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Abstract: Let G be a graph with vertex set V(G). A double Roman dominating
function (DRDF) on a graph G is a function f : V(G) — {0, 1, 2, 3} having the property
that if f(v) = 0, then the vertex v must have at least two neighbors assigned 2 under f or
one neighbor w with f(w) = 3, and if f(v) = 1, then the vertex v mus have at least one
neighbor u with f(u) > 2. If f is a DRDF on G, then let Vo = {v € V(G) : f(v) = 0}.
A restrained double Roman dominating function is a DRDF f having the property that
the subgraph induced by Vi does not have an isolated vertex. A set {f1, f2,..., fa} of
distinct restrained double Roman dominating functions on G with the property that
Zle fi(v) < 3 for each v € V(G) is called a restrained double Roman dominating
family (of functions) on G. The maximum number of functions in a restrained double
Roman dominating family on G is the restrained double Roman domatic number of G,
denoted by d.qr(G). We initiate the study of the restrained double Roman domatic
number, and we present different sharp bounds on d,qz(G). In addition, we determine
this parameter for some classes of graphs.

Keywords: Restrained double Roman domination, restrained double Roman domatic
number.

AMS Subject classification: 05C69.

1. Introduction

For definitions and notations not given here we refer to [6]. We consider simple and
finite graphs G with vertex set V = V(G) and edge set E = E(G). The order of
G is n = n(G) = |V|. The neighborhood of a vertex v is the set N(v) = Ng(v) =
{u € V(@) | wwv € E}. The degree of vertex v € V is d(v) = dg(v) = |[N(v)|. The
mazimum degree and minimum degree of G are denoted by A = A(G) and § = 6(G),
respectively. The complement of a graph G is denoted by G. For a subset D of
vertices in a graph G, we denote by G[D] the subgraph of G induced by D. A set
of pairwise independent edges of G is called a matching in G, while a matching of
maximum cardinality is a mazimum matching in G. A leaf is a vertex of degree one,
© 2025 Azarbaijan Shahid Madani University



618 Restrained double Roman domatic number

and its neighbor is called a support vertex. We write P,, for the path of order n, C,
for the cycle of length n, K,, for the complete graph of order n. Also, let Ky, n,....n,
denote the complete p-partite graph with vertex set S; U Sy U...US, where |S;| = n;
for 1 <i < p. For n > 2, the star K; ,_1 has one vertex of degree n —1 and n — 1
leaves.

A set S C V(QG) is called a dominating set if every vertex is either an element of S
or is adjacent to an element of S. The domination number ¥(G) of a graph G is the
minimum cardinality of a dominating set of G. A minimal dominating set in a graph
G is a dominating set that contains no dominating set as a proper subset.

In this paper we continue the study of Roman dominating functions and Ro-
man domatic numbers in graphs (see, for example, the survey articles [2-5]). If
f:V(G) — {0,1,2,3} is a function, then let (Vp, V1, Va, V3) be the ordered partition
of V(G) induced by f, where V; = {v € V(G) : f(v) =i} for i € {0,1,2,3}. Thereisa
1-1 correspondence between the function f and the ordered partition (Vg, Vi, Va, V3).
So we also write f = (Vp, V1, Vo, V3). A double Roman dominating function (DRDF)
on a graph G is defined in [1] as a function f : V(G) — {0,1,2,3} having the
property that if f(v) = 0, then the vertex v must have at least two neighbors in V5
or one neighbor in V3, and if f(v) = 1, then the vertex v must have at least one
neighbor in V2 U V3. The weight of a DRDF f is the value f(V(G)) = 3, cv(q) f(u).
The double Roman domination number vqr(G) is the minimum weight of a DRDF
on G, and a double Roman dominating function of G with weight v4r(G) is called a
Yar(G)-function of G.

A set {f1, fo, ..., fa} of distinct double Roman dominating functions on G with the
property that Zle fi(v) < 3 for each v € V(G) is called in [10] a double Roman
dominating family (of functions) on G. The maximum number of functions in a
double Roman dominating family on G is the double Roman domatic number of G,
denoted by dar(G).

Mojdeh, Masoumi and Volkmann [7] defined the restrained double Roman dominating
function (RDRDF) as a double Roman dominating function f with the property that
the subgraph induced by V[, does not have an isolated vertex. The restrained double
Roman domination number v,.qr(G) equals the minimum weight of an RDRDF on
G. An RDRDF on G with weight v,q4r(G) is called a v,q4r(G)-function.

