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Abstract: An independent Italian dominating function (IID-function) on a graph G
is a function f : V(G) — {0, 1, 2} satisfying the conditions that (i) ZueN(v) flu)>2
when f(v) = 0, and (ii) the set of all vertices assigned non-zero values under f is
independent. The weight of an IID-function is the sum of its function values over all
vertices, and the independent Italian domination number i;(G) of G is the minimum
weight of an IID-function on G. In this paper, we initiate the study of the independent
Italian bondage number b;;(G) of a graph G having at least one component of order
at least three, defined as the smallest size of a set of edges of G whose removal from G
increases i1 (G). We show that the decision problem associated with the independent
Italian bondage problem is NP-hard for arbitrary graphs. Moreover, various upper
bounds on b;;(G) are established as well as exact values on it for some special graphs.
In particular, for trees T of order at least three, it is shown that b;;(T) < 2.
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1. Introduction

We consider simple graphs G with vertex set V = V(G) and edge set E = FE(QG).
The order of G is n = n(G) = |V|. For a vertex x of V, let Ng(x) denote the
set of neighbors of z and let Nglz] = Ng(x) U {z}. The degree of a vertex z is
dg(z) = |Ng(x)|. The mazimum degree and minimum degree of G are denoted by
A(G) and §(QG), respectively. When no confusion arises, we write N, d, 6 and A
instead of Ng, dg, 6(G) and A(G), respectively. A universal vertex in a graph G is a
vertex adjacent to all vertices of G. A leaf is a vertex of degree one while its neighbor
is called a support vertex. If x is a support vertex, then we denote by L(x) the set of
leaves adjacent to x. For definitions and notations not given here we refer to [5].

As always, the path (cycle, complete graph, complete bipartite graph, respectively) of
order n is denoted by P, (C,, K,, K, 4, respectively). A tree is a connected acyclic
graph. A star of order n is the graph Kj ,—1. A tree T is a double star if it contains
exactly two vertices that are not leaves. A double star with respectively p and q leaves
attached at each support vertex is denoted by DS, 4.

A set S C V(G) is a dominating set if every vertex not in S has at least one neighbor
in S. The domination number of G is the minimum cardinality of a dominating set
of G. In 1990, Fink et al. [3] introduced the bondage number b(G) to measure the
vulnerability or the stability of the domination number in an interconnection network
G under edge failure. The bondage number of a graph G has been defined in [3]
as the minimum number of edges whose removal from G increases the domination
number. Since then the concept of bondage has been widely studied for several
graph parameters, for instance see [1, 6-8, 13].

The concept of Italian domination has been introduced in 2016 by Chellali et al. [2]
as a new variation of Roman domination but called differently, namely Roman {2}-
domination. An Italian dominating function (ID-function) on a graph G is a function
f: V. — {0,1,2} having the property that f(N[u]) > 2 for each vertex u with
f(u) = 0. The weight of an ID-function f is the sum w(f) = >, cy(g) f(v), and
the minimum weight of an ID-function of G is the [talian domination number v;(G).
Some variants of Italian domination have been studied, for instance see [9, 12].

An ID-function f = (Vp,V1,V2) on a graph G is an independent Italian dominating
function (IID-function) if the set V3 U V4 is independent, that is no two vertices
in V3 U V4, are adjacent. The independent Italian domination number i;(G) is the
minimum weight of an IID-function on G. Moreover, an IID-function of a graph G
with minimum weight is called an i;(G)-function. Independent Italian domination
was first defined and studied in [11] by Rahmouni and Chellali.

In this paper, we initiate the study of the independent Italian bondage number b;1(G)
of a graph G defined as the smallest set of edges F' C E(G) for which i;(G — F) >
i7(G). Note that since the independent Italian domination number of a connected
graph of order two does not increase after the deletion of the unique edge, we will
assume that A(G) > 2. We also note that Moradi et al. [10] have initiated in 2020
the study of the Italian bondage number of a graph G denoted by b;(G).

We start our results by showing that the decision problem associated with the inde-
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pendent Italian bondage number is NP-hard for general graphs. Then, we establish
several upper bounds for b;;(G). In particular for trees T of order at least three it is
shown that b;;(T") < 2. Furthermore, exact values of the independent Italian bondage
number are also given for some special graphs including paths, cycles and complete
bipartite graphs.

We close this section by mentioning that every connected graph G of order at least two
satisfies i7(G) > 2. Extremal graphs attaining the bound are given by the following
result whose proof is omitted because of its easiness.

Proposition 1. Let G be a connected graph of order n > 2. Then i;(G) = v1(G) =2 if
and only if A(G) =n—1 or A(G) =n—2 and there are two non-adjacent vertices of degree
n—2.

2. NP-hardness result

In this section, we will show that the problem of computing the independent Italian
bondage number is NP-hard. We first state it as the following decision problem.

Independent Italian bondage number (IIB):

Instance: A graph G and a positive integer k.

Question: Is b;;(G) <k?

We show that the NP-hardness of the IIB problem by transforming the 3-SAT
problem to it in polynomial time. Recall that the 3-SAT problem specified below
was proven to be NP-complete in [4].

3-satisfiability problem (3SAT):

Instance: A collection ¢ = {Cy,Cs,...,Cy} of clauses over a finite set U of
variables such that |Cj| =3 for j =1,2,...,m.

Question: Is there a truth assignment for U that satisfies all the clauses in €7

Theorem 1. The IIB problem is NP-hard for general graphs.

