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Abstract: The cozero divisor graph I'V(R) of a commutative ring R is a simple graph
with vertex set as non-zero zero divisor elements of R such that two distinct vertices
z and y are adjacent iff x ¢ Ry and y ¢ Rz, where xR is the ideal generated by x. In
this article we find the spectra of I''(Zy,) for n € {q192, q19293, 47 g2}, where g¢;’s are
primes. As a consequence we obtain the bounds for the largest (smallest) eigenvalues,
bounds for spread, rank and inertia of F’(Zq;xlqz) along with the determinant, inverse

and square of trace of its quotient matrix. We present the extremal bounds for the
energy of I(Zy,) for n = qflqz and characterize the extremal graphs attaining them.
We close article with conclusion for furtherance.
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1. Introduction

We consider finite, simple and undirected graphs. A graph is denoted by G with
vertex set V(G) and edge set E(G). The numbers n = |V(G)| and m = |E(G)]| is
order and size of G, respectively. An edge between vertices v and v is denoted by wv.
A vertex of null degree is the isolated vertex and a vertex of degree one is a pendent
vertex.
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2 On cozero divisor graphs of ring Z,

The degree d,,(G) (or simply d;, if G is clear) of a vertex v; is the number of vertices
incident on it. The union of two graphs G; with vertex set V; edge set F; and
Gy with vertex set V5, and edge set Fs, is denoted by G; U Ga, is a graph with
vertex set V3 U V5 and edge set F1 U Ey. The join of G; and G with vertex sets
V1 and Vs, denoted by G1 V Ga, is a graph with vertex set V4 U V5 and edge set
E(Gl) @] E(Gg) @] {U,U | u e V(Gl),’l) S V(GQ)}

The adjacency matrix A(G) = (€j)nxn of G is a (0,1)-matrix, with (7, j)-th term 1,
if v;v; € E(G) and 0, otherwise.

The set of all eigenvalues of A(G) with repetitions is the spectrum of G. The eigen-
values \;(A(G)) (or A;) can be written in natural partial order as:

A=A > 2 A1 2 Ay

Th eigenvalue A; is the spectral radius of G. Furthermore, for a connected graph, Per-
ron Frobenius theory guarantees that \; is unique and components of its eigenvector
are positive. Clearly, A2 + A3 + -+ + A2 = ||A(G)||% = 2m. The summation of the

absolute value of A;’s of A(G) is the energy [10] of G, that is, E(G) = > i, [N

The invariant £(G) originate from quantum chemistry and is used for approximating

the m-electron energy of alkanes. Besides its chemical importance, mathematically it
represents trace norm of A(G). For more about the energy of G, see book [12]. The
spectral properties of graphs are very well studied, for some recent work see [15].
Section 2 gives the eigenvalues of IV(Z,,) for n € {q1¢2, ¢192¢3, ¢7 ' g2 }. In particular, we
discuss the spectral properties of I (Zq?l ) in more detail, the invariants like inertia,
spread, bounds for A; and A, are presented. In Section 3, bounds for £(I"(Z,1,,))
are given in terms of the determinant and square of the trace of its quotient matrix
and identify the candidate graphs attaining these bounds. We end up the article with
conclusion for the future work.

2. Eigenvalues of '(Z,,)

We first discuss the structure of cozero divisor graphs. The cozero divisor graph are
motivated by zero divisor graphs, which are defined as graph I'(R) associated to a
ring R, with vertex set equal as non-zero zero divisors of R such that two vertices x
and y form an edge zy iff z-y = 0. The cozero divisor graph of a commutative ring R
(with unity 1 # 0) is a simple graph with vertex set as non-zero non-unit elements of
R such that two vertices u and v (u # v) are adjacent iff v ¢ Rv and v ¢ Ru, where
uR is the ideal generated by u. The cozero divisor graph of R is denoted by I"(R).
The basic properties of cozero divisor graphs including their complement graphs,
planarity, characterization of rings with structures like forest, star or unicyclic cozero
divisor graphs, their relations with comaximal graphs of rings and zero divisor graph
were investigated by Afkhami and Khashyarmanesh [1-4]. Cozero divisor graphs of
polynomial rings were discussed in [5], spectral analysis of cozero divisor graphs were
carried in [13]. For some other progress of cozero divisor, see [6, 7, 14].
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In general it is not easy to find the structure of I''(R) completely, though for some
special cases we can have some information about the structure of IV(R) (especially
for T'(Z,)), where Z,, is the integral modulo ring. Depending on the proper divisors
di,i ¢ {1,n} of n, we divide V(I''(Z,,)) into mutually disjoint vertex cells as:

