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Abstract: Let G be a group and S be the collection of all non-trivial proper sub-
groups of G. The co-maximal subgroup graph I'(G) of a group G is defined to be a
graph with S as the set of vertices and two distinct vertices H and K are adjacent
if and only if HK = G. In this paper, we study the comaximal subgroup graph on
finite dihedral groups. In particular, we study order, maximum and minimum degree,
diameter, girth, domination number, chromatic number and perfectness of comaximal
subgroup graph of dihedral groups. Moreover, we prove some isomorphism results on
comaximal subgroup graph of dihedral groups.
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1. Introduction

Since the inception of Cayley graphs, many graphs have been defined on groups to
study the interplay between groups and graphs. For an extensive survey on different
graphs defined on groups, one can refer to [2]. One such graph, namely, the co-
mazimal subgroup graph of a group G was introduced by Akbari et al. [1] in 2017.
More results on comaximal subgroup graph can be found in [4-7]. In this work, we
study the comaximal subgroup graph on finite dihedral groups. We first recall some
definitions and results on graph theory and elementary number theory.
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702 On co-maximal subgroup graph of D,,

1.1. Definitions and Preliminaries

Let I' be a graph. The diameter of a connected graph I' is the maximum distance
between any two vertices in I'. The maximum and minimum degree of a vertex in
I' is denoted by A(T') and §(T") respectively and girth(I') denotes the length of a
smallest cycle in T'. A subset S of vertices of a graph I' is called a dominating set
if any vertex of I' is either in S or adjacent to some vertex in S. The cardinality of
a minimum dominating set is called the domination number v of I'. The chromatic
number x of I' is the minimum number of colours used to colour the vertices of T"
such that no two adjacent vertices get the same colour. The clique number w of T’
is the maximum order of a complete subgraph of I". It is known that x > w for any
graph. A graph T is called weakly perfect if x(T') = w(T'). A graph T is called perfect
if x(H) = w(H) for all induced subgraph H of I'. Two vertices u and v are said to
be twins if N(u) = N(v), i.e., they have the same set of neighbours.

Let n be a positive integer. 7(n) denote the number of positive divisors of n, o(n)
denote the sum of positive divisors of n and 7(n) denote the number of distinct prime
factors of n. A prime factor p of n is said to be of even exponent if the highest power
of p dividing n is even.

We first recall a few definitions and results from [1] and [5].

Definition 1. Let G be a group and S be the collection of all non-trivial proper subgroups
of G. The co-maximal subgroup graph I'(G) of a group G is defined to be a graph with S as
the set of vertices and two distinct vertices H and K are adjacent if and only if HK = G.
The deleted co-mazimal subgroup graph of G, denoted by I'*(G), is defined as the graph
obtained by removing the isolated vertices from I'(G).

In [5], authors proved various results on I'(G) and I'*(G). We recall a result, which
will be used in this paper.

Theorem 1 ([5], Corollary 2.3). Let G be a finite solvable group. Then I'*(G) is
connected and diam(I'*(G)) < 4.

1.2. Owur Contribution

In this paper, we compute the maximum and minimum degree, girth, diameter, dom-
ination number and chromatic number of I'(D,). Moreover I'(D,,) was shown to
be weakly perfect, and perfect I'(D,,)’s are characterized. Finally we prove some
isomorphism results on T'(D,,).

2. Structural Properties of I'(D,,) and I'*(D,,)

In this section, we study various structural properties of I'(D,,) and I'*(D,,) like order,
maximum and minimum degree, girth, diameter and when they are Eulerian. We start
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by describing the complete list of subgroups of D,,, which constitute the vertex set of
the graph to be studied.

The dihedral group D,, has two generators r» and s with orders n and 2 such that
srs~t =771 D, = (r;s:r" =s%=1,srs = r""!) consists of 2n elements. We recall
a result on the complete list of subgroups of D,,. For a proof of this listing, please
refer to [3].

Proposition 1. FEwvery subgroup of Dy, is either cyclic or dihedral. A complete listing of
the subgroups is as follows:

1. (rYy, where d|n, with index 2d,
2. (r*,r's), where dln and 0 < i < d — 1, with indez d.

Moreover, every subgroup of Dy occurs exactly once in this listing.
Proposition 2. T'(D,) has o(n) + 7(n) — 2 vertices.

Proof. T(D,,) contains all subgroups of the form (r?), where d|n and d # n. We call
this vertices of Type-I, and so number of Type-I vertices is 7(n) — 1. Similarly, I'(D,,)
contains all subgroups of the form (r?, r’s), where d|n and 0 < i < d—1 except d = 1.
We call this vertices of Type-II, and so number of Type-II vertices is o(n) —1. O

Now, we investigate the adjacency between vertices of T'(D,). It is clear that no
two vertices of Type-I are adjacent. Thus, any edge of T'(D,,) occurs either between
two vertices of Type-II or one of Type-I and one of Type-II. The edges in T'(D,,) are
completely classified in the next theorem.

