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Abstract: In this paper, we discuss the structure of polycyclic codes over the ring
R = Fq + uFq + vFg;u? = qu,v? = v and uv = vu = 0, where « is an unit element
in R. We introduce annihilator self-dual codes, annihilator self-orthogonal codes and
annihilator LCD codes over R. Using a Gray map, we define a one to one correspondence
between R and [F; and construct quasi polycyclic codes over the [Fyq.
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1. Introduction

An interesting subtype of linear codes are polycyclic codes of length n over a finite field
F, with ¢ elements which are described by ideals of a polynomial rings Fy[z]/(f(z)).
In 2009, Lépez-Permouth et al. [3] studied polycyclic codes and sequential codes,
and showed that a linear code is polycyclic if and only if its Euclidean dual code is
sequential which is not always polycyclic. In 2016, Alahmadi et al. [1] introduced
the annihilator dual codes over F, and showed that the annihilator dual codes of
polycyclic codes over F, are also polycyclic. In 2022, Wei Qi study the polycyclic
codes over F, +uF, with u? = u and have constructed the annihilator self-dual codes,
annihilator self-orthogonal codes and annihilator LCD codes. This motivated us to
do the following works.

In this paper, we study Polycyclic codes and Sequential codes over the ring R =
F, + uF, + vFy;u? = au,v? = v and wv = vu = 0. We have introduced annihilator
self-dual codes, annihilator self-orthogonal codes and annihilator LCD codes over R.
Using a Gray map, we have defined a one to one correspondance between {1, R and
F3} and a few codes are constructed.
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372 Polycyclic codes over R

2. Preliminaries

Let F, be a finite field of order ¢ with characteristic p, then we define a ring R =
F, + uF, + vF, with u? = qu,v? = v,uv = vu = 0 where « is an unit element in R.
The ring R is a semi-local and Frobenious ring. A linear code C is a R-module. C*+

is the Eucleadean dual of C. Let e; = &, e2 = v and e3 = (1- o v). Then, we have

e? = e;,e;e; =0 and Z?Zl e; =1 where i = 1,2,3 and ¢ # j. By using decomposition

2 =

theorem of rings, we have R = @?:1 e; R = @?:1 e;F,. Therefore, any element in R
. 3

can be uniquely expressed as r =), e;7; where r; € Fy.

Let C be a linear code of length n over R and C; = {r; € Fy, | Zle e;r; € C} for

some r; € Fy where j # 4. Then C; is a linear code of length n over F, for 1 <7 < 3.

3
Hence, C' can be expressed as C' = @;_, ¢;C;.

Definition 1. Let C be a linear code over R and let a = (aog,a1,...,an—1) € R" with the
condition that ag as a unit element of R

e then C is a-polycyclic code if it satisfies the right polycyclic shift operator given by
oalco,c1,...ycn-1) = (0,c1,¢2,...,cn—2) + cn—1(ao,a1,...,an—1)
e then C is a-sequential code if it satisfies the right sequential shift operator given by
Ta(Co, €15 .. cn—1) = (€1,¢2, ..., Cn1,c0a0 + C1a1 + - + Cn—1an—1).

Hereafter, we denote R[x]/(z™ — a(x)) as R*. Then the map ¢ : R — R defined
by

(co,€1,¢2y -y cn1) > c(@) = co+ 1z + -+ cpora™ L,

is a module isomorphism and we have the following result.

Theorem 1. Let C be a polycyclic code over the ring R, then the corresponding image
sets ¢ is an R[z]-module over R®.

Definition 2 ([4]). Let C be a polycyclic code of length n.

1. Let a(z), B(z) € R®, then the annihilator product of a(x) and S(z) is defined as

(afz), B(x))a = 7(0)

where a(z)8(z) = r(z)( mod z™ — a(x)) and deg(r(z)) <n — 1.

2. The annihilator dual code C’ of an a-polycyclic code C is defined to be

C' = {B(z) € R* | {a(x), B(2))a = r(0) = 0 for all a(x) € C}.
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3. The a-polycyclic code C is said to be an annihilator self-orthogonal code (resp.,
annihilator self-dual code, annihilator LCD code) provided that C C C’ (resp.,
Cc=C,cnc’ ={0}).

