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Abstract: The cozero divisor graph Γ′(R) of a commutative ring R is a simple graph

with vertex set as non-zero zero divisor elements of R such that two distinct vertices
x and y are adjacent iff x /∈ Ry and y /∈ Rx, where xR is the ideal generated by x. In

this article we find the spectra of Γ′(Zn) for n ∈ {q1q2, q1q2q3, qn1
1 q2}, where qi’s are

primes. As a consequence we obtain the bounds for the largest (smallest) eigenvalues,
bounds for spread, rank and inertia of Γ′(Zqn1

1 q2
) along with the determinant, inverse

and square of trace of its quotient matrix. We present the extremal bounds for the
energy of Γ′(Zn) for n = qn1

1 q2 and characterize the extremal graphs attaining them.

We close article with conclusion for furtherance.
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1. Introduction

We consider finite, simple and undirected graphs. A graph is denoted by G with

vertex set V (G) and edge set E(G). The numbers n = |V (G)| and m = |E(G)| is

order and size of G, respectively. An edge between vertices u and v is denoted by uv.

A vertex of null degree is the isolated vertex and a vertex of degree one is a pendent

vertex.

∗ Corresponding Author



2 On cozero divisor graphs of ring Zn

The degree dvi(G) (or simply di, if G is clear) of a vertex vi is the number of vertices

incident on it. The union of two graphs G1 with vertex set V1 edge set E1 and

G2 with vertex set V2, and edge set E2, is denoted by G1 ∪ G2, is a graph with

vertex set V1 ∪ V2 and edge set E1 ∪ E2. The join of G1 and G2 with vertex sets

V1 and V2, denoted by G1 ∨ G2, is a graph with vertex set V1 ∪ V2 and edge set

E(G1) ∪ E(G2) ∪ {u, v | u ∈ V (G1), v ∈ V (G2)}.
The adjacency matrix A(G) = (eij)n×n of G is a (0, 1)-matrix, with (i, j)-th term 1,

if vivj ∈ E(G) and 0, otherwise.

The set of all eigenvalues of A(G) with repetitions is the spectrum of G. The eigen-

values λi(A(G)) (or λi) can be written in natural partial order as:

λ1 ≥ λ2 ≥ · · · ≥ λn−1 ≥ λn.

Th eigenvalue λ1 is the spectral radius of G. Furthermore, for a connected graph, Per-

ron Frobenius theory guarantees that λ1 is unique and components of its eigenvector

are positive. Clearly, λ2
1 + λ2

2 + · · · + λ2
n = ‖A(G)‖2F = 2m. The summation of the

absolute value of λi’s of A(G) is the energy [10] of G, that is, E(G) =
∑n
i=1

∣∣∣λi∣∣∣.
The invariant E(G) originate from quantum chemistry and is used for approximating

the π-electron energy of alkanes. Besides its chemical importance, mathematically it

represents trace norm of A(G). For more about the energy of G, see book [12]. The

spectral properties of graphs are very well studied, for some recent work see [15].

Section 2 gives the eigenvalues of Γ′(Zn) for n ∈ {q1q2, q1q2q3, q
n1
1 q2}. In particular, we

discuss the spectral properties of Γ′(Zqn1
1 q2

) in more detail, the invariants like inertia,

spread, bounds for λ1 and λn are presented. In Section 3, bounds for E(Γ′(Zqn1
1 q2

))

are given in terms of the determinant and square of the trace of its quotient matrix

and identify the candidate graphs attaining these bounds. We end up the article with

conclusion for the future work.

2. Eigenvalues of Γ′(Zn)

We first discuss the structure of cozero divisor graphs. The cozero divisor graph are

motivated by zero divisor graphs, which are defined as graph Γ(R) associated to a

ring R, with vertex set equal as non-zero zero divisors of R such that two vertices x

and y form an edge xy iff x ·y = 0. The cozero divisor graph of a commutative ring R

(with unity 1 6= 0) is a simple graph with vertex set as non-zero non-unit elements of

R such that two vertices u and v (u 6= v) are adjacent iff u /∈ Rv and v /∈ Ru, where

uR is the ideal generated by u. The cozero divisor graph of R is denoted by Γ′(R).

The basic properties of cozero divisor graphs including their complement graphs,

planarity, characterization of rings with structures like forest, star or unicyclic cozero

divisor graphs, their relations with comaximal graphs of rings and zero divisor graph

were investigated by Afkhami and Khashyarmanesh [1–4]. Cozero divisor graphs of

polynomial rings were discussed in [5], spectral analysis of cozero divisor graphs were

carried in [13]. For some other progress of cozero divisor, see [6, 7, 14].
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In general it is not easy to find the structure of Γ′(R) completely, though for some

special cases we can have some information about the structure of Γ′(R) (especially

for Γ′(Zn)), where Zn is the integral modulo ring. Depending on the proper divisors

di, i /∈ {1, n} of n, we divide V (Γ′(Zn)) into mutually disjoint vertex cells as:

Adi = {a ∈ Zn : (a, n) = di},

where (a, n) is the greatest common divisor of a and n. Clearly Adi are mutually

pairwise disjoint and V (Γ′(Zn)) =
⋃t
i=1Adi , where t is the number of proper divisor

of n. Furthermore, for a, b ∈ Adi , we have 〈a〉 = 〈b〉. The cardinality of Adi is

Θ
(
n
di

)
(see [16]), for i = 1, 2, . . . , t, where Θ(·) is an Euler function. Also, if a ∈ Adi

and b ∈ Adj then a and b are adjacent in Γ′(Zn) if and only di - dj and dj - di, for

i, j ∈ {1, 2, . . . , τ(n)−2}, where τ(·) is divisor function. For i ∈ {1, 2, . . . , τ(n)−2}, the

induced subgraph of Adi is K
Θ
(
n
di

). Note that the order of Γ′(Zn) is N = n−Θ(n)−1.

