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Abstract: The topological indices are the numerical parameters of a graph that
characterize the topology of a graph and are usually graph invariant. The topological
indices are classified based on the properties of graphs. The degree distance index is
the topological index which is calculated by counting the degrees and distance between
the vertices. In this paper, the degree distance index of the connected thorn graph,
the graph obtained by joining an edge between two connected graphs, and one vertex
union of two connected graphs are calculated.
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1. Introduction

Let G be a simple connected graph. The distance between two vertices v; and v;
of the connected graph G is the number of edges in the shortest v; — v; path. The
degree of a vertex v; is the number of edges incident with the vertex v;. The status
of a vertex v; in any graph is the sum of the distance from v; to all other vertices of
a graph and it is denoted by o¢(v;). That is, the status of the vertex v; in the graph
G is og(v;) = ZvjeV(G) da(vi,vj). A thorn graph of a graph G of order n with p;
parameters denoted by G p, is a graph obtained by adding p;— pendant edges to the
vertex v; of G, where p; are the non-negative integers and 1 < i < n. The one vertex
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Figure 1. Thorn graph of cycle Cy with 1,2,3,1- parameters and the one vertex union of cycles Cy and
Cg.

union of k graphs is obtained by identifying one vertex of all the k graphs. For all
the terminologies refer [3, 9].

The topological indices are the numerical parameters associated with the graph
which are usually graph invariant. The topological index of a graph is based on the
properties of graphs such as degree, distance, number of non-incident edges and so
on. From this index it is possible to analyze the mathematical values and further
investigate some physicochemical properties of a molecule. Therefore, it is also called
a molecular descriptor. The Wiener index was introduced by H. Wiener [10] is the first
topological index to be used in Chemistry to determine the boiling point of paraffin.
Let dg(v;,v;) be the distance between the vertices v; and v; and degg(v;) be the
degree of the vertex v;. Then the Wiener index of a graph G is,

WG = > dvi,vy).

1<i<j<n

The degree distance index was introduced by A. A. Dobrynin and A. A. Kochetova
[4] which correlates degree distance with Wiener index. The degree distance of a
connected graph G is defined as,

DD(G)= Y  (deg(vi) + deg(v))) d(vs, vj).
1<i<j<n

The Wiener index of thorn graphs can be found in [5]. The Schultz index of thorn
graphs is obtained in [8]. Also, the Gutman index of thorn graphs can be seen in
[2]. Motivated by these studies, in this article, the degree distance index of the thorn
graph of a connected graph with p;—parameters is obtained. The degree distance
indices of few product graphs are calculated in [1, 6, 7]. This motivated us to find the
degree distance index of a graph obtained by joining an edge between two connected
graphs and one vertex union of two connected graphs.

From the obtained results, the degree distance indices of thorn paths, caterpillars,
thorn rings, thorn stars, Kragujevac trees, and dendrimers can be obtained by substi-
tuting desired parameters. The degree distance indices of the kite graph and lollipop
graph can also be obtained by using the results in section 2. Where the kite graph and
lollipop graph are few graphs obtained by both joining an edge between two graphs
and one vertex union of two graphs. Also, there are many chemical compounds whose
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graphical representations are isomorphic to the graphs considered in this study. For
example,

I

Cl

Figure 2. 1,2,3,4,5 pentabromo-6-chloro benzene.

Figure 3. Spiro[5,4]decane, spiro[5,2]octane and spiro[4,3]octane.

2. Main results

In this section, degree distance indices of thorn graph with p;— parameters, the graph
obtained by joining an edge between two graphs, and one vertex union of two graphs
are calculated.

