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Abstract: Inthe last years, Naji et al. have introduced leap Zagreb indices conceived
depending on the second degrees of vertices, where the second degree of a vertex v in a
graph G is equal to the number of its second neighbors and denoted by d2(v/G). Anal-
ogously, the leap Zagreb coindices were introduced by Ferdose and Shivashankara. The
first leap Zagreb coindex of a graph is defined as L1 (G) = ZWQEQ(G)(dg(u) + da2(v)),
where F2(G) is the 2-distance (second) edge set of G, In this paper, we present explicit
exact expressions for the first leap Zagreb coindex L1 (G) of some graph operations.
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1. Introduction

In this paper, we are concerned with simple graphs, i.e., finite graphs having no loops,
no multiple and directed edges. Let G = (V] E) be such a graph, the number of vertices
and edges of a graph G, denoted by n and m, respectively. The distance between any
two vertices u,v € V(G) denoted by dg(u, v) and is equal to the length of the shortest
path connecting them. For a vertex v € V(G), the open 2-neighborhood of v in a
graph G is defined as No(v/G) = {u € V(G) : dg(u,v) = 2}. The set of all second (2-
distance) edges of a graph G is defined by Es(G) = {vu : dg(u,v) =2, u,v € V(G)},
and we denote by u(G) or simply u to the cardinality of F5(G). The second degree
of a vertex v in G is denoted by d2(v/G) (or simply daz(v), if no misunderstanding)
and is the number of its second neighbors, i.e., d2(v/G) = |N2(v/G)|. For a vertex

* Corresponding Author

© 2025 Azarbaijan Shahid Madani University



484 The first leap Zagreb coindex of some graph operations

v € V(Q), the eccentricity e(v) = max{dg(v,u) : u € V(G)}. The diameter of G
is diam(G) = max{e(v) : v € V(G)}. Let H C V(G). Then the induced subgraph
(H) of G is the graph whose vertex set is H and whose edge set consists of all of the
edges in E(G) that have both endpoints in H. A graph G is called F-free graph if
no induced subgraph of G is isomorphic to F. We follow [15], for unexplained graph
theoretic terminologies and notations.

A topological index of a graph is a graph invariant calculated from a graph represent-
ing a molecule. Among the most important such structure descriptors are the classical
first and second Zagreb indices, which were introduced by Gutman and Trinajestic
[14], in 1972, and elaborated in [12]. They are defined as:

Mi(G)= > d*(v) and My(G)= > d(u)d(v).

veV(G) wveEE(G)

For more details on Zagreb indices, see the surveys [7, 10] and the references cited
therein. Analogously, the Zagreb coindices were put forward in [3], and are defined
as:

M@= Y (dw)+d()), and  IR@ = Y dwd().

wwg B(G) w g E(G)
The forgotten coindex of a graph were introduces in [14], and is defined as

FG) = > (&) +dv).

wg E(G)

For more details on the Zagreb coindices, see [3, 4, 8, 10].

In (2017), Naji et al. [11] introduced a new distance-degree-based topological indices
conceived depending on the second degrees of vertices, which are so-called leap Zagreb
indices of a graph G and are defined as:

LM(G)= Y d3(v/G), LM3(G) = > d2(u/G)da(v/G)
veV(G) uwv€EE(G)
and LM3(G) = > d(v/G)dz(v/G).
veV(GQ)

Also, Ali and Trinajstié¢ [1] defined and studied a modified first Zagreb connection
index depended on the second degrees of vertices. They formatted it as:

Zy(G)= Y d(v)da(v).

vgV(G)

Manzoora et al. in [18] derived formulas for calculating these modified versions of the
Zagreb indices of four well known nanostructures.

Naji et al. [20, 21], computed leap Zagreb indices for some graph operations. Shao
et al. [13], found the external bounds on leap Zagreb indices for trees and unicyclic
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graphs. For properties and details of leap Zagreb indices of a graph the readers
referred to [5, 6, 11, 13, 17, 19-23].