Theorem 2. The following are the edges of I'(Dy,):

o A vertex (r®t) of Type-I is adjacent to a vertex (r%2,r's) of Type-II if and only if

)
gcd(dh dz) =1.

o Two vertices (r™,r's) and (r*2,17s) of Type-II are adjacent if and only if one of the
two conditions hold:

1. gcd(dl,dg) =1.
2. ged(di,d2) =2 and i — j is odd.

Proof. o Let H = (r®1) and K = (r® ris). We start by noting that HK = D,,
if and only if r € HK. If ged(dy,d2) = 1, then there exist integers u, v such that
udy + vdy = 1. Thus, r = (r&)* . (r¥2)* € HK. Conversely, as r ¢ H, K, but
r € HK, we must get r as product of powers of 7% and 792 i.e., ged(dy, ds) = 1.

o Let H = (rf1 ris), K = (r%2 ris) and H ~ K. Then HK = D,,. If d =
ged(dy, ds), then there exist integers x,y such that dyz + doy = d, i.e., r¢ =

(rd1)e(rd2)¥ € HK = D,,. Thus (r?) C HK. Note that r¢ is the smallest power



704

On co-maximal subgroup graph of D,,

of r that can expressed as product of powers of 7% and 792, If d > 3, then r
and 72 must be expressible as products of powers of r%, ris r% and s, i.e.,
there exist integers x1, x2,y1,y2 such that

dixy + doxo + (1 — j) =1 (mod n) and dyy; + daye + (i — j) = 2 (mod n).

Subtracting, we get dyu—+dav =1 (mod n), i.e., d divides dyu+dsv—1, i.e., d|1,
a contradiction. Thus d =1 or 2. If d = 1, we are done. Suppose d = 2 and i — j
is even. Note that d = 2 implies n is even. Now, as r € H K, there exist integers
z and y such that diz + doy + (i — 7) =1 (mod n). But, diz + doy + (¢ — j) is
even and it can not be congruent to 1 modulo an even number n. Thus i — j
must be odd.

Conversely, let one of the conditions hold. If d = 1, then any integer can be
expressed as integer linear combination of d; and dy. Thus for any integer [, we
have !, rls € HK, ie., HK = D,,. If d = 2 and i — j is odd, then n is even.
As d = 2, r? and all even powers of r can expressed as product of powers of 7%
and 7% and they belong to HK. For odd powers of r to be in HK, we must
have integers x,y such that

plietday+(i=3) — (20401 56 dir 4 dyy + (i — §) = 2t + 1 (mod n)

2u=2t+1+4j—14 (modn)

Note that as ged(dy,ds) = d = 2, for any integer u, we can find z and y such
that dix 4+ doy = 2u. Also, 2t + 1+ j — i is even. Thus, we have

AU+1+j—i
U= —"—

5 (mod n)

Hence for all values of ¢, u has a solution and all odd powers of r lies in HK,
ie, (ry CHK.

Again, note that rdiztdeytig pdiztdaytis ¢ K for all values of z,y, i.e.,
r2tis r2+is ¢ HK for all value of I. As i — j is odd, ¢ and j has different
parity, and hence by varying [ suitably, all the elements of the form r¥s ¢ HK.
Thus HK = D,,, i.c., H ~ K.

O

In the next few theorems, we find the maximum and minimum degree of T'(D,,), and

its number of isolated and pendant vertices.

Theorem 3. The mazimum degree of T'(Dy,) is o(n) — 1 and is attained by {(r).



A. Das, M. Saha 705

Proof. Among Type-I vertices, (r) has the maximum degree and its degree is

Y o od|-1=0n)-1L

d|n,d#1

We claim that the degree of any Type-II vertex is less than o(n) — 1.

Case 1: (n is odd, say n = p{"p5?---pp*, where p;’s are odd primes). Let H =
(r?,r's) be a Type-II vertex with d|n,d # 1. Without loss of generality, let p; be a
prime divisor of d. Set K = (r?, s) and L = (rP1,s). Clearly K C L. As n is odd, d

is also odd. Thus we have
set of neighbours of H = set of neighbours of K C set of neighbours of L.
Thus deg(H) = deg(K) < deg(L). Consider the following two set of vertices
A={(r",s): pi|di,di|n} and B = {(r"') : p1 { du}.

It is easy to check that all vertices in A are non-adjacent with L and B is the exactly
the set of vertices of Type-I which are adjacent to L. Note that |A] = ay(as +
1) (ax+1) and |B| = (ag +1)--- (g + 1). As there are total (o(n) — 1) many
Type-1I vertices and |A| > |B|, we have

deg(H) < deg(L) < (o(n)—2) —|A|+|B| <o(n)—2<o(n)—1.