Theorem 1. Let G be a connected graph with vertex set {vi,v2,...,vn} and let
P1,P2,--.,Pn be the pendent edges on the vertices vi,ve, ..., v, respectively. Then the degree
distance index of thorn graph Gp with p; parameters of a graph G is

2
n n n
DD(Gr) = DD(G) + (n+ 2m -2 S e 4235 + (zpi) Y o
i—1 i=1 i=1 1<i<j<n
+ Z (2pi + 2p; + 4pip; + pj degg (vi) + pi degg (v5))da (vi, vj).
1<i<j<n

Proof. Let Gp be the thorn graph of a connected graph G with p;, 1 < i < n,
parameters and let {vy,va,...,v,} be vertices of G and p;, 1 < i < n, be pendant
vertices adjacent to v;, where k is any non-negative integer.

DD(vi,v) = Y (degg(vi) + pi + degg (v;) + pj)de (vi, v;)
1<i<j<n

=DD(G)+ Y (pi+ps)da(vi,vy).
1<i<j<n
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DD (v, pik) = E (degg (vi) + pi + degg, (Pik))da p (Vis Pik)
1<i<n,
1<k<p;

Z(pz deg (vi) + P + pi). since dgp, (vi, pir) = 1 and degg,, (pix) = 1

DD(pik,pi) =  »_ (degq, (pir) + degq,, (pir))dap (pik, Pir)
1<i<n,
1<k<I<p;

:éwl ()_2(21% ip)

DD(vi,pjr) = Y (dega(v:i) + pi + dega p (Pjn))dap (i, Pjk)
1<i<j<n,
1<k<p;

= Y (dega(vi) +pi + 1)(dg(vi,v;) + 1)

1<i<j<n
= Y (dega(vi) +pi + Ddg(vi,v;)+ > (dega(vi) +pi +1).

1<i<j<n 1<i<j<n

But,
Z (degg(vi) + pi + 1)dg(vi,v5) = Z (pi +pj + 2pipj + pj dege (vi)
1<i<j<n 1<i<j<n
+ pi degg(v))da (vi, vj),

and

n n n 2
S (ege(o) +p+ 1) = 2m S g — 3y deggv) + (zpi)
=1

1<i<j<n i=1 i=1
n n n

2 . .

- E p; +n E pi — E pi
i=1 =1 =1

n n
=@2m+n—2)) pi— Y pidegg(vi)
=1 =1

=1

Therefore,

DD(vi,pj) = Y (pi+pj+2pip; + pj dege(vi) + pi degg (v;))de (vi, v5)
1<i<j<n

2 n
+(2m+n—2) Z szdegg v;) (sz) *ZP?
=1 =1
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DD(pir,pj1) = Y (degap(pir) + degap (pj1))dc p (Pik: Pit)
1<i<j<n
1<k<p;
1215,
= > pipj(0+D)dai,v)+2)=2 > pipde(vi,v)+4 Y pipj.
1<i<j<n 1<i<j<n 1<i<j<n

Combining all the degree distances, we get

n n n 2
DD(Gp) = DD(G) + (n +2m — 2) Zpi +2 Zp% + <Zp¢> +4 z Pipj
=1

i=1 i=1 1<i<j<n

+ > (2pi +2pj +4pips + pj deg (vi) + pi degg (v)))da (vi, v;).
1<i<j<n

O

Corollary 1. IfG, is a thorn graph of a connected graph G of order n with p parameters
on every vertex of G, then DD(Gp) = (p+1)DD(G)+4p(p+1)W(G) + (n+3np+2m—2)np.

n n n 2
Proof. By substituting > p; = np, 3 p? = np?, (Z pi) = n?p?, > pipj = (’21)]327
i=1 i=1 i=1

1<i<j<n

and Y (pjdeg,(vi) + pidegg(vy)) = pDD(G) in Theorem 1, we get the result. O
1<i<j<n

Theorem 2. Let Gi(ni,m1) and G2(n2, m2) be two connected graphs and G’ be a graph
obtained by joining an edge uiv1 between G1 and G2, where ur € V(G1) and v1 € V(G2).
Then,

DD(G') = DD(G1) + DD(G2) + 2(m2 + 1)og, (u1) + 2(m1 + 1)og, (v1)

na
+ ny (27712 +14 Z deng (’Uj)dG2 (1}1,’1)]'))

Jj=1

ny
+ na (2m1 +1+ z:degc1 (ui)dg, (u1, ul)> ,
i=1

where, og, (u1), oG, (v1) are the status of the vertices ui, v1 respectively.

