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Abstract: Let G be a simple graph with vertex set V(G) = {1,2,...,n} and () =
i,5yeE(@)d()), where d(j) is the degree of the vertex j in G. Inspired by the second
Zagreb matrix and neighborhood first Zagreb matrix of a graph, we introduce the
neighborhood second Zagreb matrix of G, denoted by Ng(G). It is the n X n matrix
whose ij-th entry is equal to 0(¢)d(j), if 4 and j are adjacent in G and 0, otherwise.
The neighborhood second Zagreb spectral radius py, (G) is the largest eigenvalue of
Np(G). The neighborhood second Zagreb energy £(Ng) of the graph G is the sum of
the absolute values of the eigenvalues of N (G). In this paper, we obtain some spectral
properties of Np(G). We provide sharp bounds for pn, (G) and £(Nfr), and obtain
the corresponding extremal graphs.

Keywords: neighborhood second Zagreb matrix, spectral radius, eigenvalues, Zagreb
index.
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1. Introduction

Let G be a simple graph with vertex set V(G) = {1,2,...,n} and edge set E(G). If
two vertices ¢ and j are adjacent, we denote it by ¢ ~ j. The edge between ¢ and
j is denoted by {i,j}. The adjacency matriz of G is defined as the n X n matrix
A(G) = [aij], where a;; = 1, if i and j are adjacent in G and 0, otherwise. Since A(G)
is a real symmetric matrix, all its eigenvalues are real. Let gy > o > -+ > pu,, be the
eigenvalues of A(G) arranged in nonincreasing order. The largest eigenvalue p;(G)
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276 On spectral properties of neighborhood second Zagreb matrix

of A(G) is called the spectral radius of G and is denoted by p(G). The neighborhood
set of a vertex i in G is defined as the collection of vertices that are adjacent to 1,
and it is denoted by Ng(i). Let d(i) denote the degree of the vertex i. Note that
d(i) = |Ng(i)l.

Let M be a complex m x n matrix with singular values o1(M) > oo(M) > -+ >
on(M). The energy of M is defined by Nikiforov [21] as the sum of the singular
values of the matrix M, that is, E(M) = Y | 0;(M). Note that if M is an n x n
Hermitian matrix with eigenvalues pq (M) > po(M) > -+ > p, (M), then the singular
values of M are the moduli of p;(M) taken in descending order. In [21], the author
provided bounds on the energy of M using matrix norms. Gutman [8] introduced
the energy of a graph G as £(A), where A(G) is the adjacency matrix of G, that is,
E(A) = 0 .

The graph energy has been extensively studied; see, for example [4, 16, 30, 32]. For
some recent developments on the bounds for the graph energy, see [6, 23, 26] and the
references therein.

In mathematical chemistry, a topological index for a graph is defined as Ip(G) =
> tiyen(q) F(d(i),d(j)), where F'is a suitable chosen function with the property that
F(x,y) = F(y,z). Topological indices are crucial for describing and characterizing
the molecular structure; see [9]. Weiner [28] introduced the first topological index,
known as Weiner indez to calculate the boiling points of alkanes. In [12], Gutman
and Trinajsti¢ observed that in the approximate expression for total m-electron energy
two terms occur:

n

Mi(G) =) _d(i)? and Ma(G) = > d(i)d(j).
i=1 {i,7}€E(G)
Later, Todeschini and Consonni [27] named M; and M, as the first Zagreb index
and the second Zagreb index. See also the article by Nikoli¢ et al. [22] for more
background. In [5], Doslic et al. proved that
Mi(G)= Y d(i)+d() = d(i)
{i,jYeB(G) im1

For more information about the mathematical properties of the first and second
Zagreb indices, see [10, 14, 17, 22].

Let 6(i) = Y.  d(j) be the sum of the degrees of the vertices that are adjacent
{i.i}eE(G)
to i. Interestingly, for a graph G on n vertices,

> o) = Mi(G).
i=1

Ghorbani and Hosseinzadeh [7] introduced the neighborhood versions of the first and
second Zagreb indices of G as

M{(G)= > s)+5(j) and MHG)= Y 8(6)s()),

{i,7}€E(G) {i,i}€E(G)
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respectively, and computed them for an infinite family of nanostar dendrimers. The

index M;(QG) is called the neighborhood first Zagreb index and the index M4(G) is
called the neighborhood second Zagreb index. In [20], Mondal et al. investigated the
chemical applicability of M}(G) and found that Mj(G) has a significant correlation
with entropy and acentric factor in comparison with M;(G) and Ma(G).

Given a graph G and a topological index Ir(G), we can always associate a matrix
Ap to the graph G in the following way [15].

F(d(i),d(7)), if {i,5} € E(G),

0, otherwise.

(AF)ij = {

In [15], Rad et al. introduced the first Zagreb matrix and the second Zagreb matrix
of a graph by taking F'(d(¢),d(j)) = d; +d; and F(d(7),d(j)) = d.d;, respectively, and
defined the corresponding energies, named as the first Zagreb energy and the second
Zagreb energy. It was observed that the first Zagreb energy and the first Zagreb index
depend on the eigenvalues of the first Zagrb matrix similar to the case of adjacency
matrix. The authors also obtain bounds for the first Zagreb energy and the Zagreb
Estrada index. In [25], Rakshith investigated the properties of edge-Zagreb energy.
Recently, Zhan et al. [30] studied the second Zagreb matrix (naming it as the edge-
Zagreb matrix). The authors obtained bounds on the spectral radius of the second
Zagreb matrix and the energy, and characterized the extremal graphs.