A4, ={a€Z, : (a,n)=d;},

where (a,n) is the greatest common divisor of a and n. Clearly Ay, are mutually
pairwise disjoint and V(I'(Z,)) = Ule Ag,, where t is the number of proper divisor
of n. Furthermore, for a,b € Ay, we have (a) = (b). The cardinality of Ay, is

C) (dﬂ) (see [16]), for i = 1,2,...,t, where ©(-) is an Euler function. Also, if a € Ay,
and b € Ag; then a and b are adjacent in I''(Z,) if and only d; { d; and d; 1 d;, for
i,7 € {1,2,...,7(n)—2}, where 7(+) is divisor function. For ¢ € {1,2,...,7(n)—2}, the

induced subgraph of Ay, is F@(L . Note that the order of I(Z,,) is N = n—0(n)—1.
d

For more above the structural properties of I'V(Z,,), we refer to [13].

Lemma 1 ([9]). Let G be a graph with independent vertices {ui,us, ..., ur} sharing the
same set of neighbors. Then 0 is the eigenvalues of A(G) with multiplicity at least k — 1.

For n = q1q2 with ¢ < ¢1 and ¢, g2 are primes, the cozero divisor of is a complete
bipartite graph with partite sets ©(q1) and ©(gz2) and its spectrum is known as

{02l +/6(0)6(e) | (2.1)

The very first result gives the independent domination polynomial of IV(Z,,) when n
is a product of three primes.

Theorem 1. The spectrum of T'(Z,) for n = qig2qs with primes ¢1 < g2 < q3 consists
of the eigenvalue 0 with multiplicity N — 6 and the eigenvalues of the following matrix

0 O(qig3) O(q1q2) O 0 O(q)

O(q293) 0 O(q1q2) 0 ©O(g2) 0

O(q293) O(q1gs) 0  ©O(gs) 0 0 (2.2)
0 0  O(gigz) 0 ©O(q2) O(q1) '
0 O(q1q3) 0 O(gz) 0 O(q)

O(q2qs) O 0  ©Og) O(g2) 0

Proof. 'We partition the vertex set of I'V(Z,,) on the basis of the proper divisor of n
as

Agqy ={ka1lk=1,2,..., q2q3 — 1,q2 1 k, q3 1 k},
Agy ={kq2|k=1,2,...,q193 — 1, q1 1 k,q3 t k},
Ags ={kgs|k=1,2,...,q1q2 — 1,q1 1 k,q2 1 k},

Agqras = {kqra21k=1,2,...,q3 — 1},

Agiqs = {kqrigs |k =1,2,...,q2 — 1},

Agoqs = {kg2qs |k =1,2,...,q1 — 1}.



4 On cozero divisor graphs of ring Z,

As each induced subgraph of A4, is F@ and their cardinalities are |Ag,| =

n

dj

O(a205) = (a2~ 1)as — 1), [ Agal = (a1 = D@ — 1), [ Agal = (a1 = D@ — 1), [ gy =
g3 —1,|Aq 45| = ¢2—1 and |Ag,q,| = g1 — 1. Also ¢1 does not divide g2, g2 and g2gs3, so
each vertex of A,, is adjacent to all vertices of Ag,, Ag, and Ag,q,. Similarly g» does
not divides q1, ¢3 and g1¢3 and it implies that each vertex of A,, is adjacent to every
vertex of Ag,,Aq, and Ay, q,. The divisor g3 divides q1¢3 and gag3, so every vertex
of Ay, is adjacent to every vertex of A, ,Aq, and Ag4,. Likewise there are edges
between each vertex of Ag ¢, with each vertex of Ag g,,Ag,q; and Ay,, and edges
between each vertex of Ag,q, with each vertex of Ag4 4,. This gives the structure of
I(Z,) completely. As there vertices of Ay, are independent set and each vertex of
such an independent set have the common neighbourhood, so Lemma 1 gives that 0
is the eigenvalue of I''(Z,,) with multiplicity N — 6.

