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Abstract: Let R be a finite commutative ring with or without unity and I'c(R) be
its extended zero-divisor graph with vertex set Z*(R) = Z(R) \ {0} and two distinct
vertices z,y are adjacent if and only if z.y = 0 or z +y € Z*(R). In this paper, we
characterize finite commutative rings whose extended zero-divisor graph have clique
number 1 or 2. We completely characterize the rings of the form R = R; X Ra, where
R; and Rz are local, having clique number 3, 4 or 5. Further we determine the rings
of the form R = Ry X R2 X R3, where R1,R2 and R3 are local rings, to have clique
number equal to six.
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1. Introduction

All graphs considered in this article are connected, simple and finite. A graph is
denoted by G = G(V(G), E(G)), where V(G) is the vertex set and E(G) is the
edge set of G. The order and the size of G are the cardinalities of V(G) and E(G),
respectively. A complete graph on n vertices is denoted by K, and the complete
bipartite graph is denoted by K, ., where n and m are a cardinalities of partite
subsets. We denote the adjacency relation between two vertices x and y by = ~ y.
For S C V, the graph G[S] is called an induced subgraph of G, with vertex set S and
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196 Cliques in the extended zero-divisor graph

whose edge set consists of all the edges of E having vertices in S. A clique of a graph
G is defined as the complete subgraph of G. The cardinality of the largest clique is
called the clique number and is denoted by w(G). Throughout this paper, we take
graph theoretic notations from [12].

For notations and results about commutative rings, we use [9, 10, 13] as basic refer-
ences. A ring R is assumed to be a finite commutative ring with or without identity.
A ring R is said to be local, if it has a unique maximal ideal. The finite field with
n elements is denoted by F,, and ZZ—ZZ is a ring without unity whose all elements are
zero-divisors. The ring Z, denotes the ring of integers modulo n. The cardinality
of a ring R is denoted by |R|. The direct product of two rings R; and Rs, denoted
by R; X Rs, consists of all ordered pairs (a,b) with a € Ry and b € Rs. The ad-
dition rule for such pairs is (a,b) 4+ (¢,d) = (a + ¢,b + d) and multiplication rule
for such pairs is (a,b).(¢c,d) = (ac,bd). The structure theorem for Artinian rings
states that any Artinian ring R is isomorphic to the direct product of local rings, i.e.,
R~ Ry X Ry X --- X R, for some positive integer n, where R;,i = 1,2,...,n, are local
rings.

Let R be a commutative ring and Z(R) be its set of all zero-divisors and Z*(R) =
Z(R) \ {0} be the set of non-zero zero-divisors. The concept of zero-divisor graph
I'(R) associated to a ring R was first defined and introduced by Beck [6] and later
modified by Anderson and Livingston [4]. Some work on zero-divisor graphs can be
seen in [1, 2, 5]. Several extensions on zero-divisor graphs were defined by modifying
the basic definition of zero-divisor graph [7, 8]. Anderson and Badawi [3], introduced
the total graph T(I'(R)) of a commutative ring R with all elements of R as vertices,
and for distinct z,y € R, the vertices x and y are adjacent if and only if x+y € Z(R).
Cherrabi et al. [8] introduced a new extension of zero-divisor graph, denoted by T'(R),
whose vertices are the non-zero zero-divisors of a commutative ring R and for distinct
elements z and y in the set Z*(R) (the set of non zero zero-divisors of R) are adjacent
if and only if xy = 0 or x +y € Z(R). Liu et al. [11] investigated the commutative
rings whose zero-divisor graphs have clique number one, two or three. Further, if
R~ Ry X Ry X -+ X Ry, for some positive integer n, where R;,i = 1,2,...,n, are
local rings, they also give the algebraic characterizations of rings R, when clique
number of I'(R) is four. We define a new extension of the zero-divisor graph, denoted
by T'.(R), by taking all non-zero zero-divisors of a ring R as the vertices of I'.(R) and
two distinct vertices x and y are adjacent if and only if z.y =0 or z + y € Z*(R).