A set {f1, f2,..., fa} of distinct restrained double Roman dominating functions on G
with the property that 2?21 fi(v) < 3 for each v € V(QG) is called a restrained double
Roman dominating family (of functions) on G. The maximum number of functions in
a restrained double Roman dominating family on G is the restrained double Roman
domatic number of G, denoted by d,qr(G). The definitions lead to Y4r(G) < Yrar(G)
and deR(G) < ddR(G).

We initiate the study of the restrained double Roman domatic number, and we present
different sharp bounds on d,.4r(G). In addition, we determine this parameter for some
classes of graphs. Furthermore, if G is a connected graph of order n > 3, then we
show that 6 < v,qr(G) + drar(G) < 3 + 2.

We make use of the following results.
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Proposition 1. [10] If G is a graph, then dqr(G) < §(G) + 1.
Since d,qr(G) < dgr(G), the next corollary is immediate.
Corollary 1. If G is a graph of order n, then drqr(G) < §(G)+1 < n.

Proposition 2.  [10] Let C,, be a cycle of order n > 3. Then dqyr(Cn) = 3, when
n = 0(mod 3) and dgr(Cr) = 2, when n = 1,2 (mod 3).

Proposition 3. [10] Let G be a graph of ordern > 2. If A(G) < n—2, then dar(G) < §.

Proposition 4.  [10] If G is a graph of order n, then dar(G) + dar(G) < n + 1, with
equality if and only if G = K, or G = K,.

Proposition 5. [7] If G is a connected graph of order n > 2, then yrar(G) < 2.

Proposition 6. IfG is a graph of ordern > 3, then vrar(G) > 3, with equality if and only
if A(G) =n—1 and G contains a vertex w of maximum degree such that 6(G[Ng(w)]) > 1.

Proof. Since n > 3, it is easy to see that v,qr(G) > 3. Assume that G contains a
vertex w with dg(w) = n — 1 such that §(G[Ng(w)]) > 1. Define the function f by
f(w) =3 and f(z) = 0 for z € V(G) \ {w}. Since G[Ng(w)] does not contain an
isolated vertex, we observe that f is an RDRDF on G of weight 3 and so v,q4r(G) = 3.
Conversely, assume that v,.qr(G) = 3. Let f be a v,q4r(G)-function. Since n > 3,
there exists a vertex w with f(w) = 3 such that the remaining n — 1 vertices with
value 0 are adjacent to w and §(G[Ng(w)]) > 1. O

Proposition 7. [8] If G is a graph without isolated vertices and S is a minimal domi-
nating set of G, then V(G)\ S is a dominating set of G.

Proposition 8. [7] If p,q > 2 are integers, then vrar(Kp,q) = 6.

Proposition 9. /9] Let G = Kuy ny,....n, be a complete p-partite graph with p > 2 and
nt <ne < ... <np. Ifn=mn1+n2+...+np, and M is a maximum matching, then
|M| = min {n — Np, Lg]}

2. Properties and bounds

In this section we present basic properties and bounds on the restrained double Roman
domatic number.

Theorem 1. If G is a graph without isolated vertices, then drqr(G) > 2.
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Proof. Let T be a spanning forest of G without isolated vertices, and let X and
Y be a bipartion of T. Define the functions f and g by f(z) = 1, f(y) = 2 and
g(z) =2, g(y) =1forx € X and y € Y. Since T has no isolated vertices, f and g are
distinct restrained double Roman dominating functions on 7" and also on G such that
f(u) 4+ g(u) = 3 for each u € V(G). Therefore {f, g} is a restrained double Roman
dominating family on G and thus d.q4r(G) > 2. O

We deduce from Corollary 1 and Theorem 1 the next resutl immediately.

Corollary 2. Let G be a graph without isolated vertices. If G has a leaf, then drqr(G) = 2.
In particular, if T is a nontrivial tree, then drqr(T) = 2.

Corollary 3. Let C,, be a cycle of order n > 3. Then dyar(Cr) = 3, when n = 0 (mod 3)
and drqr(Cr) = 2, when n = 1,2 (mod 3).

Proof. If n = 1,2 (mod3), then d.qr(C,) > 2 by Theorem 1, and Proposition 2
implies d,-qr(Cr) < dar(Cp) < 2. This leads to d,qr(Cy) = 2 in this case.