Let X = (z1,...,xn) be the eigenvector of A(I'(Z,)) with z; = X(v;), for
i=1,2,3,...,n. Then with the structure of I''(Z,) and its common neighbourhood
sharing properties, we see that (see, [8]) each component of X that corresponds to all
vertices of A4, is equal to x;, for ¢ = 1,2,...,6. Therefore, from the eigenequation
A(G)X = A\X, we have

Ay =0- 21+ 0(q193)72 + O(q1g2)x3 + 0 - 24 + 0 - 25 + O(q1) 76,
ATy = O(q2q3)z1 + 0 - 22 + O(q1g2)z3 + 0 - T4 + O(g2)25 + 0 - 76,
Ar3 = O(q2q3)r1 + O(q193)r2 + 0 - 23+ O(g3) - 74 + 0 - x5 + 0 - 26,
Ary=0-21+0- 22+ 0O(q1g2)x3 + 024 + O(g2) - 5 + O(q1) s,
Azs = 0-21 4+ O(q1g3)r2 +0- 23 +0- 24 + O(q2) - 25 + O(q1) s,
Arg = O(q2q3)z1 +0- 22 +0- 23 + O(g3)74 + O(g2)z5 + 0 - 6,

The coefficient matrix of the right side of the above system of equations is

0 O(ng3) ©(qug2) 0 0 O(q)
@(QQQS) 0 @(Q1Q2) 0 @(QQ) 0
O(q2q3) O(q193) 0 O(g3) 0 0

0 0 O(qig2) 0  ©O(q2) O(q1)

0  O(ng) 0  ©O(g) 0 O(q)
O(q2q3) 0 0  O(g) O(g2) 0

O

Proposition 1. The nullity of T (Z.) for n = q1g2qs with primes q1 < g2 < q3 is N — 4.
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Proof. By above theorem the multiplicity of T(Z,,) is at least n — 6. Also it is easy
to verify that

O(q1) o)  O(qm)
(9(q2q3)’0’ O(q1g2)’ @(qg)’0’1>

and
(0 O(g2)  O(q2) O(g) 1 0)
"O(q1g3)” O(q1q2)” O(gz)
are the eigenvectors corresponding to th eigenvalue 0 and the result follows. O

The next consequence gives the number of (positive, negative and zero) eigenvalues
of adjacency matrix, known as inertia of A(I(Z,,)).

Corollary 1. The inertia of T'(Z,) for n = qigeqs with primes 1 < g2 < q3 18
(2,2, N —4).

We will explain Theorem 1 with the help of the following example.

Example 1. For n = 2-3-7 = 41, the spectrum of I'(Z,,) consist of the eigenvalue 0
with multiplicity 23 and the eigenvalues of Q given below

062001
1202200
1260060
=1l 060061
002201
1200260

For n = 42, the order of I''(Z,,) is N =n — ©(n) — 1 =29 and Ay,’s are

Ay = {2,4,8,10, 16, 20, 22, 26, 32, 34, 38,40},
Ay = {3,9,15,27,33,39}, Ay = {7,14},

Ag.s = {6,12,18,24, 30, 36},

Agr = {14,28}, Ay = {21}

By Theorem 1, 0 is the eigenvalues of IV (Z195) with multiplicity 15 and the eigenvalues
of () are
{12.9874,—-10.0154, —6.71108, 3.7391, 0, 0}.

Thus the spectrum of I(Z1¢5) is completely determined and inertia is (2,2, 17).
Next subsequent result gives the spectrum of I'V(Z,,) for n = ¢7'* g2 and n = g1¢5* can
be similarly discussed.

For this, we have the following result.
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Theorem 2. Let n = qi'q2 (or n = q1q3?, na is a positive integer) where q1,q2 and
primes and n1 is a positive integer. Then IV(Zy) is a bipartite graph.

Proof. For n = q7"q2 with ¢1 < ¢, the proper divisors of n are
qivl = 1,2,...,711,(]2

and
Q{Q%‘j: 1323"'3711 - L

We consider the following sets based on these divisors

Ay ={a€Zy : (a,n) = qi} and Ay, ={b€Zyn : (bn) = ¢ ),

q2’
i=1,2,...,n1. The cardinality of 4; is ©(p'~1q) and that of B; is ©(p™ ~**1), fori =
1,2,...,n1. Also A;’s induce a totally disconnected graph of order > ;% O(p™~'q) =
p™ (g —1), since Y_!_, O(p') = p" — 1, for prime p. B;’s induce a totally disconnected
graph of order Zle . p* = p™ — 1. This implies that no vertex of any A; is adjacent
to any vertex of A;, for each i < j, since p/ = cp', where c is some scaler. Similarly,
no vertex of B; is adjacent to any vertex of B, for each ¢ and j. Therefore the vertex
of set of I(Z,,) can be partitioned in to subsets | J; A; and (J; B; and there are edges
only between them. Thus, we obtain that I'V(Z,,) is a bipartite graph. Similar analysis
if true for n = ¢1¢5?, where ng is a positive integer. O

where ¢ = 1,2,...,ny. Labelling these sets by A; = Aqnl_qz+1 and B; = Aqi'—l for
1

The above result along with (2.1) implies that I'(Z,,) has 3 distinct eigenvalues iff
n = q1q2, a parallel of well know fact that a bipartite graph has three distinct £;’s iff
it is complete bipartite.