The following example illustrates the difference between the three graphs I'(R), T'(R)
and I'.(R). This can be seen in the figures corresponding to R = Zy X Zy4.

The rest of the paper is organised as follows. In section 2, we characterize the structure

of all finite commutative rings associated to the graph f‘(R) to have clique number

1 or 2. In section 3, we characterize the rings of the form R 2 Ry X Ry (each R; is

local, i = 1,2) to have clique number 3, 4 or 5. In addition, we determine the rings of

the form R = Ry X Ry X Rg, where each R;, i = 1,2,3 are local rings, to have clique
m.

number equal to six. If R & TZZ7 then we observe that I'.(R) is a complete graph.
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(1,2)
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Figure 1. TI'(R), I'(R) and I'.(R)

2. Finite commutative rings whose extended zero-divisor
graphs have clique number at most 2

We start with the following facts.
Observation 1. For a finite integral domain R, we observe that w(I'e(R) = 0.

Observation 2. Let R be a finite commutative ring. We observe that w(I'.(R) = 1 if and
only if R is isomorphic to either Z4 or fi[zml For if R 2 Zy4, then |Z(Z4)] =1, SoT'(R) is a
single vertex graph and thus w(I'e(R) = 1. Similarly, when R 2 f;[fi, then |Z( filfi ) =1,
implies that w(I'c(R) = 1. Conversely, let R be a ring other than Z4 or %. Then either
|Z*(R)| = 0 or |Z*(R)| > 2. If |Z*(R)| = 0, then w(I'.(R) = 0. For |Z*(R)| > 2, clearly
I'.(R) contains K», implies that w(T'e(R) > 2.

The following result characterizes finite commutative rings whose extended zero-
divisor graph has clique number 2.

Theorem 3. For a finite commutative ring R, w(Lc(R) = 2 if and only if R is one of
the following rings
Zs, Zg, Zs[x] 32 Ze, Zz X Zz, ZQ X Zg, Z3 X Zg.

<z?>’ 9L’

Proof. As R is finite commutative, so R is an Artinian ring. Therefore, R can be
decomposed as R = R; X Ry X -+ X R, where each R;,1 < i < n, is a local ring.
Consider the following cases.

Case 1. Let n >3 and |R;| > 2, forall 1 <i < n.

Then any vertex of T'.(R) is of the form (x1,x9,...,x,), each x; € R;; 1 < i <
n. Clearly Vi = {(21,0,0,...),(0,22,0,...),(0,0,25,...)}, is a vertex subset of
V([Ce(R)), where each x; # 0,1 < i < n. The graph induced by V; is obviously K3,
as the vertex (z1,0,0,...) is adjacent to vertices (0,x2,0,...),(0,0,z3,...) and the
vertex (0, 2,0, ...) is adjacent to the vertex (0,0, s, ...). Therefore, w(I'.(R)) = 3.
Case 2. Let n = 2.

We have R = Ry x Ry. The following cases arise.
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Subcase 2.1. Let |R1| > 4 and |Rg| > 4. Then their exist elements, say y1,y2 €
Rs, such that y1 + y2 < |Ra|, because if y1,y2 € Z,, and y; + y2 = n, then the sum of
two vertices of the type (0,y1) and (0,y2) is (0,0) ¢ Z*(R). Therefore, we choose a
vertex subset say Vo = {(0,41), (0, y2), (,0)}, where x € Ry, in which (0,y1) ~ (0,y2),
(0,91) ~ (z,0) and (0,y2) ~ (,0). Thus, the induced subgraph by V5 is K3. This
implies that w(T.(R) > 3.

Subcase 2.2. Now, let |Ry| = 2 and |R2| > 4. Consider the vertex subset say
Vs = {(07 1)’ (O’y)’ (LO)}? Yy € Ry. As (07 1) ~ (an)v (0’ 1) ~ (170) and (Ovy) ~ (170)a
so the induced subgraph by V5 is K3. This implies that w(I'.(R)) > 3.

Subcase 2.3. For |R;| = 3 and |Rg| > 4, taking the similar vertex set as in Subcase
2.2, we have w(T'.(R)) > 3.