Mondal et al. [19] investigated the neighborhood version of the first Zagreb matrix
and the corresponding energy. Inspired by the neighborhood first Zagreb matrix, we
introduce the neighborhood version of the second Zagreb matrix of a graph GG, denoted
by Np(G) (or simply by Ng), which is defined as the n x n matrix Np(G) = [n; ],
where

i {6(1’)6(1'), it {i,5} € B(G),
1] —

0, otherwise.

Observe that Np(G) is a real, symmetric matrix. Let Ay > Ao > -+ > A, be
the eigenvalues of Np(G) arranged in nonincreasing order. The largest eigenvalue of
Np(G) is called neighborhood second Zagreb spectral radius of G and is denoted by
pne(G). The spectrum of Np(G) is defined as S(G) = (A1(G), A2(G), ..., A\ (G)).
Similar to the classical graph energy, the neighborhood second Zagreb energy is de-
fined as

E(Np) =D |\l
i=1

In this article, we study the neighborhood second Zagreb matrix and its eigenvalues.
Given a graph, first we obtain some fundamental properties of the neighborhood
second Zagreb matrix of G. It has been observed that Np(G) satisfies many spectral
properties similar to the adjacency matrix of G. It is well known that G is bipartite
if and only if the spectrum of A(G) is symmetric about the origin. Interestingly, the
same is true for the neighborhood second Zagreb matrix. We prove that a graph G
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is bipartite if and only if the spectrum of Ng(G) is symmetric about the origin. The
spectral radius A(G) and the energy of a graph corresponding to A(G) are well studied.
We consider the neighborhood second Zagreb spectral radius and the neighborhood
second Zagreb energy of G, and obtain several bounds in terms of different graph
parameters. The extremal graphs are also characterized.

The paper is organized as follows: Section 2 contains some known results that will
be used to prove our main results in the subsequent sections. In Section 3, we prove
some properties of the neighborhood second Zagreb matrix. In Section 4, we study
the spectral properties of Ny related to graph structure. We obtain the bounds for
the spectral radius of Nr and characterize the respective extremal graphs. In Section
5, we provide bounds for the neighborhood second Zagreb energy using det(Np), trace
of N2, M}(G), and §(i), and then identify the extremal graphs.

2. Preliminaries

This section contains some known results that will be used later. We use the notations
Ch, Ky, Sn, Kn, n, to denote the cycle, complete graph, star, and complete bipartite
graph of order n, respectively. By kG, we denote k copies of G. By 0, we denote the
zero matrix of an appropriate size. We begin with the following result on singular

values of the sum of two matrices.

Theorem 1. (Day and So [4]) Let A and B be two n X n matrices. Then

> 0i(A+B) <> 0i(A) + > 0i(B).
i=1 i=1 i=1

The equality holds if and only if there exists a unitary matriz P such that both PA and PB
are positive semidefinite matrices.

The following result on energy of a blocked matrix is proved by Gutman et al. in
[11].

Lemma 1. (Gutman et al. [11]) Let C be a symmetric matriz of the form

0 A 0
c=|(AT o B,
0o BT o

where A and B are two real rectangular matrices. Then
E(C) <2E(A) +2&E(B).

The equality holds if and only if AB = 0.
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The following two lemmas provide bounds on the spectral radius of a connected graph

G.

Lemma 2. (Collatz and Sinogowitz [3], Yuan [29]) Let G be a connected graph on n
vertices and m edges. Then

M (@) < VEIm —m L

n
The equality in the left-hand side inequality holds if and only if G is reqular, and the equality
in the right-hand side inequality holds if and only if G =2 S,, or G = K,,.

Lemma 3. (Collatz and Sinogowitz [3], Zhou [31]) Let G be a graph on n vertices and
dmae = max{d(i) : i € V(G)}. Then

LG < 6) < dimas.

The equality in the left-hand side inequality holds if and only if G is a reqular or semiregular
graph. If G is a connected graph, then the equality in the right-hand side inequality holds if
and only if G is regular.

The following two crucial results on the spectral radius of irreducible nonnegative
matrices are proved in [13] and [2], respectively.

Theorem 2. (Horn and Johnson [13]) Let A = (ai;) be an n x n irreducible nonnegative
matriz with spectral radius p(A). Then

min E a;; < ) < max E a;
1<isn & i < p(A 1<i<n £ i
i=

The equality on the left and right-hand sides of inequalities holds if and only if the row sums
of A are equal.

Theorem 3. (Brouwer and Haemers [2]) Let A be an nxn irreducible nonnegative matriz
with spectral radius p(A). Suppose that a € R, and x > 0, z # 0. If Az < az, then a > p(A).

The following result is based on the number of distinct eigenvalues of an irreducible
nonnegative symmetric matrix.

Theorem 4. (Liu and Shiu [18]) Let A be an n x n (n > 2) irreducible nonnegative
symmetric matriz. Let a1 be the mazximum eigenvalue of A and x be the unit Perron-
Frobenius eigenvector of A. Then A has t (2 < t < n) distinct eigenvalues if and only if
there exist t — 1 real numbers o, ..., ar with oy > ag > -+ > ay such that

H(A —a;ln) = H(Oq — a;)zT
=2 i=2

Moreover, a1 > aa > --- > o are exactly the t distinct eigenvalues of A.
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The following inequality on nonnegative real numbers is proved in [32].