The following result gives the spectrum of I'(Z,,) for n = ¢} ¢2.

Theorem 3. Ifn = q'qq, then the spectrum of T'(Zy) consist of the eigenvalue 0 with
multiplicity (g2 — 1)g!* " + ¢ — 1 — 201 and the eigenvalues of (2.3).

Proof. From Theorem 2, there are adjacency relation only between A;’s and B;’s

for some 4 and j. The divisor ¢7"* is not multiple of any q{”*iqz, fori=1,2,...,n;1.

So, the vertices of A; are adjacent to all the vertices of B;, ¢ = 1,2,...,ny. For

n1—1 nl—i

i=1,2,...,n1 — 2, the divisor ¢ is adjacent to g;"' ‘g2 except q{“_lqg, it implies
that the vertices of Ay are adjacent to all B; except ¢ = ny. Similarly, the set A,,
containing some multiplies of ¢; is adjacent only to set Bi, the set A,,_1 is adjacent
to sets By and By and so on. Thus, in general the adjacency among A;’s and B;’s
can be represented by the relation: each vertex of A; is adjacent to every vertex of
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U;” 1 =1 By, for i = 1,2,...,n,. Thus, the relations of adjacency between A;’s and

Bj’s in IV (Z ) are completely known and its order is
N=n—-0n)—1=¢" +¢" ‘g —¢g ' -1

By Lemma 1, 0 is the eigenvalue of I'(Z,,) with repetition

ni—1 ni
> O(gha2) —nai+ Y 0(gh) =1 = (g2 — g + g — 1= 2ny,
=0 i=1

since © is multiplicative and 25:1 O(p') = p' — 1, where p is prime. Labelling the
vertices from A;’s to B;’s. Let X = (x1,...,zn) be the eigenvector of A(I"(Zy,)).
Then with the structure of I'(Z,) and keep in view the common neighbourhood
sharing vertices of A;’s, each component of X (see, [8]) that relates to each vertex of

A; is equal to z;, for i = 1,2,...,n; and every vertex of A; is equal to z;, that is,
X =(T1, -y @1, T2 ooy T2y oy Tyy ey Ty s Ty by e - o s Trg 1
6(q2) O(g192) CICHES) O(qr1)
Lny+25 -5 Tng+25 -5 L2ng s - - - ax2n1)~
CICHE O(q1)

Thus by A(G)X = XX, we have

Ary = 9((]? Jx1 +O(g" 1)5U2 + @(Q?1_2)$3 +eee @(Q??)fnl—z
O(¢3)2n, 1 + O(q1)n,

Az = 9(611“):01 +O(g1  Nra + O(q1 Hxs + - + O(47) T, -2
O(q7)x

)\373 O(g1")z1 + O(g* s + O(q1" )z + - + O(¢7)Tn, -2

Tny—1

+O(¢" P q2)n, 2 + 041" "*q2)Tn, -1 + O(gn, ~1¢2)Tn,
AZp, 12 = O(g2)Tn,+1 + O(q1¢2)Tn, 42 + O(q1¢2) T, 43 + - -
+0(¢7" P q2) T, —2 + O(q1" 2q2)Tny 1
AZp, 13 = O(q2)Tn, +1 + O(q142)Tn, 42 + O(q1¢2) T, 43 + - - -
+0(q1" *q2)mn, -2

AZopn,—2 = O(¢2)Tn,+1 + O(q192)Tn, 42 + @(folz)wnﬁg
Aon,—1 = O(q2)Tn,+1 + O(q1¢2)Tn 42, ATan, = O(q2)Tn,+1-
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The coefficient matrix of the above system of equations is given by

M — <0n1><n1 An1Xn1> ; (23)

B’n.1><TLl On1Xn1

where
o) e e ... e e o)
CICH) @(q?fl) @(qI””) B I CICE 0
o(yt) Ot et ... e 0 0
A= : : : ) : :
o) Ol e ... 0 0 o
o(gyl)y  eth 0o ... 0 0 0
CICHED) 0 0o ... 0 0 0
and
O(q2) ©O(q1q2) O(diqz) .- e<q”1 3q2> e(q;”*j@) CICHE)
O(q2) ©(q1g2) ©(diq2) ... ©O(qi?! 3(12) O(q;' “q2) 0
O(q2) ©(q1g2) ©(aiq2) ... ©(a7' “ga) 0 0
B = . . . . .

