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Abstract: Let dg be the degree of the vertex x in a graph G. The Randi¢ index of
G is defined by R(G) = ZzyeE(G)(dIdy)_%' Recently, Hasni et al. [Unicyclic graphs
with maximum Randié¢ indices, Communication in Combinatorics and Optimization, 1
(2023), 161-172] obtained the ninth to thirteenth maximum Randi¢ indices among the
unicyclic graphs with n vertices. In this paper, we correct the ordering of Randié¢ index
of unicyclic graphs. In addition, we present the ordering of maximum Randi¢ index
among bicyclic graphs of order n.
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1. Introduction

In mathematical chemistry, molecular descriptors are significant, in particular when
analyzing the relationships between quantitative structure-activity and quantitative
structure-property. The so-called topological indices [7] are given special consideration
among them. The Randi¢ index often called the connectivity index, is a widely studied
degree-based topological index [11, 18, 19]. Milan Randié [18] initially developed it
in 1976, and it is given as
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1
>
zy€E(G) / dwdy

The Randié¢ index is the most often used index in chemistry and pharmacology, among
the hundreds of currently used graph-based chemical structure descriptors [20, 21].
Information about these applications can be found in the books [7, 12, 14].
The graph invariant R(G) features a number of interesting and challenging mathe-
matical characteristics, which took nearly two decades to discover by mathematicians
[3, 4]. As a result, there was a significantly large amount of mathematical research in
this field, and numerous research articles were published. For more information, refer
[1,2,6,09,16, 17).

For a simple connected graph G = (V(G), E(G)) with n vertices and n + ¢ edges

R(G) =

where ¢ = —1,0,1 is called a tree, unicyclic and bicyclic respectively. In [5, 8], the
trees with the maximal Randi¢ indices, and in [3, 8, 23], the trees with minimal Randié
indices are identified. In [8, 13], the maximum Randi¢ indices of unicyclic graphs have
been found. The lower bound for the unicyclic and bicyclic graphs have been obtained
in [10, 22] respectively. In this article, we first present the correct ordering of Randié
index of unicyclic graphs. We then provide the seventh to sixteenth maximum Randié
index for bicyclic graphs.

2. Preliminaries

The vertex with degree one is called as a pendent vertex and the incident edge corre-
sponding to it, is called as a pendent edge. Let A denote the maximum degree in a
graph. A r-vertex path P := wjus...u, in G with d,,, > 3,d,, =2fori=2,...,r—1
and d,, = 1 is said to be a pendent path at u;. An edge of G with vertex degree
r and s will be called an (7, s)-edge and &, s denotes the number of (r, s)-edges in
G. Let U, B,, denotes the collection of all connected unicyclic and bicyclic graphs of
order n, respectively.

In [5], Caprossi et al. presented an alternate definition for R(G) as follows,

where

2
1 1
= > ()
R(G) is decreasing on f(G) for a fixed n. This fact will be used to identify the
extremal graphs with the largest Randi¢ indices.

Among all the unicyclic graphs, Caprossi et al. [5] identified the maximum and second
maximum Randi¢ indices (see table 1). Du and Zhou [8] obtained third, fourth and
the fifth maximum Randié indices (see table 2). Li et al. [15] further extended the
works and provided sixth, seventh and the eighth maximum Randi¢ indices (see table
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3). Very recently, Hasni et al. [13], classified the ninth to thirteenth maximum Randié
index. (See table 4)

Table 1. Unicyclic graphs with first and second maximum Randi¢ index (see Theorem 1,4 in [5])

Notation vertices £12 £1,3 €23 £24 £33 E22  R(G)
Ur >3 0 0 0 0 0 n =

-4

Uz n>5 1 0 3 0 0 n—-4 5

+—=+

Sl
Sl

Table 2. Unicyclic graphs with third to fifth maximum Randi¢ index (see Proposition 2.2 in [8])

Notation vertices €12 €13 £2,3 £2,4 £33 E22 R(G)
n—3 2 T

Us =n>5 0 1 2 0 0 n—3 F—t+—
’ B V6 V3
U >7 2 0 4 0 1 7 "77+4+\/§+1
n n — R —
! B 2 V6 3

iy
Us n>8 2 0 6 0 0 n-8 "T+\/6+\/§

Table 3. Unicyclic graphs with sixth to eighth maximum Randié¢ index (see Theorem 2.2 in [15])