Proof. Let U = {uy,us,...,un} and € = {C1,C4, ..., Cy} be an arbitrary instance
of 3SAT. We will construct a graph G and choose a positive integer k such that %
is satisfiable if and only if b;7(G) < k. For each i € {1,2,...,n}, we associate to
each variable u; € U, a graph H; obtained from a complete bipartite graph K 3
with bipartite sets {z;,v:, 2z;} and {u;,w;} by adding the edge u;u;. For each j €
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S1 S9

Figure 1. Graph F

{1,2,...,m}, we associate to the clause C; = {p;,q;,r;} € €, a single vertex ¢;
and we add the edge-set E; = {c¢;p;,c;q;,c;r;}. Finally, add a graph F' as depicted
in Figure 1 by joining s; and s to every vertex c;. Clearly, G is a graph of order
5n + m + 6, and therefore it can be constructed in polynomial time. An example
of the constructed graph G when U = {uy, us,u3,us} and ¢ = {Cy,Cy, Cs}, where
Cy = {uy,us,uz}, Co = {uy, us, us}, C3 = {uz, us, ug} is illustrated in Figure 2. Set
k =1, and let us show that € is satisfiable if and only if b;;(G) = 1. For this aim,
we need to show first the following claims.

Figure 2. NP-hardness for general graphs

Claim 1. ir(G) > 2n + 3 and for any ir(G)-function f = (Vo,Vi1,Va), we have
f(V(H;)) > 2. Moreover, if vi1(G) = 2n + 3, then f(V(H;)) = 2, f(s3) = 2,f(sa) =1
and f(s1) = f(s2) = f(ss) = f(s¢) = 0 and |[{ui,w} N V2| = 1 for each i € {1,2,...,n},
while 377, f(c;) = 0.
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Proof of Claim 1. Let f = (Vy, V1, Va) be an i;(G)-function. By the construction of

G, we have f(V(H;)) > 2 for each i € {1,2,...,n}. Moreover, one can easily see that
FV(F) + 3272, f(ej) > 3, and therefore i7(G) > 2n + 3.
Suppose that i;(G) = 2n+3. Then f(V(H;)) = 2 foreach i € {1,2,...,n}. To Italian
dominate the vertices x;,y;, 2; and noting that u; and u; are adjacent we must have
{uw;, @} NVa| = 1. Now, if f(s1) > 1 (the case f(s2) > 1 is similar), then to dominate
other vertices in F' we must have f(V(F)) > 4 which leads to the contradiction that
w(f) > 2n 4+ 4. Hence f(s1) = f(s2) = 0 and this implies that f(s4) > 1 and
f(s3) + f(s5) + f(s6) > 2. Therefore 337", f(c;) = 0, f(s3) = 2, f(s4) = 1 and
f(s5) = f(s6) =0. &

v

Claim 2. i;(G) =2n+ 3 if and only if € is satisfiable.

Proof of Claim 2. Suppose that i;(G) = 2n 4+ 3 and let f = (Vb,V1,V2) be an
i7(G)-function. By Claim 1, [{u;, @} N Va| = 1 for each ¢ € {1,2,...,n}. Also,
Fls1) = F(s3) = 0,5, f(es) = 0, f(ss) = 2, f(s4) = 1 and f(s5) = f(s5) = 0.
Define a mapping ¢t : U — {T, F'} by

t(ui)—{T it flu) =2, 0

F otherwise,

for i € {1,...,n}. We now show that ¢ is a satisfying truth assignment for €. It is
sufficient to show that every clause in ¢ is satisfied by ¢. Since the vertex c¢; is not
adjacent to any member of {ss3, s4} U{x;, s, 2:}, there exists some i € {1,...,n} such
that |N(¢;)N{u;, @} = 1 and one of u; and @; belongs to Va. Now, if ¢; is adjacent to
u; and f(u;) = 2, then let ¢(u;) = T, while if ¢; is adjacent to @, and f(@;) = 2, then
t(u;) = F and so t(w;) = T by (1). Hence, in either case the clause C; is satisfied.
The arbitrariness of j € {1,...,m} shows that all the clauses in ¢ are satisfied by ¢,
that is, ¥ is satisfiable.

Conversely, suppose that € is satisfiable, and let ¢ : U — {T, F'} be a satisfying truth
assignment for 4. We construct a subset D of vertices of G as follows. If t(u;) = T,
then put the vertex u; in D; if ¢(u;) = F, then put the vertex @; in D. Hence |D| = n.
Now define the function h by h(z) = 2 for every € D, h(sg) = 2,h(s4) = 1 and
h(y) = 0 for any other vertex. Since t is a satisfying truth assignment for €, the
corresponding vertex c¢; in G is adjacent to at least one vertex in D. One can easy
check that h is IID-function of G of weight 2n + 3 and so i;(G) < 2n + 3. By Claim
1, i7(G) > 2n + 3, and therefore i;(G) =2n+3. ¢

Claim 3. For any edge e € E(G),i1(G —e) < 2n + 4.