For more above the structural properties of Γ′(Zn), we refer to [13].

Lemma 1 ([9]). Let G be a graph with independent vertices {u1, u2, . . . , uk} sharing the
same set of neighbors. Then 0 is the eigenvalues of A(G) with multiplicity at least k − 1.

For n = q1q2 with q1 < q1 and q1, q2 are primes, the cozero divisor of is a complete

bipartite graph with partite sets Θ(q1) and Θ(q2) and its spectrum is known as{
0[q1q2−2],±

√
Θ(q1)Θ(q2)

}
. (2.1)

The very first result gives the independent domination polynomial of Γ′(Zn) when n

is a product of three primes.

Theorem 1. The spectrum of Γ′(Zn) for n = q1q2q3 with primes q1 < q2 < q3 consists
of the eigenvalue 0 with multiplicity N − 6 and the eigenvalues of the following matrix

0 Θ(q1q3) Θ(q1q2) 0 0 Θ(q1)
Θ(q2q3) 0 Θ(q1q2) 0 Θ(q2) 0
Θ(q2q3) Θ(q1q3) 0 Θ(q3) 0 0

0 0 Θ(q1q2) 0 Θ(q2) Θ(q1)
0 Θ(q1q3) 0 Θ(q3) 0 Θ(q1)

Θ(q2q3) 0 0 Θ(q3) Θ(q2) 0

 . (2.2)

Proof. We partition the vertex set of Γ′(Zn) on the basis of the proper divisor of n
as

Aq1 = {kq1 | k = 1, 2, . . . , q2q3 − 1, q2 - k, q3 - k},

Aq2 = {kq2 | k = 1, 2, . . . , q1q3 − 1, q1 - k, q3 - k},

Aq3 = {kq3 | k = 1, 2, . . . , q1q2 − 1, q1 - k, q2 - k},

Aq1q2 = {kq1q2 | k = 1, 2, . . . , q3 − 1},

Aq1q3 = {kq1q3 | k = 1, 2, . . . , q2 − 1},

Aq2q3 = {kq2q3 | k = 1, 2, . . . , q1 − 1}.
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As each induced subgraph of Adi is K
Θ
(
n
di

) and their cardinalities are |Aq1 | =

Θ(q2q3) = (q2 − 1)(q3 − 1), |Aq2 | = (q1 − 1)(q3 − 1), |Aq3 | = (q1 − 1)(q2 − 1), |Aq1q2 | =
q3−1, |Aq1q3 | = q2−1 and |Aq2q3 | = q1−1. Also q1 does not divide q2, q2 and q2q3, so

each vertex of Aq1 is adjacent to all vertices of Aq2 , Aq3 and Aq2q3 . Similarly q2 does

not divides q1, q3 and q1q3 and it implies that each vertex of Aq2 is adjacent to every

vertex of Aq1 , Aq3 and Aq1q3 . The divisor q3 divides q1q3 and q2q3, so every vertex

of Aq3 is adjacent to every vertex of Aq1 , Aq2 and Aq1q3 . Likewise there are edges

between each vertex of Aq1q3 with each vertex of Aq1q2 , Aq2q3 and Aq2 , and edges

between each vertex of Aq2q3 with each vertex of Aq1q2 . This gives the structure of

Γ′(Zn) completely. As there vertices of Adi are independent set and each vertex of

such an independent set have the common neighbourhood, so Lemma 1 gives that 0

is the eigenvalue of Γ′(Zn) with multiplicity N − 6.

Let X = (x1, . . . , xN ) be the eigenvector of A(Γ′(Zn)) with xi = X(vi), for

i = 1, 2, 3, . . . , n. Then with the structure of Γ′(Zn) and its common neighbourhood

sharing properties, we see that (see, [8]) each component of X that corresponds to all

vertices of Adi is equal to xi, for i = 1, 2, . . . , 6. Therefore, from the eigenequation

A(G)X = λX, we have

λx1 = 0 · x1 + Θ(q1q3)x2 + Θ(q1q2)x3 + 0 · x4 + 0 · x5 + Θ(q1)x6,

λx2 = Θ(q2q3)x1 + 0 · x2 + Θ(q1q2)x3 + 0 · x4 + Θ(q2)x5 + 0 · x6,

λx3 = Θ(q2q3)x1 + Θ(q1q3)x2 + 0 · x3 + Θ(q3) · x4 + 0 · x5 + 0 · x6,

λx4 = 0 · x1 + 0 · x2 + Θ(q1q2)x3 + 0 · x4 + Θ(q2) · x5 + Θ(q1)x6,

λx5 = 0 · x1 + Θ(q1q3)x2 + 0 · x3 + 0 · x4 + Θ(q2) · x5 + Θ(q1)x6,

λx6 = Θ(q2q3)x1 + 0 · x2 + 0 · x3 + Θ(q3)x4 + Θ(q2)x5 + 0 · x6,

The coefficient matrix of the right side of the above system of equations is



0 Θ(q1q3) Θ(q1q2) 0 0 Θ(q1)

Θ(q2q3) 0 Θ(q1q2) 0 Θ(q2) 0

Θ(q2q3) Θ(q1q3) 0 Θ(q3) 0 0

0 0 Θ(q1q2) 0 Θ(q2) Θ(q1)

0 Θ(q1q3) 0 Θ(q3) 0 Θ(q1)

Θ(q2q3) 0 0 Θ(q3) Θ(q2) 0


.

Proposition 1. The nullity of Γ′(Zn) for n = q1q2q3 with primes q1 < q2 < q3 is N − 4.
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Proof. By above theorem the multiplicity of Γ′(Zn) is at least n− 6. Also it is easy

to verify that ( Θ(q1)

Θ(q2q3)
, 0,− Θ(q1)

Θ(q1q2)
,−Θ(q1)

Θ(q3)
, 0, 1

)
and (

0,
Θ(q2)

Θ(q1q3)
,− Θ(q2)

Θ(q1q2)
,−Θ(q2)

Θ(q3)
, 1, 0

)
are the eigenvectors corresponding to th eigenvalue 0 and the result follows.