Case 2: (n is even, say n = p{'py?---pp*, where p; = 2 and other p;’s are odd
primes). Let H = (r?,r's) be a Type-II vertex with d|n,d # 1 and p; be a prime
divisor of n. According as i is even or odd, set K = (r? s) or (r?
and L = (rPi,s) or (rPi,rs), respectively. As in Case 1, we have deg(H) = deg(K) <
deg(L). Again, as in Case 1, construct the sets A and B. The rest follows similarly
and deg(H) < o(n) — 1.

Thus the theorem follows. O

,TS) respectively,

Theorem 4.  Let n = p{'p3?---pp*. The number of isolated vertices in T'(Dy) is
aiaz...ar — 1. Moreover, I'(D,,) is connected if and only if n is square-free.

Proof. Note that Type-II vertices are never isolated as they are always adjacent
to (r). A Type-I vertex (r¢) is isolated if and only if p|d, for all primes p|n, i.e., if
n=plp5?...pp*, then the number of isolated vertices are aqog ... oy — 1.

As D, is solvable, it is connected if and only if it has no isolated vertex if and only if

a1y ...ap — 1 =0 if and only if n is square-free. O



706 On co-maximal subgroup graph of D,,

Theorem 5. The minimum degree of I'"(D.,) is given by

5(T* (D)) = { 1, ifn is odd,

2, if n is even.

Proof. If n is odd, then (s) is adjacent only to (r), and hence § = 1. If n is even,
then (s) is adjacent only to (r) and (r?,rs). Thus degree of (s) is 2. We need to show
that no vertex have degree 1. Note that every Type-II vertex is adjacent to (r) and
exactly one of (r?, s) and (r?,rs), i.e., degree of a Type-II vertex is > 2. Let (r?) be a
non-isolated Type-I vertex. Then d misses atleast one prime factor of n, say p. Then
(r?) is adjacent to (r?,s) and (rP rs), i.e., its degree is > 2. O

Corollary 1. Let n = piip32---po* be odd. The number of pendant vertices in I'(Dy)
18

SRS §
=1 (pi—1)

Proof. If n is even, by Theorem 5, the minimum degree is 2 and hence I'(D,,) has
no pendant vertex. So, we assume that n is odd.

We start by observing that Type-I vertices of the form (r?) are never pendant, as if
(rd) ~ (r* r's), then (r?) ~ (r® ris) for j # i. Thus Type-II vertices are the only
possible choices for pendant vertices.

Let (r?,r's) be a pendant vertex. If p; { d for some i, then (r
least two vertices, namely (r) and (rP?). Thus p;|d for all i.
Finally, if p;|d for all i, then it is easy to observe that (r?,r’s) is adjacent only to (r).
Now, the corollary follows by counting the number of such vertices. O

4 ris) is adjacent to at

Proposition 3. The girth of I'(Dy,) is 3 for n > 3 and n is not an odd prime power.

Proof. If n is even, then (r), (r? s) and (r?,rs) forms a triangle. If n is odd, but
not a prime power, then there exist two distinct prime factors, say p,q of n. Then
(r), (rP, s) and (r9, s) forms a triangle. O

Proposition 4. T (D,) is a star if and only if n is an odd prime power.

Proof. Let n = p* where p is an odd prime. Then all Type-I vertices except (r)
are isolated in I'(D,,) and (r) is an universal vertex in I'*(D,,). Now, as any Type-II
vertex is of the form <Tpl,ris>, no two of them are adjacent and hence T'*(D,,) is a
star.

Conversely, if IT'*(D,,) is a star and n is not an odd prime power, by above Proposition,
I'(D,,) has a triangle, a contradiction. O
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As D,, is a finite solvable group, by Theorem 1, I'*(D,,) is connected and its diameter
is less than or equal to 4. In the next theorem, we compute the diameter of I'*(D,,)
and show that it is either 2 or 3.

Theorem 6.

2, n:pk

Diam (T (Dy)) = { 3 else
Proof. If n is an odd prime power, by Proposition 4, I'*(D,,) is a star and hence
Diam (I'*(D,,)) = 2. If n = 2%, then by Theorem 3.6 [5], T'*(D,,) has an universal
vertex and hence Diam(I'*(D,,)) = 2.

If n is not a prime power, then n has at least two distinct prime factors. Let n =
p*q®m, where m is coprime to p and ¢. Then consider the vertices A = (r?") and
B = (r"/?"). Clearly they are non-adjacent. As both are Type-I vertices, if they
have a common neighbour, it must be a Type-II vertex, say (r?,r’s). But that means
dln,d # 1 and d is coprime to both p® and n/p?®, a contradiction. Thus A and B
have no common neighbour, i.e., d(A4, B) > 2. Consider the path (rP") ~ (r? s) ~
(rP,s) ~ (r"/?") and hence d(A, B) = 3.