Recently, Ferdose and Shivashankara [9], introduced the leap Zagreb coindices of a
graph. They defined it as follows

L@ = > (dw/G)+d/G), LG = Y (d/G)d(v/G))
uvg Es(G) uwv€ E(G)
and L) = Y (d(u/G)+da(v/G)).
uwvg E(G)

Motivated by the Zagreb coindices and the Zagreb connection coindices for product
of molecular networks [2], in this current work, we present the exact expressions for
the first leap Zagreb coindex of some graph operations containing union, cartesian
product, composition, disjunction, symmetric difference and corona product of graphs.

The following fundamental results which will be required for many of our arguments
in this paper are found in Yamaguchi [24] and Soner and Naji [23].

Theorem 1. [23, 2/] Let G be a connected graph with n vertices and m edges. Then
da(v/@) < ( > dl(u/G)> —d1(v/G).
u€N1(v/G)

and equality holds if and only if G is a {C3,Cs}-free graph.
From this theorem, the following result follows

Corollary 1. [23] Let G be a connected graph with n vertices and m edges. Then

> da(v/G) < Mi(G) — 2m.

veV(Q)

and equality holds if and only if G is a {Cs, C4}-free graph.
The following result will be useful to prove our main results.

Proposition 1. For a connected graph G with n vertices, m edges and p second edges,

> da(v/G) =2|Ex(G)| = 2p.

veV(G)

Proof. Let G be a connected graph, and let G? denote the square graph of G,
that is a graph with V(G?) = V(G) and for any two vertices v and v in G? are
adjacent if and only if d(u,v) = 2 in G. It is clear that wv € F3(G) if and only
if uwv € E(G?). Hence, |E2(G)| = |E(G?)| and so d2(v/G) = d(v/G?), for every
v € V(G). Since 3, cv (a2 d(v/G?) = 2|E(G?)| = 2|E5(G)| = Y vev(a) d2(v/G), we
get Xyev(a) d2(v/G) = 2| Ex(G)| = 2u. [
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2. Main Results

In this section, we investigate the exact formula of the first leap Zagreb coindex for
some graph operations. We consider six operations, each of them is treated in a
separate subsection.

2.1. Union:

Definition 1. [16] Let G and H be two connected graphs with disjoint vertex sets V(G)
and V(H) and edge sets E(G), E(H), respectively. The union graph GU H, is defined as the
graph with vertex set V(GU H) = V(G) UV (H), and edge set E(GUH) = E(G) U E(H).

n1+n2, |E(GUH)| = m1+m2, and |E2(GUH)| = ,U,1+/JJ2,

Clearly that |V(GUH)| =
|E2(G)]. So, the following result straightforward,

where p = p(G) =

Lemma 1. [21] Let G and H be two disjoint connected graphs with n1 and na vertices.
Then for each v € V(G U H),

[ da2(v/G), ifveV(G);
da(v/(GUH)) = { di(v/H), ifv € V(H).

Theorem 2. Let G and H be connected graphs with ni, na vertices and u(G), p(H)
second edges, respectively. Then

Li(GUH) = L1(G) + L1(H) + 2(n2p(G) + nip(H)).

Proof. From Lemma 1, for any two vertices u,v € V(GUH), uwv ¢ Eo(GUH) if and
only if wv ¢ E>(G) and uwv ¢ E2(H). That means either u,v € V(G) and uwv ¢ E2(G),
or u,v € V(H) and wv ¢ Eo(H), or u € V(G) and v € V(H). Thus, the first leap
Zagreb coindex of G U H is then equal to the sum of the first leap Zagreb coindices
of G and H, plus the contributions from the missing edges between vertex sets of G
and H. Where there are niny of them. Then we get

LGUH) = > (da(u/(GUH) +da(v/(GUH))

uvg Eo(GUH)

= 3 (dz(u/(G U H)) + da(v/(G U H)))

uvg Bz (G)

+ Y (da(w/(UH) + da(o/(GU H)))

uv¢ Eo (H)

+ > Y (R@(GU)+d@/(GU))

wEV(G) veV (H)

= Y (0O the/@)+ Y (daw/H) +dao/H)

uvg Eo (G) uvg Eo(H)

+ 3 Y (dWw/G) +da(v/m)

weEV(G) veV (H)
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LiG) +Ii(H)+ny Y da(u/G)+m1 Y da(v/H)
ueV(G) vEV (H)

1(G) + L1 (H) + 2n2pu(G) + 2n1 u(H). |

I
N

From Corrolary 1, the following result directly follows

Corollary 2. Let G and H be connected (Cs,Cs)-free graphs with ni, na vertices and
mi, ma edges, respectively. Then

H(G UH) = H(G) -l—E(H) + 2(n2M1(G) + nlMl(H)) — 4(nam1 + nlmg).