Notation vertices 5172 81’3 5273 52,4 53,3 5272 R(G)

n—T7 3 3
Us n>9 3 0 3 0 3 n—9 + =+ =
D B
W2
Ur n>9 1 1 3 0 1 n—6 +—=+—=+—=-=
s W oY
W2
Us n>10 3 0 5 0 2 n—10 +—=4+—=-=
8 = 2 V2 V6 3

3. Main Results

In Theorem 1 of [13] i.e., In Table 4, the following value has been proved as the ninth
maximum Randi¢ index.

net L L 5 ™ 0174301497,

MO =—=5"+v B 5%~

First, we note that the ninth maximum Randi¢ index stated above is not true. Let
G be a n-vertex unicyclic graph (n > 10), with exactly two pendent paths of length
atleast two attached to the same vertex of the cycle Cy(k < n), then

3

n—=6 2
— +

~ - — 0.171572875
2 V2

2

5=
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Table 4. Unicyclic graphs with ninth to thirteenth maximum Randi¢ index (see Theorem 1 in [13])

Notation Vertices €12 €1,3 £2,3 £2,4 £3,3 €22 R(G)

Uy n>10 1 1 5 0 0 n-7 Fmt =+ —
o RN
0’
U >11 3 0 7 0 1 n—11 SR
0o " > Va6
U >11 2 1 2 0 3 g P60, 2, 1.2
n n — R P P
o I
Uis n>11 0 2 2 0 1 n-5 24 =4 2 4~
p Vi Vg ®
Uis n>12 3 0 9 0 0 n—122 = 4=
2 2 V6

It is simple to verify that, (as indicated in Table 3 and Table 4) — — 0.171572875 lies

between the eighth and the ninth maximum of Randi¢ index:
5
+ R

n

2

n=8 3 5 1. n-6 2 4 n-7 1 1
2 V2 V6 3 2 V2 VB 2 V2 V3 V6

—_— — +—=+
We now give the correct version of the ordering in Table 5.

Table 5. Unicyclic graphs with ninth to fourteenth maximum Randié index

Notation Vertices €12 €1,3 £2,3 £2,4 £3,3 €22 R(G)

Ug n 10 2 0 ) n 4+ — 4+ —
7 \{» \{» 5
n —
U n > 10 1 1 5 0 0 n—17 _t — 4+ —
10 \/» \/» \/,

n-11 '3 71
Uy =n>11 3 0 7 0 1 n-—11 4=
2 2 6 3
n—6 2 1 2
U n>11 2 1 2 0 3 n-—8 =t =+ =
25 2 Y 1/6
n
Uiz n>11 0 2 2 0 1 n-5 =t =+
2 V3 V6 3
n-12 '3 9
U4 n>12 3 0 9 0 0 n—12 + =tz

4. Bicyclic Graphs Maximizing Randi¢ indices :
Let B,, be the collection of graphs with n vertices and n + 1 edges. A graph G € B,

is called as a bicyclic graph. Bicyclic graphs without pendent vertices are classified
as follows (see Figure 1).

B =Bl uB?

{&3:¢@3:L&2:n—g

{25 =6.820=n -5}
{&A=4&2=n—%

II 3 4
B =8B,UB,

BIII _ ;55
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Figure 1. Classification of Bicyclic graphs

Among the collection B,,, the two class of graphs (BL U B2) with maximum Randié
index was determined by Caprossi et al.[5], the second to fifth maximum Randié
indices was determined by Du and Zhou [8] and the sixth maximum Randi¢ index
was determined by Li et al. [15] (See Table 6).

Table 6. Bicyclic graphs with first six maximum Randié¢ index (See Theorem 5 in [5], Proposition 2.3 in
[8] and Theorem 2.3 in [15] )

Notation Vertices €12 £1,3 £2,3 £2,.4 £33 E22 R(G)

S A |
By € BI >6 0 0 4 0 1 n-42 =4
1€ n > n 25 \/6+3
BoeBI n>7 0 0 6 0 0 n—5 ”; V6
n—4 3 1
B n>7 1 0 3 0 3 n—6 + =+ =
’ - 2 V6 V2
B >9 1 0 5 0 2 77,5 12
n n— — 4+ —=+4+-
4 = 2 6 23
3
BseBIT n>9 0 0 0 4 0 n73n2 +V2
n—6 1 702
B n>10 1 0 7 0 1 n—8 +—=+—=-=
6 = 2 V2 V6 3
A pendent path of length one and two in G contributes to f(G) at

| 1)2 d 1\? /1 1)2 el d 2

east (12— %) an 2(1— %) +(ﬁ - %> , Trespectively an (1— 3)

(1 - i) +(i - i) . Let us consider the following functions ¢(z) = ( f)
x

V2 NEIERVE] , ,
and ¢(z) = (1— \1[) +<%—%> Both ¢(x) and t(z) are increasing

for © > 3, therefore p pendent paths in G contributes to f(G) at least

12 1 1)2 . . . . .
pl:(l—ﬁ) +(%_ﬁ> }, and using the identity (1) immediately leads to

the following upper bound for R(G) with given p pendent vertices.