Subcase 2.4. If |R;| = 2 and |Rz| = 2, then R = Zy x Zy and I'.(R) = K5. This
implies that w(I'.(R)) = 2.

Subcase2.5. For |R;| = 2 and |Ry| = 3, clearly R = Zy x Z3 or R = Zs X %. If
R 2 7y X 73, then T'.(R) & P,, which implies that w(T'.(R)) = 2. For R & Zy x %, we
choose a vertex subset V4 = {(1,0), (0,3z2), (0,6z)} such that (1,0) x (0,3z) = (0,0),
implies that (1,0) ~ (0,3z). Similarly (1,0) x (0,6z) = (0,0) and (0,3z) x (0,62) =
(0,18z) = (0,0), which implies that (1,0) ~ (0,6z) and (0,3z) ~ (0,6z). Thus, the
induced subgraph by V4 is K5. This implies that w(T'.(R)) > 3.

Subcase 2.6. If |R;| = 3 and |Ry| = 3, then the possibilities of R are Zz x Zs,
Zz x 3Z and 2Z x 32 In case R = Zj3 x Zs3, then the vertex set of I'.(R) say

9Z 9z
Vs = {(0,1),(0,2),(1,0)} and the graph induced by Vs is P, which implies that
w(le(R)) = 2.
For R = Zj3 x 2Z, we can choose a vertex subset say Vs={(0,32),(0,6z),(1,0),

(2,62)} and obviously the subgraph induced by Vs is K4. As K3 is contained in Ky,
therefore, we have w(I'.(R)) > 3.

Finally, if R £ 3—% X g—%, then choose a vertex subset say V; =
{(3%,32),(32,62), (62,6%), (32,0)}. Clearly (3z,3z) ~ (3z,62),(6%,62),(32,0), as
(32,32) x (3z,62) = (0,0), (32,32) x (32,0) = (0,0) and (3z,32) x (62,62) = (0,0).
Also (3%,62) ~ (6z,62),(32,0), as (3z,6z) x (6z,62) = (0,0) and (3z,62) x (32,0) =
(0,0) and (6z,62) x (32z,0) = (0,0), implies that (6z,62) ~ (3z,0). Thus, the induced
subgraph by V7 is K4. As K3 is contained in Ky, so w(I'.(R)) > 3.

Case 3. Let n = 1.
The following subcases arise.

Subcase 3.1. If R is an integral domain, then by observation 1, w(T¢(R)) = 0.

Subcase 3.2. Let R be not an integral domain and let |R| > 10. Then |Z*(R)| > 3.
We choose a vertex subset Vs = {x1,22,23} C Z*(R) in such a way that either
1 + x9,x1 + x3,22 + 3 € Z*(R) or 129 = x123 = 223 = 0. So in both the cases,
the subgraph induced by Vg is K3, So w(T'<(R)) > 3.

Subcase 3.3. For |R| < 9, the following cases arise.

Subcase 3.3.1. Let |R| = 2,3,4,5,6,7. If |[R| = 2, then w(T'.(R)) = 0, when R is
an integral domain or w(I'.(R)) =1, if R & %. In a similar manner, if |R| = 3, then



S. Pirzada, A. Altaf 199

w(Te(R)) = 0 when R is an integral domain or w(I'c(R)) = 2, when R = 3Z If|R| =4,
then R = Zy4, Z(i[f)] , f‘G—ZZ. By observation 1, w(I'.(R)) = 1, when R = Z4 or Z(Q[;“;] For
R= 32 T.(R)= Kj, so that w(I'.(R)) = 3. For |R| =5, R = Zs or 72 Therefore,
for R = Zs, w(Te(R)) = 0 and for R = 25522, I.(R) = K,. Therefore, w(I'.(R)) = 4.
Again, for |R| = 6, we have R = Zg or £2. So, for R = Zg, we have I'.(R) = K, and
thus w(T'e(R)) = 4. For R 52 we have I'.(R) = K3, so that w(I'.(R)) = 5. Finally,
for |R| = 7, we have R = Z7 or 2. Therefore, for R = Zz, we have w(Tc(R)) = 0

and for R 2 7Z  we have I'.(R) = K. Thus w(I'.(R)) = 6.