Let Gy, ..., Gy be connected graphs with disjoint vertex sets V(G;) and disjoint edge
sets E(G;) of orders and size n;, m;, respectively. Their union is a graph G = G; U
..UGy,. Starting from Theorem 2, by induction method, the following result follows.

Proposition 2. For k > 2, let G1,...,Gy be connected graphs with n; vertices and m;
edges, respectively. Then

k k
Li(lJ ey => LG +2Z ( G )an>
i=1 i=1 =
J?ﬁz

Proposition 3. For k > 2, let G1,...,Gy be connected (Cs,C4)-free graphs with n;
vertices and m; edges, respectively. Then

Ll(UG’ =zk: Z( Xk:MlG)—mJ))

i=1 i=1 =1
VE

2.2. Join:

Definition 2. [16] For given graphs G and H with n; and ns order and m1 and ms size,
respectively. The join graph G+ H, is defined as the graph with vertex set V = V(G)UV (H),
and edge set E(G+ H) = E(G)UE(H)U {w :Vu € V(G) and Yv € V(H)}.

Clearly that |[V(G + H)| = n1 + ng and |E(G + H)| = my + ma + nina.

Lemma 2. [21] Let G and H be two connected graph with n1 and na vertices. Then

i —1-dw/G), ifveV(G);
da(v/(G + H)) = { ng —1—d(v/H), ifveV(H).

Theorem 3. Let G and H be two nontrivial connected graphs with n1, na vertices and
mi, ma edges, respectively. Then

E(G + H) = E(G) + M(H) + nlnz(nl —+ ng — 2) — 2(n1m2 + ngml).
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Proof. Since for any two nontrivial graphs G and H, the join graph G + H has
diameter two. Then for any vertices u,v € V(G + H), uv ¢ Eo(G + H), if and only if
uv € E(G+H). Then by Lemma 2 and by using the fact that M;(G) = 2m(n—1)—My,
see [3], we obtain

LG+ H) = Y (da(u/(G+H))+da(v/(G+ H)))
uvg Eo(G+H)

3 (dz(u/(G + H)) + da(v/(G + H)))

uwweE(G+H)

= > (/G + ) +da(v/(G+ H)))

uwveE(G)

+ Y (/G + H) +da(v/(G + H)))

uveE(H)

+ 3 Y (da(w/(G+ H)) + d2(v/(G+ H)))

wEV(G) veEV (H)

= Y (20 - 1) - ([dw/G) + dw/G)))

uwveE(G)

+ > <2(n2fl)f(d(u/H)er(v/H)))

uveE(H)
+ 3 ( (n1 — 1) — d(u/G) + (ng — 1) — d(v/H)>
wEV(G) veV (H)
= 2m1(n1 — 1) — Ml(G) +2m2(n2 — 1) — Ml(H)
+ nlng(nl — 1) — 2nomy + nlng(nz — 1) — 2ni1mso

= E(G) + E(H) + ning (n1 +n2 —2) —2(nima + nzml). O

From the definition of L;(G), and by using the fact in [9], that L;(G) = Li(G), and
by note that, for u,v € V(G + H), uwv ¢ E3(G + H), if and only if uv € E(G + H).
Since, dao(v/(G + H)) = d(v/(G + H)). Then the following result is straightforward,

Corollary 3. For any connected graphs G and H, L:1(G+ H) = M;(G + H).

For generalization, let G1, ..., Gk be connected graphs with disjoint vertex sets V(G;)
with n; vertices and edge sets E(G;) of size m;. Their join is a graph G = G1+- - -+Gj,.
Starting from Theorem 3, by induction method, the following result straightforward.