Lemma 1. Let G be a simple graph with p pendent vertices, then

ror<5-4|(-5) + (55~ 39) |
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We now define the following graphs which are used in the main results.

B; = {G|G € B, and &3 = 5,823 = 2,512 = 2,822 = 7’L—8}

:{G|GeB and 53323,523:2,51321,522=n—5}
:{G|GeB and 523:9,512:1,522:n—9}

Bio :{G|GeB and 533:4,823:4,512:2,522:n—9}

B ={G|GeB and 53322,523:4,51321,522=n—6}
:{G|GeB and 6’34:1,524:3,523:2,512:1,522:n—6}

Bis :{G|Gezs and 533:3,523:6,512:2,522:n—10}

B ={G|GeB and 533:1,823:6,513:1,522:71—7}
:{G|GeB and 533=5,523=1,51321,51221,522:n—7}

Big = {G|G € B, and =2, = 1,800 = 2,93 = 2,E10 = 2,E99 = 1 — 8}

Theorem 1. Among the n-vertexr bicyclic graphs B,
(i) For n > 10, the graphs in Br have the seventh mazimum Randié index, which equals

n-8,2 2 5
2 "6 V2 3

(i) For n > 10, the graphs in Bs have the eighth maximum Randié¢ indez, which equals

-3, 2 1
2 T VE

(#i) For n > 10, the graphs in By have the ninth maximum Randié¢ index, which equals

n=9, 9 1
2 TV

(i) For n > 10, the graphs in Bio have the tenth mazimum Randié index, which equals

+—=+ =+

n—9 4 2 %
2 N ERV

(v) For n > 10, the graphs in B11 have the eleventh mazimum Randié index, which equals
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(vi) For n > 10, the graphs in Bi2 have the twelveth mazimum Randié index, which equals

n—=6 2 3 1 1

o
2 V6 2v2  2v3 V2
(vii) For n > 10, the graphs in Bis have the thirteenth mazimum Randié index, which equals

8,02
(viii) For n > 10, the graphs in Bia have the fourteenth maximum Randié¢ index, which
equals

n-7, 6,11
2 "6 V3 3

(iz) For n > 10, the graphs in Bis have the fifteenth mazimum Randié index, which equals

n-7 1 1 1 5
+t =t st3

2 V6 V3 V2

(z) For n > 10, the graphs in Bis have the sizteenth mazimum Randié index, which equals

n—8+2+1+3+1
2 V6 V3 V2 3

Proof. Let G € B,\{B; : i1 =1to 6} To prove the above results it is enough to

-8 2 1
prove that any G € B,, will be less than ——° +—=4+—+— —|— (which is claimed

Q\f\f\fi’)

to be the sixteenth maximum R(G) value) must have ith maximum R(G) value, for
i > 17. From (1), it is clear that R has a value at least

s PG G () 0-5)

if and only if f(@) < 2( ! )2 -&-2(i - i)2 +2<i - L)Q +2(1 _ L)Q
V3 Vi V2 V4 V2 V3 V2
Throughout the proof, we consider G,G’ and G” € B,, on n vertices. Let G’ be the

graph obtained from G by attaching a pendent path to any vertex of G and G” be
the graph obtained from G by attaching two pendent paths in G.

Case 1. Graphs G’, G" constructed from the class 5.

1 _n (L1 (Lo L)L
If G € B, then R(G) = 5 2(\[ \[> with f(G)_4<\/§ \/g) = f(B1).

Subcase 1.1 : If G’ constructed from G € B!, then G’ has the following possibilities
depicted in Figure 2. Assuming the length of the pendent path is at least two, then

(G > (\lf \})2+3(%—%)2+2(%—%>2+(1—%)2:f(312)
)+ () -
>3(J5-v5) +(1-75) —se
)+ (1

- —)2 — J(By),
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<<yl
ST

! !

Figure 2. Graphs with exactly one pendent path obtained from G € BL.