The next consequence gives the number of (positive, negative and zero) eigenvalues

of adjacency matrix, known as inertia of A(Γ′(Zn)).

Corollary 1. The inertia of Γ′(Zn) for n = q1q2q3 with primes q1 < q2 < q3 is
(2, 2, N − 4).

We will explain Theorem 1 with the help of the following example.

Example 1. For n = 2 · 3 · 7 = 41, the spectrum of Γ′(Zn) consist of the eigenvalue 0
with multiplicity 23 and the eigenvalues of Q given below

Q =


0 6 2 0 0 1
12 0 2 2 0 0
12 6 0 0 6 0
0 6 0 0 6 1
0 0 2 2 0 1
12 0 0 2 6 0

 .

For n = 42, the order of Γ′(Zn) is N = n−Θ(n)− 1 = 29 and Adi ’s are

A2 = {2, 4, 8, 10, 16, 20, 22, 26, 32, 34, 38, 40},
A3 = {3, 9, 15, 27, 33, 39}, A7 = {7, 14},
A2·3 = {6, 12, 18, 24, 30, 36},
A2·7 = {14, 28}, A3·7 = {21}.

By Theorem 1, 0 is the eigenvalues of Γ′(Z105) with multiplicity 15 and the eigenvalues

of Q are

{12.9874,−10.0154,−6.71108, 3.7391, 0, 0}.

Thus the spectrum of Γ′(Z105) is completely determined and inertia is (2, 2, 17).

Next subsequent result gives the spectrum of Γ′(Zn) for n = qn1
1 q2 and n = q1q

n2
2 can

be similarly discussed.

For this, we have the following result.
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Theorem 2. Let n = qn1
1 q2 (or n = q1q

n2
2 , n2 is a positive integer) where q1, q2 and

primes and n1 is a positive integer. Then Γ′(Zn) is a bipartite graph.

Proof. For n = qn1
1 q2 with q1 < q2, the proper divisors of n are

qi1, i = 1, 2, . . . , n1, q2

and

qj1q2, j = 1, 2, . . . , n1 − 1.

We consider the following sets based on these divisors

Aqi1 = {a ∈ Zn : (a, n) = qi1} and Aqi−1
1 q2

= {b ∈ Zn : (b, n) = qi−1
1 q2},

where i = 1, 2, . . . , n1. Labelling these sets by Ai = A
q
n1−i+1
1

and Bi = Aqi−1
1 q2

, for

i = 1, 2, . . . , n1. The cardinality of Ai is Θ(pi−1q) and that of Bi is Θ(pn1−i+1), for i =

1, 2, . . . , n1. Also Ai’s induce a totally disconnected graph of order
∑n1

i=1 Θ(pn1−iq) =

pn1(q− 1), since
∑η
i=1 Θ(pi) = pη − 1, for prime p. Bi’s induce a totally disconnected

graph of order
∑n1

i=1 p
i = pn1 − 1. This implies that no vertex of any Ai is adjacent

to any vertex of Aj , for each i < j, since pj = cpi, where c is some scaler. Similarly,

no vertex of Bi is adjacent to any vertex of Bj , for each i and j. Therefore the vertex

of set of Γ′(Zn) can be partitioned in to subsets
⋃
iAi and

⋃
iBj and there are edges

only between them. Thus, we obtain that Γ′(Zn) is a bipartite graph. Similar analysis

if true for n = q1q
n2
2 , where n2 is a positive integer.

The above result along with (2.1) implies that Γ′(Zn) has 3 distinct eigenvalues iff

n = q1q2, a parallel of well know fact that a bipartite graph has three distinct ii’s iff

it is complete bipartite.

The following result gives the spectrum of Γ′(Zn) for n = qn1
1 q2.

Theorem 3. If n = qn1
1 q2, then the spectrum of Γ′(Zn) consist of the eigenvalue 0 with

multiplicity (q2 − 1)qn1−1
1 + qn1

1 − 1− 2n1 and the eigenvalues of (2.3).

Proof. From Theorem 2, there are adjacency relation only between Ai’s and Bj ’s

for some i and j. The divisor qn1
1 is not multiple of any qn1−i

1 q2, for i = 1, 2, . . . , n1.

So, the vertices of A1 are adjacent to all the vertices of Bi, i = 1, 2, . . . , n1. For

i = 1, 2, . . . , n1− 2, the divisor qn1−1
1 is adjacent to qn1−i

1 q2 except qn1−1
1 q2, it implies

that the vertices of A2 are adjacent to all Bi except i = n1. Similarly, the set An1

containing some multiplies of q1 is adjacent only to set B1, the set An1−1 is adjacent

to sets B1 and B2 and so on. Thus, in general the adjacency among Ai’s and Bi’s

can be represented by the relation: each vertex of Ai is adjacent to every vertex of
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j=1 Bj , for i = 1, 2, . . . , n1. Thus, the relations of adjacency between Ai’s and

Bj ’s in Γ′(Zn) are completely known and its order is

N = n−Θ(n)− 1 = qn1
1 + qn1−1

1 q2 − qn1−1
1 − 1.

By Lemma 1, 0 is the eigenvalue of Γ′(Zn) with repetition

n1−1∑
i=0

Θ(qi1q2)− n1 +

n1∑
i=1

Θ(qi1)− n1 = (q2 − 1)qn1−1
1 + qn1

1 − 1− 2n1,

since Θ is multiplicative and
∑t
i=1 Θ(pi) = pt − 1, where p is prime. Labelling the

vertices from Ai’s to Bj ’s. Let X = (x1, . . . , xN ) be the eigenvector of A(Γ′(Zn)).