G(qzj O(a102) e(qrf’sz
O(q2) ©(q192) 0
@(qz) 0 0

[N o)
(NN

O

By repeated cofactor expansion across 2n;-th row of M, then 2n; — 1 and so on, we
obtain the determinant formulae for Matrix (2.3). We make it precise in the following
result.

Proposition 2. The determinant of the matriz M given in (2.3) is

det(M ) H@ '2).

Proposition 3. The square of the trace of the matriz M given in (2.3) is

ny n1—(j—1)

tr(M2):2Z Z 0(¢1)0(q1 o).

Proof. By definition of M? = (m;), we have

mi) = 6(q) (O(a") + 6" ™) + O(g]" ) + -+ + 6(q})

+6(q}) +O(ar))



Z. Raza, et al. 9

miy = Oma) (O(a}") + O(a" ™) + O(af" ) + ...

+6() +6(d))

ma ., = 0(¢1)0(g" " g2)
My 1) (nr +1) = @(q?l)<@(Q2) +0(q142) + O(gig2) + -+ O(g]" )
+00g" 0) + O(q" ')
M 12y (mys2) = (a1 ) (@(Q2) +0(q142) + (g1 q2) + -+ + O(¢]" °2)

+ G(q?l’qu))

m%n12n1 = 9(q2)6(q1)'

Now, sum all above expression, we obtain the result. O

It is very interesting and challenging to find the inertia of a general Hermitian matrix.
In this direction, we have the following consequence of Theorems 2 and 3 for I''(Z,,)

Corollary 2. The inertia of AT (Zx)) for n = q7'q2 is (n1,n2, N — 2n1).
Corollary 3. The rank of M given in (2.3) is 2n;.
Next result gives the inverse of the matrix M given in (2.3).

Proposition 4. Let M be defined as in (2.3). Then the inverse of M is

M/ _ (0n1Xn1 A%1><n1)

/
Bnl Xny 0n1 Xmq

where
1
0 0 0 ... 0 . 0 @
0 0 o ... . 0 @(qi(m) "~ ©(q1a2)
0 0 0 ... W —m 0
A/: .

0 0 — L . 0 0 0

ot %gy)
n1—2 — n1_2 0 0 0

©(q;' "Ta2)  O(ayt Ta)
1 1 0 ... 0 0 0

-1 - -1
@(qlll a2) @(ql11 a2)
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0 0 0 ... 0 0 L

1 m
0 Z i 1 @(qﬁl hoew Tl 1())
/ et et
B = . .
I : : .
o4 WS 0 ) 0 0 0
8CaD)

Proof. Tt is easy to see that MM’ = I5,,, where I is an identity matrix and result
follows. O

Lemma 2 ([8]). For a symmetric Z € R™™ with eigenvalues A\1 > A2 > --- > A\n. Let
{1,2,...,n} = W1 UWLU---UWj be a partition such that |W;| = n; > 0, and consider block
matrix Z = (Bs,;), where B; j is an n; X nj block for i,5 = 1,2...k. Let b; ; be the sum of
rows in By and form a new matriz QQ = (%) fori,j =1,2... k. The eigenvalues of Q
and Z satisfy Ai(Z) > &(Q) > An—k—1 fori = 1,2,k where & is the i-th largest eigenvalue
of Q. Furthermore, if B;j has constant row sums b; j, then the spectrum of @ is subset of
the spectrum of Z.

We note that the matrix M given in (2.3) is same as the quotient matrix of A(TV(Z,,))
and the largest and the smallest eigenvalue of A(I(Z,)) are the eigenvalues of M.
Next, we establish the bounds for them in the following result.

Theorem 4. Let M be the matriz given in (2.3) of Theorem 3. Then

and A(A(T(Zn)) < —— Zz Zz

ni

M (A (Zn))) > Ze Zz

L
ni

where €; is the i-th row sum of the matriz A and l; is the i-th row sum of the matrix B given
n (2.3). The equality holds iff 64 == by = ... Ly, and 1 =1la = -+ = I, that is, same as
saying n is the product of two distinct primes.