Lemma 4. (Zhou et al. [32]) Let a1,as,...,a, be nonnegative real numbers. Then

1
n

n[%éal—(ljlaz) ]Sniai_(i\/a)QSn(n_l)[%éai_(lj“i>%]~

=1

3. Properties of neighborhood second Zagreb matrix

This section contains some fundamental properties of the neighborhood second Zagreb

matrix of a graph similar to the adjacency matrix. Given a graph G, let us start with

the trace of the powers of Np. Let Ly be the k-th spectral moment of Ng, that is,
n

Ly = tr(NE) = 3> AF. Then observe that Ly = tr(N2) = n and L; = tr(Ng) = 0.

i=1
Further, it can be shown that

Ly = tr(Ng) =2 6°(8)5° (), 3.1)

g

Ly=tr(N}) =6 > 8205 (k)5>(), (32)

S (X swema). (3.3)

Let G be a graph on n vertices. A linear subgraph H of G is a disjoint union of
some edges and some cycles in G. Let ¢4(G;x) = apz™ + amz” V4 an1z+ ap
be the characteristic polynomial of A(G). Then ap = 1,a; = 0 and a9 is the number
of edges in G. In general, we have (see [1])

ap =Y (=1t g)elt) g =12 . n,
HEH,,

where H, is the set of all linear subgraphs H of G of size k, and ¢;(H) denotes the
number of components of size 2 in H and ¢(H) denotes the number of cycles in H.

A similar description can be given for the coefficients of the characteristic poly-
nomial of the neighborhood second Zagreb matrix of G. Let ¢n, (G;x) = boz™ +
bix" "t + .- + b, 12 + b, be the characteristic polynomial of Nr(G). Then, by = 1
and the other coefficients of ¢, (G;x) can be expressed in the following way.

Theorem 5. Let G be a graph on n vertices, and ¢np(G;x) = box™ + braz™ ' + - +
bn—1x + by, be the characteristic polynomial of Nrp(G). Then

b = Z (—1)e1(H)+e(H) ge(H) H 2(v), k=1,2,...,n,
HeHy, veV(H)

where Hi is the set of all linear subgraphs H of G of size k.
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Proof.  Observe that by, is equal to (—1)* times the sum of all k£ x k principal minors
of Nr and each k x k principal minor is of the form
0 6(i1)6(i2) -+ 6(i1)d(ik)
o 6(i2)6(i1) 0 oo 0(i2)6(ik)

Si)d(in) (i)o(iz) - 0

By Leibniz’s formula for determinant, we have

Q=2 sgn(m)s(i1)s(o(in)) - 8(ix)8(o(ir)),

where the summation is over all permutations of 1,2,... k.

Consider a nonzero term of the form §(i1)d(o(41)) - - - 8(ix)0(o (ix)). Since 7 admits
a cycle decomposition, such a term corresponds to an edge joining ¢ and j in G as well
as some cycles in G. Thus, each nonzero term in the summation arises from a set Hj, of
all linear subgraphs H of G of size k. Note that sgn(r) is (—1)F=c(H)=<(H) and each
linear subgraph gives rise to 2¢(!) terms in the summation. Since each cycle can be as-
sociated with a cyclic permutation in two ways, the term 6(i1)d(o(i1)) - - - (i) (o (i)
equals to (6(i1)d(iz) - - - (i ))?. Thus,

k
b= (~1)F S0 (~)FeaD gD T 62355 = 37 (-~ Hetae i T 62(0),

HeHy, Jj=1 HeHy, veEV(H)
O

As a consequence of the above result, we have the following corollary that depicts a
nice relationship between the determinant of the neighborhood second Zagreb matrix
and the determinant of the adjacency matrix of a graph G.

Corollary 1. Let G be a graph on n vertices. Let A and Nr be the adjacency matriz
and the neighborhood second Zagreb matriz of G, respectively. Then

det(Np) = ﬁ 62 (i) det(A).
=1

Proof. Note that b, = (—1)"det(Np) and det(4) = > (—1)n—c(H)—e(H)ge(H),
HeH,
By Theorem 5

by = Z (—1)cr(H)+e(H)ge(H) H 82 (4),
HeMHnp i=1

where the summation is over all permutations of 1,2,...,n. Thus,

det(Np) = [[62G) > (—nr—ert=etgeth) = TT 52 (i) det(A).
i=1 HeHy, i=1
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A matching M of size k in a graph G is a set of k independent edges. The cardinality
of a maximum matching in G is called the matching number of G and is denoted by
m(G). Let My (G) denote the set of all matchings of size k in G. A matching in G is
called a perfect matching if every vertex of G is incident to an edge of the matching.
For an edge e = {i,j} of G, let w(e) = §(¢)d(j) be the neighborhood weight of the
edge e. Denote

T$a) = > (wleiy w(es,) - wles,)).

{ei,  1<t<k}eMy(G)

It is known that the rank of the adjacency matrix of a tree is related to the matching
number m(T'). For a tree T on n vertices, the multiplicity of its 0 as an eigenvalue
of A(T) is n — 2m(T). Further, A(T) is nonsingular if and only if T has a perfect
matching, and in this case, the perfect matching is unique. We provide a similar
result for the neighborhood second Zagreb matrix Np(T) in the following corollary.