Then with the structure of Γ′(Zn) and keep in view the common neighbourhood

sharing vertices of Ai’s, each component of X (see, [8]) that relates to each vertex of

Ai is equal to xi, for i = 1, 2, . . . , n1 and every vertex of Aj is equal to xj , that is,

X =(x1, . . . , x1︸ ︷︷ ︸
Θ(q2)

, x2, . . . , x2︸ ︷︷ ︸
Θ(q1q2)

, . . . , xn1
, . . . , xn1︸ ︷︷ ︸

Θ(q
n1−1
1 q2)

, xn1+1, . . . , xn1+1︸ ︷︷ ︸
Θ(q

n1
1 )

,

xn1+2, . . . , xn1+2︸ ︷︷ ︸
Θ(q

n1−1
1 )

, . . . , x2n1
, . . . , x2n1︸ ︷︷ ︸
Θ(q1)

).

Thus by A(G)X = λX, we have

λx1 = Θ(qn1
1 )x1 + Θ(qn1−1

1 )x2 + Θ(qn1−2
1 )x3 + · · ·+ Θ(q3

1)xn1−2

+ Θ(q2
1)xn1−1 + Θ(q1)xn1

λx2 = Θ(qn1
1 )x1 + Θ(qn1−1

1 )x2 + Θ(qn1−2
1 )x3 + · · ·+ Θ(q3

1)xn1−2

+ Θ(q2
1)xn1−1

λx3 = Θ(qn1
1 )x1 + Θ(qn1−1

1 )x2 + Θ(qn1−2
1 )x3 + · · ·+ Θ(q3

1)xn1−2

...

λxn1−2 = Θ(qn1
1 )x1 + Θ(qn1−1

1 )x2 + Θ(qn1−2
1 )x3

λxn1−1 = Θ(qn1
1 )x1 + Θ(qn1−1

1 )x2, λxn1 = Θ(qn1
1 )x1

λxn1+1 = Θ(q2)xn1+1 + Θ(q1q2)xn1+2 + Θ(q2
1q2)xn1+3 + . . .

+ Θ(qn1−3
1 q2)xn1−2 + Θ(qn1−2

1 q2)xn1−1 + Θ(qn1−1q2)xn1

λxn1+2 = Θ(q2)xn1+1 + Θ(q1q2)xn1+2 + Θ(q2
1q2)xn1+3 + . . .

+ Θ(qn1−3
1 q2)xn1−2 + Θ(qn1−2

1 q2)xn1−1

λxn1+3 = Θ(q2)xn1+1 + Θ(q1q2)xn1+2 + Θ(q2
1q2)xn1+3 + . . .

+ Θ(qn1−3
1 q2)xn1−2

...

λx2n1−2 = Θ(q2)xn1+1 + Θ(q1q2)xn1+2 + Θ(q2
1q2)xn1+3

λx2n1−1 = Θ(q2)xn1+1 + Θ(q1q2)xn1+2, λx2n1 = Θ(q2)xn1+1.
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The coefficient matrix of the above system of equations is given by

M =

(
0n1×n1

An1×n1

Bn1×n1 0n1×n1

)
, (2.3)

where

A =



Θ(q
n1
1 ) Θ(q

n1−1
1 ) Θ(q

n1−2
1 ) . . . Θ(q3

1) Θ(q2
1) Θ(q1)

Θ(q
n1
1 ) Θ(q

n1−1
1 ) Θ(q

n1−2
1 ) . . . Θ(q3

1) Θ(q2
1) 0

Θ(q
n1
1 ) Θ(q

n1−1
1 ) Θ(q

n1−2
1 ) . . . Θ(q3

1) 0 0

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.

Θ(q
n1
1 ) Θ(q

n1−1
1 ) Θ(q

n1−2
1 ) . . . 0 0 0

Θ(q
n1
1 ) Θ(q

n1−1
1 ) 0 . . . 0 0 0

Θ(q
n1
1 ) 0 0 . . . 0 0 0


and

B =



Θ(q2) Θ(q1q2) Θ(q2
1q2) . . . Θ(q

n1−3
1 q2) Θ(q

n1−2
1 q2) Θ(q

n1−1
1 q2)

Θ(q2) Θ(q1q2) Θ(q2
1q2) . . . Θ(q

n1−3
1 q2) Θ(q

n1−2
1 q2) 0

Θ(q2) Θ(q1q2) Θ(q2
1q2) . . . Θ(q

n1−3
1 q2) 0 0

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
Θ(q2) Θ(q1q2) Θ(q2

1q2) . . . 0 0 0
Θ(q2) Θ(q1q2) 0 . . . 0 0 0
Θ(q2) 0 0 . . . 0 0 0



By repeated cofactor expansion across 2n1-th row of M , then 2n1 − 1 and so on, we

obtain the determinant formulae for Matrix (2.3). We make it precise in the following

result.

Proposition 2. The determinant of the matrix M given in (2.3) is

det(M) = (−1)n1

n1∏
i=1

Θ(qni1 )Θ(qni−1
1 q2).

Proposition 3. The square of the trace of the matrix M given in (2.3) is

tr(M2) = 2

n1∑
j=1

n1−(j−1)∑
i=1

Θ(qi1)Θ(qj−1
1 q2).

Proof. By definition of M2 = (m2
ij), we have

m2
11 = Θ(q2)

(
Θ(qn1

1 ) + Θ(qn1−1
1 ) + Θ(qn1−2

1 ) + · · ·+ Θ(q3
1)

+ Θ(q2
1) + Θ(q1)

)
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m2
22 = Θ(q1q2)

(
Θ(qn1

1 ) + Θ(qn1−1
1 ) + Θ(qn1−2

1 ) + . . .