Next, we consider the pendent path of length exactly one in figure 2, then we get

rr20( )+ (1= 5) - rmo
1(F5-5) = (-55)
22(% —%)2+ (1—%)2 = f(Bs)

Subcase 1.2 : If G” constructed from G € B by considering two pendent paths P;
and P,. The various possibilities of G” are depicted in Figure 3. The pendent paths P;
and P, are subdivided into three possible combinations, we get the following results.
If both P; and P are of length at least two, then

4
S e
S
oGy ) ()

Next, we consider the pendent path P; with length one and P, with length at least
two in Figure 2, then we get

F(G") > (i — i)2 + (1— L)Q + (1 - L)Q = f(Bis)
“\v2 3 V2 v3) T En
If both P; and P are of length one, then

f(G”)zz(%f%)ﬂz(u%)Q.
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o r—o 9., n0—o Y % -+ 0—Q o —0 R TN —0
. K . K . K K .
l‘. i l‘. .'. “. . . .
- - Q—Q * - —0 . - - — . —0 Y —o
R —o o —o 9., o—o Y- —o
. . 5 . . . . . . . B
. °, . . . . ‘.
ST D T e
ookt . iR . ‘e . I .

Figure 3. Graphs with exactly two pendent paths obtained from G € Bf.
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-::1>----%<‘:.e DaaS -::2,>----<I:§ o

!
<<l Iy i
! ! ! 1

t i

Figure 4. Graphs with exactly one pendent path obtained from G € B!,

Case 2 : Graphs G/, G" constructed from the class B'L.

n 1) 1)
If G € B, then R (G 3() with f(G 6() = f(Bs).
Subcase 2.1 : If G’ constructed from G € B!, then G’ has the following possibilities
depicted in Figure 4. Suppose the length of the pendent path is at least two, then

ST O

Subcase 2.2 : If G” obtained from G € B!!. The various possible graph structures can
be constructed from Figure 3 by replacing the edge zy € E(G") ( with d, = 3,d, =3
) by a path of length atleast two and the remaining cases are depicted in figure 5.

If P, >2and P, > 2, then

% 1
CORTIE
1
>4(75
If P =1 and P, > 2, then

s )+ () )
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ottt o1 1ot ot
>\[;< >—’< > *< >\y<
> < >Tr< > n—< T ir<
:::.>"§"{<!f= oo O

Figure 5. Graphs with exactly two pendent paths obtained from G ¢ B!,

If P, = P, =1, then
f(G”)>2(i—i)2+2(1—i)2
To\WV2 VB v3/)

Case 3: Graphs G’, G” constructed from the class B!7.

117 1 1 1
If G e B, then R(G) = 3 2(7 7) with f(G) = 4(7—7) = f(Bs).

Subcase 3.1 : If G’ constructed from G € B! then G’ has the following possibilities
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Y — s @Q—Q I
'..’ "‘- '-,. ".- -..’

: : : : —o
.t T .t Te .t

Figure 6. Graphs with exactly one pendent path obtained from G € B!!,

depicted in Figure 6. Consider the length of the pendent path is at least two, then
1 1)2 1 1) 1 1)2 1)2
GHY>3(—=-— — - 2 — - — 1— — ) = #(Bio).
f&) = (\/i ﬂ) +(\/§ ﬂ) " (\/5 \/§> +( \/5) J(B2)

If the length of the pendent path is one, then

23 (- 8+ (e )+ G ) ()"

—o
—
—e

R R - —0 R - .
R N b BN
DINBEPIN

Figure 7. Graphs with exactly two pendent paths obtained from G € B!,

! 111

Subcase 3.2 : If G” constructed from G € B! considering the two pendent paths P
and P,. The various possibilities of graphs are depicted in Figure 7. If P, > 2 and
P> > 2, then we get
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oGy ) o) 2 ) ()
If P, =1 and P, > 2, then

f(G”)ZQ(%—%>2+2(%—%)2+(%—%)2-"-(1—%)2+(1—%)2~

If P = P> =1, then

1\2 1\?2
—— ) +2(1-—=—) .
7) 2 (- 3)

By comparing the values of f(G’), f(G") in cases 1, 2 and 3, we conclude any bicyclic
graph with atmost 2 pendent vertices other than B; {i = 1,2...16} will have

al-

(G- )

(@ > 2(i - L)2 +2(L - L)2 +2(i - i)Q +2(1_ L)Q
VERERVZ V2 V4 V2 V3 va)
Case 4: If G* € B,, with at least three pendent paths, then from Lemma 1, we get

roree (=) (- ][ )+ 058

It is easy to see that f(G*) > f(Big), this concludes that any G € B,, will have the
following order

f(G) > f(Big) > f(B1s) > f(B1a) > f(B13) > f(B12) > f(B11) > f(B1o) > f(Bo) > f(Bs) > f(B7).

O
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