominating

Remark 1. If G is a finite group which is not a p-group, then z (# €) €
= G\ (SU{e}), where

vertex of S(G) if and only if o(z) = exp(G). Thus, V(S§™(Q))
S={yeG:oly) =exp(G)}.

Theorem 5. Let G be a finite group such that S(G) is dominatable. Then S**(G) is a
line graph of some graph T if and only if one of the following holds:

(i) G is a p-group.

(i) The order of G is divisible by two primes and the order of each element of G is square-
free.

Proof. Let S**(G) be a line graph and |G| = p"'p5? - - - pp*, where py < ps < --- <
pi are primes. If £ =1 then G is a p-group. Now we discuss the following cases.
Case 1. k=2.

Let exp(G) = pf1p§2. If 51,82 = 1, then we obtain condition (ii). We may now
suppose that 8; > 1 for some i € {1,2}. Now we discuss the following subcases:

Subcase 1.1. 8 > 1.

Consider x1,72,y1,¥2,21,22 € G such that o(z1) = p1, o(z2) = p?, o(y1) =
o(y2) = p2 and o(z1) = o(z3) = p1p2. The subgraph of $**(G) induced by the
set {x1,x2,Y1,Y2, 21, 22} is isomorphic to I's; a contradiction.

Subcase 1.2. 8 > 1.

Consider x1,%2,y1, Y2, 21,22 € G such that o(z1) = o(xa) = pa2, o(y1) = o(y2) =
pip2 and o(z1) = o(z2) = p3. The subgraph of S**(G) induced by the set
{x1,%2,Y1, Y2, 21, 22} is isomorphic to T's; a contradiction.

Case 2. k£ > 3.

Let exp(G) = p?1p§2~--pkﬁk, for some 1 < 3; < «; for ¢ € [k]. Let
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T1,%2,Y1,Y2,21,22 € G be such that o(z1) = o(x2) = p2, o(y1) = o(y2) =
ps and o(z1) = o(z2) = paps. The subgraph of S**(G) induced by the set
{x1,22,Y1, Y2, 21, 22} is isomorphic to T'g, a contradiction.

Conversely, if G is a p-group then S**(G) is the empty graph and so is a line graph.
If G satisfies condition (ii), then 7¢ = {1,p, ¢, pq}. Note that S**(G) = K5, | U K|s,),
where S is the set of elements of order p and S5 is the set of elements of order g.
Observe that K|g,| U K|s,| = L(K1,s,| U K1,g,). This completes our proof. O

Corollary 3. Let G be the generalized quaternion group Qan. Then S8**(Qun) is a line
graph of some graph T if and only if n = 2% for some k € N.

Proof. Since Q4, contains an element of order 4, therefore, by Theorem 5, $**(Q4y,)
is a line graph if and only if n = 2*. O

Corollary 4. Let G be the semidihedral group SDs,. Then 8**(SDsy) is a line graph
of some graph T if and only if n = 2% for some k > 2.

Proof. Since SDg, contains an element of order 8, therefore, by Theorem 5,
S**(SDg,) is a line graph if and only if n = 2*.
O

Theorem 6. Let G be a finite group and let A(G) € {S(G), S*(G), S (G)}. Then
A(G) is the complement of the line graph if and only if either G = Zg or G is a p-group.

Proof. Let A(G) be the complement of the line graph of some graph I'. If G is
a p-group, then the result holds. Suppose G is not a p-group. Then we have the
following cases.

Case 1. p|o(G), where p > 3 is a prime.

In this case, we have at least four elements of order p in G. Let x,y, z € G such that
o(z) = o(y) = o(z) = p. Since G is not a p-group. Consequently, it is divisible by an
another prime ¢. Consider w € G such that o(w) = ¢. The subgraph of A(G) induced
by the set {z,y, z,w} is isomorphic to 'y, which is a contradiction (see Figure 2).

Case 2. o(G) = 2%3° for some «, 3 € N.

Without loss of generality, assume that 5 > 2. Let H be the Sylow subgroup of G
such that o(H) = 37. Consider three non-identity elements z,y,z of H. Let w € G
such that o(w) = 2. Then the subgraph of A(G) induced by the set {z,y, z,w} is
isomorphic to T'y, a contradiction. Thus, o(G) = 6. If G 2 S3, then it has an induced
subgraph which is isomorphic to I';.

Conversely, if G is a p-group, then S(G) and §*(G) are complete graph, whereas
S**(G) is the empty graph (cf. Theorem 2). Thus, S(G) = L(nK3) and $*(G) =
L((n —1)Ky). If G = Zg, then S(Zg) is isomorphic to the complement of the line
graph of a graph I'” (see Figure 5). Since $*(G) and S**(G) are induced subgraphs
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| @

Ind L(T7)

Figure 5. The graph I’ and the complement of the line graph of I'”/.

of S(G). Consequently, being induced subgraphs §*(G) and S**(G) are also the
complement of the line graph of the induced subgraphs of I (cf. Figure 5). This
completes the proof. O
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