Corollary 2. Let T be a tree on n vertices, and ¢np(T;x) = ™ + bra™ " + box™ 2 +
cood+bp_12+bn. Then

(i) bakt1 = 0 and bogyo = (=) IFETNT), for k=0,1,...;
(ii) the multiplicity of 0, as an eigenvalue of Np(T) is n — 2m(T);

(iii) Np(T) is nonsingular if and only if T has a perfect matching.
Proof.  Since T has no cycles, (i) follows from Theorem 5. Now, using (i) we have

¢NF (T, :E) R J2(1)xn—2 + .+ (71)IJ2(Z)1.’H.—2Z’
_ $n72l($2l _ J2(1)$2172 4ot (_1)lJ2<l)).

Since T" has maximum matching [, JQ(l) # 0. Hence, we have (ii). If T has a perfect

matching, then | = 2 and hence (iii) follows from (ii). O

2

4. Spectral properties of the neighborhood second Zagreb ma-
trix

Let G be a graph on n vertices. In this section, we discuss some properties of the
eigenvalues of Nr(G) and obtain bounds for the spectral radius of Ng(G). It is
well known that a graph G is bipartite if and only if the eigenvalues of A(G) are
symmetric about the origin. The same holds for the eigenvalues of the neighborhood
second Zagreb matrix of a bipartite graph. This is proved in our next result, along
with some other interesting properties of the eigenvalues of Np(G).

Proposition 1. Let G be a graph on n vertices with no isolated vertices. Let p1 > po >
cos > ln and A\ > g > -0 > Ay, be the eigenvalues of A(G) and Nr(G), respectively. Then
the following are true.
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(i) G is bipartite if and only if \i = —An_iy1, fori=1,2,...,|%].

(i) If G is r-regular, then \; = r*u;, for i = 1,2,...,n. Moreover, if G = K,, then

A = (n—1)5 and Ao = - - - =)\n:—(n—1)4‘

(iii) If G is a (r,s)-semireqular bipartite graph, then \; = r2s%u;, for i = 1,2,...,n.
Moreover, if G =2 Kpn, n,, where ny +na = n, then \i = —\, = nin3\/minz and
Ao =---=Xp1=0.

Proof. (i) If G is a bipartite graph, then with a suitable labelling of its vertices
corresponding to the bipartition, Ng(G) can be written as

Ne@ = (gr o)

Assume (A, Z) be an eigenpair of Np(G), where Z = (21, z2)T. Then, observe
that (—\, Z*) is also an eigenpair of Np(G), where Z* = (21, —23)". Thus, \; =
—Ap—iqr fori=1,2,...,[5]. Conversely, if \j = =\, i1 fori=1,2,..., %],
let A1, A2, ..oy Ak, = Ak, —Ak—1,..., —A1 be the nonzero eigenvalues of Np(G).
Then the characteristic polynomial of Ng(G)

Onp (Grz) = a2 (@? = AD) - (2® = AF).

Thus, bag+1 =0, k=0,1,.... Hence, G has no odd cycles and is bipartite.

(ii) If G is r-regular, then Np(G) = r*A(G). Hence, \; = r*p; for i = 1,2,...,n.
Now, if G 2 K,,, then r =n—1, py = (n—1) and pg = -+- = p, = —1. Thus,
M=m—-1)P%and Ay =---= )\, = —(n—1)%

(iii) If G is a (r,s)-semiregular bipartite graph, then Ng(G) = r?s2A(G). Thus,
Ni =1r28%p; fori =1,2,...,n. If G = Ky, n,, then gy = —py, = \/ning and

po =+ = pp_1 =0. Thus, \y = -\, = n%n%,/nlng and Ao =--- = \,_1 = 0.

O

The following is an interesting characterization.

Lemma 5. Let G be a graph on n vertices with no isolated vertices. Then |A1| = |A2| =
o+ = |An| if and only if n is even and G = L Ko.

Proof. First, assume that G is connected. Then, by the Perron-Frobenius theorem,

A1 is positive and algebraically simple. So Ay < 0 and Ao = —Ay. Since A\; > Ay >
n

- > Ay and Y A; = 0. Therefore, we must have n = 2 and G = K. Now, if
i=1

G is disconnected with no isolated vertex, then A; > 0. Therefore, each connected

component of G must be Ky, that is, G = $ K. The converse is true by using
Proposition 1. O

Since Np(G) is a nonnegative symmetric irreducible matrix, we have an immediate
result on the number of distinct eigenvalues of Ny(G) by applying Theorem 4.
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Lemma 6. Let G be a connected graph on n > 2 vertices, and A1 be the largest eigenvalue
of Nr(G) and z be its corresponding unit eigenvector. Then Nr(G) hast (2 <t < n) distinct
eigenvalues if and only if there exist t — 1 real numbers Az, ..., Ay with A1 > X2 > -+ > A\

such that
t

t
[TVe (@) = Aifn) = [T (A1 — Ag)zaT.
1=2

=2

Moreover, A1 > Ao > -+ > A\ are exactly t distinct Np(G) eigenvalues.

The above result provides an equivalent condition for a connected graph with ¢ > 2
distinct neighborhood second Zagreb eigenvalues. As an application, the characteri-
zation of a connected graph with two distinct Np(G) eigenvalues is given below.

Theorem 6. Let G be a connected graph on n vertices. Then Np(G) has exactly two
distinct eigenvalues if and only if G = K.

