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Abstract: In this work, we study a class of skew cyclic codes over the ring R :=
Z4 + vZ4, where v2 = v, with an automorphism @ and a derivation Ag, namely codes
as modules over a skew polynomial ring R[z;6, Ag], whose multiplication is defined
using an automorphism 6 and a derivation Ay. We investigate the structures of a skew
polynomial ring R[z; 0, Ag]. We define Ag-cyclic codes as a generalization of the notion
of cyclic codes. The properties of Ag-cyclic codes as well as dual Ag-cyclic codes are
derived. As an application, some new linear codes over Z4 with good parameters are
obtained by Plotkin sum construction, also via a Gray map as well as residue and
torsion codes of these codes.
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1. Introduction

Cyclic codes are an important class of codes from both theoretical and practical
viewpoints. Theoretically, cyclic codes have a rich mathematical theory, in particular,
they have additional algebraic structures to make, practically, the process of encoding
and decoding cyclic codes is more efficient.

Cyclic codes over finite fields were first studied by Prange [21] in 1957. Since then,
many coding theorists have made significant progress in studying cyclic codes for both
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498 Skew cyclic codes over Z4 + vZ4 with derivation

the so-called random-error correction and burst-error correction (See, for example, [13]
for the detailed description of random-error and burst-error correction).

In 2007, Boucher, Geiselmann, and Ulmer [6] (see also [8],[7]) extended the notion
of cyclic codes over finite fields by using generator polynomials in non-commutative
skew polynomial rings. The new notion of codes is called skew cyclic codes over finite
fields. In general, a skew polynomial ring is not a unique factorization ring. In this
case, there are typically more factors of ' — 1 in this ring than in the commutative
case. Hence, there are more skew cyclic codes than cyclic codes over finite fields. This
new class of codes increases the number of possibilities for finding codes with good
parameters. Boucher, Geiselmann, and Ulmer [6] also give many examples of codes
that improve the previously best-known linear codes over finite fields.

Later, the notion of skew cyclic codes over finite fields was generalized to the skew
cyclic codes over several kinds of finite rings. Abualrub, Aydin, and Seneviratne [1]
considered skew cyclic codes over Fy 4+ vFy, where v? = v, and constructed optimal
self-dual codes over this ring. Gursoy, Siap, and Yildiz [12] investigated structural
properties of skew cyclic codes over IF, +vF,, with v? = v. They [12] showed that skew
cyclic codes over the ring are principally generated. Later, the first author together
with his coauthors considered structural aspects of skew cyclic codes over the rings
Ay [15] and By [16] (c.f. [14]), respectively. Very recently, Benbelkacem, Ezerman,
Abualrub, Aydin, and Batoul [4] considered the skew cyclic codes over the mixed
alphabet which are also a finite ring, denoted by F4R, where R = F, + vF4 with
v? = v. They [4] showed a natural connection between the skew cyclic codes over the
ring to DNA codes.

In the next development, Boucher and Ulmer [9] generalized the notion of skew cyclic
codes over finite fields to the skew cyclic codes over finite fields with derivation. They
[9] also constructed MDS as well as MRD codes from certain families of the skew
cyclic codes (see Section 4.3 in [9]). Sharma and Bhaintwal [22] extended the study of
these skew cyclic codes over a finite ring, namely over the ring Z4 + uZ,4, with u? = 1.
They obtained numerous linear codes over Z, with good parameters using residue
codes, Plotkin sum, or the Gray map they defined [22]. Very recently, Patel and
Prakash [20] have investigated the same object over the ring Fy + ulF, + vF, 4+ uvFy,
with 42 = u and v? = v, where ¢ is a prime power. By the decomposition method,
they [20] obtained several optimal linear codes over F,,.

Continuing the study of [22] and [20], in this paper, we investigate a class of skew
cyclic codes with derivation over the ring Z4 + vZ4, with v? = v. We derive several
structural properties of skew cyclic codes with derivation over the ring Z4 + vZ4. As
a by-product, we construct many new linear codes over Z, with good parameters.

The organization of the paper is as follows. In Section 2, we provide some definitions
and basic facts related to the ring Z4 + vZ4 and also the linear codes over the ring
Z4 + vZy. We also define a Gray map from Z, + vZ4 to Z2, which can be extended
naturally to define the Gray map from (Z, + vZ4)" to Z3". Several properties of
the skew-polynomial ring (Z4 + vZ4)[x; 0, Ag] are derived. The notion of Agy-cyclic
codes, as well as dual of Ag-cyclic codes as a generalization of cyclic codes together
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with their properties are investigated in Section 3 and Section 4, respectively. Several
examples of linear codes over Z4 with good parameters obtained by using the Plotkin
sum construction, a Gray map, or residue and torsion codes of these classes of codes
are provided in Section 5. The paper is ended with concluding remarks. We follow
[13] for undefined terms in coding theory.

2. Preliminaries

In this section, we present some definitions together with some basic facts regarding
the ring Z4 + vZ4, linear codes over the ring, and the skew-polynomial ring (Z4 +
vZ4)[x; 0, Ag] that is required in the next sections.

2.1. The ring Z, + vZ4

Let R :=Z4+vZs = {a+bv: a,b€ Zy}, with v® = v. This ring is isomorphic to a
Zy[v]
(2 — o)
if @ and a 4+ b both are units in Z4. Since the units of Z4 are 1 and 3, the units of R

are 1, 3, 1 4+ 2v, and 3 + 2v. Hence, the non-units of R are

polynomial ring, namely R =2 . An element a + bv € R is a unit if and only

{0, 2, v, 20, 3v, 14+wv, 14+3v, 2+4+v, 24+ 2v, 2+ 3v, 3+ v, 3+ 3v}.