Proposition 4. Let G1,...,Gy be graphs with n; vertices and m; edges, respectively.
Then

%

i=1 i=1
J#z

The join of the graph G, of order n and size m, with itself k£ times is given by
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k
LY G =k {Ml(G) +n(k—1) <n(n —1)— Zm)] .

=1

As especial case E(Zle K,) = 0, as it directly computed in [9]. Also for the
complete bipartite graph K, ,., which is a join of two copies of the total disconnected
graphs K, with n = 2r vertices. We have Ly(K,,) = 2r?(r — 1). In general, we
consider the case of the complete k-partite graph K, . ., with classes of partitions

of sizes n1,...,ng. This graph is a join of k copies of the total disconnected graphs
K,,. We have

LK) = k(= )0 = 1) = 0 (3) (3).

2.3. Cartesian product:

Definition 3. [16] For given graphs G and H their cartesian product, denoted GUH, is
the graph with vertex set V(G) x V(H), and any two vertices u = (u1,u2) and v = (vi,v2)
in V(GOH) are connected by an edge if and only if either (u1 = v1 and usve € E(H)) or
(u2 = va2 and uwiv1 € E(Q)).

It is a well known fact that the cartesian product of graphs is commutative and
associative up to isomorphism. |V(GOH)| = |V(G)||V(H)|, the distance between
any two vertices u = (uj,us) and v = (vy,v2) in GOH is given by dgop(u,v) =
dg(ul,m) + dH(’u,z,’Ug).

Lemma 3. [21] Let G and H be connected graphs of orders ni and na, respectively. Then
for any vertezx (u,v) € V(GUOH), d2((u,v)/(GOH)) = d2(u/G)+d1(u/G)di (v/H)+d2(v/H).

The following result required to prove our main result,

Theorem 4. [20] Let G and H be two nontrivial connected graphs with n1, na vertices
and m1, ma edges, respectively. Then

Theorem 5. Let G and H be two nontrivial connected graphs with m1, na vertices and
w(@), u(H) second edges, respectively. Then

L1(GOH) = 2(ning — 1) [ngu(c) +nip(H) + lemg] - {nng (G)+n1Ly (H)]

4 [mng(G’) T mng(H)] — M1 (G)My(H) — 4u(G)u(H).
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Proof. From Lemma 3, Theorem 4 and by using the fact that state for any graph
G, Li(G)=(n—-1) > vev(a) d2(v/G) — L1(G), we obtain

Li(GOH) = (mn2 —1) 3. (dQ((u, v)/(GDH))) — L1(GOH)
(u,v)eV(GOH)

=(una—-1) >3 (d2( u,v) GDH))) — L1(GOH)

uweV(G)veV (H)

=(un2-1) Y. > [ (u/G) +d1(u/G)d1(v/H)+d2(v/H))]le(GDH)
wEV(G) veV (H)

= (nin2 — 1) {ng Z d2(u/G) 4+ 2mima + n1 Z dz(v/H)]
wev (@) wev(G)

~ [P2L1(G) + 4maLs(G) + Mi(G)M1(H) + 4(G)u(H) + dma Ly (H) + na Ly (H)]
= (nin2 — 1) {%2#(@) + 4mima + 2n1M(H)]

- [n2L1(G) + 4maLs(G) + My (G)M; (H) + 4(G)pu(H) + 4my Ls(H) + ny L (H)]
=2(nin2 — 1) [nw(G) +nip(H) + 2m1m2} —n2L1(G) — 4maL3(G) — n1L1(H)

— 4mi Ly(H) — Mi(G)Mi(H) — 4u(G)(H). O

From Theorem 5 above and Corollary 1, the following result follows.