= 192>
Subcase 3.3.2. If |R| = 8, then R is one of the following rings [13], Zs, Zo X
7.7 7 7 7o) Zy4[x] Za[z,y] Zy[z] 7 Zolz] 87 Fe. A
4y Lag X L X Laz, <z3>) 2za2-2>' <w,y>2' <2x>27 2 X 22> 64z 18- A8 seen
Za[z,y] Z4[2]

n [13], the rings CEST ToasT Zo X Lo X Za, T'¢(R) contain K3 as a subgraph
and so w(I'.(R)) > 3. Now, for R = Zoft] e have I'(R) = Kjj3. Further, the

<z3>0
zero-divisors = + x? is adjacent to x in I'.(R), which implies that T'.(R) & K3 and

thus w(T'.(R)) = 3. Similarly for R = T I'.(R) = K3 and thus w(T'.(R) = 3.

<2z,x2—-2>"
For R 2 7o X Zy or Zs X z[zi, there exists a vertex subset Vo = {(0,1), (0,z), (1,0)}
and the induced subgraph by Vj is clearly K3 C I'.(R) and thus w(I'c(R)) > 3. Also,
for R = 684227 we have I'.(R) = K7, which implies that w(I'c(R)) = 7. For R = Fy,
we have w(I'.(R)) = 0. Finally the remaining ring is Zsg, for which I'.(R) = K 5 and
thus w(Te(R)) = 2.

Subcase 3.3.3. If |R| = 9, then R = Zy, 2 7, x 73, 22 Fy. For Zy x Z3

<x2>>
and Fy, the cases are discussed above. If R = Zg or fi[fi, then |Z*(R)| = 2 and
I'.(R) 2 K, so that w(I'.(R)) = 2. For R = ngZZv we have I'.(R) = Kg, so that
w(l(R)) =8. O

3. Finite commutative rings whose extended zero-divisor
graph has clique number 3.4 or 5.

We begin with the following theorem.

Theorem 4. For R = Ry X Ro, where R1 and Ry are finite local rings, then w(Le(R) = 3
if and only if R is one of the following rings

27 27 27
ZQ><Z4, ZQ><@7 Z3><Z4, ﬁXALZ]’ ZQXQZ,

Zg ZQ X Z5, 4Z X Z57 Zg X Z5

4Z7
Proof. As R is finite commutative, so R is an Artinian ring. Therefore, R can be

decomposed as R = R; X Ry X -+ X R,,, where R;,1 < i <mn, is a local ring. Consider
the following cases.

Case 1. Let n >3 and |R;| > 2, for all 1 <i < n.

Then any vertex of I'.(R) is of the form (z1,x2,...,2,), where each x; € R;, 1 <
i <n. Clearly V1o = {(21,0,0,...),(0,22,0,...),(0,0,23,...),(0,0,0,24,0,...)}, is
a vertex subset of V(I'.(R)), where each z; # 0 and 1 < i < n. The graph in-
duced by Vi is obviously Ky, as the vertex (z1,0,0,...) is adjacent to the vertices
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(0,22,0,...),(0,0,z3,...) and (0,0,0,z4,...). Also the vertex (0,x2,0,...) is adja-
cent to the vertices (0,0, z3,...) and (0,0,0,24,...) and (0,0, zs,...) is adjacent to
the vertex (0,0,0,zy4,...). Therefore, w(I'(R)) > 4, in this case.

Case 2. Let n = 2.

We have R = R; X Ry. The following subcases arise.

Subcase 2.1. Let |Ry| > 4 and |R2| > 6. Then their exists a vertex subset
say ‘/11 = {(331,0)’(13270)7(0,y1)a(0»y2)}7 where T1,Ty € Rl and Y1,Y2 € RQ- If
Ry =2 Z,, n >4, choose z1,r2 € Ry such that x1 +x5 # n. If Ry £ 7Z,, n > 4 choose
y1,y2 € Ry such that y; + yo # n. Therefore, the induced subgraph by Vi1 is Kjy.
This implies that w(T'.(R)) > 4.