R is a principal ideal ring with 7 non-trivial ideals, namely

(20) = {0,201},
(24 2v) = {0,2 + 2v},

(2) =40,2,2v,2 + 2v},

(v) ={0,v,2v,3v} = (3v),

(3+v) ={0,1+3v,2+2v,3+ v} = (1+ 3v),
(1+v)=40,2,2v,14+v,14+3v,2+ 2v,3 +v,3+ 3v} = (3 + 3v),
(2+v) ={0,2,v,2v,3v,2 + v,2 + 2v,2 4+ 3v} = (2 4 3v).

The maximal ideals of R are (1 4+ v) and (2 + v). Hence, R is a semi-local ring. For
more information on the structures of the ring R = Z4 + vZ,4, the reader can refer to
(3], [11], and [17].

2.2. Linear codes over R

Lee weight is an important weight to consider on Z4. For x € Zy4, the Lee weight of
x, denoted by wr, (z), is defined as wr,(0) = 0, wr(1) =1 = wr(3), wr(2) = 2. The
Lee weight for any vector (rg,71,...,7,—1) € Z is defined as the rational sum of Lee
weights of its coordinates, namely wr ((ro,71,...,7n—1)) = wr(ro) + wr(r1) + - +
wr,(rp_1). Define a Gray map ¢ : R — Z3 as

d(a+bv) = (a,a+b).
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The Gray weight wg(a+bv) for any a+bv € R is defined as wg(a+bv) = wr(¢(a+bv)).
The Gray weights of the elements of R are given as follows.

T 0 1 2 3 v 2v 3v 1+wv
weg(z) 0 2 4 2 1 2 1 3

T 1+2v 143v 24v 24+2v 243v 3+v 34+2v 3+ 3v
wa(z) 2 1 3 2 3 1 2 3

The Gray map ¢ is extended naturally to ® : R" — Z3" as

®((ao + bov,a1 + b1v,...,an—1 +br_1v)) = (ao0,a0 + bo,a1,a1 +b1,...,an_1,an_1 +bp_1),

and the Gray weight of any vector x € R™ is defined as the rational sum of Gray
weights of its coordinates.

A code C of length n over R is a non-empty subset of R™. A code C is called linear
over R if it is an R-submodule of R™. A linear code over R is called free if it is
free as an R-submodule. The Gray distance of any vectors x,y € R" is defined as
da(x,y) = wg(x —y) and the Lee distance of any vectors x,y € Z} is defined as
dr(x,y) = wr(x —y). The minimum Gray distance dg(C) and the minimum Lee
distance dr,(C) of C is defined as dg(C) := min{dg(x,y) : x,y € C, x # y} and
dr(C) :=min{dy(x,y) : x,y € C, x # y}, respectively. It is easy to verify that the
Gray map @ is a distance-preserving map (isometry) from (R",dg) to (Z3",dy).

A (linear) code over the ring Z, is defined similarly. We write the parameters of a
linear code C over Z4 as [n,4%12%2 dp], where n is the length of C, |C| = 4k12%2 and
dr, = dp(C). Moreover, following Hammons, Kumar, Calderbank, Sloane, and Solé
[10] (cf. [24]), we say that the code C is of type 4%12%2. For a linear code C' C R™ over
R, we define the residue code Res(C) and the torsion code Tor(C) of C, respectively,
as

Res(C):={a: a+bv € C, for some b € Z}' },

and
Tor(C):={b: bveC}.

We note that Res(C') and T'or(C) are linear codes of length n over Z4. Regarding the
residue and torsion codes, we have the following property.

Lemma 1. Let C be a free linear code of length n over R and {ci,ca,...,cr}, with
c; = a; + b;v, be a basis of C. Then the following statements hold:

(1) Res(C) is a free linear code over Zs with {ai,aq,...,ar} as a basis.

(2) Tor(C) is a free linear code over Zs with {ay + b1,as + ba,...,a, + by} as a basis.
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Proof. We prove only part (1).

Let a € Res(C). Then there exists b € Z} such that a+bv € C. Since {c1,c¢c2,...,c}
is a basis of C, there exist r1,rs,...,7 € R, with r; = s; 4+ t;v, for ¢ € [1, k|z, such
that

k k
a+buv= Z s;a; + <Z(5ibi +tia; + tibi)> v,

i=1 i=1

k
which means a = Zsiai, and {aj,ag,...,a;} generates Res(C). Next, suppose
i=1
on the contrary that {a;,as,...,a;} is linearly dependent. It is easy to prove that
{c1,¢ca,...,ck} is also linearly dependent, a contradiction. Therefore, {a;, as,... a5}
must be linearly independent and we conclude that {a;,as,...,a;} is a basis of
Res(C). O

Similarly, we obtain the following theorem.
Theorem 1. If C be a free linear code of length n over R having a basis {c1,ca,...,c},
then {®(c1), ®(c1v), ®(c2), P(cav),. .., P(ck), P(ckv)} is a basis of a free linear code ®(C).
2.3. Skew-polynomial ring R[z;6, Ay
We first recall the definition of a derivation on a finite ring R following [9)].
Definition 1. Let R be a finite ring and © : R — R be an automorphism on R. Then
amap Ae : R — R is called a derivation on R if the following two conditions are satisfied:
(i) A@(JJ + y) = A@(Iﬂ) + A@(y), and
(ii) Ae(zy) = Ae(z)y + O(x)Ae(y).

Let R be a finite ring with an automorphism © and a derivation Ag. The skew-
polynomial ring R[z; ©, Ag] is the set of all polynomials over R with ordinary addition
of polynomials and multiplication defined by

za := O(a)z + Ap(a),

for any a € R. This multiplication is extended to all polynomials in R[z;©, Ag] in
the usual manner. This kind of ring was introduced by Ore [19] in 1933, where R is
the finite field F,. See also McDonald [18].