Let now n = 3t for an integer ¢ > 1, and let C), = vivs...v,v;. We deduce from
Corollary 1 that dyqr(Cr) < 3. Now define f1, fo and f5 by f1(vsi—2) = 3 for
1 <i < tand fi(x) = 0 otherwise, fa(vs;—1) = 3 for 1 < 4 < t and fo(z) = 0
otherwise and f3(vs;) = 3 for 1 < i < ¢ and f3(x) = 0 otherwise. Then {f1, fa, f3}
is a restrained double Roman dominating family on Cs; and thus drqr(Cs:) > 3.
Therefore d,qr(Cy) = 3, when n = 0 (mod 3). O

Theorem 2. If G is a graph, then vrar(G) - drar(G) < 3n. Moreover, if we have the
equality vrar(QG) - drar(G) = 3n, then for each restrained double Roman dominating family
{fi,f2y..., fa} on G with d = drar(G), each f; is a vrar(G)-function and Zle filv) =3
for allv € V(G).

Proof. Let {f1, f2,..., fa} be a restrained double Roman dominating family on G
with d = drdR(G)' Then

d
d~’)/rdR(G) = Z'}/rdR(G)SZ Z fl(v)

=1 veV(G)
d
= > > filvy<s > 3=3n
veV(G) =1 veV(G)

If var(G) - drar(G) = 3n, then the two inequalities occuring in the proof become
equalities. Hence for the restrained double Roman dominating family {f1, fa,..., fa}
on G and for each 1, ZvEV(G) fi(0) = vrar(G). Thus each f; is a v,.qr(G)-function,

and E?:l fi(v) = 3 for each v € V(G). 0
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Theorem 3. Let G be a graph of order n > 3. If G has 1 < p < n — 1 vertices of degree
n—1, then drar(G) > p+1.

Proof.  Let {vi,v2,...,v,} be the vertex set of G and let v1,va, . .., v, be the vertices
of degree n — 1. If p = 1, then Theorem 1 implies d,4z(G) > 2 = p+ 1. Let now
p > 2. Define the functions f; by fi(v;) = 3 and f;(x) =0for z #v; for 1 <i<p
and fpi1 by fpr1(vn) = fpr1(va—1) = ... = fpr1(vpr1) = 3 and fpi1(v;) = 0 for
1 <i<p. Since p > 2, f1, fa,..., fp41 are disdinct RDRD functions on G such that
fi(@) + fa(x) + ...+ fpr1(x) = 3 for each x € V(G). Therefore {f1, fo,..., fp+1} is
a restrained double Roman dominating family on G and so d,q4r(G) > p + 1. O

Corollary 4. Let G be a graph of order n. Then drar(G) < n with equality if and only
if G is complete.

Proof.  Corollary 1 implies d,qr(G) < n. Let now G be complete. If n = 1, then
obviously d,4r(G) =1 = n. If n = 2, then it follows from Corollary 2 that d,qr(G) =
2 =n. Let now n > 3. Then Theorem 3 with p =n — 1 leads to d.qr(G) > n and so

deR(G) =n.
Conversely assume that d.qr(G) = n. If G is not complete, then 6(G) < n — 2 and
Corollary 1 leads to the contradiction n = d.qr(G) < §(G)+1<n—1. O

Example 1. Let {vi,v2,...,v,} be the vertex set of the complete graph K, (n > 3), and
let k be an integer with 1 < k < n — 2. Define the graph G = K,, — {v1vp, V20p ..., kU }.
Then 6(G) = n — k — 1, and it follows from Corollary 1 that dyqr(G) < n — k. Since
Uk+1, Uk+2, - - - , Un—1 are vertices of degree n — 1, we deduce from Theorem 3 that drqr(G) >
n — k and thus d,qr(G) =n —k=6(G) + 1.

This example shows that Corollary 1 is sharp. Since d,.qr(G) < dqr(G), Proposition
3 implies the next bound.

Corollary 5. Let G be a graph of order n > 2. If A(G) < n — 2, then dyar(G) < 5.

Corollary 6. IfG is a graph of order n, then drar(G) + drar(G) < n + 1, with equality
if and only if G = Ky, or G = K,.