Proof. Let G; and G2 be two connected graphs with vertex set {u1,ug,..., Uy, }
and {v1,va,...,Un,} respectively. Let the new edge be joined between the vertices uy
and vq.
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ni

DD(ui,u;) = » (degg, (u1) + 1 + degg, (uj))da, (u1,u;)
j=2

+ > (degg, (wi) + degg, (uj))da, (ui, uy)
2<i<j<ng
ni
=DD(G1) + chl (u1,uy)
1=2
= DD(G1) + og, (u1).

na
DD(v;,v;) =Y (degg, (v1) + 1+ degg, (v;))da, (v1,v;)
=2

+ D (degg, (vi) + degg, (v;))day, (vi, vy)
2<i<j<ngy

ng
= DD(G2) + ZdG? (vl,vj)

1=2
= DD(GQ) +o0a, (vl).

DD(u1,v1) = degg, (u1) + dega, (v1) + 2.

n2

DD(uy,vj) = Z(degc;1 (u1) + 1+ dega, (v5))(day (v1,v5) + 1)
j=2

=degq, (u1)og, (v1) + (n2 — 1)degg, (u1) + oG, (v1) +n2 — 1

no
+ 2mg — degG2 v + Z deng (v5)-
j=2

DD(vi,ui) = ) _(dega, (v1) + 1+ dege, (ui))(d(u1, ui) + 1)
i=2

=dega,(v1)og, (u1) + (n1 — 1)degg, (v1) + oG, (u1) + n1 — 1

ni
+2my —degg, u1 + Zdegc1 (ug).

=2
ng ni
DD(ui,v5) = Y > (dega, (i) + dega, (v;))(da, (u1,ui) + day (v1,v5) + 1),
j=2i=2

where,

na ni

> (dega, (ui) + dega, (v)) = (n2 — 1)(2m1 — degg, (u1)) + (n1 — 1)(2m2 — degg, (1)),
j=21i=2
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ng ni ni
D> (dega, (wi)da, (u1,w) + dega, (v;)da, (vi,v5)) = (na — 1) Y _(dega, (ui)da, (u1,us)
j=2i=2 i=2
na
+(n1— 1) Y (dega, (v)da, (v1,v;),
j=2
and
no ni
> (dega, (wi)da, (vi,v5) + dega, (vi)da, (u1,ui) = (2m1 — dega, (u1))oa, (v1)
j=2i=2
+ (2m2 — degg, (v1))oG, (u1).

Therefore,
DD(G') = DD(G1) + DD(G2) + 2(m2 + 1)og, (u1) + 2(m1 + 1)og, (v1)

no
+ n1 <2m2 +1+ Z degg, (vj)da, (vl,vj))

j=1

ni

—+ no (2m1 + 1+ Zdegcl (Ui)dGl (ul, ’LLZ)> .
=1

O

Corollary 2.  Let Gi(n1,m1) and Ga2(n2,mz) be two connected regular graphs with

reqularity r1 and ro respectively and G’ be a graph obtained by joining an edge uiv: between

G1 and Go. Then
DD(GI) = DD(Gl) + DD(GQ) -+ 2(m2 + 1)UG1 (U,1) + 2(m1 + 1)0’@2 (’Ul)
-+ n1(2m2 + 1+ 720G, (Ul)) -+ n2(2m1 + 1+ r10G, (’11,1))7

where, oc, (u1), oc,(v1) are the status of the vertices ui, v1 respectively.
Proof. The proof of the corollary can be obtained by substituting

ny ni
D degg(wi)da, (ur,ui) =711 da, (u1,u;) = riog, (u1)

i=2 i=2
and
no n2
Z degg(vj)da, (v1,v5) =72 Z da, (v1,v5) = 106G, (V1)
j=2 j=2
O

in Theorem 2.
Let G"” be a graph obtained by one vertez union of two connected graphs

Theorem 3.