Consider a map 6 : R — R defined by 6(a + bv) = a + b — bv. Tt is easy to see
that 6 defines an automorphism of R. Moreover, since for all a + bv € R we have
0%(a + bv) = a + bv, we conclude that the order of 0 is 2.
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Lemma 2. Forallx € R, a map Ap : R — R such that
Ag(z) = (1+ 20)(6(z) — x)
defines a derivation on R.

Proof.  Straightforward by definition. O

We prove several properties related to the derivation Ag on R. We begin with the
following that can be derived by a routine computation.

Lemma 3. Let Ag(z) = (14 20)(6(z) — =) be a derivation on R. Then the following
statements hold:

(1) Aol + 0y = 0.

(2) AgAg =0.

(8) for allz € R, Ag(z) =0 <= 6(z) ==z.
Lemma 4. For all a € R, we have z%a = az?.
Proof.  Since za = 0(a)x + Ag(a),

r%a = z0(a)x 4+ xAg(a)
= (0%(a)x + Ag(0(a)))x + 0(Ag(a))x + AZ(a)
= 60%(a)z® + (Ao + 0A¢)(a))x + AZ(a)
= az? (by Lemma 3).

We can generalize Lemma 4 using mathematical induction.

Corollary 1. Foralla € R, n € Z", we have

azx”, if n is even.

g {(H(a)a: + Ag(a))z™t, ifn is odd,
Proof. We know that za = 6(a)xr + Ag(a) and 2%2a = ax?®. Suppose the above
statement holds for all n < k, with k£ > 2. Consider two cases. If k + 1 is even, then
k — 1 is also even. From the induction hypothesis,

2k tle = xg(xk_la) = 22azF 1 = (axz)xk_l =ax
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If K+ 1 is odd, then k is even. Again, from the induction hypothesis,

oF g = z(2zFa) = 2(az®) = (za)z® = (0(a)z + Ag(a))z".

Then the result follows. O

Let RY be a subset of R, fixed element-wise by 6, namely R := {a € R: 6(a) = a}.
It is easy to verify that R? is a subring of R. In our case, R’ = {0,1,2,3} = Z,. Also,
for all a € R?, we have Ag(a) = 0. It implies, by Corollary 1, that for all a € R’ and
n € Z*, we have 2"a = az™.

Definition 2. A polynomial f(z) € R[z;0, Ag] is called a central element if it satisfies
f(x)a(z) = a(z) f(z),
for all a(z) € R[z;0, Ag]. The center of R[x; 6, Ag], denoted by Z(R[x; 6, Ag]), is defined as
Z(R|z;0,M¢)) := {f(z) € R[x;0,A¢] : f(z)a(z) = a(z)f(x), for all a(z) € R[x;0, Ag]}.
The central element satisfies the following property.

Theorem 2. f(z) € Z(R[x;0, Ao)) if and only if f(x) € R%[z] and for all odd integers i,
the coefficient of x* is equal to 0.

Proof. (=) Let f(z) = fo+ fiz + fox® + -+ + fro®. Observe that

k k k

af(z) =Y (afi)z" =D (0(fi)z + Do(fi))z" = Aa(fo) + D (0(fi—1) + Do(fi)) 2" + 0(fr)a T

=0 =0 i=1

and
f@)z = fox + fra® + - + frzFth.

Since f(z) is a central element, zf(x) = f(z)z, which implies

Ag(fo) =0, (2.1)
O(fi—1) + Do(fi) = fi—1, for 1 <i <k, (2.2)
0(fr) = fr- (2.3)

The Equation (2.3) implies fx € RY. By Lemma 3 we have Ag(fi) = 0. By substituting
the Equation (2.2) repeatedly we obtain fi, fo,..., fx_1 € R’. Moreover, by Equation
(2.1) and Lemma 3 obtain fo € R’. Thus, f(x) € R%[z].
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Now, take a = v € R. Observe that

k
af(z) = afo + afiz + -+ afpz” and f(z)a = foa—f—Zfi(;ria).

i=1

In this case, for 0 < 2j < k, the coefficient of 2% in af(x) and f(z)a is equal to afa;
and faja + faj41006(a), respectively. Since f(z) is a central element and Ag(a) = 1,

we conclude that fo;41 = 0.
(<) Let f(z) = fo+ fox®+ fax* +- -+ foma®™ € R%[2]. Let a(z) = ap +arzx+azx?+- - +arzk €
R[z; 0, Ag]. Observe that

(f2ix*")(aja’) = foi(zaj)a’ = fosaza®*,

and ' _
a; (27 fa;)x*

_ Jai0(f20)a® ™ + a;Ag(f2i)2* 1, if jis odd,
aj foiw2itd, if j is even,

(a;29)(faiz®")

= a; f2;2*"J (by Lemma 3).

Then (fo;2%)(a;27) = (a;2?)(f2x?"), for all 4, j. Hence, f(z)a(z) = a(x)f(x), for all
a(x) € R[z; 0, Ag). O

We end this section by establishing the right-division algorithm below.

Lemma 5 (Right-Division Algorithm). Let f(z),g(z) € R[x;0,Ag] such that the
leading coefficient of g(x) is a unit. Then there exist q(x),r(z) € R|x;0, Ag] such that

f(2) = q(z)g9(z) + r(2),

with r(z) =0 or degr(z) < deg g(x).