Proof. Consider the partition {{1,2, conh{L2, ... ,nl}} of the index set
{1,2,...,2n1} of the matrix M given in (2.3). The the quotient matrix of M with

this partition is
- n )
r 2uimt bi 0
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where /¢; is the i-th row of the matrix A and [; is the i-th row sum of the matrix

B given in (2.3). Clearly, the eigenvalues of M are A = +.1/>7", £; >3, I;. By

Lemma 2 and its interlacing property, we have

which in turn gives us

A (AT (Zn)))

The equality holds iff the partition {{1, 2,...,n1 1, {1,2,... ,nl}} is equitable and in
this case each eigenvalue of M’ is the eigenvalue of M (Lemma 2), that is, the matrices
A and B given in Theorem 3 have constant row sum. Thus with this condition, we
must have {1 = ly = -+ =4, and l; = lp = .-+ = [,,. From ¢; = {9, we get
O(q1") +0(q1" 1) +0(ai" %) + -+ O(q}) + O(q7) + O(q1) = O(g™) + O ) +
O(g" ™) + - 4+ O(q}) + O(¢?), we obtain O(q;) = 0. Also, from fy = f3,03 =
Uyl 1 =Ly, we have O(¢?) = 0,0(¢5) =0,...,0(¢/* ") = 0 and in this case
©(gr") remains arbitrary. Similarly, from Iy = lo,lo = l3,...,ln,—1 = l,,, we obtain
O(g!" g2) = 0,0(¢" %g2) = 0,0(q1g2) = 0 and O(gy) remains non-zero. Thus,
with this information, we see that there is only one non-empty set A; and only one
non-empty set B; and there are edges from each vertex of A; to every vertex of Bj.
In this case the matrix M’ is an equitable quotient matrix and each eigenvalues of M’
is the eigenvalues of A(TY(Z,)). By Theorem 2, it follows that IV(Z,) is the complete
bipartite graph. O

The spread of the adjacency matrix of a graph G with eigenvalues A, (G) < \,,—1(G) <
-+ < A\ (G) is given as S(G) = M (G) — A\ (G).

Corollary 4. The spread of T'(Z,) is given as

with equality holding iff n is the product of two distinct primes.

We will illustrate all above results with the help of the following example.

Example 2. For n = 48 = 2* - 3, the spectrum of I'(Z,,) consists of the cigenvalues 0
with multiplicity 23 and the eigenvalues of the matrix
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For n = 48, the order of IV(Z,,) is n—O(n)—1 = 31. The independent vertex partitions
of TV(Z,) are

Ay = {2,10, 14,22, 26, 34, 38,46}, Agz = {4, 20, 28,44}, Aps = {8,401,
Ass = {16,32}, A3 = {3,9,15,21,27,33,39,45}, Ay.5 = {6,18,30,42},
Ag2y = {12,36}, Ay = {24}.

By Theorem 3, 0 is eigenvalue of I'(Z4s) with multiplicity (qg—l)q?lfl—i—q{“ —1-2n; =
223424 —1 -8 =23 and the other eigenvalues of I"(Zsg) are the eigenvalues of
matrix given below

0 0 0 0 0(2%) O(2%) 6(22) 0(2)
0 0 0 0 ©@2Y 028 0122 o
0 0 0 0 ©@2Y eE) 0 0
0 0 0 0 ©@2Y o 0 0
M= 0(3) ©(2-3) ©(22-3) ©(2%-3) 0 0 o o |* @9
0(3) ©(2-3) ©(22-3) 0 0 0 0 0
0(3) ©(2-3) 0 0 0 0 0 0
eB) 0 0 0 0 0 0 0

The determinant of above matrix is ©(2)0(22)0(23)0(24)0(3)0(2-3)0(22-3)0(23-3)
and trace of M? is 20(g2) Y1, ©(g)) +20(q12) X0, ©(a3)+20(q3a2) X5, ©(a}) +
20(q3q2)O(q1). The inertia triplet is (4,4,23). By Theorem 4, A\;(I"(Zss)) >
V4930, A\y(I'(Zsg)) < —3v/49-30 and S(A(Zss))) > 3v49-30. The inverse of
M is

0 0 0 0 0 0 0 5t
0 0 0 0 0 0 o@E — o@D
0 0 0 0 0 ﬁ —m 0
- 0 0 0 (1) 5@ —e@'D) 0 0
0 0 0 s6h 0 0 0
0 0 ﬁ —ﬁ 0 0 0 0
(1) ﬁ%’ —ﬁ 0 0 0 0
ot — o 0 0 0 0 0 0

3. Energy of cozero divisor graphs of Z,

By Theorem 3, N — 2 eigenvalues of I'(Z,),n = ¢{"q2 are zero and the non-zero
eigenvalues only come from (2.3). Thus finding the energy of IV(Z,) is same as
finding the energy of M given in (2.3). In order to present the bounds for £(IV(Z,,)),
we have the following known sequence of inequalities.
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Let S = {t1,t2,t3,...,t-},t; > 0 be the set of r numbers in R and let S5 be the
average of products of s-element subset of S, that is,

tittattg+o+t,

i

S1 =

r

1
Sy = @(tth +t1ts + - + ity + tat3 +"'+t7“*1t7">7
2

Sy =tite .. .ty

The Maclaurin symmetric mean inequality given below relates S;’s with themselves.