We claim that any two vertices are atmost at distance 3 from the other. If both the
vertices are of Type-II, then they always have a common neighbour (r) and hence
their distance is atmost 2. If both are of Type-I and are not isolated, say (rdt) and
(r?2), then both d; and dy miss at least one prime factor of n, say p and ¢. If p # q,
then (rdt) ~ (rP s) ~ (r1,s) ~ (riz) ie., their distance is atmost 3. If p = g,
then (r&1) ~ (rP s) ~ (r?2) i.e., their distance is at most 2. Thus we are left with
the case where one of the vertex is of Type-I and other is of Type-II, say (r®) and
(rdz ris). As (r?t) is not isolated, d; misses at least one prime factor of n, say p.
Thus (rd1) ~ (rP,s) ~ (r) ~ (r?2 ris), i.e., their distance is at most 3. Hence the
theorem follows. O

In the next theorem, we check when I'*(D,,) is Eulerian.

Theorem 7. T (D,) is Eulerian if and only if n is even and all odd prime factors of n
are of even exponent.

Proof. Let I'*(D,,) be Eulerian. If n is odd, by Theorem 5, minimum degree is 1,
i.e., odd, a contradiction. So n must be even. Let n has an odd prime factor p of odd
exponent «, i.e., n = p®m, where m is even and p { m. Consider the vertex (r).
Observe that its only neighbours are of the form (1P, rs). Thus degree of (r™) is
p+p>+ - +p, ie., odd, a contradiction. Hence all odd prime factors of n are of
even exponent.

Conversely, let n be even and all odd prime factors of n are of even exponent. Let
n = 291 “1ps®2 - prp* . where «;’s are even. We will show that all non-isolated
vertices have even degree.
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Let us first consider the Type-I vertices of the form (rd). If d is divisible by all the
prime factors of n, then (r¢) is an isolated vertex. So, we assume that d is not divisible
by some prime factors of n. Suppose p;,,pi,, ..., i, are the prime factors of n not
dividing d. Then the neighbours of (r?) are of the form <7“p'i131p"2 P2eepi Pt r7s), where
not all 3;’s are zero simultaneously. Thus degree of (r?) is o(p;, *1p;, %2 - - - p;, it ) —1,
which is even, as each «; is even. Thus Type-I vertices are of even degree.

Now, we consider the Type-II vertices of the form (r?,r’s). If d is divisible by all the
prime factors of n, then (r, r’s) has precisely two neighbours, (r) and exactly one of
(r?,s) and (r?,rs). So, we assume that d is not divisible by some prime factors of n.
Suppose pi,, Di,, - - -, Di, are the prime factors of n not dividing d.

Case 1: (2 f d) In this case, the neighbours of (r? ris) are of the form
<rp"1ﬁ1”1‘2ﬁ2”'pit5‘> and (rpilﬁlpw%'”pitﬁt,Tjs> where not all §8;’s are zero. Thus the

degree of (rd,rs) is
T(Piy, i, 2 i, M) o (i, 1 pi, M ps, M) — 2,

which is even, as explained earlier.

Case 2: (2|d) In this case, apart from the neighbours mentioned in Case 1, (r?,r’s)
has neighbours of the form (7“2%711511’1'252“'?’%&,rjs>, where i — j is odd. However,
proceeding similarly as above, it can be shown that the number of such neighbours
is also even. As a result the degree of Type-II vertices are also even. This proves the
theorem. O

3. Domination number, Chromatic Number and Perfectness
of I'(D,,)

In this section, we study the domination number, chromatic number of I'(D,,) and
characterize when I'(D,,) is perfect.

Theorem 8. The domination number of I'*(D,,) is given by

" |1, if n is a prime power,
V(T (Dn)) = { m(n) + 1, otherwise.

Proof. If n is a prime power, by Proposition 4, I'*(D,,) is a star and hence the
theorem follows. Let n = p{"'p5? ---pp*. Clearly {(r), (rP',s), (rP2,s),..., (rP*, s)} is
a dominating set of I'*(D,,) and hence v(I'*(D,,)) < k + 1.

If possible, let S = {z1,22,...,z;} be a dominating set of size k. Set m = pypa - - pg
and consider the set of k + 1 vertices A = {(r™/Pr) (rm/P2) . (pm/P) (r7 )1,
Among these k+1 vertices, at least one of them is not in .S. Without loss of generality,
let (r™/P1) ¢ S and (r™/P1) ~ z;. Then z; is of the form (rpfl,rils>. Note that x; is
not adjacent to any one of k vertices in the set A’ = {{(r™/P2) ... (r™/Pk) (r™ s)}.