+ Θ(q3
1) + Θ(q2

1)
)

...

m2
n1n1

= Θ(qn1
1 )Θ(qn1−1

1 q2)

m2
(n1+1)(n1+1) = Θ(qn1

1 )
(

Θ(q2) + Θ(q1q2) + Θ(q2
1q2) + · · ·+ Θ(qn1−3

1 q2)

+ Θ(qn1−2
1 q2) + Θ(qn1−1

1 q2)
)

m2
(n1+2)(n1+2) = Θ(qn1−1

1 )
(

Θ(q2) + Θ(q1q2) + Θ(q2
1q2) + · · ·+ Θ(qn1−3

1 q2)

+ Θ(qn1−2
1 q2)

)
...

m2
2n12n1

= Θ(q2)Θ(q1).

Now, sum all above expression, we obtain the result.

It is very interesting and challenging to find the inertia of a general Hermitian matrix.

In this direction, we have the following consequence of Theorems 2 and 3 for Γ′(Zn)

Corollary 2. The inertia of A(Γ′(Zn)) for n = qn1
1 q2 is (n1, n2, N − 2n1).

Corollary 3. The rank of M given in (2.3) is 2n1.

Next result gives the inverse of the matrix M given in (2.3).

Proposition 4. Let M be defined as in (2.3). Then the inverse of M is

M′ =

(
0n1×n1 A′n1×n1

B′n1×n1
0n1×n1

)
,

where

A
′

=



0 0 0 . . . 0 0 1
Θ(q2)

0 0 0 . . . 0 1
Θ(q1q2)

− 1
Θ(q1q2)

0 0 0 . . . 1

Θ(q21q2)
− 1

Θ(q21q2)
0

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
0 0 1

Θ(q
n1−3
1 q2)

. . . 0 0 0

0 1

Θ(q
n1−2
1 q2)

− 1

Θ(q
n1−2
1 q2)

. . . 0 0 0

1

Θ(q
n1−1
1 q2)

− 1

Θ(q
n1−1
1 q2)

0 . . . 0 0 0


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B
′

=



0 0 0 . . . 0 0 1

Θ(q
n1
1 )

0 0 0 . . . 0 1

Θ(q
n1−1
1 )

− 1

Θ(q
n1−1
1 )

0 0 0 . . . 1

Θ(q
n1−2
1 )

− 1

Θ(q
n1−2
1 )

0

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
0 0 1

Θ(q31)
. . . 0 0 0

1

Θ(q21)
− 1

Θ(q21)
0 . . . 0 0 0

1
Θ(q1)

0 0 . . . 0 0 0



Proof. It is easy to see that MM′ = I2n1
, where I is an identity matrix and result

follows.

Lemma 2 ([8]). For a symmetric Z ∈ Rn×n with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn. Let
{1, 2, . . . , n} = W1∪W2∪ · · ·∪Wk be a partition such that |Wi| = ni > 0, and consider block
matrix Z = (Bi,j), where Bi,j is an ni × nj block for i, j = 1, 2 . . . k. Let bi,j be the sum of

rows in Bi,j and form a new matrix Q =
(
bi,j
ni

)
for i, j = 1, 2 . . . , k. The eigenvalues of Q

and Z satisfy λi(Z) ≥ ξi(Q) ≥ λn−k− i for i = 1, 2, ,̇k where ξi is the i-th largest eigenvalue
of Q. Furthermore, if Bi,j has constant row sums bi,j , then the spectrum of Q is subset of
the spectrum of Z.

We note that the matrix M given in (2.3) is same as the quotient matrix of A(Γ′(Zn))

and the largest and the smallest eigenvalue of A(Γ′(Zn)) are the eigenvalues of M.

Next, we establish the bounds for them in the following result.

Theorem 4. Let M be the matrix given in (2.3) of Theorem 3. Then

λ1(A(Γ′(Zn))) ≥ 1

n1

√√√√ n1∑
i=1

`i

n1∑
i=1

li and λn(A(Γ′(Zn))) ≤ − 1

n1

√√√√ n1∑
i=1

`i

n1∑
i=1

li,

where `i is the i-th row sum of the matrix A and li is the i-th row sum of the matrix B given
in (2.3). The equality holds iff `1 == `2 = . . . `n1 and l1 = l2 = · · · = ln1 , that is, same as
saying n is the product of two distinct primes.

Proof. Consider the partition
{
{1, 2, . . . , n1}, {1, 2, . . . , n1}

}
of the index set

{1, 2, . . . , 2n1} of the matrix M given in (2.3). The the quotient matrix of M with

this partition is

M ′ =

(
0 1

n1

∑n1

i=1 `i
1
n1

∑n1

i=1 li 0

)
,
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where `i is the i-th row of the matrix A and li is the i-th row sum of the matrix

B given in (2.3). Clearly, the eigenvalues of M ′ are λ = ± 1
n1

√∑n1

i=1 `i
∑n1

i=1 li. By

Lemma 2 and its interlacing property, we have

λ1(M) ≥ λ1(M ′) ≥ λ2(M) ≥ λ2(M ′) ≥ λ3(M) ≥ λ4(M) ≥ · · · ≥ λ2n1
(M),

which in turn gives us

λ1(A(Γ′(Zn))) ≥ 1

n1

√√√√ n1∑
i=1

`i

n1∑
i=1

li and λn(A(Γ′(Zn))) ≤ − 1

n1

√√√√ n1∑
i=1

`i

n1∑
i=1

li.