Proof of Claim 3. Assume first that e is an edge belonging to E(H) — {u,;u;}, and
since the edges of such a set play the same role, we take e = x;u;. Then the function
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f defined by f(@;) = 2 for each i € {1,...,n} and f(s2) = 2, f(s5) = f(sg) = 1
and f(y) = 0 for the remaining vertices is an IID-function of G — e of weight 2n + 4.
The same function f as defined previously remains valid when the edge e to be
removed belongs to {s154, 8385, 386, $153} or e has an endvertex in V(H;) U {s1}
and the other endvertex some c¢;. Assume now that e = u;u; for some j. Then the
function f defined by f(u;) = f(w;) =1, f(uw;) = 2 for each i € {1,...,n} — {j},
f(s2) = 2,f(s5) = f(s¢) = 1 and f(y) = 0 for the remaining vertices is an IID-
function of G —e of weight 2n+4. If e = s; 89, then the function f defined by f(u;) = 2
for each i, and f(s1) = f(s2) = f(s5) = f(s¢) = 1 and f(y) = 0 for any other vertex
is an IID-function of G — e of weight 2n + 4. If e = s954 or e = sac; for some j, then
the function f defined by f(w;) = 2 for each i, f(s1) =2 and f(s5) = f(s6) =1 and
f(y) = 0 for any other vertex is an IID-function of G — e of weight 2n + 4. In either
case, we deduce that for every edge e € E(G),i;(G—¢e) <2n+4. ¢

Claim 4. i;(G) =2n+ 3 if and only if bi1(G) = 1.

Proof of Claim 4. Assume that i;(G) = 2n+3 and take e = s3s5. Let f = (V, V1, Va)
be a i7(G — e)-function. Clearly f(ss5) = 1, since the vertex ss is isolated. Also,
f(V(H;)) > 2 for each i € {1,...,n}, and thus the total weight for all H;’s is at least
2n. Now, using the fact that i;(G) = 2n+3 and f(s5) = 1 we deduce that the sum of
the values assigned to the c;’s and s;’s except s5 is 2, which is impossible. Therefore,
we conclude that i; (G — e) > i;(G), and thus b;;(G) = 1.

Now assume that b;;(G) = 1 and let e be an edge such that i;(G — e) > i;(G). By

Claim 1, we have i;(G) > 2n + 3 while by Claim 3, we have i;(G —e) < 2n + 4.
Therefore 2n + 3 < i;(G) < i;(G — ) < 2n + 4, which yields 2n + 3 = i;(G). 4
It follows from Claim 2 and Claim 4, that b;;(G) = 1 if and only if € is satisfiable
and the theorem follows. O

3. Exact values of b;;(G)

In this section, we determine the independent Roman bondage number for some
special graphs. We begin by recalling some useful results given in [10]. Moreover, we
gather some results in the following proposition whose its proof is omitted.

Proposition 2. 1. i1 (Kpn) =v1(Kn) = 2.
2. ir(Pn) = y1(Pn) = [*£H].
3. Forn >3, i1(Cpn) =v1(Cn) = % if n is even and i;(Cn) = [*$2] if n is odd.

4. If G = Kpn{ ny,....ns 1S a complete t-partite graph with t > 2 such that 2 < n; < n2 <
ng < ... < ng, then i;(G) = ni1.

5. If G is a connected graph of order at least three such that i1(G) = v1(QG), then b1 (G) <
b1 (G).
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Proposition 3 ([10]). Let G be a graph of order n > 3 with ezactly t universal vertices
and ¢ non-adjacent pair vertices of degree n — 2 where n > k + 2¢. Then

L]+ {L%JMJ if both ¢ and [£] + ¢ are even,

L]+ V%HJ +1 otherwise.

Proposition 4 ([10]). Forn >3, b;(P,) = 1.

Proposition 5 ([10]). Forn >3, b;(Cn) =1 ifn=0 (mod 2).

As an immediate consequence of Propositions 4 and 2-(5), we have the following.
Corollary 1. Forn >3, bj;(P,) = 1.

Proposition 6. Let G be a graph of order n > 3 with ezactly t > 1 universal vertices
and ¢ non-adjacent pair vertices of degree n — 2 where n >k +2¢ andt>1 or £ > 2. Then

L£]+ V%MJ if botht¢and [£] + ¢ are even,

bir(G) <

t
1] + V%HJ +1 otherwise.
In particular, bir(Kn) = [§] forn > 3.

Proof. Since t > 1 or £ > 2, we have i;(G) = 7;(G) = 2, and thus by Propositions
2-(5) and 3 the desired bound follows. O

2 if n=3,
3 otherwise.

1 if n=0 (mod 2),
Proposition 7. Forn >3, b;(Cy) =

Proof. If n is even, then it follows from Propositions 2-(2,3,5) and 5 that b;;(Cy,) = 1.
Hence we can assume that n is odd. Since the result is immediate for n = 3, suppose
that n > 5. Let C, = vivs...v,v1 and let G be obtained from C, by deleting
the edges vivy,, vovs, v4v5. Then G = 2P, U P,_4 and we deduce from Propositions
2-(2) that i7(G) = 4+ [253] > i;(C,) and hence b;;(C,) < 3. To achieve the
proof it is enough to show that b;;(C,) > 3 if n is odd and n > 5. Assume C,, =
v1Vg ... Vv, and let e and e’ be two arbitrary edges of C,,. Clearly, C,, — {e, e’} is
the union of two disjoint paths P and @ such that n(P) + n(Q) = n.  Therefore
ir(Cn—{e,e'}) = ir(P)+1ir(Q). Without loss of generality, we may assume that n(P)
is even and n(Q) is odd. It follows from Proposition 2-(2) that i;(C, — {e,e'}) =
ir(P) +ip(Q) = [MEHL) 4 nl@HL _ rnd2) — 4, (C,) which leads to b;r(C) > 3,
and hence b;7(C,,) = 3. O
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Proposition 8. Let G = Ky, ny,....n; be a complete t-partite graph with t > 2 such that
2<n; <nz2<ng<...<ng. ThenbiI(G):n1—1.