By similar argument, not all of these k vertices in A’ belong to S. Without loss of
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generality, let (r™/P2) ¢ S and (r™/P1) ~ z5. Proceeding similarly, we get o =
By fe

(re2? pizg) . xy = (PP riks).

If n is odd, then (r™, s) is not adjacent to any x;, a contradiction. If n is even,

then either (r™,s) or (r™ rs) is not dominated by any x;, a contradiction. Hence,
~(T*(Dy,)) =k +1. O

Theorem 9. TI'(D,) is weakly perfect, i.e., the clique number and chromatic number of
I'(Dy) are given by

re w0 1Y G

Proof. We first deal with the case when n is odd, say n = p{'p3?---py*, where
pi’s are distinct odd primes. Consider the set A = {(r), (rP1,s), (rP2,s),..., (rPk, s)}.
Clearly A forms a clique of size k4+1 = 7(n)+1, i.e.,, w(T'(D,)) > w(n)+1. Let M be
a maximum clique of I'(D,,) of size t > k 4+ 2. If M contains only vertices of Type-II,
then M U (r) is a clique properly containing M, a contradiction. Thus M always
contains a vertex of Type-I. As no two vertices of Type-I are adjacent, M can have
exactly one vertex of Type-I. Without loss of generality, we can assume the Type-I
vertex in M to be (r). Let M = {(r), (r®1,rb1s), (r@2 rb2g) .. . (rae=1 rb-15)}. Thus
a1, ag, at—1 are mutually coprime factors of n and a; # 1. But as n has 7(n) distinct
prime factors, it can have atmost m(n) = k < t — 1 mutually coprime factors. Thus
w((Dy)) = m(n) + 1.

Similarly, if n is even, ie., n = 2%p3*...py* it can be easily checked that
B = {(r),(r?,s),(r%,rs), (rP2 s),..., (rP= s)} is a clique of size k + 2 = w(n) + 2.
Thus w(I'(D,)) > 7(n) + 2. Let M be a maximum clique of T'(D,) of size
t. As in the previous case, M have exactly one vertex of Type-I. Let M =
{{r), (rox, rbrs), (raz pb2g) . (rot-1 pbi-15)1 Arguing as in the previous case, the
number of odd divisors of n among ay,as,a;_1 is atmost k — 1. Again due to the
adjacency condition of Type-II vertices, the number of odd divisors of n among
a1,as,a;—1 is atmost 2. Thus M can have atmost 1 4+ 2 4 (kK — 1) = k + 2 vertices,
ie, w((D,)) = 7w(n) + 2.

As x > w, it suffices to produce a proper colouring using w colours. If n =
P17 ps? - - pe is odd, define

A= (), (r,r's) s pald}, A= {(r), (r?,r's)  pald} \ As, oo

j—1
Ay = {(rh), (r ris)  pjld} \ U Aj, where j =1,2,... k.
=1
Observe that Ay, As, ..., Ay are independent sets in T'(D,,). We assign the colour j
to all the vertices in A; and the k + 1 the colour to (r). It can be easily checked that
this is a proper colouring of I'(D,,) using k£ + 1 = m(n) + 1 colours.
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Similarly, if n is even, we construct similar independent sets for each prime as above,
With the following exception for the prime 2. For the prime 2, we construct two sets

= {(r?), (rd,ris) : 2|d,i is odd} and Y = {(r?), (r? ris) : 2|d,i is even}. One can
easﬂy check that this gives a proper colouring I'(D,,) using 7(n) + 2 colours. O

Theorem 10. I'(D,) is perfect if and only if one of the two conditions hold:
e n is odd and w(n) < 4.

e n is even and either m(n) <2 or m(n) = 3 and 41 n.

Proof. 1f nis odd and w(n) > 5, let n = p'p5? - - - p2®m, where p;’s are odd primes
which are coprime to m. Then (rP1P2 s) ~ (rP3P4 g) ~ (rP2Ps g) ~ (rPiP4 g) ~
(rP3Ps s) ~ (rP1P2 s) is an induced 5-cycle in I'(D,,) and hence I'(D,,) is not perfect.
Let n be odd and 7(n) < 4. Let C : xq ~ 29 ~ -+ ~ X411 ~ x1 be an induced odd
cycle in I'(D,,). As n is odd and any subgroup of D,, is of the form (r?) or (r?,ris), it
follows from the adjacency condition that (r?) ~ (rz ris) or (ré ris) ~ (rdz ris)
if and only if ged(dy,de) = 1. Thus for each vertex z; in C' we can associate a factor
d; of n such that z; ~ x; if and only if ged(d;,d;) = 1. Now, by following the steps
in the proof of Theorem 3.2 in [7], one can show that I'(D,,) is perfect.