The equality holds iff the partition
{
{1, 2, . . . , n1}, {1, 2, . . . , n1}

}
is equitable and in

this case each eigenvalue of M ′ is the eigenvalue of M (Lemma 2), that is, the matrices

A and B given in Theorem 3 have constant row sum. Thus with this condition, we

must have `1 = `2 = · · · = `n1
and l1 = l2 = · · · = ln1

. From `1 = `2, we get

Θ(qn1
1 ) + Θ(qn1−1

1 ) + Θ(qn1−2
1 ) + · · ·+ Θ(q3

1) + Θ(q2
1) + Θ(q1) = Θ(qn1

1 ) + Θ(qn1−1
1 ) +

Θ(qn1−2
1 ) + · · · + Θ(q3

1) + Θ(q2
1), we obtain Θ(q1) = 0. Also, from `2 = `3, `3 =

`4, . . . , `n1−1 = `n1 , we have Θ(q2
1) = 0,Θ(q3

1) = 0, . . . ,Θ(qn1−1
1 ) = 0 and in this case

Θ(qn1
1 ) remains arbitrary. Similarly, from l1 = l2, l2 = l3, . . . , ln1−1 = ln1

, we obtain

Θ(qn1−1
1 q2) = 0,Θ(qn1−2

1 q2) = 0,Θ(q1q2) = 0 and Θ(q2) remains non-zero. Thus,

with this information, we see that there is only one non-empty set A1 and only one

non-empty set B1 and there are edges from each vertex of A1 to every vertex of B1.

In this case the matrix M ′ is an equitable quotient matrix and each eigenvalues of M ′

is the eigenvalues of A(Γ′(Zn)). By Theorem 2, it follows that Γ′(Zn) is the complete

bipartite graph.

The spread of the adjacency matrix of a graph G with eigenvalues λn(G) ≤ λn−1(G) ≤
· · · ≤ λ1(G) is given as S(G) = λ1(G)− λn(G).

Corollary 4. The spread of Γ′(Zn) is given as

S(Γ′(Zn)) ≥ 2

n1

√√√√ n1∑
i=1

`i

n1∑
i=1

li,

with equality holding iff n is the product of two distinct primes.

We will illustrate all above results with the help of the following example.

Example 2. For n = 48 = 24 · 3, the spectrum of Γ′(Zn) consists of the eigenvalues 0
with multiplicity 23 and the eigenvalues of the matrix
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For n = 48, the order of Γ′(Zn) is n−Θ(n)−1 = 31. The independent vertex partitions

of Γ′(Zn) are

A2 = {2, 10, 14, 22, 26, 34, 38, 46}, A22 = {4, 20, 28, 44}, A23 = {8, 40},
A24 = {16, 32}, A3 = {3, 9, 15, 21, 27, 33, 39, 45}, A2·3 = {6, 18, 30, 42},
A22·3 = {12, 36}, A23·3 = {24}.

By Theorem 3, 0 is eigenvalue of Γ′(Z48) with multiplicity (q2−1)qn1−1
1 +qn1

1 −1−2n1 =

2 · 23 + 24 − 1 − 8 = 23 and the other eigenvalues of Γ′(Z48) are the eigenvalues of

matrix given below

M =



0 0 0 0 Θ(24) Θ(23) Θ(22) Θ(2)

0 0 0 0 Θ(24) Θ(23) Θ(22) 0

0 0 0 0 Θ(24) Θ(23) 0 0

0 0 0 0 Θ(24) 0 0 0

Θ(3) Θ(2 · 3) Θ(22 · 3) Θ(23 · 3) 0 0 0 0

Θ(3) Θ(2 · 3) Θ(22 · 3) 0 0 0 0 0

Θ(3) Θ(2 · 3) 0 0 0 0 0 0

Θ(3) 0 0 0 0 0 0 0


, (2.4)

The determinant of above matrix is Θ(2)Θ(22)Θ(23)Θ(24)Θ(3)Θ(2·3)Θ(22 ·3)Θ(23 ·3)

and trace ofM2 is 2Θ(q2)
∑4
i=1 Θ(qi1)+2Θ(q1q2)

∑3
i=1 Θ(qi1)+2Θ(q2

1q2)
∑2
i=1 Θ(qi1)+

2Θ(q3
1q2)Θ(q1). The inertia triplet is (4, 4, 23). By Theorem 4, λ1(Γ′(Z48)) ≥

1
4

√
49 · 30, λn(Γ′(Z48)) ≤ − 1

4

√
49 · 30 and S(A(Z48))) ≥ 1

2

√
49 · 30. The inverse of

M is

M
′

=



0 0 0 0 0 0 0 1
Θ(3)

0 0 0 0 0 0 1
Θ(2·3)

− 1
Θ(2·3)

0 0 0 0 0 1
Θ(22·3)

− 1
Θ(22·3)

0

0 0 0 0 1
Θ(23·3)

− 1
Θ(23·3)

0 0

0 0 0 1
Θ(24)

0 0 0 0

0 0 1
Θ(23)

− 1
Θ(23)

0 0 0 0

0 1
Θ(22)

− 1
Θ(22)

0 0 0 0 0
1

Θ(2)
− 1

Θ(2)
0 0 0 0 0 0



3. Energy of cozero divisor graphs of Zn

By Theorem 3, N − 2 eigenvalues of Γ′(Zn), n = qn1
1 q2 are zero and the non-zero

eigenvalues only come from (2.3). Thus finding the energy of Γ′(Zn) is same as

finding the energy of M given in (2.3). In order to present the bounds for E(Γ′(Zn)),

we have the following known sequence of inequalities.
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Let S = {t1, t2, t3, . . . , tr}, ti > 0 be the set of r numbers in R and let Ss be the

average of products of s-element subset of S, that is,

S1 =
t1 + t2 + t3 + · · ·+ tr

r
,

S2 =
1

n(n−1)
2

(
t1t2 + t1t3 + · · ·+ t1tn + t2t3 + · · ·+ tr−1tr

)
,

...

Sr = t1t2 . . . tr.

The Maclaurin symmetric mean inequality given below relates Si’s with themselves.

For positive real numbers t1, t2, t3, . . . , tr, we have the following chain of inequalities

S
1
r
r ≤ S

1
r−1

r−1 ≤ · · · ≤ S
1
3
3 ≤ S

1
2
2 ≤ S1. (3.1)

Equalities hold iff t1 = t2 = · · · = tr.

The following couple of results give the energy for the cozero divisor graphs of Zn for

n = qn1
1 q2, where q1 < q2 are primes and n1 is a positive integer.