Proof. If G = K, then from Proposition 1, Ng(G) has two distinct eigenvalues.
Conversely, suppose that A; > g are two distinct eigenvalues of Np(G). By Lemma
6, Np(G) = Mol + (A1 — X2)zaT. Since z is a positive eigenvector, the off-diagonal
entries of Np(G) are nonzero. Thus, G = K,,. O

Next, we discuss the neighborhood second Zagreb spectral radius of graphs. The
following result shows that the complete graph K, has the maximum neighborhood
second Zagreb spectral radius among all connected graphs on n vertices.

Theorem 7. Let G be a connected graph on n vertices. Then
pxp(G) < (n—1)°.
The equality holds if and only if G = K, .

Proof. For a connected graph G on n vertices §(i) < (n — 1)2, for each vertex
i € V(G). Taking y as all ones vector, we have

(Ne(@y)i= Y. 6@)d@3) < (n—1)°
{i,7}€E(G)
Now, using Theorem 3, we have pn,(G) < (n —1)5. If equality holds, then for

each pair of vertices i and j, 6(i)6(j) = (n — 1)*, simultaneously, with the fact that
§(i) < (n—1)%. Hence G = K,,. O

The following result shows that Kz » has the maximum neighborhood second Za-
greb spectral radius among all connected bipartite graphs on n vertices when n is
even.
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Theorem 8. Let G be a connected bipartite graph on n = 2k vertices where k € N. Then

o @< (5)"

The equality holds if and only if G =2 Knon.
Proof. Let G be a connected bipartite graph on n vertices with a partition of the
vertex set as (V4,Va), where Vi and Vs contain ny and ng vertices, respectively, and

2
n =mnj +mns. We have §(i) < ning < (%) , for each vertex i € V(G). Taking y as all
ones vector, we have

We@wi= Y swi< Y i< (D)

{i,5}€E(G) {i,d}€E(G)
5
Then using Theorem 3, we have py,.(G) < (%) .
If equality holds, then for each pair of vertices i and j, §(i)d(j) = n3n3 = (%)4,
simultaneously, with the fact that §(i) < ning < (%)2 Hence, G = Kz n. O

For a graph G on vertices 1,2,...,n, let d = min{d(7) : i € V(G)} and 600 =
max{§(i) : i € V(G)}. Thus, we have 6(i)d(j) > 62, and §(i)5(j) < 82,,,, for all

edges {i,7} in G. The following result shows a nice relationship between the spectral
radius of the neighborhood second Zagreb matrix of G and the spectral radius of

A(G).
Theorem 9. Let G be a graph. Then
p(G)(SE,”.n < PNp (G) < p(G)(S'?na:t

The equalities on the left and right-hand sides hold if and only if G is regular.

Proof.  Consider the unit eigenvector X corresponding to the eigenvalue py,.(G) of
Nr(G). Now, applying the Rayleigh-Ritz theorem, we have

pnp(G)=X"NpX =2 > 68(i)0(j)miz;
{i.5}€E(G)
< 2Wpar D @i =000, XTAX < p(G)070a-
{i,i}€B(G)

Thus, pn,(G) < p(G)d;

max*

If equality holds, then d,,,, = (i) for all i € V(G),
which implies G is regular.

Similarly, by taking a unit eigenvector Y corresponding to the eigenvalue p(G) of
A(G) and applying the Rayleigh-Ritz theorem, we have
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png(G) > YTNpY =2 > 8()8()iy;

{i,5}€E(G)
{i,i}€E(G)
Thus, pn,(G) > p(G)62,;,. If equality holds, then §,,;, = (i) for all i € V(G),
which implies G is regular. O

The following result is a direct consequence of the above result and Lemma 2.
Corollary 3. Let G be a connected graph on n vertices and m edges. Then

2mé2 .
T0min < v (G) < 02,00v/2m —n + L.
n

The equality on the left-hand side inequality holds if and only if G is reqular, and the equality
on the right-hand side of the inequality holds if and only if G = K,.

The following result is a direct consequence of Theorem 9 and Lemma 3.

Corollary 4. Let G be a connected graph on n vertices. Then

[ My
63nzn 7 < PNp (G) < égnaxdmaz'

The equalities on the left and right-hand sides hold if and only if G is regular.

Let G be a graph on n vertices with vertex set V(G) = {1,2,...,n}. Then the
neighborhood second Zagreb degree of vertex ¢, denoted by r;, is defined as r; =

> nij. A graph G is called neighborhood second Zagreb k-regular if r; = k for
j=1

alli =1,2,...,n. The following result provides a bound on py,(G) that depends on
each r; and the largest entry of Np(G).

Theorem 10. Let G be a connected graph on n vertices with the neighborhood second
Zagreb degrees T1 > 1o > -+ > 1y, and p be the largest entry of Np(G). Then

oy (G < TPt/ = p(2i = R )

If i = 1, then the equality holds if and only if G is neighborhood second Zagreb reqular graph.
If 2 < i < n, then equality holds if and only if the following two conditions are true.

Dmy=pforl<i<nandl<j<i—1andl#j.