If n is even and m(n) > 4, let n = 2%1pg? - - - py*m, where p;’s are odd primes which
are coprime to m. Then (rP2) ~ (r2P2Ps rg) ~ (rPsP1) ~ (r21 125) ~ (r2P2 g) ~ (rP2)
is an induced 5-cycle in the complement of T'(D,,) and hence T'(D,,) is not perfect.
If 7(n) = 3 and 4|n, let n = 2*p5?p3® where p;’s are odd primes. Then (rP) ~
(rt,s) ~ (rP2) ~ (r?1 s) ~ (r4P2 rs) ~ (rP1) is an induced 5-cycle in the complement
of T'(D,,) and hence T'(D,,) is not perfect.

Thus, if n is even, we are left with two cases, either n = 2%p5? or n = 2p5?ps®. These
two cases are dealt with in the following two lemmas. O

Lemma 1. Ifn=2%3?, then I'(D,) is perfect.

Proof.  Note that any vertex of the form (r?) or (r?, r’s) where 2ps|d are of degree 0 or
2 respectively in T'(D,,). In fact, (r?, r’s) is adjacent to exactly two vertices, namely (r)
and exactly one of (r2,s) and (r2,rs). If possible, let C : @1 ~ @y ~ - -+ ~ Topy1 ~ 21
be an induced odd cycle of length atleast 5 in I'(D,,). Clearly C must have atleast
one Type-II vertex. As (r) does not lie on C, any vertex of the form (r¢, r’s) where
2ps|d does not lie on C.

Claim A: If xy = (r®1 ris) is a Type-II Vertex on C, then d; is even.

Proof of Claim A: If dy is odd, then d; = p2 As 21 o 23,24, we have x3 = (rP2) or
(rP2 ris) and x4 = (r”g) or (r”2 r¥s). In any case, we have z3 ¢ x4, a contradiction.
Claim B: There exists no Type-I vertex on C.

Proof of Claim B: If there exists two vertices, say xl,mk of Type-I on C’ Clearly
they must be non-adjacent. Using Claim A, x; = <r1’2> and xp = (rp2 ). But as
Zo,Topy1 ~ X1, we must have xp ~ 9, Tory1, a contradiction. So atmost one Type-I
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vertex can be on C, say x1 = <7‘p§>. As x1 o0 x3, 24 and both are Type-II vertices, by
Claim A, we must have x3 = (r% r's) and x4 = (r?s,r7s) where 2p, divides d3 and
d4. However such vertices do not lie on C.

Thus all the vertices on C are of Type-II, i.e., z; = (r# rits) for | =1,2,...,2t +1
where d;’s are even. Again from the adjacency condition, we have all of i; — i5,i0 —
13,...,19¢.4+1 — 41 to be odd. Adding all of them, we get the sum of odd number of odd
integers to be zero, a contradiction. Thus I'(D,,) has no induced odd cycle of length
atleast 5. Similarly, it can be shown that I'(D,,)¢ has no induced odd cycle of length
atleast 5. Hence I'(D,,) is perfect. O

Lemma 2. Ifn=2%3?ps?, then I'(Dy) is perfect.

Proof. 1If possible, let C' : 1 ~ x9 ~ -+ ~ x9;11 ~ 21 be an induced odd cycle of
length atleast 5 in I'(D,,). As no two Type-I vertices are adjacent, thus we must have
atleast t + 1 > 3 Type-II vertices in C.

Claim 1: (r?,r's), where 2pips|d does not lie in C.

Proof of Claim 1: Its only neighbours are (r) and exactly one of (r?,s) and (r?, rs).
As (r) is adjacent to all Type-II vertices and there are atleast 3 Type-II vertices in
C, (r) does not lie on C. Thus (r%,r's) can have atmost one neighbour in C, which
is a contradiction as C'is a cycle.

Claim 2: None of (r?,s) and (r?,rs) lie in C.

Proof of Claim 2: If 21 = <T s) lies in C, then as (r?,s) is a maximal subgroup of
index 2 in D,,, all of x3, x4, ...,To: are contained in x1. Thus, using Clalm 1, without
of loss of generality, we can assume that z3 = (rzf)f ,ris) and 23 = (7“21)2 ris). As
T3 ~ x4, we have i — j is odd. On the other hand, as 1 ¢ x3, x4, we must have ¢ and
j to be both even. This contradicts the parity of ¢ — j.

Claim 3: Vertices of the form (rpflp§2> and (rpflpgz,ris> do not lie in C.

Proof of Claim 3: As <7’p1131p§2> is adjacent only with (r2,s) and (r?,rs), the claim
follows from Claim 2. Similarly, only neighbours of (rP1'?2* ris) in I'(D,,) are (r),
(r?) and exactly one of (r?,s) and (r?,rs). However, from Claim 2, its only possible
neighbour in C is (r?), a contradiction. Hence Claim 3 holds.

Claim 4: (r?) lies in C.