Proof.  Similar to the proof of Theorem 2.8 in [22] and Theorem 1 in [20]. O

3. Ayp-cyclic codes over R

For f(z) a polynomial of degree n in R[x; 0, Ag], let

(f(@)) ={a(x)f(z) : a(z) € Rlz;0, Ag]}.
It is easy to see that R[x;0, Ag]/(f(z)) is a left module over R[z;8, Ag], where the
scalar multiplication is defined by

r(z) (a(z) + (f(2))) := r(z)a(z) + (f(2))-

Definition 3. A code C' C R" is called a Ag-linear code of length n over R if C is a left
R[z; 0, Ag]-submodule of R[z; 60, Ag]/(f(x)) for f(z) € R[x;0, Ag] a polynomial of degree n.
If f(z) is a central element, then C is called a central Ag-linear code.
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Definition 4. A code C C R" is called a Ag-cyclic code of length n over R if C is a
Ag-linear code and for all ¢ = (co,c1,...,¢n—1) € C we have

TAB (C) = (e(cn—l) + A@(Co), 9(60) + Ag(cl), e, Q(Cn_z) + Ag(cn_l)) eC.

Here, Ta, is called a Ag-cyclic shift operator.

Remark 1. If 6 is the identity automorphism and Ay = 0, then we obtain a (usual) cyclic
code. Hence, the Ag-cyclic code is a generalization of a cyclic code. Moreover, recall that
if 6 is the identity automorphism and Ay = 0, then a linear code C' C R" is called quasi-
cyclic of index k (k is a divisor of n) if for all ¢ € C, we have Tﬁe (c) € C. Here Tﬁe (c) =
(Ta, ©Ta, ©---0Ta,)(c), the composition of k& numbers of Ag-cyclic shift operator.

k

For our purpose, to convert the algebraic structures of Ag-cyclic codes into combina-
torial structures and vice versa, we consider the following correspondence:

R[z; 0, Ag]/(f(x)) — R™,
co+cx+car+--+eprz™ !l — (co,c1y---yCn—1)-

From now on, let R, a, := R[z;0, Ag]/{z™ — 1).

Lemma 6. Ifc(z) =co +exteoxi+tenx e Rn.a, ts identified by a codeword
c=(co,c1,...,cn—1) € R", then zc(x) € Rn,a, is identified by Ta,(c) € R".

Proof. We have

n—1
ze(z) = <Z cixi>
=0

n

|
-

(0(ci—1) + Ag(ci)) 4+ (0(c—1) + Ag(co)) (denoting that c_1 = cn_1)

Il
~
Il
_

3

. (G(Cifl) +A9(ci)):ri.

K3

It means that zc(x) is identified by Ta,(c) € R™. O

Lemma 7. A code C C R" is Ag-cyclic code if and only if C is a left R[x; 0, Ag]-submodule
Of Rn,Ag .

Proof. (=) Since C is a Ap-linear code, (C,+) is a subgroup of (R, a,,+), and
for any ¢ € C, identified by c¢(x) € Ry, a,, we have Th,(c) € C. By Lemma 6,
Ta,(c) € C can be identified by zc(z) € Ry, a,. Inductively, we obtain zic(x) € C,
for all « € Z*. By the linearity of the scalar multiplication, we have a(x)c(x) € C for
all a(z) € R[x; 0, Ag]. Hence, C' is a left submodule of R, a,-

(<) If C is a left submodule of R,, a,, then for all ¢ € C, identified by c¢(x) € Ry, A,,
we have zc(x) € C. By Lemma 6, xc¢(x) can be identified by Ta,(c) € R™. Hence,
Ta,(c) € C, which implies that C is a Ag-cyclic code. O
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Corollary 2. If C C R" is a Ag-cyclic code of even length n, then C is an ideal of
Rn,Ag-

Proof. Since n is even, by Theorem 2, 2™ — 1 is a central element. Then for all
a(z) € R[z; 0, Ag], we have a(z)(2™ — 1) = (2™ — 1)a(x). Then (2™ — 1) is a two-sided
ideal of R[z; 6, Ag]. Since C' is a left submodule of R, a,, C is an ideal of R, o,. O

Lemma 8. Let C C R™ be a Ag-cyclic code. Then the following two statements hold.
(1) C is a cyclic code of length n over R if n is odd;

(2) C is a quasi-cyclic code of length n and index 2 over R if n is even.
Proof. (1) If n is odd, then there exists b € Z such that 2b = n + 1. Let ¢ =

(co,c1y---,cn_1) € C be a codeword identified by c(z) = co +c1o +con? +- - - +
Cn_17"1 € Ry, a,- Tt is clear that 2%°c(z) € C. Observe that

n—1 n—1 n—1
Z2P c(z) = = 52t Z izt = Z bci)xi = Z izttt = Z ci_1zt (denoting that c—1 = ¢p—1).
i=0 i=0 i=0
Note that 2?’c¢; = c¢;2%® is derived from Corollary 1. The equation

above says that the codeword xz?’c(z) € C can be identified by the vector
(en-1,¢0,€1,...,cn—2) € C. Thus, C is a cyclic code.

(2) Observe that for every vector ¢ = (cp,¢1,...,cn—1) € C identified by the poly-
nomial ¢(z) = ¢o + 1 + c22® + -+ + ¢p_12" 71 € Ry A, we have z?c(z) € C.
By the similar way as in part (1), we can show that z2c(x) can be identified by
(¢n—2,Cn-1,C05---,¢n—3) € C. Then C is a quasi-cyclic code of index 2.

O

Lemma 9. IfC C R" is a Ag-cyclic code and g(x) is a nonzero polynomial in C of
smallest degree with leading coefficient is a unit, then the following three statements hold.

(1) C = (g(z)).
(2) g(z) is a right divisor of z™ — 1.
(3) {g(z),zg(x),...,x" " Lg(zx)} is a basis of C, with k = deg(g(x)).