Proof. Let X, Xo,...,X; be the partite sets of G with |X;| = n; for each i €
{1,...,t}, and let in particular Xy = {uy,ua,...,un, } and Xo = {y1,92, -+, Yny -
We note that the function h defined on V(G) by h(u;) =1 for each i € {1,2,...,n1}
and h(z) = 0 for any other vertex of G is the unique i;(G)-function. Let F' =
{u;zn | 1 < i < np — 1}, and let H be the spanning graph of G obtained from G
by removing all edges of F. We claim that i;(H) = n1 +1 > i;(G). To show this,
let f = (Vo,V1,Va) be an i;(H)-function. We examine the possibilities according to
whether f(y1) € {0,1,2}.

If f(y1) =0, then f(up,) =2 or f(w) > 1 for some vertex w € V(G) \ (X1 U Xy). If
f(upn,) = 2, then the condition that V; U V3 is independent implies V(G) — X; C Vj
and so {uy,ug,...,Up,—1} C V3 U Vs yielding i;(H) = w(f) > n1 +1 > i;(G). Now
assume that f(w) > 1 for some vertex w € V(G) \ (X7 U Xz). If, without loss of
generality, w € X3, then it follows that f(z) > 1 for every vertex x € X3 and thus
’L[(H) = w(f) =ng>n;+1> ’L[(G)

If f(y1) =1, then f(u,,) =0 and u,, needs another neighbor in V; U V3, but since
V1 U V4 is independent we deduce that {ya2,y3,...,Yn,} C V1 U V4 and so i;(H) =
w(f) = n2 > i1(Q).

Finally, assume that f(y1) = 2. Then f(un,) = 0, and since V3 U V4 is independent,
we must have either {ya2,y3,...,Yn,} S V1 UVa or {ug,ug...,tup,—1} C V1 UVa. In
either case i;(H) = w(f) > n1 +1 > i;(G). Therefore b;;(G) <ni — 1.

To prove the inverse inequality, let F' C E(G) be an arbitrary subset of edges with

|F| < n; —1, and let H be the graph obtained from G by removing all edges of F.
Then clearly dg(u;) = du(u;) = no+ns+...+mn for some two distinct indices ¢ and
j, and hence the function g defined on V(H) by g(u;) = 1 for each i € {1,...,n;} and
g(z) = 0 otherwise, is an IID-function of H of weight n1, leading to b;;(G) > ny — 1.
Therefore b;;(G) = n; — 1, and the proof is complete. O

4. Bounds on b;;(G)

In this section, we first present an upper for the independent Italian bondage number
for general graphs and then we show that the independent Italian bondage number
of any tree with at least three vertices is at most two.

Theorem 2. Let G be a connected graph. If z1x223 is a path of length 2 in G and G has
no i;(G)-function f assigning a 2 to some neighbor of x; for each i € {1, 2,3} simultaneously,
then

blI(G) < d(ml) + d(ajz) —+ d(xg) R E(xl,xg),

where £(z1,23) =1 if 123 € E(G) and £(x1,x3) = 0 otherwise.
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Proof. Let E' C E(G) be the set of all edges incident with either 1, z3 or x5 except

the edge woxs. Obviously, |E'| = d(z1) + d(z2) + d(z3) — 3 when z123 ¢ E(G) and
|E'| = d(z1) + d(z2) + d(z3) — 4 when z123 € E(G). Let H be the graph obtained
from G by removing all edges of E'. We claim that i;(H) > i;(G), resulting in
bir(G) < |E'|. Let f = (V§',V/, V) be an i;(H)-function. Since z; is isolated in
H and x5, 23 induce a path on two vertices, we have f(x1) = 1 and f(z3) = 2 or
f(z3) = 2. Without loss of generality, assume that f(z2) = 2 and f(z3) = 0. If
da(w2) = 2 0r 3 cng(aa)— {21}/ (®) = 0, then the function h defined on V(G) by
h(z1) = h(xz3) = 0 and h(z) = f(z) for any other vertex z, is an IID-function of G of
weight less than i (). Hence we assume dg(z2) = 3 and 3, c v () — 203 () = 1.
We consider the following cases.

Case 1. > N (ag)— (a1} /(@) = 2.

I NG —{a) F(@) = 2 and D, ne(a)— {21,001 F(2) = 2, then the function h
defined by f(z1) = f(x2) = f(z3) = 0 and h(z) = f(z) for any other vertex z,
is an IID-function of G of weight less than if(H). If 30 cni ) (any f(2) = 2
and Y- N (wg)—{a1,20) /(@) = 1, then the function h defined by h(z1) = h(z2) =
h(zs) = 0, h(w) = 2 for some vertex w € V;' N (Ng(zs) — {x1,22}) and h(z) = f(2)
for any other vertex z, is an IID-function of G of weight less than i;(H). If
Y oreNg(ar)—{aay £ (@) = 2 and 30 o)~ (i any f (@) = 0, then the function h de-
fined by h(xz1) = h(z2) = 0, h(zs) = 1 and h(z) = f(z) for any other vertex z, is an
IID-function of G of weight less than i;(H).