Proof.  Proposition 4 implies d,qr(G)+drar(G) < n+1 and d,qr(G)+drar(G) < n
when G # K,, and G # K,,. If, without loss of generality, G = K,,, then we deduce

from Corollary 4 that d.qr(G) + drar(G) =n + 1. O

Theorem 4. If G is a graph of order n > 3 without isolated vertices, then

3
6 < Yrarn(G) + drar(G) < 7” +2.
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Proof.  First we prove the lower bound. Proposition 6 implies v,.q4r(G) > 3.
Assume that v,4r(G) = 3. Then it follows from Proposition 6 that A(G) = n—1, and
G contains a vertex w of maximum degree such that §(G[Ng(w)]) > 1. Now let S be
a minimal dominating set of G[Ng(w)]. According to Proposition 7 Ng(w)\ S is also
a dominating set of G[Ng(w)]. Now define the functions f1, fa, f3 by fi(w) =3 and
f1(z) = 0 otherwise, fa(z) = 3 for x € S and fa(z) = 0 otherwise and f3(z) = 3 for
x € Ng(w)\ S and f5(z) = 0 otherwise. Since w is adjacent to all vertices of S and to
all vertices of Ng(w) \ S, we conclude that {f1, f2, f3} is a restrained double Roman
dominating family on G and thus d,qr(G) > 3. This implies v,qr(G) + drqr(G) > 6
in this case.

If v.4r(G) > 4, then Theorem 1 leads to v,qr(G)+drir(G) > 6, and the lower bound
is proved.

Now we prove the upper bound. Theorem 2 implies

3n

Yrar(G) + drar(G) < Boan(@)

+ drdR(G).

According to Corollary 1 and Theorem 1, we have 2 < d,qr(G) < n. Using these
bounds and the fact that the function g(z) = « + 37" is decreasing for 2 < z < v/3n
and increasing for v/3n < x < n, we obtain

3n 3n 3n
G)+d G) < ——— +dqgr(G) < — +2,3 = — 42,
Yrar(G) + drar(G) < Zan(G) +drar( )_max{ 5 T +n} 5+
and the upper bound is proved. O

Example 2. Let H = pK> with an integer p > 2. Then n(H) =n = 2p, yrqar(H) = 3p =
3% and drqr(H) = 2. Thus vrar(H) + drar(H) = 37” + 2.

2
This example shows that the upper bound in Theorem 4 is sharp.

Example 3. Let Wd(2,p) be the windmill graph consiting of a center vertex z which is
adjacent to the vertices of p > 1 copies of the complete graph K3. Then we observe that
Yrar(Wd(2,p)) = 3, drar(Wd(2,p)) = 3 and so vrqr(Wd(2,p)) + drar(Wd(2,p)) = 6. Now
let W be the the graph obtained form Wd(2,p) by attaching a leaf. Then we note that
'yrdR(W) =4, drdR(W) = 2 and so ’YrdR(W) + drdR(W) =6.

The graphs in Example 3 show that the lower bound in Theorem 4 is sharp.

3. Complete p-partite graphs

Theorem 5. Ifq>p > 2 are integers, then drar(Kp,q) = p.
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Proof. Let X = {x1,22,...,2p} and Y = {y1,¥2,...,yq} be a bipartition of K, 4.
First let | X| > 3. If f is an RDRDF on K, 4, then we show that f(X) ="\ f(z) >
3. Suppose on the contrary, that f(X) < 2. Then, since |X| > 3, there exists a vertex
v € X with f(v) = 0 and therefore a vertex w € Y with f(w) = 0. However, now
the definition leads to the contradiction f(X) = f(N(w)) > 3. If {f1, f2,..., fa} is
a restrained double Roman dominating family on K, , with d = d,qr(Kp, ), then it
follows that

d

d
3d<D N file) =D > file) <Y 3=3[X|=3p

i=1zeX reX i=1 reX

and thus drqr(Kpq) < p.

Let now |X| = 2. Then dyqr(Kp4) < 3 by Corollary 1. Suppose that d =
drar(Kpq) = 3, and let {f1, fo, f3} be a restrained double Roman dominating family
on K, g If fi(z1) = 0 or fi(z2) = 0 for an index ¢ € {1,2,3} or f;(X) > 3 for all
1 <4 < 3, then we obtain the contradiction d < p = 2 as above. Therefore assume,
without less of generality, that f(z1) = fi1(x2) = 1. This implies fi(y) >2fory €Y
and thus fo(X), f3(X) > 3. Hence we arrive at the contradiction

3 3
§=3d-1<) > fil)=) > fila) <) 3=6

i=1xzeX rzeX i=1 rzeX

Altogether, we have drqr (K, ) < p.