Subcase 2.2. Let |R;| < 3 and |R2| > 6. Then we can choose a vetex subset
of T'e(R) as Viz = {(0,41), (0,92), (0,y3), (x,0)}, where x € Ry and y1,y2,y3 € Ro.
Thus, the induced subgraph by Vi3 is K4. This implies that w(T'c(R)) > 4.

Case 3. Let |R1| < 3 and |Rz| < 5.
The following cases arise.

Subcase 3.1. Let |R;| = 2 and |Rz| = 5. First let |R1| = 2 and |Re| = 5. So
we have Ry = Zo, % and Ry = Zs 255ZZ. Now, if Ry & Zo and Ry = Zs, then
the graph shown in Figure 3(iii), contains K3 as the maximal complete subgraph
and so w(Te(R)) = 3. Similarly, if Ry = 22 and Ry = Zs, then w(I'.(R)) = 3.
Again, for Ry = Zs and Ry, & %, we can construct a vertex subset, say,
Vis = {(0,5%),(0,102), (0,15z2),(0,20z)} and the induced subgraph by Vi3 is Kjy.

So, w(T'e(R)) > 4. Similarly, if R = i% X %, we have w(T'.(R)) > 4.

Now, let |R;| = 3 and |Ry| = 5. We have Ry = Zs3 or S—% and Ry = Zs5 or 25Z For the
ring Zs x Zs, we have w(I'c(R)) = 3 as shown in the graph of Figure 2(iv). The graph
I'.(R) associated to rings Zs x %7 % x Zs and 2Z x gZZ contains K4 as a subgraph
on the vertex subsets {(0,5z), (0,10z), (0,15z), (0,202)}, {(0,1),(0,2), (32,1), (32,2)}
and {(0,5z), (0,102), (0,15z2), (0,20z)}, respectively. So w(I'.(R)) > 4.

Figure 2.

Subcase 3.2. Let |R;| = 2 or 3 and |Ry| = 4. Then, we have R 7o X Ly, Lo X

2l 2o x By, Zy x % and Zy x Za, Ly x BE, Zs x By, Zy x 72 Now for the rings
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Zo X Z;EE)],ZQ x By, Zy x 12 73 x Z(i[f)],Zg x Fy,Z3 x 12, T'.(R) contains Ky as a
subgraph. So w(T'<(R)) > 4. The graphs of T'.(R) corresponding to R = Zy X Z4 and
Z3 x Z4 are respectively shown in Figure 2(i) and 2(ii) . Clearly K3 is a maximal

complete subgraph and thus w(I'.(R)) = 3.

Subcase 3.3. Let |[R;| =2 or 3 and |Rz| = 2 or 3. Then R is one of the following

i 27 3% 27 ., 2L 22 27, 3% 3L , 3L
rings Zg X Lo, Lo X L3, Lo X 17, Lo X 57, 77 X 17> L3 X 55, 57 X 57 57 X 57 For

R X 7o X Zs or Ly X Lz or Zs X Zsz, we have w(T'.(R)) = 2, as proved in Theorem

~ 2Z 3Z 27 27 27
3. Now, when R & Zy X or Ly x 57 or 37 X 37 or L3 X 37,

7 the vertex set
of V(T(R)) becomes {(0,22),(1,0),(1,2z)}, {(0,3z),(0,62),(1,0),(1,32),(1,62)},
{(0,22),(22,0), (22,22)}, {(1,0),(1,2z), (2,0), (2,22), (0,2z)} respectively. Thus each
of the graphs I'c(Zy x 22) | T'o(2Z x 22) = K3, I'o(Zy x 3Z) and I'c(Z3 x 2Z) contains
K3 as a maximal complete subgraph. So w(T'¢(R)) = 3. The remaining rings are
discussed in Theorem 3, in which w(I'.(R)) > 4. O

Corollary 1. If R is isomorphic to one of the following rings

AZ  Zs[x] Za[x] Loz,y] Zalx]  Fala] Zs [z
162" < 23> <23,22-2>" (z,y)? (2,2)? <z2>" (z24+z+1)

then w(T'e(R)) = 3.