For positive real numbers t1,ts,t3, ..., t., we have the following chain of inequalities
1 1 1 1
SP< ST < <8) <85 <8 (3.1)
Equalities hold iff t; =to = --- = ¢,.

The following couple of results give the energy for the cozero divisor graphs of Z,, for
n = ¢1'" ¢, where ¢1 < g2 are primes and nq is a positive integer.

Theorem 5. Let I'(Z,) be the cozero graph with n = qi' q2. Then we have the following.

)

[N

; o R -
S<r/<zn))zz<z;21z?;f“‘”<—><q1>e<q{*1q2>+m<n1—1>(1‘1;21e<q;”>e<q11 1q2>)ﬂ1) :

equality holds iff n1 = 1.
(ii)

with equality iff n1 = 1.

Proof. By Theorem 2, I(Z,,) is a bipartite graph for n = ¢{'* ¢2. By definition, we
have

ET () = 2(M(M) + Aa(M) + -+ + A, (M), (3.2)

where \;(M) with 1 <4 < ny are the positive eigenvalues of the matrix M given in
(2.3).
From Proposition 3, we have

2n, ni nl*(jfl)

t?"(MQ):ZA?(M):?Z Z 0(q})0(q] ' g2),
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and thereby we get

Z/\f( :Z Z 0(¢)0(q o).

Also, by Proposition 2, we have

21’L1

HA ) = det(M ”IH@ )07 ),

that is equivalent to

ﬂAi( (H@ gt 2)> :

By Inequality 3.1, we have

ﬁ 3 Ai(r’(zn))xj(r'(zn))z(Hxi(rf(zn))> Y

2 1<i<j<n,

with equality iff A\{(IV(Z,)) = A2(T(Z,)) = - - = A, (I(Z,,)). Using above informa-

tion, we obtain

2 > Xi(Zn)A(Za)) = na(my — 1) (He ()

1<i<j<ng

Thereby with Equation (3.2), we have

ni 2 2
E( (Z)) = 2 ((ZMF’(zn))) )
i=1

1

ny 2
—2<ZA "Za))? 42 Y M(F’(ZU)A;-(F’(Z,L»)

1<i<j<ng

ny np—(G-1) nq
22 (Z D> ©(e1)O(g] a2) +ni(na — 1) (H@ 47)0(q
j=1 =1

For ny = 1, by (2.1), we have

1

—1 2)) " )

- Q2)> " >

N

(3.4)

(3.5)



Z. Raza, et al. 15

and equality holds in this case.

Suppose equality holds in (3.5), then equality holds in (3.3) and in this case
M(T(Zn)) = X(T(Zy)) = -+ = An,(T"(Zy)). By Lemma 2, (IV(Z,,)) is bipartite
and it follows that (IV(Z,)) has one positive eigenvalue, one negative eigenvalue and
by Theorem 3 other eigenvalues are zero. Thus (I(Z,)) is bipartite and has three
distinct eigenvalues. Therefore it follows that n; = 1 and n = q1q1, that is, (TV(Zy))
is the complete bipartite graphs, besides it is well known that: if a graph is bipartite,

then it has 3 distinct eigenvalues iff it is complete bipartite.
For the lower bound, from 3.1, we have

n1 2
<1Z)\i(F/(Z"))> 2% > ANT(Za)A (T (Zn)), (3.6)
L2 Rt ni(n1 —1) 1<i<j<ng
or,
2
ni(ng —1) (Z/\ ) >om1 > X(T(Zn)A (T (Zn))
1<i<j<ni

ny 2 i
. ( (zxxr/(zn») - zxxr«w) ,
=1 =1

which is thereby equal to

ni 2 ni
(Z Ai(F’(Zn))> <m Y A (Zn)?
i=1 =1

Hence, we obtain

E((T'(Zn))) < 2 (m ZM(F'(Zn)V)

=1

ol

ny n1—(G—1)
_2(n12 Z 6(q1)O(a]~ qz))

The equality case is same as in part (i). O

The following result relating arithmetic-geometric mean inequality can be seen in [11].