4. The annihilator of C is
Ann(C) = {B(z) € Ry | a(x)B(z) =0 € R" for all a(z) € C}.

Theorem 2. [[/]] Let C be an a-polycyclic code of length n over Fy. Let g(z) be the
generator polynomial and h(z) the check polynomial of C, then C' = (h(z)).

Lemma 1 ([1]). Leta= (ao,a1, - ,an-1) € Fy with ap # 0, C be an a-polycyclic code
of length n over Fq, then a(z)B(x) is non-degenerate, and thus C' = Ann(C).

Lemma 2 ([1]). Let Ci and C2 be a-polycyclic codes over Fy, g1,g2 their generator
polynomials, respectively, then C1 C Cy if and only if ga|g1-

Lemma 3 ([1]). Let C be an a-polycyclic code over Fy, then C is an annihilator self-
orthogonal code if and only if h(x)|g(x) where g(z) and h(zx) are the generator polynomial
and check polynomial of C, respectively.

Lemma 4 ([1]). Let C be an a-polycyclic code over Fq, then C is an annihilator LCD
code if and only if ged(g(x), h(x)) = 1 where g(x) and h(x) are the generator polynomial and
check polynomial of C, respectively.

3. Codes over the ring R

A unique representation of an element in R is defined as r = r1e; + roes + r3es. Each
coordinate a; in a = (ap,ai,...,a,—1) can be written as aj = a}el +a§eg +a?63, 1<
j <n—11in a unique way and ¢; in ¢ = (cp,c1,...,¢—1) € C as ¢; = c;el +c§eg +
c?-eg, 1 <j<n-—1. On applying the polycyclic operator,

oa(c) = (0,c1,¢c2,...,¢n—2) +cn—1(ao,a1,...,an—-1)
1 2 3 1 2 3 1 2 3
= (0,cre1 + ciea + cies, caer + czea + ches, ..., Cp_ge1 + Cr_o€2 + Cp_o€3)
1 2 3 1 2 3 1 2 3
+(cn_1€1+ ;162 + ¢, _se3)(ager + age2 + ages, ajer +ajez +ajes, -,

1 2 3
an_1€1 + Ay _1€2 + an7163)

= (O,C%el,elc%,...,elck_Q)+elc;_1(aéel,a%el,...,a}L_lel)
+(0,c%ea,e2¢3, ... eac2 o) +eac’ _j(adea,ales, ..., a2 _jez)
+(0,c3es,e3¢3,. .. ezcd o) +escd i (ades,ades, ..., ad_je3)

= e1((0,¢l,¢3, - cpg) Fepi(ag,af, .. an_q))
+e2((0,¢f,63,. .. cp_p) +eh_y(ap,af, ... ah 1))
+e3((0,¢f, 63, cp_o) + ¢y _1(ag,ai, ... ap 1))

= e1(0a, (c')) + e2(0ay(c?)) + e3(0as (c)).

Thus, o4, (c') € C1,04,(c?) € Cy and 04,(c?) € C3 and vice versa. Thus, we have
the following Theorem.
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Theorem 3. Let C be a linear code over R of length n, then C is an a-polycyclic code of
length n if and only if every C; is an a;-polycyclic codes over Fy (1 <14 < 3).

Theorem 4. Let C be a linear code of length n over R, then C is a-sequential over R if
and only if every C; is a;-sequential over [Fy.

Proof. Proof is similar to that of Theorem 3. O

Lemma 5. Let C be an a-polycyclic code of length n over Fy, then C is a principal ideal
(9(x)) of Fq[z]/{(z"™ — a(z)) generated by some monic polynomial and a divisor of "™ — a(z).
In this case, g(x) is said to be a generator polynomial of C.

Theorem 5. Let C = @?:1 e;C; be a a-polycyclic code of length n over R, then C =
(9(z) = e1g1(x) + e2g2(x) + eags(@)) of Rlz]/(x" — a(x)) where gi(x) = (Ci), gi(z)|z" —
a;i(x),1 <1< 3 overF,.