Proof. (1) It is clear that (g(z)) C C. Let c¢(x) € C. By the right-division algo-
rithm, there exist ¢(z),r(z) € R[x; 6, Ag] such that

c(r) = q(x)g(z) + r(z),

with 7(z) = 0 or deg(r(z)) < deg(g(z)). Since C' is a left submodule of R, A,
over R[z;0, Ag], r(z) = c(x) — q(x)g(x) € C. Moreover, since g(z) is a nonzero
polynomial of smallest degree, r(z) = 0. Thus, c(z) = ¢(x)g(x) € (g9(x)), and
hence C C (g(z)).
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(2) Again, by right-division algorithm, there exist ¢(x),7(x) € R[z; 0, Ag] such that

a" —1=q(z)g(x) +r(z),

with 7(z) = 0 or deg(r(z)) < deg(g(x)). By the same argument with above, we
have 2™ — 1 = q(x)g(x). It means that g(x) is is a right divisor of 2™ — 1.

(3) From the above result, let ™ — 1 = h(x)g(z), for some h(z) € R[z;0,Aq].

Let ¢(z) € C = (g(z)) and let c(z) = £(x)g(x) for some {(z) € R[z;0,Ag].

If deg(f(x)) < n —k — 1, then c(x) € (g(z),2g(z),...,a" *1g(z)). If

deg(4(x)) > n — k — 1, by using the right-division algorlthm we come up

with the conclusion that c(x) = {(z)g(z) = r(z)g(xz) (in R, a,) for some

polynomial r(x) € R[z;0,Ay] with r(z) = 0 or deg(r(z)) < deg(h(z)) =

n — k, so {g(z),zg9(x),...,2" *"1g(x)} generates C. Moreover, it is easy

to see that the set is also linearly independent. Hence, we conclude that
{g(z),zg(x),..., 2" % 1g(x)} is a basis for C.

O

Since (g(z)) is a submodule of R, A, over R[z;0, Ag], by Lemma 7, C is a Agy-cyclic
code. The Lemma 9 above says that if C' = (g(z)) is a Ag-cyclic code, where g(x) is
a nonzero polynomial in C' of smallest degree with a unit leading coefficient and g(x)
is also a right divisor of ™ — 1, then C' is free. Hence, we obtained a construction
method for Ag-cyclic codes as described by the following.

Corollary 3. If g(z) is a right divisor of " — 1, with leading coefficient a unit, then
C = (g(x)) is a free Ag-cyclic code.

Let C = (g(z)) be a free Ap-cyclic code of length n generated by a right divisor g(z)
of ™ — 1, whose leading coefficient is a unit. Then the generator matrix G of C of
dimension (n — k) X n is given by

g(x)
zg(x)
G = :ng(x)

where g(z) = go + g17 + g22% + - - - + gra*. To be more precise, if n — k is odd, then
. 9k 0 0
Ae(go) 9(90)+A9(g1) 9(91)+A9(g2) © 0(gk—1)+ADe(gk) 0(gk) - O

90 9k—3 gk—2 - O

0 Y 9o 9k—2 o 9k—1 9k
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and if n — k is even, then

g0 g1 92 9k 0 0 0
Ag(g0) 0(g0)+Ag(g1) 0(91)+Dg(92) - O0(9r—1)+De(9k) 0(gx) 0 0
0 0 90 9k—3 Ik—2 0 0
G =
0 0 Dg(90) 0(90)+80(91) 0(g1)+A0(g2) - 0(gk_1)+A0(gx) O(gx)

4. Dual of Ay-cyclic codes over R

In this section, we investigate the structure of the dual of a free Ay-cyclic code over
R with even length.

Definition 5. Let C C R" is a Ag-cyclic code. Dual of C, denoted by C*, is defined by
ct ={x€R": x-y=0, forally € C}.
Here, x -y = xoyo + x1y1 + - - - + Tn—1Yyn—1 denotes the usual inner product in R".

It is easy to check that Ct is a linear code over R. Moreover, for any even n, if C' is
a free Ag-cyclic code principally generated by a polynomial whose leading coefficient
is a unit, then C* is free, as we show below.

Lemma 10. Let n be an even integer. Let g(z),h(x) € R[z;0,Ag], where the leading
coefficient of g(x) is a unit, and h(x)g(x) = ™ — 1. Then we have

Proof. If n is even, then 2" — 1 = h(x)g(z) is a central element (by Theorem 2).
Then we have

h(@)h(z)g(z) = h(z)g(x)h(z).

Since h(z) is not a zero divisor, ™ — 1 = h(z)g(z) = g(x)h(z). O

Lemma 11. Let C be a Ag-cyclic code, where C = {(g(x)), for some right divisor g(x)
of " — 1, whose leading coefficient is a unit and n is even. Let " — 1 = h(x)g(x). Then
c(x) € Rn,a, is contained in C if and only if c(x)h(x) =0 (in Rn,a, ).

Proof. (=) Since c(x) € C, there exists a(x) € R[z;60,Ay] such that c(x) =
a(x)g(z). Hence,

c(x)h(z) = a(z)g(z)h(x) = a(z)h(r)g(x) = a(x)(z" — 1) = 0 (in Rn a,)-
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(«<=) Since c¢(x)h(x) = 0 (in Ry a,) for some c(z) € R, a,, we have c(z)h(z) =
q(z)(x™ — 1) for some q(z) € R[x;0,Ag]. In this case

c(@)h(z) = q(x)(z" = 1) = q(x)h(x)g(x) = q(x)g(x)h(z).

Since h(x) is not a zero divisor, we have ¢(z) = q(x)g(z) € (g9(x)) = C.
O

We also have known that all unit in R are {1,3,1+2v,3+2v}. It is easy to check that
for all units a in R, we have 0(a)’s are also units in R. Hence, we have the following.

Lemma 12. Ifa € R is a unit, then 6(a) € R is also a unit.