G1(ni,m1) and G2(n2, m2) and the common vertices of G1 and G2 be ui and vi respectively
Let ¢, (u1), oG, (v1) be the statues of the vertices ui and v1 respectively. Then,

DD(G") = DD(G1) + DD(G2) + 2mi0¢, (v1) + 2maog, (u1)

ni n
+ (n2 — 1) Zdegcl (u1)dg, (u1,u;) + (n1 — 1) Z degg, (v1)da, (v1,v5).
=2

=2
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Proof. Let G; and G2 be two connected graphs with vertex set {uj,ug,..., Uy, }
and {v1,va,...,Vn,} respectively. Let uy, v1 be the common vertices of G; and Gs.
Then,

n
DD(us, u;) = Y (degg, (u1) + degg, (v1) + degg, wi)dg, (ui, )
1=2

+ Z degGl u;) +degg, (uz))de, (wi,uj)
2<i<j<n
=DD(G1) + degg, (v1)o(u1).

DD(v;,v;) = Y _(degg, (v1) + degg, (u1) + degg, (vi))da, (vi,v;)
i=2
+ Z degG2 v;) + degc2 (U]))ng (vi, UJ)
2<i<j<n
= DD(Gz) + degg, (u1)o(v1).

n

DD(ui,v5) = »_ (degg, (wi) + degg, (v;))(da, (u1,ui) + day (v1,v;))

ij=2
n n
= Y degg, (wi)da, (v1,v5) + Y degg, (v;)da, (u1,u;)
ij=2 ij=2

+(ne — 1)) degg, (ui)da, (u1,w;) + (n1 —1) Y degg, (v;)da, (v1,v;)
j=2 i,j=2

= (2m1 — degg, (u1))og, (v1) + (2m1 — degg, (u1))og, (v1)

+(n2 — 1) degg, (ui)da, (u1,u;) + (n1 — 1) > degg, (v;)dg, (v1,v;).
j=2 ij=2

Therefore,

D(G") = DD(G1) + DD(G2) + 2miog, (v1) + 2maog, (u1)
ni ng

+ (n2 — 1) Zdegcl (u1)dg, (u1,u;) + (n1 — 1) Z degg, (v1)da, (v1,v5).
i=2 j=2

O

Corollary 3. Let G” be a graph obtained by one vertex union of two connected regqular
graphs G1(ni,m1) and Ga(nz, ma) with regularity r1 and ro respectively and the common
vertices of G1 and G2 be u1 and vi respectively. Then,

D(GH) = DD(Gl) + DD(GQ) =+ (2m1 =+ Tg(nl — 1))0’@2 ('Ul)
+ (2m2 +r (TLQ — 1))0’@1 (ul),

where, og, (u1), 0a,(v1) are the statues of the vertices u1 and vi respectively.
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Proof.  Proof follows by substituting,

n

Z degg, (u1)dg, (u1,u;) = rog, (u1)
i=2

and
n

Z degg, (v1)da, (v1,v5) = r20G, (v1)
j=2

in Theorem 3. O

3. Conclusion

In this study, the authors obtained the degree distance index of thorn graph of a
connected graph with p;— parameters, a graph obtained by joining an edge between
two connected graphs, and one vertex union of two connected graphs. From the
results obtained in Section 2, degree distance indices of different thorn graphs, kite
graph, lollipop graph, and other classes of graphs which are isomorphic to the graph
joined by an edge between two graphs and one vertex union of two graphs can be
obtained.
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