(11) 7'1:7'2:"':7"1'—1Zri:ri+1:"':7'n~
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Proof. 1f i =1, then the inequality py,(G) < r;1 is true, and by Theorem 2, equal-
ity holds if and only if the row sums of Np(G) are all equal. For 2 < i < n the
neighborhood second Zagreb matrix Np(G) can be written as

Ni1 Nig
Np =
r (N21 N22) ’
where N7; and Nay are square matrices of order ¢ — 1 and n — i+ 1, respectively. Let

V be a diagonal matrix of order n whose first i — 1 diagonal entries are y and the rest
diagonal entries are 1, where y > 1. Then

Nii iIN
F=V INpV = TR
yN21 N2z
Since F' and N are similar matrices, we have pn,. (G) = p(F). Let ¢1,¢2,...,¢, be

the row sums of matrix F'. For 1 <[ <1 —1,
i—1 Lo 1o N 1 1y 71
C :anj‘f'*znlj = *anj-l— (1— *)anj =-r+ <1—7)anj»
j=1 Y =i Yi= Y= Y v =

and for i <1 <n,

i1 n n i1 i1
a=yy n+y ng = ni+ -0 ny=r+y—1)> n;
j=1 i=i =1 j=1 j=1

i—1
As p is the largest entry of Np(G), > ny < (i —2)pfor1 <1 < i—1, and
=1
i—1
Yo <(i—1)pfori <l<n. Asy>landry >ryg>--->r, for1<1<i—1
j=1

1<j<i—1andr = . Similarly, for i <1 <mn, ¢ <r +(y—1)(¢—1)p and
equality holds if and only if n;; = p, for 1 < 5 <7 —1 and r; = r;. Observe that

max{cy, cay ..., 0nt < max{%rl + (1 - %) (i —2p,ri+(y—1)(i — 1)p}.
Let 57"1 + (1 - %)(z —2)p=r;+ (y—1)(i— 1)p. We have

we have ¢ < %T; + (1 — i) (¢ — 2)p. Equality holds if and only if n;; = p, for

_ (20 =3)p—ri+/(ri —p(2i = 3))% +4p(i — 1)(r1 — p(i — 2))
y= "
2p(i — 1)

We can choose y > 1 for ¢ > 2 such that

o (G) < it (y = 1)(i = Dp = 2V PO P A G- N —pE2)

If equality holds, then all the inequalities in the above argument must be equalities.
Thus, my =10 =+ =riz1 213 =141 = --- =71 and n; = p for 1 <1 < n and
1<j<i—1and]l#j The converse follows directly. O
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The following result gives a bound on py,(G) using the second spectral moment
L2 of NF(G)

Lemma 7. Let G be a connected graph on n vertices. Then

(’fl — 1)L2

pNF(G) < n

The equality holds if and only if G = K, .

n n 2

Proof. Since tr(Ng) = Y. \; = 0, we have \? = (Z )\i) . Applying Cauchy-
i=1 i=2

Schwartz inequality, we get

n

< (m-1)> A

=2

Since Ly = > A2, we have A\? < (n—1)(La—\?). Hence the result follows. If equality
=1

holds, then )\; = A3 = -+ = \,. Since the sum of the eigenvalues of Np(G) is zero,
therefore G has two distinct eigenvalues. Thus, from Theorem 6 G = K,,. Converse
can be proved using Proposition 1. O

As a consequence of the above result, and by using the fact that  >°  (§(i)d(5))?
{i.}€E(G)

< (X ) ))2, we have the following corollary.
{i.d}Y€E(G)

Corollary 5. Let G be a connected graph on n vertices. Then pn, (G) < Mbh,/ @
The equality holds if and only if G = K.

5. The neighborhood second Zagreb energy of graphs

In this section, we provide bounds on the neighborhood second Zagreb energy of
graphs. The following lemma can be proved similarly to Proposition 1.

Lemma 8. Let G be a graph on n vertices with no isolated vertices. Then the following
are true.

(1) If G is r-regular, then E(Nr) = r*£(A). Moreover, if G = K, then E(Nr) = 2(n—1)%,
n—1
and if G 2 C, then E(Np) =16 3 [2cos(2ZE)).
k=0

(2) If G is a (r,s)-semiregular bipartite graph, then E(Nr) = r’s2E(A). Moreover, if
G = Kn, ny (n1+n2 =n), then E(Nr) = 2nin3\/nins.

The following lemma provides a relationship between the neighborhood second
Zagreb energy and the determinant of the neighborhood second Zagreb matrix.
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Lemma 9. Let G be a graph on n > 2 vertices. Then

2
n

\/L2 +n(n - 1)(det Np)w < E(Np) < \/(n — 1)Ly + n(det Ng)

Proof. We know Ls = > A?. Taking a; = A? for i = 1,2,...,n on the left-hand
i=1
side inequality of Lemma 4, we have

1

2 (TT22)" <nS™a2— (S )
;xl n(l:HIA) gni:ZIA, (;w)

Thus, we have
Lo — n(det(Np))# < nLy — E(Np)2,

which implies that

E(NF) < V(0 — 1)Ly + n(det Np) 3.

Similarly, if we take a; = A? for i = 1,2,...,n on the right-hand side inequality of
Lemma 4, we have £(Ng) > \/LQ +n(n—1)(det Np) = . O

Let G(i, j) be the spanning subgraph of a graph G, having just a single edge between
the vertices ¢ and j. Observe that

Np(G)= > Np(G(,7)).
{i,J}€E(G)

In our next result, we give a bound on the neighborhood second Zagreb energy using
the neighborhood second Zagreb index.

Theorem 11. Let G be a graph on n vertices with no isolated vertices. Then E(Np) <
2M;(G). The equality holds if and only if n is even and G = 2 K.