Corollary 4. If G and H are connected (Cs,C4)-free graphs with n1, ns vertices and
mi, ma edges, respectively. Then

Li(GOH) = (nind — na + 4m2) My (G) + (ning — n1 + dmy) My (H) = [naL1(G) +ni L (H) |
—3M(G)M1(H) — 4[m2L3(G) + m1L3(H)] + 2(nin2 — 1) [2m1m2 —nomy — nlmg] .
As an application of the above results, we list explicit formulae for the first leap Zagreb
coindex for the cartesian product of two complete graphs with p and ¢ vertices and
the rectangular grid P,00F,, the Cy nanotube P,[1C,, and the Cy nanotorus C,00C,,

respectively. The formulae follow from Theorem 5, by plugging in the expressions the
following values:

o Mi(Kp) =p(p—1)?, Li(Kp) = 0 and L3(Kp) =0,
o Mi(P,) = 4n — 6, L1(Pp) = 4(n — 3) and Ls(P,) = 2(2n — 5),
e Mi(Cp) =4p, L1(Cp) = 4p and L3(Cp) = 4p.

Observation 6. For the integers number p, ¢ > 5, the following results holds:
o Li(KpUKg) =4(3) (3 )[3(1911— 1) +(p+q)]-
o Li(Py0P;) = 4pa|2pq — 2(p + a) + 1] — 68pq + 108(p + q) — 136.
o Ti(P0C,) = 8a(pg — 1)(p — 1) — 4[24p — 4g — 13] + 8(2p — 3)(p — 1).

o L1(Cp,0Cy) = 8pq(pg — 13) — +16(p* + ¢%). 0
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2.4. Composition:

Definition 4. [16] The composition G[H| of graphs G and H with disjoint vertex sets
and edge sets is a graph on vertex set V(G) x V(H) in which (u1,v1) is adjacent with (uz,v2)
whenever [u1 is adjacent with uz] or [ui = w2 and v; is adjacent with vs].

The composition is not commutative. The easiest way to visualize the composition
G[H] is to expand each vertex of G into a copy of H, with each edge of G replaced by
the set of all possible edges between the corresponding copies of H. Hence, by letting
|E(G[H])| = nima + n3m;.

Lemma 4. [21] Let G and H be two graphs with disjoint vertex sets with ni and ng
vertices and edges sets with m1 and ma edges, respectively. Then

d2((u,v)/G[H])) = n2d2(u/G) + di(v/H).
The following result required to prove our main result,

Theorem 7. [20] Let G and H be two nontrivial connected graphs with n1, na vertices
and m1, ma edges, respectively. Then

L1(G[H]) = n3L1(G) + n1 M1 (H) + (2n3 — 2n3 — 4nam2)u(G) + n1(n2 — 1)(n3 — na — 4ms).
Theorem 8. Let G and H be two nontrivial connected graphs with n1, ns vertices and
w(@), p(H) second edges, respectively. Then
L1(G[H]) = 2n2(G) (n1n§ — o2+ + 8m2) + nin? (n1n2 —ni —ng + 1)
— nng (G) — n1M1 (H) — 271177’12 (n1n2 — 2n2 — 1).

Proof. From Lemma 4, Theorem 7 and by using the fact that state for any graph
G, Li(G) = (n— 1) ¥y (g d2(v/G) — L1(G), we obtain

Li(G[H]) = (nanz — 1) > d2((u,v)/G[H]) — L1(G[H])
(u,v)eV(G[H])

—(un2—1) 3] da((w,v)/GIH]) - L1 (G[H])

uweV(G) veV (H)

=(mn2—=1) > > [d2(u/G) — (n2 — 1) = d(v/H)] - L1(G[H])

wEV(G) vEV (H)

= (ninz — 1) [2034(G) + mana(nz — 1) = 2nimz]| = [n3L1(G) + na Ma(H)
+2u(G)(2n3 — 2n3 — dnama) + ni(n2 — 1)(n3 —n2 — 4m2)]

= 2u(G) [n3(ninz — 1) — (20§ — 203 — 4npma)| + nana(nz — 1)(ninz — 1)
—2nyma(ning — 1) — [nng(G) +n1M1(H) 4+ ninz(n2 — 1)? — dmani(na — 1)]

=2u(G) [n§ (ning — 1) — 2nz(n3 — ng — 4m2)} +nin3 (mnz —n1—n2+ 1)

— n%Ll(G) —niMi(H) — 2nima (TL17’L2 — 2ng — 1)
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= 2n2u(G) <n1n§ — 2n§ + ng + 8m2)> + nlng <n1n2 —n1 —ng + 1>

— n%Ll(G) —n1Mi(H) — 2n1ma <n1n2 — 2n9 — 1). O

2.5. Disjunction:

Definition 5. [16] The disjunction G V H of two graphs G and H with disjoint vertex
sets and edge sets is the graph with vertex set V(G) x V(H) in which (u1,v1) is adjacent
with (u2,v2) whenever u; is adjacent with uz in G or v is adjacent with ve in H.