Conversely, define f;(z;) = fi(y;) = 3 and f;(x) = 0 otherwise for 1 < i < p. Then
{f1, f2,..., fp} is a restrained double Roman dominating family on K,,. Hence
drar(Kp.4) > p and thus drar(Kp ) = p. L)

If p > 2 is an integer, then it follows from Proposition 8 and Theorem 5 that
Yrdr(Kp p) - drar(Kp p) = 6p. Thus Theorem 2 is sharp.

Theorem 6. Let G = Knino,..., np be a complete p-partite graph with p > 3 and n1 <
ne < ...<ny. Ifn=mn1+n2+...+ny, then:

(i) If np—1 = 1, then drqr(G) = p.

(i3) If n1 > 2, then
n L 1<
drar(G) = min {n — Np, \‘gJ} = min {; i, \‘2 ng } .
(i) If ng =1 and ngy1 > 2 for 1 <t < p—2, then

drar(G) —t—|—min{ pi i, \‘; i nlJ }

i=t+1 i=t-+1
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Proof. Let Sy, S, ...,S5, be the partite sets of G with |.S;| =n; for 1 <i <p.

(i) Let np—y = 1, and let S; = {s;} for 1 < ¢ < p— 1. Define fi(s;) = 3 and
fi(z) = 0 otherwise for 1 < i < p—1 and f,(y) = 3 for y € S, and f,(x) = 0 for
z € V(G)\ Sp. Then {f1, fo,..., fp} is a restrained double Roman dominating family
on G and therefore d,qr(G) > p. Since §(G) = p — 1, it follows from Corollary 1 that
drar(G) < p and thus d,qr(G) = p in this case.

(ii) Let ny > 2. Then A(G) < n — 2 and thus d,4r(G) < § by Corollary 5. Let now

M = {u1v1,ugvs, ..., Unvy} be a maximum matching of G.
Define f; by fi(u;) = fi(v;) = 3 and f;(z) = 0 otherwise for 1 <4 < m = |M|. Then
{f1, f2,- -, fm} is a restrained double Roman dominating family on G, and therefore

we deduce from Proposition 9 that

drqr(G) > |M]| = min {n—np, LSJ} (3.1)
If n —n, > n,, then min{n —ny, |%|} = [%] and hence (3.1) and the bound
drgr(G) < § lead to the desired result.
Next assume that n, > n —n,. Then min {n —n,, [%|} =n —n, and (3.1) implies
drar(G) > n—nyp. Let now {f1, fa,..., fa} be a restrained double Roman dominating
family on G with d = d,qr(G), and let X =S4 US; U...US,_1.
Assume first that there exists in index 4, say ¢ = 1, such that f1(X) = 0. Then
fily) > 2 for y € S,. Since n; > 2, we observe in this case that f;(X) > 4 for
2 < i < d. Therefore

d

ICEED SD SOED SHWAOED SEEE PIEEE)

i=1xecX rzeX i=1 reX

Since p > 3 and n; > 2, this leads to d,qr(G) =d < n —n,.

Assume next that f;(X) > 1 for 1 < ¢ < p and, without loss of generality, that
fi(X) =1. Then fi(y) > 2 for y € S,,, and as in the last case, we obtain d,qr(G) <
n—np.

Now assume that f;(X) > 2 for 1 <i < p. We observe that f;(X) = 2 is possible for
at most two indices. It follows that

d

d
3d—-2<3 > file) =YY fil) <D 3=3|X|=3(n—n,)

i=1xeX zeX i=1 zeX

and so again dyqr(G) = d < n —n,. As dpgr(G) > n — ny, we conclude that
drar(G) = n —n, in this case.

(iii) Finally, let n; = 1 and nyyq; > 2for 1 <t < p—2. Let S; = {s;} for 1 <
i <t. Clearly, fi(s;) = 3 and f;(z) = 0 for 1 < i < t are restrained double Roman
dominating functions on G. Applying Theorem 5 when p — ¢t = 2 and Part (ii) when
p—t > 3 to the complete (p — ¢)-partite graph G[Si11 U Si42 U ... US,], we obtain
the desired result. O
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If ny > 2 and min {n — Ny, L%J} = L%J in Theorem 6, then d,.4r(G) = L%J Thus
Corollary 5 is sharp.
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