Proof. Note that E(Np(G(i,7))) = 26(1)d(). By a repeated application of Theorem
1, we have

ENp)<2 > 8(0)d(j) = 2M5(G).
{i.}€B(G)

If G =2 K>, it is easy to check that equality occurs. Conversely, if equality holds,
that is, £(Np) = 2M}(G), then we have
> EWNR(G,4) = E(NF) < E(Np(Gi, ) +&( 3 N (G(u,0))).
{i,i}€E(G) {u,v}eE(G)\{i,j}

Together with Theorem 1, we get

(X NeGww)= X EWNRGY).
{u,v}eE(G)\{4,j} {u,v}eB(G)\{4,j}
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By repeated application of the above process, we have

E(Np(Gliz, jz)) + Nr(Gliy, jy))) = E(NF(G(iz, jz))) + E(NF(G iy, Jy)))-

If no two edges of G are incident, then we are done. Otherwise, if there are two
edges, say e, = {is, j, } and e, = {iy, j, } and e, and e, share a vertex, that is, j, = iy
then the matrix Np(G(ig,jz)) + Nr(G(iy, jy)) is permutation similar to a matrix of
the form

0 8(i2)0(j) 0
(g g), where Z = (5(%)5(];) 0 5(@)5(@)) .
0 8(iy)d(5y) 0
Then
E(NF(Gliz, jz)) + Nr(G(iy, jy)) = £(2).

Let A = 6(i3)0(jz) and B = 6(4y)d(jy). Observe that the structure of the above
defined matrix Z and the matrix C in Lemma 1 are the same. Thus using Lemma 1,
AB = 0. But then, AB = 0 holds if and only if either {ig,j.} ¢ E(G) or {iy,jy} ¢
E(G), which is a contradiction. Hence {i,j.}, and {iy,j,} do not share a vertex.
By applying this process repeatedly, we obtain that n is even and G = 2 Ks. O

Let G(i) be the spanning subgraph of a graph G, with edges only between the
vertices adjacent to ¢. Then the neighborhood second Zagreb matrix of G(7) has the
following form:

where the i-th component of the vector (z' 0 y') is §(i)5(j), if the vertex i is adjacent

to j in G, and 0, otherwise. The neighborhood second Zagreb matrix Ng(G) can be
expressed in terms of Np(G(7)) as

0 =z O
Np(G(i) = (rﬂ’ 0y
0y O

2Np(G) = > Np(G(i).
i=1

The following result gives another bound on £(Np).

Theorem 12. Let G be a graph on n vertices. Then

ENF) <> PECIOLE)ES

=1\ {i,j}€BE(G)

Proof.  Applying Theorem 1, we have 2E(Np) < > E(Np(G(3))). We know that
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Now, for every vertex i, 2’z + y'y = S (8(i)8(4))%. Thus, (Np(G(i)) =
{i,i}€E(G)

2 > (8(1)6(5))%. Hence, E(Np) < - \/ > (8()a())3. O
{i,5}€E(G) i=1\/{i,j}€E(G)

6. Conclusion and Scope

In this article, we define the neighborhood second Zagreb matrix Np(G) and its
corresponding energy. We obtain some bounds for the spectral radius and energy
of Np(G), and characterize the extremal graphs. If G is a r-regular graph, then
Np(G) = r*A(G). Therefore, the spectra of both the matrices Np(G) and A(G)
contain the same information about the graph. The spectrum of Nz (G) may, however,
reveal more details about non-regular graphs. Studying the neighborhood second
Zagreb matrix may thus lead to nontivial and challenging findings regarding the
structure of graphs.

In [24], the authors have given bounds on the first Zagreb index using the
signless Laplacian matrix. The neighborhood second Zagreb matrix is merely an
illustration of a more general idea that may be applied to various graph matrices.
This can be generalized to include several matrices that reflect various structural
aspects of graphs. Such generalization is important for examining various matrix
representations in graph theory and mathematical chemistry.

Acknowledgements: The authors are thankful to Prof. Gutman and the anony-
mous referees for their careful reading and the suggestions that improved the article.

Conflict of Interest: The authors declare that they have no conflict of interest.

Data Availability: Data sharing is not applicable to this article as no datasets were
generated or analyzed during the current study.

References

[1] R.B. Bapat, Graphs and Matrices, Second Edition, Hindustan Book Agency, New
Delhi, 2018.

[2] A.E. Brouwer and W.H. Haemers, Spectra of Graphs, Springer, New York, 2011.

[3] L.V. Collatz and U. Sinogowitz, Spektren endlicher grafen, Abh. Math. Semin.
Univ. Hambg. 21 (1957), 63-77.
https://doi.org/10.1007/BF02941924.

[4] J. Day and W. So, Singular value inequality and graph energy change, The Elec-
tron. J. Linear Algebra 16 (2007), 291-299.



292 On spectral properties of neighborhood second Zagreb matrix

[6] T. Dogli¢, B. Furtula, A. Graovac, I. Gutman, S. Moradi, and Z. Yarahmadi,
On vertez-degree-based molecular structure descriptors, MATCH Commun. Math.
Comput. Chem. 66 (2011), no. 2, 613-626.

[6] H.A. Ganie, U. Samee, S. Pirzada, and A.M. Alghamadi, Bounds for graph energy
in terms of vertex covering and clique numbers., Electron. J. Graph Theory Appl.
7 (2019), no. 2, 315-328.
https://dx.doi.org/10.5614/ejgta.2019.7.2.9.