Theorem 5. Let Γ′(Zn) be the cozero graph with n = qn1
1 q2. Then we have the following.

(i)

E(Γ′(Zn))≥2

(∑n1
j=1

∑n1−(j−1)
i=1 Θ(qi1)Θ(q

j−1
1 q2)+n1(n1−1)

(∏n1
i=1 Θ(q

ni
1 )Θ(q

ni−1
1 q2)

) 1
n1

) 1
2
,

equality holds iff n1 = 1.

(ii)

E(Γ′(Zn)) ≤ 2

n1

n1∑
j=1

n1−(j−1)∑
i=1

Θ(qi1)Θ(qj−1
1 q2)

 1
2

,

with equality iff n1 = 1.

Proof. By Theorem 2, Γ′(Zn) is a bipartite graph for n = qn1
1 q2. By definition, we

have

E(Γ′(Zn)) = 2
(
λ1(M) + λ2(M) + · · ·+ λn1

(M)
)
, (3.2)

where λi(M) with 1 ≤ i ≤ n1 are the positive eigenvalues of the matrix M given in

(2.3).

From Proposition 3, we have

tr(M2) =

2n1∑
i=1

λ2
i (M) = 2

n1∑
j=1

n1−(j−1)∑
i=1

Θ(qi1)Θ(qj−1
1 q2),
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and thereby we get

n1∑
i=1

λ2
i (M) =

n1∑
j=1

n1−(j−1)∑
i=1

Θ(qi1)Θ(qj−1
1 q2).

Also, by Proposition 2, we have

2n1∏
i=1

λi(M) = det(M) = (−1)n1

n1∏
i=1

Θ(qni1 )Θ(qni−1
1 q2),

that is equivalent to

n1∏
i=1

λi(M) =

(
n1∏
i=1

Θ(qni1 )Θ(qni−1
1 q2)

) 1
2

.

By Inequality 3.1, we have

1
n1(n1−1)

2

∑
1≤i<j≤n1

λi(Γ
′(Zn))λj(Γ

′(Zn)) ≥

(
n1∏
i=1

λi(Γ
′(Zn))

) 2
n1

, (3.3)

with equality iff λ1(Γ′(Zn)) = λ2(Γ′(Zn)) = · · · = λn1(Γ′(Zn)). Using above informa-

tion, we obtain

2
∑

1≤i<j≤n1

λi(Zn))λj(Zn)) ≥ n1(n1 − 1)

(
n1∏
i=1

Θ(qni1 )Θ(qni−1
1 q2)

) 1
n1

.

Thereby with Equation (3.2), we have

E(Γ
′
(Zn)) = 2

(( n1∑
i=1

λi(Γ
′
(Zn))

)2

) 1
2

= 2

 n1∑
i=1

λi(Γ
′
(Zn))

2
+ 2

∑
1≤i<j≤n1

λi(Γ
′
(Zn))λj(Γ

′
(Zn))

 1
2

(3.4)

≥ 2

 n1∑
j=1

n1−(j−1)∑
i=1

Θ(q
i
1)Θ(q

j−1
1 q2) + n1(n1 − 1)

( n1∏
i=1

Θ(q
ni
1 )Θ(q

ni−1
1 q2)

) 1
n1


1
2

. (3.5)

For n1 = 1, by (2.1), we have

E(Γ′(Zn)) = 2(Θ(q1)Θ(q2))
1
2 ,
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and equality holds in this case.

Suppose equality holds in (3.5), then equality holds in (3.3) and in this case

λ1(Γ′(Zn)) = λ2(Γ′(Zn)) = · · · = in1
(Γ′(Zn)). By Lemma 2, (Γ′(Zn)) is bipartite

and it follows that (Γ′(Zn)) has one positive eigenvalue, one negative eigenvalue and

by Theorem 3 other eigenvalues are zero. Thus (Γ′(Zn)) is bipartite and has three

distinct eigenvalues. Therefore it follows that n1 = 1 and n = q1q1, that is, (Γ′(Zn))

is the complete bipartite graphs, besides it is well known that: if a graph is bipartite,

then it has 3 distinct eigenvalues iff it is complete bipartite.
For the lower bound, from 3.1, we have

(
1

n1

n1∑
i=1

λi(Γ
′(Zn))

)2

≥
2

n1(n1 − 1)

∑
1≤i<j≤n1

λi(Γ
′(Zn))λj(Γ

′(Zn)), (3.6)

or,

n1(n1 − 1)

(
n1∑
i=1

λi(Γ
′(Zn))

)2

≥ 2n1

∑
1≤i<j≤n1

λi(Γ
′(Zn))λj(Γ

′(Zn))

= n1

( n1∑
i=1

λi(Γ
′(Zn))

)2

−
n1∑
i=1

λi(Γ
′(Zn))2

 ,

which is thereby equal to

(
n1∑
i=1

λi(Γ
′(Zn))

)2

≤ n1

n1∑
i=1

λi(Γ
′(Zn))2.

Hence, we obtain

E((Γ′(Zn))) ≤ 2

(
n1

n1∑
i=1

λi(Γ
′(Zn))2

) 1
2

= 2

n1

n1∑
j=1

n1−(j−1)∑
i=1

Θ(qi1)Θ(qj−1
1 q2)

 1
2

.

The equality case is same as in part (i).

The following result relating arithmetic-geometric mean inequality can be seen in [11].

Lemma 3. Let ς1, ς2, . . . , ςβ be non-negative numbers. Then

β

 1

β

β∑
j=1

ςj −

(
β∏
j=1

ςj

) 1
β

 ≤ β β∑
j=1

ςj −

(
β∑
j=1

√
ςj

)2

≤ β(β − 1)

 1

β

β∑
j=1

ςj −

(
β∏
j=1

yj

) 1
β

 ,
with equality iff ς1 = ς2 = · · · = ςβ.
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In the following result, we have bounds for th energy of Γ′(Zn) for n = qn1
1 q2.