I Y N ) —{ay [(@) = 1 and 3, cnewa)— (21,001 f(2) = 1, then the function h
defined by h(z1) = h(zy) = h(zs) = 0, h(u) = 2 for some vertex u € V;/ N Ng(z1),
h(v') = min{2, f(v/) 4+ 1} for some vertex v’ € (Vi U V) N (Na(as) — {21, 22})
and h(z) = f(z) otherwise, is an IID-function of G of weight less than i;(H).
I ene @) -t F (@) = 1, X ieNg@s)— {2120y /(@) = 0 and 2123 € E(G) then
the function h defined by h(z1) = h(z2) = 0,h(x3) = 1 and h(z) = f(z) other-
wise, is an IID-function of G of weight less than if(H). If }° cn, ) f(2) = 1,
Y oreNe(zs)—{aaey J (®) = 0 and w1z ¢ E(G), then the function % defined by
h(z1) = h(zs) = 0,h(zs) = 1, h(u) = 2 for some vertex u € Vi’ N Ng(z1) and
h(z) = f(z) otherwise, is an IID-function of G of weight less than i;(H).

Based on the previous cases, we can assume now that >° oy )— (s, /() = 0.

If > e NG (ws)— {100y f (#) = 1, then the function h defined by h(zz2) = h(zs) =
0, h(uv/) = min{2, f(uv/) + 1} for some vertex v’ € (Vi UVJ) N Ng(zs) — {z1, 22}
and h(z) = f(z) otherwise, is an IID-function of G of weight less than i;(H). If
D reNG(ws)— {102} | (#) = 0and 2122 € E(G), then the function h defined by h(z1) =
2, h(xz2) = 0 and h(z) = h(z) for the remaining vertices, is an IID-function of G of
weight less than i;(H). Finally, if > c v o) (21,003 f(@) = 0 and z122 & E(G),
then the function h defined by h(x1) = h(z3) = 1, h(x2) = 0 and h(z) = h(z) for the
remaining vertices, is an IID-function of G of weight less than i;(H). In any case
considered above, we have shown that i;(H) > i;(G).

Case 2. ZzeNG(mZ)—{a:l} f(z)=1.
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Assume that y € Vi N (Ng(z) — {z1}). 1If Y reNg(a)—{m} f (@) = 2 and
Y reNg(as)—{a1.as} | (T) = 2, then the function h defined by h(y) = 2, f(z1) =
f(z2) = 0 and h(z) = f(z) for any other vertex z, is an IID-function of G of
weight less than iy (H). 3, cne ay)—(u) F(2) = 200d 300 c N (0g)— {120y /(@) = 1,
then the function h defined by h(z1) = h(z2) = 0, h(y) = 2, h(w) = 2 for some
vertex w € (Vi — {21}) N Ng(z3) and h(z) = f(z) for any other vertex z, is
an IID-function of G of weight less than ir(H). If 30 cni(hy)—(ayy f(2) = 2 and
D re N (zs)—{z1,a03 /(@) = 0, then the function h defined by h(z1) = h(z2) = 0,
h(zz) =1 and h(z) = f(z) for any other vertex z, is an IID-function of G of weight
less than i;(H). From the above, we can assume now that >, c v 1) {22} f(m) <1.
I Y eNg ) —{ay (@) = 1 and 3, cnewa)— (21,001 f(2) = 2, then the function h
defined by h(z1) = h(z2) = h(zz) = 0, f(y) = 2, f(w) = 2 for some vertex w €
Vi N Ng(z1) and h(z) = f(z) otherwise, is an IID-function of G of weight less
than ir(H). If 3, cng o) —(eay F(@) = T and 30 c e (4)—fa1,00y f (#) = 1, then the
function h defined by h(z1) = h(z2) = 0, h(y) = 2, h(u) = 2 for some vertex
u € V{ 0 Ng(zy), h(u) = 2 for some vertex v/ € V{/ N Ng(xs) and h(z) = f(z)
otherwise, is an IID-function of G of weight w(f) = i;(H) which assigns a 2 to some
neighbor of z; for each i € {1, 2, 3}, resulting by assumption in i;(H) = w(h) > i;(G).
If erwg(m)_{m} flz) =1, ZweNc(ma)_{wwz} f(z) =0 and z123 € E(G), then the
function h defined by h(z1) = h(z2) = 0, h(zs) = 1 and h(z) = f(z) otherwise,
is  an IID-function of G of weight less than i;(H). If > cng )z f(@) = 1,
D reN(ws)— {102} | (#) = 0and z1x3 & E(G), then the function h defined by h(z1) =
h(z2) = 0, h(xz3) = 1, f(w) = 2 for some vertex w € Vlf N Ng(z1) and h(z) = f(2)
otherwise, is an IID-function of G of weight less than i;(H). Hence we assume that
ZxENc(arl)—{x2} f(l‘) =0.

If erNc(xl)_{m}f(x) =0, erNc(xs)_{wth} f(x) > 1 and z123 € E(G), then
the function h defined by h(xz2) = h(xz) = 0 and h(z) = f(z) otherwise, is
an IID-function of G of weight less than if(H). If > cniar)—(my [(@) = 0,
Y reNg(as)—{aiaey 1 (®) = 1 and z1z3 ¢ E(G), then the function h defined by
h(w2) = h(zs) = 0, h(w) = min{2, f(w)+1} for some w € (V;/ UVY) N Ng(x3) — {2}
and h(z) = f(z) otherwise, is an IID-function of G of weight less than i;(H).