[7] M. Ghorbani and M.A. Hosseinzadeh, A note of Zagreb indices of nanostar den-
drimers, Optoelectron. Adv. Mat. 4 (2010), no. 11, 1877-1880.

[8] I. Gutman, The energy of a graph, Ber. Math. Statist. Sekt. Forsch. Graz. 103
(1978), 1-22.

, Degree-based topological indices, Croat. Chem. Acta 86 (2013), no. 4,

351-361.
https://doi.org/10.5562/cca2294.

[10] I. Gutman and K.C. Das, The first Zagreb index 30 years after, MATCH Com-
mun. Math. Comput. Chem. 50 (2004), 83-92.

[11] I. Gutman, E.A. Martins, M. Robbiano, and B. San Martin, Ky fan theorem
applied to Randié energy, Linear Algebra Appl. 459 (2014), 23-42.
https://doi.org/10.1016/j.1aa.2014.06.051.

[12] I. Gutman and N. Trinajsti¢, Graph theory and molecular orbitals. Total -
electron energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972), no. 4,
535-538.
https://doi.org/10.1016/0009-2614(72)85099-1.

[13] R.A. Horn and C.R. Johnson, Matriz Analysis, Cambridge University Press,
United Kingdom, 2012.

[14] A. Tlic, M. Ilic, and B. Liu, On the upper bounds for the first Zagreb index,
Kragujevac J. Math. 35 (2011), no. 1, 173-182.

[15] N. Jafari Rad, A. Jahanbani, and I. Gutman, Zagreb energy and Zagreb Estrada
index of graphs, MATCH Commun. Math. Comput. Chem. 79 (2018), no. 2,
371-386.

[16] X. Li, Y. Shi, and I. Gutman, Graph Energy, Springer, New York, 2012.

[17] M. Liu and B. Liu, The second Zagreb indices of unicyclic graphs with given
degree sequences, Discrete Appl. Math. 167 (2014), 217-221.
https://doi.org/10.1016/j.dam.2013.10.033.

[18] R. Liu and W.C. Shiu, General Randié¢ matriz and general Randié incidence
matriz, Discrete Appl. Math. 186 (2015), 168-175.
https://doi.org/10.1016/j.dam.2015.01.029.

[19] S. Mondal, S. Barik, N. De, and A. Pal, A note on neighborhood first Zagreb
energy and its significance as a molecular descriptor, Chemom. Intell. Lab. Syst.
222 (2022), Article ID: 104494.
https://doi.org/10.1016/j.chemolab.2022.104494.

[20] S. Mondal, N. De, and A. Pal, On some new neighbourhood degree based indices,
ACTA Chemica TASI 27 (2019), no. 1, 31-46.

[21] V. Nikiforov, The energy of graphs and matrices, J. Math. Anal. Appl. 326 (2007),

[9]




S. Barik, P. Verma 293

no. 2, 1472-1475.
https://doi.org/10.1016/j.jmaa.2006.03.072.

[22] S. Nikolié, G. Kovacevié, A. Milicevié, and N. Trinajsti¢, The Zagreb indices 30
years after, Croat. Chem. Acta 76 (2003), no. 2, 113—-124.

[23] S. Pirzada, H.A. Ganie, and U.T. Samee, On graph energy, mazimum degree and
vertex cover number, Le Matematiche 74 (2019), no. 1, 163-172.

[24] S. Pirzada and S. Khan, On Zagreb index, signless Laplacian eigenvalues and
signless Laplacian energy of a graph, Comp. Appl. Math. 42 (2023), no. 4, Article
number: 152.
https://doi.org,/10.1007/s40314-023-02290-1.

[25] B.R. Rakshith, On Zagreb energy and edge-Zagreb energy, Commun. Comb. Op-
tim. 6 (2021), no. 1, 155-169.
https://doi.org/10.22049 /cco.2020.26901.1160.

[26] H. Shooshtary and J. Rodriguez, New bounds on the energy of a graph, Commun.
Comb. Optim. 7 (2022), no. 1, 81-90.
https://doi.org/10.22049/cc0.2021.26999.1179.

[27] R. Todeschini and V. Consonni, Handbook of Molecular Descriptors, John Wiley
& Sons, United States, 2008.

[28] H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc.
69 (1947), no. 1, 17-20.
https://doi.org/10.1021/ja01193a005.

[29] H. Yuan, A bound on the spectral radius of graphs, Linear Algebra Appl. 108
(1988), 135-139.
https://doi.org/10.1016/0024-3795(88)90183-8.

[30] F. Zhan, Y. Qiao, and J. Cai, On edge-Zagreb spectral radius and edge-Zagreb
energy of graphs, Linear Multilinear Algebra 66 (2018), no. 12, 2512-2523.
https://doi.org/10.1080/03081087.2017.1404960.

[31] B. Zhou, On the spectral radius of nonnegative matrices, Australas. J. Combin.
22 (2000), 301-306.

[32] B. Zhou, I. Gutman, and T. Aleksic, A note on Laplacian energy of graphs,
MATCH Commun. Math. Comput. Chem. 60 (2008), no. 2, 441-446.



	Introduction
	Preliminaries
	Properties of neighborhood second Zagreb matrix
	Spectral properties of the neighborhood second Zagreb matrix
	The neighborhood second Zagreb energy of graphs
	Conclusion and Scope
	References