Proof.  As seen in [13], for the rings R & ffb[;i, <MZ‘;[2$12>, Z(i[z’)"é]7 (2249[512’ E;Lﬂ,
(wi‘Zji[aﬂm’ we have |Z*(R)| = 3 and their zero-divisor graphs are either K; 5 or Ks.
Clearly, F(%) and F(%ﬂb) are isomorphic to K o. If R = f;[@, we have

Z*(R) = {x,2% z + 2%} and in T'(R) adjacency relations exists as z ~ 22 ~ x + 2.

But 2 + 2 + 2% = 2z + 2% = 22 € Z*(R). So I'.(Z22le)) = Kj, which implies that

<x3>
w(le(R) = 3. Similarly, De(z5all ) = Kj, which implies that w(I(R) = 3.
Further, for R = Z;EZ’)%] or (Z24G[S]2 or E;[in or (zzzigﬂl), clearly T'(R) = K3 and
|Z*(R)| = 3, implies that I'.(R) = K3, so that w(I'.(R) = 3. O

Corollary 2. Let R be a Boolian ring of order n, i.e., R = HZQ. Then w(Te(R)) =
=1

|27 (R)].

Proof.  As every vertex is of the form (z1,z2,23,...,2,), where x; € Zs, so in every

n-tuple at least one x; is 0. Then every vertex is adjacent to every other vertex. This

implies that T'.(R) is a complete graph. As |V(T'.(R))| = |Z*(R)|, it follows that
w(le(R)) = |Z27(R)|. 0

Now, we have the following results.
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Theorem 5. For R Ry X Rz, where R1 and Rs are finite local rings, w(Le(R)) = 4 if
and only if R is one of the following rings

Za[x]
<z?>

Z2 [.T)]

< z?>

ZQX

Z
s ZQX]F4 ,ZQ><Z77 ZgX s Z3XF4 ,Z:;><Z77 Z4><Z5, %XZ& Z5><Z5

Proof. As R is finite commutative, so R is an Artinian ring and therefore, R can be
decomposed as R > Ry X Ry X -+ X R,,, where R;,1 < i < mn, is a local ring. Consider
the following cases.

Case 1. Let n >3 and |R;| > 2, for all 1 <i < n.

Then any vertex of I'.(R) is of the form (z1,x2,...,2,), where each x; € R;, 1 <
i < n. Clearly V14 = {(21,0,0,...), (0,22,0,...), (0,0,23,...), (0,0,0,24,0,...),
(0,0,0,0,z5,...)}, is a vertex subset of V(T'.(R)), where each z; 20 and 1 < i < n.
The graph induced by V4 is obviously K3, as the vertex (z1,0,0,...) is adjacent to
the vertices (0,x2,0,...),(0,0,23,...), (0,0,0,2z4,...) and (0,0,0,0,25,...). Also
the vertex (0,22,0,...) is adjacent to the vertices (0,0,z3,...), (0,0,0,24,...),
(0,0,23,...) and (0,0,0,0,z5,...) is adjacent to the vertex (0,0,0,z4,...) and so
on. Therefore, w(I'¢(R)) > 5, in this case.

Case 2. Let n = 2.

We have R = Ry X Ry. The following subcases arise.

Subcase 2.1. Let |R;| > 4 and |Ry| > 8. Then their exists a vertex subset say
Vis = {(z1,0), (z2,0),(0,91), (0,y2), (x,y)}, where z,x1,22 € Ry and y,y1,y2 € Ro.
If Ry 27Z,, n >4, choose x1,x2 € Ry such that &1 + 2o #n. If Ry 2 7Z,, n > 4,
choose y1,y2 € Rs such that y; + yo # n. Therefore, the induced subgraph by V5 is
K5. This implies that w(T'.(R)) > 5.