Now, consider a Ap-cyclic code C of even length n. Let C = (g(z)), where g(zx)
is a right divisor of 2™ — 1 and its leading coefficient is a unit. Then there exists
h(z) = ho + hix + -+ + hga® € R, a, such that 2™ — 1 = h(x)g(z). For c(z) =
co+cax+-+cy12" !t € C, by Lemma 11, we have c¢(z)h(z) = 0 (in R, a,). By
considering the coefficients of z* 2**1 ... 2"~! in the last equation, we obtain two
systems of equations each consisting of n — k linear equations in cg,cq,...,¢c,—1. TO
be more precise, we have the following two systems of equations, for k is odd and
even, respectively.

cihk + Ci+1(9(hk,1) + Ay (hk)) + ciyohg_o+ -+ Ck+i(€(h0) + Ag(hl)) =0, if 4 is even,
cif(hg) + cit1hr—1 + cit2(0(hk—2) + Ag(hg—1)) + -+ + cptiho + crrit186(ho) = 0, if 7 is odd.

cihg + cip1(0(hg—1) + Ap(hr)) + cit2hr—2 + - + ckyiho + cprir16(ho) = 0, if 4 is even,
ciO(hg) + civ1hp—1 + civ2(0(hi—2) + Ag(hr—1)) + - - - + cxyi(0(ho) + Ag(h1)) = 0, if i is odd,

If we write the system of equations in a matrix form, we obtain Hc” = 0, for the
matrix H of dimension (n — k) x n. It implies that GH” = 0, for a generator matrix
G of C. Moreover, it is easy to check that H is of the row echelon form with diagonal
elements hy, or 6(hy), and having a submatrix of dimension (n— k) x (n —k). Since hg
is a unit, by Lemma 12, we have 8(hy) is also a unit. Then the rows of H are linearly
independent. Hence, |Row space of H| = |R|"~* = |C*|. Thus, H is a parity check
matrix of C' and we have proven the following theorem.

Theorem 3. Let C be a Ag-cyclic code of even length n, where C = (g(x)), for some
right divisor g(z) of ™ — 1, whose leading coefficient is a unit and 2™ — 1 = h(z)g(z), for
some h(z) = ho+hiz+ hox?+ -+ hpx” € Ry.a,. Then the (n—k) X n parity-check matriz
H for C is given by

hg 0(hg_1)+28g(hy) hg_o e 0(ho)+Ag(h1) 0 0
0 0(hy) hp_1 e(hk 2) e Ag(hg) 0 0
0 0 hi 0(hp_1)+Bg(hy) hj_o - <o 0(hg)+Ag(hy) - O 0

0 0 0 hp 0(hp_1)+8g(hy) hp_o By 0(hg)+Ag (hy)
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for an odd k, and

hi O(hk—1)+8q(hg) hi—2 ho Ag(ho) 0o - 0 0
0 0(hy) hy_1 O(hg—2) h1 0(ho)+Ag(h1) O - O 0
0 0 hg 0(hg—1)+Ag(hg) hg—2 - ha  0(h1)+Ag(h2) - - 0 0
o o o 0 6(hy) hi_1 e Ry 0(ho)+Ag(h1)

for an even k.

5. New linear codes over Z,

In this section, we obtained many linear codes over Z, with new parameters from the
Gray image, residue code, and torsion code of skew-linear and skew-cyclic codes with
derivation over R. First, we construct linear codes over Z, from principally generated
free Ag-cyclic codes over R in Corollary 3. The linear codes over Z4, some of them
are with new parameters, are listed in the table below.

C d(C) Res(C) Tor(C) CcPs
[n,4k1 2k2,dL] [n,4k1 2k2,dL] [n, qF1 2k2,dL] [n,4k1 2k27dL]
(3 + x) [8,4520 21%) | [4,4320 2]*) | [4,4320 2]%) | [8,4520 2]*)
2
(834 2v) + (34 2v)z + 2z 16,4220, 6]°)

+(1 4 20)2® + (3 4 2v)a?)
Bv+ @B+v)z+ B +v)z? + (1+
20)z® + (2 + 20)z? + 225 + vab+ (12,4320 10]%)
(14 30)z” + (1 +v)z® + 2°)
(1 +3v) + 3z + 2% + (34 2v)z?
+22° + 2028 4 227 4 (1 4 3v)a® (16,4420, 12]**
+32° 4 3210 4 212)
Table 1: Free linear codes over Zy4

Notes for Table 1, Table 2, Example 1, and Example 2:

e * means that the code has new k; and ko, but there is/are other codes of equal
length in the database [2] with the same minimum Lee distance but with greater
cardinalities.

*k

° means that the code has minimum Lee distance greater than all existing
linear codes of equal length with the same values of k; and ks in the database
[2].

EEES
[ )

means that the code has new k; and ks, with greater or equal cardinalities
compared with all existing linear codes of equal length with the same value of

minimum Lee distance in the database [2].

e *) means that the code has the same parameters as some existing good linear
codes of equal length in the database [2].
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e CP3is the code obtained by Plotkin-sum construction, namely C*% := {(x | x+
y) X,y € Res(C)} or OP% .= {(x | x+y) :x,y € Tor(C)}.

In the Table 1 above, notice that all linear codes over Z, constructed by this method
are free. This is not a coincidence. In fact, this is a direct consequence of Theorem
1, as follows.

Corollary 4. Let C be a free Ag-cyclic code of length n over R with |C| = 16*. Then
the free linear codes Res(C) and Tor(C) have parameter 4°2° and the free linear code ®(C)
has parameter 42%2°.

Remark 2. The part of Corollary 4 related to the parameters of Res(C') and Tor(C') does
not hold for linear codes over Z4 + uZa, with u? = 1 considered by Sharma and Bhaintwal
[22] (e.g., see Example 7 in [22]).

5.1. Notes on a computational simplification

From Corollary 4, we conclude that we need non-free linear codes over R to obtain
non-free Gray images, residue codes, and torsion codes. Here, we use a slightly
modified construction from principally generated Ag-cyclic codes. Notice that for
any g(z) € Ry.a,, the set {g(x),zg(z),...,2" 1g(x)} is a generating set, which is
not necessary minimal, of the (not necessarily free) Agy-cyclic code C' = (g(z)) over
R. We consider the subcode Cj = (g(x),zg(z), ...,z tg(z)) of C for some k < n.
From there, we can obtain Res(Cy),Tor(Cy), and ®(Cy). For the case of Agy-cyclic
codes over R, we can simplify our computation as follows.