Proof of Claim 4: Suppose (r?) does not in C. Then from Claims 1,2 and 3 it follows
that for any vertex (r%) or (r% ris) in C, d; must be of the form pi*, p52, 2p™
2p§2
contradicts that C' is an odd cycle. Thus the claim follows.

. Again, as C is cycle, d; must be alternately divisible by p; and ps. But this

Let 71 = (r?) be a vertex on C. As x7 is a Type-I vertex, from the adjacency condition
and previous claims, without loss of generality, we have zo = (rpf,ris> and xopy1 =
(rpf/ ,77s). Then x3 must be of one of the 4 forms, namely (rp§2), (7"7”52 , 7 s), <r2p§2>
and <r2p§2,rj s). However, in any case, we have x3 ~ Xo9;11, a contradiction. Thus
I'(D,,) has no induced odd cycle of length atleast 5. O
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4. Isomorphisms of I'(D,)

In this section, we discuss some isomorphism results of I'(D,,). The first result (Theo-
rem 11) shows that co-maximal graph of D,, uniquely determines n. The second result
(Theorem 12) is more general in nature. It shows that nilpotent dihedral groups are
uniquely determined by their comaximal subgroup graphs.

Lemma 3. Let n and m be two positive integers such that I'(Dy,) 2 T'(Dy,). Then n and
m are of same factorization type.

Proof. As T'(D,,) = I'(D,,), from Theorem 5, it follows that n and m have same
parity. Thus, by Theorem 9, w(n) = w(m), i.e., m and n have same number of distinct
prime factors. So we assume that n = pi"'p5? ---pp* and m = qflqu .- -q,fk.

Consider the Type-I vertices other than (r) in TI'(D,). Note that

{(rPry, (rPYY, -+ (rPT')} is one of the twin class of size «y. Similarly, we get

k

twin classes of size ao,as, ..., . Again, note {(rP1P2), (rPir2) ... (rPV'P2°)} g g
twin class of size ajaq. Proceeding this way, Type-I vertices other than (r), can be
partitioned into twin classes of size

Pn ={ai, a2, ..., 05, 0000, a203, ..., 0100 -y }.
Similarly for T'(D,,), we get

P = {51, 82, -, Br, 152, B2B3, ..., B1P2 - - B}

As I'(D,) = I'(Dp), we have P, = Pn,. If a = B, for some o € S,
we are done. If no «; is equal to any (;, then without loss of generality, let
ay = min{ay, ag, ..., ak, 81, P2, .., Bk}t Therefore, ay < f; for all i. Thus ay € Pp,
but a; € P, as 5; > «1. This contradicts the fact P, = P,,. Thus some «;’s are
equal to some §;. By suitable renaming, let oy = 81,2 = B2, ..., a; = 3; and none
of ajy1,..., 0 is not equal to any of B;41,...,Bk. Therefore each of a;yq,...,af is
product of atleast two 3;’s. Similarly, each of B;11,..., Bk is product of atleast two
o;’s.

We remove all the terms involving aq, s, ..., q; from P, to get a new set P/,. Simi-
larly, we remove all the terms involving 51, fa, ..., 8; from P, to get a new set P/, .
Hence we have P, = P/ .

Let v, v, - - - o, be the smallest element of P/,. Then at least one of a;,, ay,, ..., q;,
does not belong to {ay,as,...,a;}. Let oy, & {1, @9,...,a;}. Then «;, € P/, and
i, < @y, a4, -y, Thus g, is also smallest in P, =P/ .

Therefore a;, = B4, B4, - - - B4, € P),. Arguing similarly, without loss of generality, 3;,
is the smallest element in P;,. Thus o;, = 3;,, a contradiction. Hence, a; = B,(;) for
some o € S; and the theorem follows. O
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Theorem 11. Let n and m be two positive integers such that I'(Dy) = I'(D.,). Then
n=m.

Proof. From Lemma 3, we get that n = pi"p5?---pp* and m = ¢ ¢ - qp*.
Thus, it suffices to show that p; = ¢; for all i. We consider the case when both m and
n are odd. The case when both m and n are even can be handled similarly.
Consider the maximum clique A = {(r), (rP1,s), (rP2,s),..., (rP*, s)} of I'*(D,,) as
defined in the proof of Theorem 9. Note that it contains exactly one vertex of Type-I
and k-vertices of Type-II. As I'(D,,) 2 I'(D,,), under any isomorphism, A is mapped
to a maximum clique B of T*(D,,). Without loss of generality,

B = {<7‘>, <7A¢I17ri1s>7 <rq2’ri28>a ey <quarik3>}'

Now, consider the number of Type-I and Type-II neighbours of Type-II vertices in A.
For example, (rPi,s) has (7(n/p;*) —1) many Type-I neighbours and (o(n/p;*) —1)
many Type-II neighbours in I'*(D,,). Similarly, we can compute the number of Type-I
and Type-IT neighbours of Type-II vertices in B. As I'(D,,) 2 I'(D,,), the following
two sets consisting of ordered pairs are equal.