I3 enn@n f(@) = 00 XNy (ws)— (1.0} £ (2) = 0 and z123 ¢ E(G), then the
function h defined by h(zz) = 0, h(z1) = h(zs) = 1, and h(z) = f(z) other-
wise, is an IID-function of G of weight less than if(H). If > cn, () f(z) = 0,
D e N (2s)—{ara01 /(@) = 0 and z1z2 € E(G), then the function h defined by
h(z3) = 0, h(z1) = 2, and h(z) = f(z) otherwise, is an IID-function of G of weight
less than i7(H). O

Let H be a bipartite graph with bipartite sets X = {y1,y2,y3} and Y = {u;,v;, w; |
1 <i<m} (m >5) and edge set E(G) = {y1ui, yaui, Y103, y3vi, Yawi, yaw; | 1 <
i < m}, and let G be the graph obtained from H by adding a path zjzex3 and
adding the disjoint edges x;y; for i € {1,2,3}. Clearly, the function f defined by
f(y1) = f(y2) = f(ys) = 2 and f(z) = 0 otherwise, is the unique i;(G)-function.
Let F = {x129, 21y1, T2y2, T3y3} and define the function g on G — F by g(z1) = 1,
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g(x2) = 2, g(y;) = 1 for i € {1,2,3}, is an IID-function of G — F of weight i;(G).
This example shows that the condition that G has no i;(G)-function f assigning a 2
to some neighbor of x; for each i € {1, 2,3} simultaneously, is necessary.

Theorem 2 and its proof result in the following corollaries.

Corollary 2. Let G be a connected graph. If xijzoxs is a path of length 2 in G with
de(z1) =1, then b1 (G) < da(z2) + da(xs) — 2.

Proof. Let f be a i;(G)-function. If f(zz) > 1, then we must have f(z) = 0
for each x € N(z2), that is f does not assign 2 to no neighbor of za. On the
other hand, if f(x3) = 0, then f does not assign 2 to no neighbor of z;. Hence
G satisfies the condition specified in the statement of Theorem 2, and consequently,
bir(G) < dg(z1) + dg(x2) + dg(x3) — 3 = dg(x2) + dg(z3) — 2 and the proof is
complete. O

Corollary 3. Let G be a connected graph. If xizoxs is a path of length 2 in G with
da(z2) = 2, then b1 (G) < 2A(G) — 1.

Restricted to the class of trees of order at least three, we will show that the indepen-
dent Italian bondage number is at most two. We note that such an upper bound has
been also proved for the Italian bondage number by Moradi et al. [10]. In the proof
we give, several cases are considered and discussed. But before presenting this proof,
we give some additional definitions and notations. A path joining two vertices x and
y is called a (z,y)-path. The diameter of a connected graph G, denoted diam(G),
is the length of the shortest path between the most distanced vertices. A diametral
path of a graph G is a shortest path whose length is equal to diam(G). We are also
considering rooted trees distinguished by one vertex r called the root. For a vertex
v # r in a rooted tree T, the parent of v is the neighbor of v on the unique (r, v)-path,
while a child of v is any other neighbor of v. A descendant of v is a vertex w # v such
that the unique (7, w)-path contains v. The set of children of a vertex v is denoted by
C(v) while D(v) denote the set of its descendants. The maximal subtree at v denoted
by T, is the subtree of T" induced by v and all its descendants. The depth of v is the
largest distance from v to a descendant of v.

Theorem 3. If T is a tree of order n > 3, then
bir(T) < 2.
Furthermore, this bound is sharp for the double star DS, ;, for p > 2.

Proof. Obviously diam(T') > 2, since n > 3. If diam(T") = 2, then T is a star and for
any edge e of T' we have i1 (T —e) = 3 > i7(T) = 2 leading to b;;(T') = 1. Assume now
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that diam(7T") = 3. Then T is a double star DS, , for some integers ¢ > p > 1. Let
z,y be the support vertices of the double star, and let 2,7’ be the leaf neighbors of x
and y, respectively. If p = 1, then i;(T — xy) = 4 > i;(T) = 3 and hence b;;(T) = 1.
Thus let p > 2. Then removing edges 'z and y'y provides a forest F' with three
components consisting of the two single vertices and a double star DS,_; 4—;. In this
case, if(F) =24+ 24+ (p—1)) =3+p > i;(T) = 2+ p yielding b;;(T) < 2. In the
sequel, we can assume that diam(T") > 4. Let 2125 ... 2% (k > 5) be a diametral path
in T chosen so that (i) dr(z2) is as large as possible, and (ii) subject to (i) dr(z3) is
maximized. We root T at xy.

If dr(xz3) = 2, then let F be the forest obtained from T by removing edges x3x4 and
x32. Clearly any i;(F)-function f such that f(x2) is maximized, assigns 1 to z3 and
2 to x9, and thus the function h defined on V(T') by h(x3) = 0 and h(z) = f(z)
otherwise, is an IID-function of T' of weight less than w(f) leading to b;;(T) < 2.
Therefore we can assume that dr(z3) > 3 and by similarity, every child of x4 with
depth 2 has degree at least 3. Let Nr(x3) — {z2,24} = {y1,¥y2,.-.,y:}. We proceed
with the following cases.

Case 1. z3 has a child y with depth 1 and degree 3.

Let z; and 25 be the leaf neighbors of y and let F' be the forest obtained from 7" by
removing the edges yz; and x3y. Note that z; is isolated in F' and the vertices zo
and y induce a P, component in F. If f is an i;(F)-function, then we have f(z1) =1
and either f(z2) =2 or f(y) = 2, say f(22) = 2 and thus f(y) = 0. In this case, the
function g defined on V(T') by g(z2) = 1 and g(x) = f(z) otherwise, is an IID-function
of T of weight less than w(f), leading to b;;(T) < 2.