(0,rq)

©,r5) (0,r3)

©, ry) ,rz)

Figure 3. TI'.(R: x R»)

Subcase 2.2. Let |R;| < 3 and |Rz| > 8. Then we can choose a vertex sub-
set of T(R) as Vig = {(0,v1),(0,92),(0,ys3), (x1,0), (z2,0)}, where z1,22 € Ry
and y1,¥y2,y3 € Ro. Thus, the induced subgraph by Vig is K4. This implies that
w(l'e(R)) = 5.

Case 3. Let |R;| <3 and |Ry| < 5.
We have the following subcases.
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Subcase 3. 1 Let |Ry1| = 2 and |R2| = 5. First let |Ry| =2 and |R2| = 5. So we
have R; = Zg, 77 and Ry = Zs or 252 Now, if Ry & Zs and Ry = Zs, then the graph
contains K3 as the maximal complete subgraph and so w(I'c(R)) = 3. Similarly, if
R = % and Ry 2 Zs, then w(T'.(R)) = 3. Again, for Ry = Zs and Ry %, we
can construct a vertex subset, say, V17 = {(0,5z), (0,10z), (0,15z2), (0,20z)} and the
induced subgraph by Vi7 is Ky. So, w(Ie(R)) = 4. Similarly, if R & 22 x 22 we
have w(T'.(R)) = 4.

Subcase 3.2. Now, let |Ri| = 3 and |Ry|] = 7. We have Ry = Z3 or 3%

9Z
and Ry = Z7 or ;2. For the ring Zs x Z7, we have w(e(R)) = 3. The
graph T'.(R) associated to rings Zs X 479—22, g—% x Zr and S—% X 479—22 contains

K5 as a subgraph on vertex subsets {(0,7z),(0,14z2),(0,21%),(0,28z), (0,352)},
{(0,1),(0,2),(0,3),(32,1),(32,2)} and {(0,7z2),(0,14z),(0,21z),(0,282)}, respec-
tively. So w(I'¢(R)) > 5.

Subcase 3.3. Now we will investigate the rings for which T'.(R) is 4. When

R = Zs X f;[fi, the vertex subset {(1,0),(0,1),(0,1 4+ x),(0,z)} forms a complete

graph K, and hence T'.(R) is 4. In a similar fashion, the graphs for the following
rlngs ZQ X F4 ,ZQ X Z7, Zg X <x[i, Zg X IF4 ,Zg X Z7, Z4 X Z57 fi[;i X Z5, Z5 X Z5
contains K, as maximal complete subgraph and hence I'.(R) is 4. O

Theorem 6. Let R 2 Ry X Rz, where R1 and Ro are finite local rings. Then w(Le(R) =5
if and only if R is one of the following rings

22 _ 3%
Zia XZg, ﬁ 9

ZQXZQ,ZQX Z[] ZgXZs,ZgXZg,ZgX Z[] Z4><Z4,
< z? < z?

Zs[x]
Z Fy, F Zs, 7 7 Zr, 7 Z
4 X g, Mg X L5, L4 X 7,<$2>>< 7, L5 X Lt

Proof. As R is finite commutative, so R is an Artinian ring. Therefore, R can be
decomposed as R = R; X Ry X --- X R,, where R;;1 < ¢ < n, is a local ring. In
Theorems 2.3, 3.1 and 3.4. we have already proved that the rings of order less than

the order of followings rings Zo x Zg, 22 % ﬁ, Zig X Zg, Zig X f;[;i, Z3 X Lg, L3 X
Zo, Tg x 2L 7, x Ty, Ty x Fy, Fy x 25, Ty x Ty, 2Bl % 7. 7Zs x Z; has either

<z?>) <zZ>
clique 2, 3 or 4. Whereas, the rings of order greater than the order of above rings

have clique either 6 or greater than 6 as proved in Theorems 2.3, 3.1 and 3.4. Now

w(I'(R)) corresponding to the rings Zy x Zs, 22 x 3%, 7y x Ly, Zs X f;[fi, Zs x
Zs, Ty x Lo, T3 x 2L 7y x Ty, Ty x Fa, By x L5, Ty x Lr, 2L x Ty, Ts x Ly
contains K5 as maximal complete subgraph and hence w(I'.(R)) = 5. O

Remark 1. There does not exist any ring R that can be expressed as a product of three
local rings for which w(T'c(R) = 3.