Theorem 6. Let Γ′(Zn) be the zero divisor graph with n = qn1
1 q2. Then

E(Γ′(Zn))≥
(

2
∑n1
j=1

∑n1−(j−1)
i=1 Θ(qi1)Θ(q

j−1
1 q2)+2n1(2n1−1)

(∏n1
i=1 Θ(q

ni
1 )Θ(q

ni−1
1 q2)

) 1
2n1

) 1
2
,

and

E(Γ′(Zn))≤
(

(4n1−2)
∑n1
j=1

∑n1−(j−1)
i=1 Θ(qi1)Θ(q

j−1
1 q2)+2n1

(∏n1
i=1 Θ(q

ni
1 )Θ(q

ni−1
1 q2)

) 1
2n1

) 1
2
.

Both inequalities are equalities iff n1 = 1.

Proof. Since M has n1 positive eigenvalues and n2 positive eigenvalues and

noting that
∑n1

i=1 λ
2
i (M) =

∑n1

j=1

∑n1−(j−1)
i=1 Θ(qi1)Θ(qj−1

1 q2) and
∏n1

i=1 λi(M) =(∏n1

i=1 Θ(qni1 )Θ(qni−1
1 q2)

) 1
2 . By putting ςi = |λ2

i (M)| = λi(M)2, for 1 ≤ i ≤ 2n1

in Lemma 3, we obtain

2n1

 1

2n1

2n1∑
i=1

λ2
i (M)−

(
2n1∏
i=1

λ2
i (M)

) 1
2n1

 ≤2n1

2n1∑
i=1

λ2
i (M)−

( 2n1∑
i=1

∣∣∣λi(M)
∣∣∣)2

,

and

2n1

2n1∑
i=1

λ2
i (M)−

(
2n1∑
i=1

|λi(M)|
)2

≤ 2n1(2n1 − 1)

 1

2n1

2n1∑
i=1

λ2
i (M)−

(
2n1∏
i=1

λ2
i (M)

) 1
2n1

 .

The above inequalities can be further modified as

4n1

n1∑
i=1

λ2
i (M)−

(
E(Γ′(Zn))

)2
≥ 2n1

 1

n1

n1∑
i=1

λ2
i (M)−

(
n1∏
i=1

λ2
i (M)

) 1
n1

 ,

and

4n1

n1∑
i=1

λ2
i (M)−

(
E(Γ′(Zn))

)2
≤ 2n1(2n1 − 1)

 1

n1

n1∑
i=1

λ2
i (M)−

(
n1∏
i=1

λ2
i (M)

) 1
n1

 .
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Therefore, we have

E(Γ′(Zn)) ≤

(4n1 − 2)

n1∑
i=1

λ2
i (M) + 2n1

(
n1∏
i=1

λ2
i (M)

) 1
n1


1
2

=

(4n1 − 2)

n1∑
j=1

n1−(j−1)∑
i=1

Θ(qi1)Θ(qj−1
1 q2) + 2n1

(
n1∏
i=1

Θ(q
ni
1 )Θ(q

ni−1
1 q2)

) 1
2n1


1
2

,

and

E(Γ′(Zn)) ≥

2

n1∑
i=1

λ2
i (M) + 2n1(2n1 − 1)

(
n1∏
i=1

λ2
i (M)

) 1
n1


1
2

=

2

n1∑
j=1

n1−(j−1)∑
i=1

Θ(qi1)Θ(qj−1
1 q2) + 2n1(2n1 − 1)

(
n1∏
i=1

Θ(q
ni
1 )Θ(q

ni−1
1 q2)

) 1
2n1


1
2

.

That proves both the inequalities.

Equalities hold iff equality occurs in Lemma 3, which is equivalent to λ1(M) =

λ2(M) = · · · = λn1
(M) and −λ1(M) = −λ2(M) = · · · = −λn1

(M). By Theorem

3, 0 is another eigenvalue of Γ′(Zn), it follows that it has three distinct eigenvalues.

Which in turn implies that Γ′(Zn) is the complete bipartite graph and we get n1 = 1

and n = q1q2. Conversely, it is easy to see that equality holds for n = qn1
1 q2 along

with n1 = 1. Similarly, equality holds for second part.

4. Conclusion

This article gives the spectrum and the energy of the cozero divisor graphs. In par-

ticular a deep analysis is carried for Γ′(Zn) with n = qn1
1 q2, its spectrum is discussed,

bound for the largest and the smallest eigenvalues are obtained, bound on spread is

presented and inertia is given.

The findings highlight the bipartite nature of Γ′(Zn) for n = qn1
1 q2, which significantly

influences its spectral properties. The analysis of the quotient matrix M , derived from

the adjacency matrix of Γ′(Zn), proves crucial in obtaining bounds for the eigenvalues

and energy of the graph.

The determinant, inverse and rank of the quotient matrix is obtained, trace of square

of the quotient matrix is given. The bounds for the energy of A(Γ′(Zn)) is obtained

and the values for which bounds are sharp are characterized. However, the spectral

analysis for other values of n are yet to be discussed and the structure of Γ′(Zn) for

general n seems complicated. These problems may be considered in future work.

Our results provide a comprehensive understanding of the spectral properties of

Γ′(Zn) for a wide range of values of n, which is crucial in understanding the structure
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and behavior of this graph. The results also have implications for future research on

cozero divisor graphs and their applications in algebra and graph theory.

The study of cozero divisor graphs is an active area of research, and there are many

open questions and conjectures that remain to be resolved. Future work could involve

extending our results to other types of rings, such as local rings or rings with a

specific structure, or studying the properties of cozero divisor graphs in more depth.

Additionally, exploring the connections between cozero divisor graphs and other

areas of mathematics, such as algebraic geometry or combinatorial optimization,

could lead to new insights and applications.
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