Thus we may assume that x3 has no child with depth 1 and degree 3. In particular,
dr(z2) # 3.

Case 2. dp(x2) > 4 and x3 has a child of degree 2.

Without loss of generality, let y; be a child of 23 with degree two and let ¢} be the leaf
neighbor of y;. Let F' be the forest obtained from 7" by removing the edges zox; and
x3y1. As in Case 1, if f is an ¢;(F)-function such that f(x3) is as large as possible,
then f(z1) =1 and either f(y1) =2 or f(y;) = 2, say f(y;) = 2 and thus f(y;) = 0.
Now, if f(z3) > 1, then the function g defined on V(T') by g(y;) = 1 and g(x) = f(z)
otherwise, is an IID-function of T of weight less than w(f). Hence let f(xz3) = 0.
Since x2 has at least two leaf neighbors in F, by the choice of f, we have f(xs) = 2
and thus the function g defined on V(T) by g(x1) = 0 and g(z) = f(z) otherwise, is
an ITD-function of T of weight less than w(f). In either case, b;;(T) < 2.

Case 3. dr(xz2) > 4 and x3 is a support vertex.

According to Cases 1 and 2 we may assume that each child of z3 is a leaf or has
degree at least four. Without loss of generality, let y; be a leaf neighbor of x5, and
let F' be the forest obtained from T by removing edges x122 and z3y;. Let f be an
i7(F)-function. Clearly, f(x1) = f(y1) = 1. Now, if f(x2) = 2, then f(z3) = 0
and the function g defined on V(T') by g(x1) = 0 and g(z) = f(z) for the remaining
vertices, is an IID-function of 7" of weight less than w(f). If f(x3) = 2, then f(z2) =0
and the function g defined on V(T') by g(y1) = 0 and g(z) = f(z) otherwise, is an
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IID-function of T' of weight less than w(f). Hence we can assume that f(z2) <1 and
f(z3) < 1. Then all leaves adjacent to z2 in F' must be assigned a 1 under f and thus
f(z2) = 0. Recall that dr(x2) > 4. Now, if f(x3) = 0, then the function ¢ defined
on V(T) by g(z) = 0 for x € Np(z2), g(z2) = 2 and g(z) = f(z) for the remaining
vertices, is an IID-function of T' of weight less than w(f). Thus we can assume that
f(z3) = 1. Then f(xz4) = 0 and y; is the unique leaf adjacent to x3. Thus x4 has a
neighbor w # x3 with positive weight. In this case, the function g defined on V(T')
by g(w) =2, g(xs) =0, g(x2) =2, g(x) = 0 for © € Np(2) — {z3} and g(z) = f(z)
for the remaining vertices, is an IID-function of T' of weight less than w(f). All the
situations examined lead to b;;(T) < 2.

Taking into account the above three cases, we conclude that if dp(z2) > 4, then that
each child of x3 has degree at least four.

Case 4. dr(xz2) > 4 and every child of x3 has degree at least 4.

By the assumption, every y; has at least three leaf neighbors, say yi, v?, y3. Let
F be the forest obtained from T by removing the edges zox, and y1y; and let f =
(Vo, V1, Va) be an i;(F)-function F such that f(z2) + f(y1) is as large as possible.
Since 1 and yi are isolated in F, f(x1) = f(yi) = 1. Note that since o has at least
two leaf neighbors in F, then f(x2) # 1, and likewise f(y1) # 1. Now, if f(z9) =
f(y1) = 2, then the function g defined on V(T) by g(z1) = g(yi) = 0 and g(z) = f(x)
otherwise, is an IID-function of T of w(f) — 2. Also, if f(z2) = 2 and f(y;) = 0
(the case f(x2) = 0 and f(y1) = 2 is similar), then the function g defined on V(7))
by g(z1) = 0 and g(x) = f(z) otherwise, is an IID-function of T of weight less
than w(f) — 1. Hence we can assume that f(xz2) = f(y1) = 0. The choice of f
implies that f(x3) € {1,2}, and thus f(y;) = 0 for each i, Np(z2) — {3} C V; and
Nr(y;) — {z3} C Vi for each i € {1,...,¢}. If (Nr(zq) — {z3}) N Vo # 0, then the
function g defined on V(T) by g(z3) = 0, g(x2) = g(y;) = 2 for all i € {1,...,t},
g(x) =0 for x € L(v2) U (Ul_; L(y;)) and g(x) = f(z) otherwise, is an IID-function of
T of weight less than w(f). Therefore we may assume that (Np(x4) —{z3})NVa = 0.
If (Np(z4) — {x3}) N V1 # 0, then pick a vertex w € (Nr(zyq) — {x3}) N Vi, and
consider the function g defined on V(T') by g(w) = 2, g(x3) = 0, g(z2) = g(y;) = 2
foralli € {1,...,t}, g(x) =0 for z € L(xe) U(U!_,L(y;)) and g(z) = f(x) otherwise.
One can see that g is an IID-function of T of weight less than w(f). Hence we can
assume that (N (z4) — {z3}) N (V1 UV2) = 0. Again one can define an IID-function g
on V(T) of weight less than w(f) by g(x4) = 1, g(x3) = 0, g(z2) = g(y;) = 2 for all
ie€{l,...,t}, g(x) =0for x € L(z2)U(Ul_; L(y;)) and g(x) = f(z) otherwise. All the
situations that have been considered show that i;(7T) < i;(F') and thus b;;(T) < 2.
Case 5. dr(z2) = 2.