{(r(n/p1%),0(n/pr*")), (T(n/p2?),0(n/p2*?)), ..., (T(n/pk™*), o (n/pr*))}

={r(m/q®),o(m/*")), (r(m/q2"?), 0(m/¢2°%)), ..., (7(m/q1**), 0 (m /g1 "))}

Again, as 7(m) = 7(n),o(m) = o(n) and 7, o are multiplicative functions, we have
{(T(0171), 0(p1)), (7(p2°2), 0 (p2°%)), - - - (T(P&™*), o (&) }

={(r (™), o(@®)), (1(22%%), 0(q2"%)), - ., (7(@x™*), 0 (@)}

As these two sets are equal, there exists ¢ such that (7(p1®'),o0(p1®)) =
(7(¢;*),0(q;*)), i.e,, a1 = «; and hence o(p1*!) = o(¢;**), i.e.,, p1 = ¢;. Simi-
larly, it can be shown that set of prime factors of m and n are same and as a result,
m=n. [

Theorem 12. Let G be a finite solvable group such that T'(G) 2 T'(Dsa). Then G = Daa.

Proof.  As T'*(Dse) has a unique universal vertex, namely (r) and all other Type-I
vertices are isolated, we get a subgroup H which is the unique universal vertex in
r*(G).

Claim 1: H is a maximal subgroup G and H < G.

Proof of Claim 1: If there exists a proper subgroup X of G such that H C X, then
deg(H) < deg(X) in T'(G), a contradiction. Thus H is a maximal subgroup of G. If
H is not normal in G, there exists g € G such that H' = gHg~' # H. Note that
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K ~ H ifand only if gKg~' ~ gHg ™!, i.e., deg(H) = deg(H'), a contradiction. Thus
H<«G.

From Claim 1, it follows that G/H is a prime order group, i.e., [G : H] = p, for some
prime p. Thus |G| = p*m and |H| = p*~'m, where p { m.

Claim 2: G is a group of prime power order.

Proof of Claim 2: Let q be a prime factor of m and K be a Sylow g-subgroup of G.
If K€ H, then KH =G, i.e.,

o () m) ()@ 'm)

P="TanK] q' AR

= p, a contradiction.

Thus if ¢ is a prime factor of m, then every Sylow g-subgroup K of G is contained in
H. Thus K corresponds to a Type-I vertex in I'(Dz«) and hence, if K # H, then K
is an isolated vertex in I'(Dza ). However, as G is solvable, K has a Hall complement
L of order p®m/q® in G, ie., KL = G, i.e., K ~ L. Thus either m has no prime
factor, i.e., m =1 or K = H. If m = 1, then G is p-group and the claim holds. If
K = H, then |H| = ¢*, i.e., a = 1 and |G| = p¢®.

Again, note that I'*(Ds«) has exactly two Type-1I vertices of second highest degree,
namely (r? s) and (r?,rs) and every other Type-II vertices is adjacent to exactly
one of (r? s) and (r?,rs). Let Ki, Ko be the two vertices in I'*(G) corresponding
to (r?,s) and (r?,rs) respectively. As H is the universal vertex in I'*(G), we have
H ~ Ky and H ~ Ko, i.e., K1, Ko € H. Thus |K;| = pg"* and |Ks| = pg*?. Again,
as (r?,s) ~ (r?,rs), we have K1 ~ Ko, i.e., K1Ko = G, i.e.,

gt - pg'?

=t T e, |KNKsy|=pghttzT?t
| K1 N Ky | |

pq"

Ifp+#q KiNKy € H,ie., H ~ K1NK5 and K1N K, corresponds to a Type-II vertex.
Hence, K1 N K5 must be adjacent to one of K7 and K. However, K1 N Ky C K1, Ko,
this is a contradiction. Thus we must have p = ¢ and |G| = p**1. Hence Claim 2
holds.

As G is a group of prime-power order, G is nilpotent and I'*(G) has a unique universal
vertex. Thus by Theorem 3.6 in [5], G must belong to one of the five families of groups,
namely 3,4,5,6,7. As I'"*(Z,n-1 X Zj) and I'*(Myn) has p many universal vertices, G
is not isomorphic to Zyn-1 X Zy, or Myn. Again, as I'*(SDzn ) a unique vertex of second
highest degree, G is not isomorphic to SDsn. If G = Qan, then number of isolated
vertices in T'(G) is n — 2 and the second highest degree is 2"~2. However, I'(Daa) has
«a — 1 isolated vertices and its second highest degree is 2%. This is a contradiction
and hence G % Qon. Hence G = Dyn—1. Finally, comparing the number of isolated
vertices, we get G = Daa. O
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