Let C be a Ag-cyclic code over R of length n generated by {g(z), zg(z), ..., 2" tg(x)},
where g(z) = co + a1z + cox® + -+ + ¢cp_12™" ' € Ryn, and ¢; = a; + byv, for
0 <i <n—1. To be more precise, for an even and an odd n, the generator of C' C R"
consists of the following vectors, respectively:

g1 = (ao + bov, a1 +biv, ..., apn—2 +bp_2v, an—1 + bnflv),

g2 = (an—1+bpn—1+bo —bp_1v, ap +bo +b1 —bov, ..., an—3 +bn—3+bpn_2 —bn_3v,
n—2+bn2+bp_1 —bp_2v),

gs = (an,Q —+ bnfz’u, an—1 + bnflv, ety Qp—4 + bn,4v, an—3 + bnfgv),

gn = (a1 + b1 + b2 — brv, ag + bz +b3 —bav, ..., an—1+bn_1+by—bn_1v,

ao + bo + b1 — bov),
and

g1 = (ao + bov, a1 +biv, ..., apn—2 +bp_2v, an—1 + bn_lv),

92 = (an—1 +bn—1+bo —bp—1v, ag +bo + b1 —bov, ..., apn—3+bp—3+bp_2 —bn_3v,
an—2 +bp—2+by_1 —bp_2v),

g3 = (an—2+bn—2v, an—1+bn_1v, ..., Gn_a+bp_4v, an_3+ bn_3v),

gn = (a1 + b1v, az +bov, ..., an—1+ bp—1v, ao + bov).
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By applying the Lemma 1, we obtain the generator of Res(C) for an even and an
odd n that consists of the following vectors, respectively:

Res(g1) = (ao, a1, a2, ..., an—2, an—1),

Res(g2) = (an—1 +bpn—1+bo, ao+bo+b1, ..., an—3+bp—3+bn-2, an—2 +bp_2+bn_1),
Res(g3) = (an—2, an—1, ..., Gn-4a, an-3),

Res(gn) = (a1 + b1 + b2, a2 +ba +b3, ..., an—1 +bn_-1+bo, ao + bo + b1),
and

Res(g1) = (a0, a1, a2, ..., Gn-2, Gn-1),

Res(g2) = (an—1 +bp—1+bo, ag+bo+b1, ..., an—3+brp-3+bpn_2, an—2+bn_2+bp_1),
Res(gg) = (an727 an—1, .., An—4, an73)7

Res(gn) = (alv az, ..., n-1, aO)'

Moreover, we obtain the generator of T'or(C') for an even and an odd n that consists
of the following vectors, respectively:

Tor(g1) = (ap + bo, a1 +b1, a2 +b2, ..., an—2+bp_2, an_1+bn_1),
Tor(g2) = (an—1 +bo, ap +b1, ..., an—3 +bpn—2, an—2 +bp_1),
TOT(g3) = (an—2 +bpn—2, an—1+bpn-1, ..., Gn—a +bn—4a, an-3+ bn—S)y
Tor(gn) = (a1 + b2, a2 +b3, ..., ap—1 +bo, ao + b1),

and
Tor(g1) = (ap + bo, a1 +b1, a2z +b2, ..., an—2 +bp—2, an—1+bpn-1),
TOT(QQ) = (an—l +bo, ap +b1, ..., an—3 +bn_2, an—2 + bn—l),
Tor(gg) = (an—Q + bn—27 an_—1 + bn—ly sy Gp—gq + bn—47 an_—3 + bn—3)7
Tor(gn) = (a1 + b1, az +b2, ..., an_1+bn_1, ao + bo).

For any k& < mn, if Cy is generated by the set {g1,92,...,9k}, then
the Res(Cy) and Tor(Cy) is generated by {Res(g1), Res(g2),...,Res(gr)} and
{Tor(g1), Tor(g2),...,Tor(gx)}, respectively. This method can reduce the compu-
tation time significantly. Using this method, we can obtain some linear codes over Z,
with good parameters, as listed in the table below.
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Res(C) Tor(C) [
Generators of C o 4k12k2,dL] [n,4k12k2,dL] [n,4k12k2,dL]
{01(z),zg1(z)} [4,412T 4]* [8,4%22 4]
{g2(z), 292(x), 22 g2 ()} [4,4122 2] [8,422% 2]*
{gg(:p),zgg(:p),xz (:E)} [57422174]***
{94(55)7194(5”)»1‘2 (:L‘)} [6»422174]*

{g5(x), zg5(x),2%gs(x), 23 g5 ( ), ztgs(x)}| [6,4223, 4] 12,4426 4]*
{gg(x),:cgg(a:),xigg( x), 23 ge () [6,432T, 4]* 12,4622 4]*
{97(76)’;97(“7)’905 97(@), 2 °97(@), [8,4423, 4]%) [16, 4826 4]

z%g7(z), 297(96)790 j!17(96)}
{98(1')7 Ig8($)v I4 gg(z),x gg(m), [8, 452174]*** [16, 4102274]*
295 (x), 20 gs (2)}
{99(@), 299(2), 2290 (2)} 9,520,717
{g10(z), zg10(2), 2%g10(2)} [10,432°,8]%)
{911($)7$911($)} [15742207 15]
{g12(2), 2g12(2), 2%g12(2) } [18, 4329, 14]

Table 2: Linear codes over Zg4

In Table 2,

e gi1(x) = (14 3v) + 2z + (3 + 3v)z2.

e go(z) = (1 +v) + (2 + 2v)z + (1 + 3v)x2.