Lemma 3. Let¢, c,..., s be non-negative numbers. Then

with equality iff s =¢2 = -+ = ¢a.
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In the following result, we have bounds for th energy of I'(Z,,) for n = ¢;'"* ¢o.

Theorem 6. Let I'(Z,) be the zero divisor graph with n = ¢ q2. Then

|

. . _1
E(T (Zn))> (22"1 S e(eh)e(e] T az)+2n (21— 1) (M1, ©(a) )64} ? q2>)2“1)

and

[N

) 1
8<F/<Zn>>§<(4nrz)z VYT eahea] ) +2na (172, ©ay e~ q2>)2n1>

Both inequalities are equalities iff n1 = 1.

Proof. Since M has nj positive eigenvalues and ny positive eigenvalues and

noting that Y7, AZ(M) = Y71 LSSm0 90 (gl ge) and [T, A(M) =

(H 10(¢7")0(q1" ™ qg)) . By putting ¢; = [A2(M)| = \(M)?, for 1 < i < 2nyg
in Lemma 3, we obtain

n|=

_1

2nq 2n1 2ny 2ny 2n1
Zm(M <H A2 M)> <y ) - (Y Ai(M)DQ,
=1

i=1

and
2 1
2ny 2ny 1 2n7 2n1 2ny
o 30800 - (S ) <2men -1 553220 - (Thon
i=1 i=1 Li=1 i=1

The above inequalities can be further modified as

4ny zl:)\?(M) - (S(F’(Zn))>2 > 2n4 (nll 21:,\?(1\4) - <1_1[ A?(M)) m) ;
1=1 =1 =1
and

amy 3N (M) — (£ (Zn)))” < 2ma (201 — 1) (nll S a2(m) <H A2(M) ) 1) .
i=1

i=1



Z. Raza, et al. 17

Therefore, we have

E(T(Zn)) < ((4n1 - 2)21)\12(]\4) + 2n1 (1_1[ )\?(M)) "1)

i=1 i=1
ny n1—(j—1) ni ﬁ %
= ((4711 -2))° > e(d)e(d tg) +2m <H @(q?i)(@(q?iltm) ) :

j=1 i=1 i=1

and

1
1\ 2
]
E(T(Zn) ><2§ A2 (M) 4 2n1(2n1 — 1) <||)\2 ) )
1

ny n1—(—1) a7\ 2
= (22 Z 0(¢})0(q {.7 q2) +2n1(2n1 — 1) (H O(qy? 2)) ) .
j=1 =1

1

That proves both the inequalities.

Equalities hold iff equality occurs in Lemma 3, which is equivalent to A;(M) =
X(M) = = X, (M) and =M\ (M) = =Xa(M) = -+ = =\, (M). By Theorem
3, 0 is another eigenvalue of IV(Z,,), it follows that it has three distinct eigenvalues.
Which in turn implies that T(Z,,) is the complete bipartite graph and we get ny = 1
and n = ¢q1¢2. Conversely, it is easy to see that equality holds for n = ¢ ¢o along
with n; = 1. Similarly, equality holds for second part. O

4. Conclusion

This article gives the spectrum and the energy of the cozero divisor graphs. In par-
ticular a deep analysis is carried for I''(Z,,) with n = ¢]"* ¢, its spectrum is discussed,
bound for the largest and the smallest eigenvalues are obtained, bound on spread is
presented and inertia is given.

The findings highlight the bipartite nature of I(Z,,) for n = ¢} g2, which significantly
influences its spectral properties. The analysis of the quotient matrix M, derived from
the adjacency matrix of I(Z,,), proves crucial in obtaining bounds for the eigenvalues
and energy of the graph.

The determinant, inverse and rank of the quotient matrix is obtained, trace of square
of the quotient matrix is given. The bounds for the energy of A(T'(Z,)) is obtained
and the values for which bounds are sharp are characterized. However, the spectral
analysis for other values of n are yet to be discussed and the structure of I'(Z,,) for
general n seems complicated. These problems may be considered in future work.
Our results provide a comprehensive understanding of the spectral properties of
I'(Z,,) for a wide range of values of n, which is crucial in understanding the structure
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and behavior of this graph. The results also have implications for future research on
cozero divisor graphs and their applications in algebra and graph theory.

The study of cozero divisor graphs is an active area of research, and there are many
open questions and conjectures that remain to be resolved. Future work could involve
extending our results to other types of rings, such as local rings or rings with a
specific structure, or studying the properties of cozero divisor graphs in more depth.
Additionally, exploring the connections between cozero divisor graphs and other
areas of mathematics, such as algebraic geometry or combinatorial optimization,
could lead to new insights and applications.
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