The disjunction GV H is commutative, the number of vertices is |V (G V H)| = nina,
the diameter is diam(G V H) < 2 and the number of edges is |E(G V H)| = n3ma +
n3mi — 2myma. [3].

Lemma 5. [21] Let G and H be two graphs with n1 and na vertices and m1 and ms
edges, respectively. Then

1. di((u,v)/(GV H)) = n2d1(u/G) + nidi(v/H) — d1(u/G)d1(v/H)

2. da2((u,v)/(GV H)) = (nin2 — 1) — nad1(u/G) — nidi(v/H) + di(u/G)d1(v/H).

The following result requaired to show the expression of the first leap coindex of GV H.

Theorem 9. [20] Let G and H be two graphs with n1 and ny vertices and my and mo
edges, respectively, such that G or H not a complete graph. Then

L3(G V H) = (4nama — n3) M1 (G) + (4nymy — nd) My (H) — My (G) My (H)

+ (ning — 1)(2n§m2 + 2nZmy — dmima) — 2mimao(4ning — 1).

Since,for any two graphs G and H, the diameter of G V H is at most two. Then
by application the fact (Theorem 4.3, in [9]), if diam(G) < 2, then Li(G) = L3(G).
Hence from Theorem 11, the following expression of the first leap coindex of G Vv H
straightforward.

Theorem 10. Let G and H be two graphs with n1 and na vertices and m1 and ma edges,
respectively, such that G or H not a complete graph. Then

L1(G V H) = (4nama — n3) M1 (G) + (4nymy — n) My (H) — M, (G)M, (H)

+ (nin2 — 1)(2n%m2 + 2ngm1 — 4dmimz) — 2mima(4ning — 1).
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2.6. Symmetric difference:

Definition 6. [16] The Symmetric difference G @ H of two graphs G and H with disjoint
vertex sets and edge sets is the graph with vertex set V(G) x V(H) in which (u1,v1) is
adjacent with (u2,v2) whenever uy is adjacent with ug in G or v1 is adjacent with ve in H
but not both.

The Symmetric difference is commutative, with |V (G®H)| = ning vertices, diam(G®
H) <2 and |E(G® H)| = n2ma + n3m; — 4myms edges.

Lemma 6. [21] Let G and H be two graphs with n1 and na vertices and mi and mo
edges, respectively. Then

1. di((u,v)/(G® H)) = n2di(u/G) + nidi(v/H) — 2d1(u/G)d1 (v/H)

2. d2((u,v)/(G® H)) = (ning — 1) — n2d1(u/G) — nidi (v/H) + 2d1(u/G)d1(v/H).

We need the following result to show our next result.

Theorem 11. [20] Let G and H be two graphs with n1 and ng vertices and m1 and mo
edges, respectively, such that G or H not a complete graph. Then

L3(G (&) H) = (n1n§ — 8n2m2)M1(G) + 4M, (G)Ml(H) + (ngnf — 8n1m1)M1(H)

+ 8ninaemimsa + ninz(nine — 1)2 —4(nin2 — 1)(n§m1 + n%mg — 4dmimz).

Since the diameter of GV H is at most two. Then by Theorem 4.3, in [9], the following
result follows,

Theorem 12. Let G and H be two graphs with n1 and na vertices and m1 and ma edges,
respectively, such that G or H not a complete graph. Then

E(G &) H) = (nﬂ’Lg — 8n2m2)M1(G) + 4M1 (G)Ml(H) =+ (TLQTZ% — 8n1m1)M1 (H)

+ 8ninemimsa + ninz(ning — 1)2 —4(ning — 1)(n§m1 +nimg — dmims).
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