Proof. Let C = @?:1 e;C; be an a-polycyclic code over R. Let ¢(z) € C =
@?:1 e;C;, then there exists p;(x) € Fy[z]/(z™ — a;(z)) such that

3
> epi(@)gi(x) = c(x)
1=1

3 3
<Z eipi($)> (Z eigi(:l:)) = c(z)
i=1 =1

Then c(x) € (9(x)), (9(x)) € Bi_; e:Ci.

Let C = @?:1 e;C; be a a-polycyclic code over R, then by Theorem 3, C; is a;-
polycyclic code of length n over F,. So by Lemma 5, we have g;(z) = (C;) and
gi(x)|z™ — a;(x). Then there exists h;(x) € R[z]/{z™ — a;(z)) such that g;(x)h;(z) =
™ — a;(z). Therefore e;g;(x)h;(xz) = e;(x™ — a;(x)) and hence

z" — a(x)

3
D eigi(@)hi(x)
=

3 3
<Z eigi(@) <Z €ihi($)> = z" —a(x).
i=1

=1
3
Thus, we have C = (> e;g;(x)h;(z)). O
i=1

Theorem 6 ([2]). If f(0) # 0, then the bilinear form (.,.) is non degenerate.

Theorem 7. Let a(z),8(z) € R*. Then {(a(z),B(x)) is a non-degenerate symmetric
R-bilinear form.
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Proof. For any o, 3,7 € R", k € R, {k(a+ 8),v) = r(0),

where [kE(a + 8)7](x) r(z)( mod z" — a(x))
kla(z)y(2)] + k[B(z)y(x)] = r(x)( mod 2" —a(x))

on the other hand,

(ka(z),y(z)) = r1(0) where kla(z)y(z)] = r(0) mod z" — a(x),
(kB(x),v(x)) = ri(z) where k[3(x)y(z)] = ra(x) mod 2" —a(x),

using the property compatibility with addition, we have r(z) = r1(z) + r2(x). Thus,
(k(a + B),7) = k{a,7) + k(B,7) is bilinear. Since the ring R is commutative, we
have (5,7v) = (v,8). To show (.,.) is non-degenerate, it is enough to show that the
Radicals of R is {0}. Suppose not, that is, there exists 8 # 0 € R(R™) such that
(o, B) = 0 for all & € R. Since «, 8 € R", it can be uniquely represented by a =
e101 +esan +ezaz, a = e+ egfs+ e3fs3. Therefore, by using the bilinear property,
one can write (a, ) =0 as

(@,8) = > eifo, Bi) =0,

i=1
which contradicts 6. Thus, (.,.), is a non-degenrate symmetric R-bilinear form. O

Theorem 8. Let C be an a-polycyclic code over S and let e1 = (1,0,---,0),e2 =
(0,1,---,0), -+ ,e, = (0,0,--- ,1) and A = ({€i,€5)a)1 < i,5 <n. Let CA={cA|ce C}.
Then C' = (CA)*. Consequently, (C') = C.

Proof. Note that (u,v), = uAvt = (u, Av),. Thus €’ = (CA)*L. Using the equality,
C' = (CA)*. Since A is invertible, it follows that (C') = (C'A)t = (C)*A~! =
(caAhH)ta-t=c. 0O

Theorem 9. Let C be a polycyclic code of length n. Then C' = e1C1 @ e2C5 P e3Ch.

Proof. Since every element in d € R can be represented as d = ejd; + eads + e3ds,
it can be written as a matrix A uniquely as A = e; Ac, + e2A., + e3Ae, where every
A., is a matrix over Fy. Consider

(C) = (e1CrL P e2Ca P esCis) ™t (e1Ae; + eaAe, + e3Acy) !
= (e1C1Ac; @P eaCoAc, P esCsAcy)

elci @ egCé @egcé

Thus, c’ :elCi@egCé@egCé. D
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Theorem 10. Let C be a linear code over R. Then C is a-polycyclic if and only if C' is
a-polycyclic.