® g3(x

(1 + 3v) + 2vz + (2 + 2v)z? + 2vz3 + (1 + 3v)z*

e gi(z) =34+ (14 3v)z+ (3 +v)x? + (2 + 3v)z3.

e go(r) = (1+v) + 2+ (24 v)z? + ved + vz,

()
()
(z) =
(x)
° gs5(z) =
()
(x)
()
o

(3+3v) + (14 3v)z + (3 + 3v)23 + (3 + v)x* + 22°.

o g7(z) = (14+v) + 3z + (2 + 30)22 + (3 + v)z3 + (2 + 20)z? + 225 + 27.

o gs(z) =2v+ (2+ 3v)z + (1 + 3v)2? + (1 + 2v)2> + 2vz* + (1 + v)2z5 + 26 + 3va”.

e go(x) = (1+v)+ (1 +3v)z+ (3+2v)z? + 323 + (3 + 3v)z* + (2 + 2v)2® + (2 + 3v)x® + (3 +
3v)z” + (1 + 3v)z8

e gio(x) = (14 3v) + (2 + 2v)z + 322 + vat + 325 + (3 + 3v)x0 + 27 4 8.

e gii(z) = (1+v)+ (24 v)z? + (34 2v)2® + (3 + v)x® + (1 +2v)zb + 227 + (3 + v)a® + 329 +

20210 4 (3 4 20)xtt

+ (1 +2v)z1? +

(2 +v)z'3 + (1 + 3v)z4

o gi2(x) = 14+ 2vx + (34 2v)2? + (2 + 2v)a + (1 + 2v)at + 2% + vzl 427 + (1 + 2v)2® + (3 +
20)2? + (1 4+ 3v)z'0 + (34 3v)x!! + (2 4+ v)x!2 + (34 3v)z!13 + 21 + (2 + v)2!® + (2 + 20)216.

Exactly the same method can also be used for ®(C}). This observation brings us to
the conclusion that the codes Res(Cy), Tor(Cy), and ®(Cy) have at most 4%, 4% and

42k

codewords, respectively. Moreover, the similar observation can also be applied to

the codes over Zy +uZy, with u? = 1, investigated by Sharma and Bhaintwal [22] and
it is easy to verify that in this case, the codes Res(Cy), Tor(Cy), and ®(Cy) have at

most 42% codewords.
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5.2. Construction from another method

By applying the construction in [23], we can obtain even more new linear codes over
Z4 with the highest known minimum Lee distance, previously unknown to exist in the
database [2]. As illustrations, we provide several examples below. In the following
examples, the code C; refers to the code generated by the polynomial g;(x) in Table
2.

Example 1. In these examples, we use Lemma 4.6 in [23] to construct new linear codes
over Zy.

e From the code with parameters [6,4220,6] in Table 1, we obtained linear codes
with parameters [12,4221,12]), [24,4%2° 24]%), [24,4%22 24]%), [48,4°2' 48]***, and
[48,4%23 48],

e From the code with parameters [12,432°, 10] in Table 1, we obtained linear codes with
parameters [24,4%2%,20], [48,42° 40], and [48, 4322, 40]***.

e From the code C3 with parameters [5,4%2", 4] we obtained linear codes with parameters
[10,4%22, 8]***, [20, 432" 16], [20,4%2°,16]*, [40,4%2% 32]*, and [40, 422*, 32].

e From the code C5 with parameters [6,4%2°, 4] we obtained a linear code with para-

meters [12,422%, 8]**.

e From the code Cs with parameters [6,4°2',4] we obtained a linear code with para-
meters [12,432% 8]*.

e From the code Cy with parameters [9, 4%2°, 7] we obtained linear codes with parameters
(18,432, 14]**, [36,4"2°,28]*, and [36,4%22, 28]**.

e From the code Cio with parameters [10,4%2°, 8] we obtained a linear code with para-
meters [40,4%2°,32].

Example 2. 1In these examples, we use Lemma 4.3 in [23] to construct new linear codes
over Zg.

e From the code with parameters [12, 4399, 10] in Table 1 and the code with parameters
[24,4%2°, 24], respectively, we obtained a linear code with parameters [36,432°, 34]*).

e From the code C3 with parameters [5,4221,4] and the code with parameters
[12,4%2',12] we obtained a linear code with parameters [17,4%2',16]*.

e From the code (s with parameters [6,4321,4] and the code with parameters
[20,4%2',16] we obtained a linear code with parameters [26, 432!, 20]*.

6. Concluding remarks

We have investigated the algebraic structures of skew-cyclic codes, also known as
f-cyclic codes, with a derivation Ay over the ring R = Z4 + vZ4, with v? = v,
extending the observation of Boucher and Ulmer [9], where they defined and
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considered the skew-cyclic codes with derivation over a finite field. To our best
knowledge, this is the third attempt after the paper by Sharma and Bhaintwal [22]
and Patel and Prakash [20]. As a consequence, we constructed several new codes
over Z4 unknown to exist before due to the database [2], with good parameters. All
computations to find the codes were done by Python and Magma computational
algebra system [5]. Regarding the derivation, it is easy to show that the map
Ag(z) = (34 20)(6(x) — x) also defines a derivation on R. All properties which hold
for the derivation Ag(z) = (1+2v)(0(z) —x) in this paper also hold for the derivation
Ag(x) = (34 2v)(6(x) — x). The method explained in Section 5 can be modified for
the case of derivation Ag(x) = (3 + 2v)(6(z) — x). There is some hope to obtain
many more examples of linear codes over Z, with better parameters. As an example,
Tor(C) of the code C := (g(z), xg(z), x?g(x)), with g(x) = v+ (2+v)x + 3vz? +va?,
has parameters [4,4!22 4], which is better than the one in Table 1.
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