Remark 2. For any ring R, such that R & R; X Ro X Rs, where R; are local rings
for 1 = 1,2,3, we have w(ZT(R)) > 6. So it is not possible to find any ring R, for which
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R~ Ry x Rz X R3 and w(I'e(R)) < 5, as the smallest possibility for Ri, Rz and R3 is to be
Zo that is, when R = Zo X Z2 X Zz and w(I'e(R)) = 6 = |Z*(R)|, by Corollary 2.

Lemma 1. If R Ry X Ry X R3, where each R;, 1 = 1,2,3 are finite local rings, then
w(le(R) = 6.

Proof.  Let the vertex subset of I'.(R) be Vi4 = {(v1,0,0), (0,v2,0), (0,0, v3), (0, va,
v3), (v1, v2,0), (v1,0,v3)}, then it is easy to see that either z +y € Z*(R) or z.y = 0.
It follows that V14 forms K¢ and Kg C I'.(R). Thus w(T.(R) > 6. O

Now, we give necessary and sufficient conditions for R = Ry X Ry X R3, where each
R;, v+ =1,2,3, are local rings, to have clique number exactly equal to 6.

Theorem 7. Let R =~ Ry X Ry X Rz, where each R;, i = 1,2,3, are finite local rings.
Then w(Te(R) = 6 if and only if R is isomorphic to one of the following rings Za X Za X Zo
or ZQ X ZQ X Zg.

Proof. For the rings, other than the two given rings in the statement, first we prove
that w(T'c(R) > 7. For this, let |R;| > 3, where i = 1,2,3. So we need to find a vertex
subset based on at least seven vertices for which it contains K7 C T'.(R). We choose
the vertex subset as {(1,0,0),(0,1,0),(0,0,1),(1,72,0),(1,1,0), (r1,1,0), (r1,72,0)},
where 71 € Ry and r2 € Rs. Then its graph forms K7, as shown in Fig-
ure 3. So, if |R;| > 3, where ¢ = 1,2,3, then w(T'c(R) > 7. The next pos-

(1,r2,0,)

(1,0,0)

(0,1,0)

(1,1,0)

(r1,1,0)

Figure 4. T.(R: x Rz x R3)

sibility is when |R;| = 2 and both |Rz| and |R3| > 3. Then choose a ver-
tex subset as {(1,0,0),(0,1,0),(0,0,1),(0,1,1),(0,72,1), (0,72,73), (0,1,7r3)}, where
ry € Ry and r3 € Rs. This forms a complete graph as shown in Figure 4. So, if
|R1| = 2 and both |Ra| and |Rs| > 3, then w(I'(R) > 7. Thus the remaining cases
are when R & Zo X Zio X Zg or Zig X g X Z3. If R = Zy X Zy X Zs, then by Corollary 2,
w(T(R) =|Z*(R)| = 6. For the ring R = Zy X Zo X Zs, its associated graph I'.(R) is
based on nine vertices, shown in Figure 5, which contains K¢ as the maximal complete
subgraph on a vertex subset {(1,0,0),(0,1,0),(1,0,1),(1,0,2),(0,0,1),(1,1,0)}. So
W(FE(ZQ XZQ XZg)):G O]
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(0,r5,r3)

(1,0,0)

(0,1,1) (0,r;,1)

Figure 5. Te(R1 X R2 X R3)

Figure 6. To(Zo X Ty X Z3)

Conclusion. In this paper, we considered cliques of order up to 6 and determined
the rings associated to them. Although it would be quite difficult and challenging
to consider the cliques of higher orders and to characterize the finite commutative
rings associated to them in the extended zero-divisor graph I'.(R). But it would be
theoretically interesting. Also, many others graph theoretic parameters like girth,
diameter, independence number, chromatic number etc can be considered for this
extended zero-divisor graph I'.(R).
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