Proof. Since C'is a polycyclic code over R, by Theorem 3, every C; is a polycyclic
codes over Fy. Then, by [[2], Proposition 3], we have C/ as polycyclic code over F,
and again by Theorem 3 it is obvious that C” is a polycyclic codes. O

Theorem 11. Let C be a linear code of length n over R. Then C is an a-polycyclic code
over R if and only if C* is an a-sequential code over R.

Proof. By Theorem 3 if C' is an a-polycyclic codes then every C; is a a;-polycyclic
code over F,. By Theorem[3.2] in [3], every C; is a a;-polycyclic code over F, if and
only if every C;- is a a;- sequential code over F,. Thus by from Theorem4 C*t is an
a-sequential code. O

Theorem 12. Let C be an a-polycyclic code over R generated by g(z). Suppose h(z) is
a check polynomial of C. Then C' is an a-polycyclic code generated by h(z).

Proof. Tt follows from the proof of Theorems 10 and 5. O

4. Gray map
In this section, we define a Gray map from R to Fg . We have shown that Gray map
enjoy certain properties. Let x = x1e1 +x2es +x3€3 € R, then we define ¢ : R — Fg
by

P(z1e1 + vaeg + x3e3) = (71,72, 73).

It can be easily extended to any length n. Define ® : R™ — Fg” by

by @(00,01,...,071,1) = (d)(CO)vd)(cl)a-».7¢(Cn71))'

The Gray weight wg of ¢ € R"™ is defined by wg(c) = 2?2—01 wa(e) =
E?;ol wg(¢(c;)), where wy is the Hamming weight in Fy, and the distance between
two codewords ¢,d € C'is dg(¢,d) = wg(c — d). The minimum Gray distance of C' is

da(C) = min{wg(c) | 0 # c e C}.
For any two elements ¢,d € R", dg(c,d) = wg(c — d) = wy(®(c — d)) = wy(P(c) —

®(d)) = dg(®(c), ®(d)). Hence, @ is a linear distance preserving map from (R", dg)
to (Fgm, dH)
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Theorem 13. Let C = @°_, ;C; be a linear code with parameter [n, k, dg), then ®(C)
is a linear code over Fa™ with the parameter [3n, k,dn).

Definition 3. Let C be a linear code and let a = a'e; +a’es +a’es € R, then C is called
a-quasicyclic code of index 3 over Fy if it satisfies the shift operator given by

(20,1, T 1, Y0, YLs - Yn—1,20,21,-- - 2n—1) = ((0,21,%2,...,Tn_2) + Tn_1(ad,al,...,al_,),
(07y1»y27"'7y7l—2) +yn_1(a3,a%,...,a

(07 21,225 - - ~7Z'n72) + Zn—l(ag:(Z?»' . ~7a%_1))-

Theorem 14. Let C be a linear code over R of length 3n. Then C' is an a-polycyclic code
if and only if ®(C) is a-quasi cyclic code over Fy, (73(®(c)) = ®(0a(c))).

Proof. Let C be an a-polycyclic code of length n, then it satisfies the cyclic shift
operator for every ¢ € C,

oa(c) = (0,c1,¢2,...,¢cn—2) +cn-1(ao,a1,...,an-1)
1 2 3 1 2 3 1 2 3
= (0,cie1 + ciea + cies, caer + chea + c5es, ..., Cpn_sel + Cp_g€2 + C_oe3)
1 2 3 1 2 3 1 2 3
+(cp_1e1 +cp_1e2 + ¢, _qe3)(ager + ajez + ages, ajer + ajez + ajes, - - -,

1 2 3
an_1€1 + an_1€2 + a’n7163)

= (O,c%el,ew%,,..,elc,ﬁ,g+elc%,1(a%e1,a}el,...,a}klel)
+(0,c%eg,ezc§,...,egci_Q)+egci_1(a%ez,a%eg,...,ai_leg)
+(0,cles,e3c3, ... e3cd o) +escd _i(ades,ales, ..., ad_je3)
= e1((0,¢1,¢3, . cpn) +epi(ag,al, ... a5 1))
+e2((0,¢5, 63, ..., ch_p) + i _1(af,af, ... al_y))
+e3((0,¢f,¢3,. .. cp o) +ep_i(ag,af, ... a} 1))
P(0alc)) = ((0,¢1,¢3,- s cps) +ep_1(ag,a,-..,an_1),
(0,¢%,63, ... cn_o) +cp_1(ag,af, ... a5 _y),
(0,¢%,¢3,...,¢_3) + ch_1(ag,af,....ap_1)).

Let ¢ € ®(C), then there exists an ¢ € C such that ®(c) = ¢’. Consider

P(c) = (cé,c%,... ,11_1,08,0%,...,ci_l,cg,c:f,...,ci_l)
3(@(c)) = ((0,¢f,¢h,. ., ch_0) +ch_q(ag,ai,- - apn_1),
(0,¢7,¢3,. -, ch_a) +cp_1(ag,af, ... a5 _y),
(0,¢f,¢3,..., ¢ o) +cp_1(ag,af,...,a}_y))

Hence, 73(®(c)) = ®(oa(c)).

Definition 4. Let C be an a-quasi polycyclic code of length n over Fy.
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1. Let aw, (), Ba, (z) € Fg?, then the annihilator product is defined as

3

Z(aa (%), Ba; (z ZTa
i=1
where au, (), Ba; () = 74, (z)( mod 2" — a;(x)) and deg(rq; (z)) <n—1
2. The annihilator dual code C’ of an a-quasi polycyclic code C is defined to be
3 3
= {(Ba1 (%), Bay (2), Bas (x)) € (Fg",Fg*,Fg®) | Z:lwai(w% Ba;i(®))a; = ; Ta; (0) =
0 for all ag,;(z) € C;}

Theorem 15. Let C be a polycyclic code. If C' is annihilator dual of C, then ®(C") is
annihilator dual for an a-quasi cyclic code ®(C).

Proof. Let f(x) € C’, then for every a(x) € C, {(a(z),B(x)), = r(0) = 0. Since
a(z), B(x) is an element of R, a(x) = i eiag, (x), Bz) = i €iBa; ().
i=1 j

=1

3

3 3 3
(Z eiaq; (), Z €iBa;(T))a Z ei(aa; (x), Ba; (%))a = Z €irq;(0) =0
i=1 =1 =1

i=1

(z)

where ag, (), Ba, () = 74, (z)( mod z™ )
: cd

— a;(x)) which shows that r4,(0) = 0 for all
i. To show ®(5(x)) = (Ba, (2), Bay (), fas (¥)) € B(C

"), let ag, (z) € C; then

3 3
D (s (@), Bay (@))a; = Y 7a; (0) =0.
=1 i=1

Thus, ®(8(2)) = (Ba, (%), Bay (7), B (2)) € B(C). O

Theorem 16. Let C be an a-polycyclic code over R, then

o C is annihilator self-orthogonal if and only if both Ca,,Ca, and Ca, are annihilator
self-orthogonal over Fq.

o C is annihilator self-dual if and only if both Ca,, Ca, and Coy are annihilator self-dual
over [Fy.

o C is annihilator LCD if and only if Ca,,Ca, and Coy are annihilator LCD over Fq.

Proof. The proof of this similar to that of Theorem 15. O

Example 1. Let a(z) = 42° + 1, then R® = 22l _ Tet C = (ga, (z)) = (22 + 4z + 4),

(zb—a(x)) "
then €’ = (h4,(z)) = {((2* + 3z + 4)?). Since (ga,(x), ha; (x)) = 1, there exists a LCD
annihilator code of parameter [18,12,2]s.
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Example 2. Let a(z) = —(z* + 2% — 1), then R* = 2Ll Let € = (g, (2)) =

(28 —a(x)) "
(x* 4 227 + 2), then C" = (hq,(2)) = ((2® + 1)?). Since (gq, (), ha, (x)) = 1, there exists a
LCD annihilator code of parameter [24, 15, 3]s.

Example 3. Let a(z) = —(z* — 1), then R* = —22L_ Let C = (g,, (z)) = (2® 4+ 222 +

T (@S—a(x)) "
x4+ 1), then (gq, (), ha; (z)) = 1 and hence there exists a LCD annihilator code of parameter
18,9, 3]s.
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