It follows from the choice of the diametral path that each child of vz with depth
one has degree 2. Thus the maximal subtree rooted at x3 is a spider, that is a tree
obtained from a star of order at least three by subdividing at least one of its edges.
This remains valid for every maximal subtree rooted at any child of x4 with depth 2
is a spider. Let us examine the following situations.

Subcase 5.1. Assume first that dr(x3) = 3 and a3 has a leaf child.
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Let w be the leaf child of z3 and let F' be the forest obtained from T by removing the
edges x3x9,x3x4. Let f be an i;(F)-function such that f(x2) + f(w) is maximized.
Since x3 and w as well as x7 and x5 induce a P, component of F, by the choice of f
we have f(z2) = f(w) = 2. In this case, the function g defined on V(T') by g(w) =1
and g(x) = f(z) otherwise, is an IID-function of T of weight i;(F') — 1, implying that
bir(T) < 2.

By Subcase 5.1, we may assume that dp(zs) > 4 or dr(z3) = 3 and z3 has two
children with depth 1 and degree 2.

Subcase 5.2. dp(z4) = 2.

Let F be the forest obtained from T by removing edges x3x2, x4x5. Clearly the com-
ponent of F' containing x, is a spider for which 3 is one of its central vertices. Note
that in this component x3 is a support vertex and x4 is its leaf neighbor. Let f be
an iy (F)-function such that f(x3) is maximized. Clearly f(z1) 4+ f(z2) = 2 and by
the choice of f we must have f(z3) > 1. Thus the function g defined on V(T) by
g(z2) = 0and g(x1) =1 and g(x) = f(x) otherwise, is an IID-function of T' of weight
i7(F) — 1, implying that b;;(T) < 2.

Subcase 5.3. dr(xz4) > 3 and x4 has a child w which is a support vertex of degree
two.

Let w’ be a leaf neighbor of w and consider the forest F' obtained from T by removing
edges wry, x322. Let f be an i;(F)-function such that f(z1) + f(w') is maximized.
Then f(z1) = f(w') = 2. Now if f(x4) > 1, then reassigning a 1 to w’ provides an
IID-function T of weight smaller than i;(F). Likewise, if f(x3) > 1, then reassigning
a 1 to z7 provides an IID-function of T' of weight smaller than i;(F'). Hence we can
assume that f(xz4) = f(xz3) = 0. Thus the function g defined on V(T') by g(z3) =1,
g(z) =0 for z € Nr(x3), g(x) =1 for x € D(x3) — C(x3) and g(x) = f(z) otherwise,
when z3 is not a support vertex, and by g(z3) = 2, g(x) = 0 for x € Np(z3), g(z) =1
for x € D(xz3) — C(x3) and g(x) = f(z) otherwise, when x3 is a support vertex, is an
IID-function of T' of weight less than w(f), and therefore b;;(T") < 2.

Subcase 5.4. dr(x4) > 3 and x4 is a support vertex.

Let w be a leaf neighbor of x4 and consider the forest F' obtained from T by remov-
ing the edges wxy4, z3x2. Let f be an i;(F)-function such that f(z1) is maximized.
Obviously, f(w) =1 and f(x1) = 2. Now if f(z4) = 2, then reassigning a 0 to w we
get an IID-function T of weight i;(F) — 1. Moreover, if f(x3) > 1, then reassigning
a 1 to a1 provides again an IID-function of T of weight i;(F') — 1. Hence we assume
that f(z4) < 1 and f(x3) = 0. Then f(z) = 1 for each leaf neighbor z of z3 and
f(a)+ f(a") = 2 for each child a of z3 with depth 1 and degree 2, where @’ is the leaf
adjacent to a. Now, if f(x4) = 0, then define the function g on V(T) by g(z3) = 2,
g(z) =0or x € N(x3), g(x) =1 for x € D(z3) — C(x3) and g(x) = f(x) otherwise,
when z3 is a support vertex, and g(x3) = 1, g(x) = 0 for x € N(x3), g(z) = 1 for
x € D(x3) — C(x3) and g(x) = f(x) otherwise, when x3 is not a support vertex.
Recall that dr(x3) > 4 or dr(x3) = 3 and x3 is not a support vertex. In this case,
the function ¢ defined above is an IID-function of T' of weight less than i;(F'). Finally
let f(x4) = 1. It follows that w is the only leaf neighbor of x4. Also according to
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Subcase 5.3, we may assume that any child of x4 with depth 1 has degree at least
three. On the other hand, we may assume that the maximal subtree rooted at each
child of x4 with depth 2 is either a Ps; whose center vertex is adjacent to x4 or a spider
with maximum degree at least three. Thus f can be chosen such that each child of
x4 with depth 2 is Italian dominated by its children. Now, if x5 has a neighbor in V5,
then define the function g on V/(T') by g(z4) =0, g(z3) = 2, g(z) = 0 for € N(v3),
g(x) = 1 for © € D(x3) — C(x3) and g(x) = f(x) otherwise, when z3 is a support
vertex, and g(z3) = 1, g(z) = 0 for & € N(v3), g(z) = 1 for x € D(x3) — C(x3)
and g(z) = f(x) otherwise, if x3 is not a support vertex. In either case, g is an
IID-function of T of weight less than i;(F). If x5 has a neighbor z in V; — {x4}, then
the function g on V(T) by g(z) = 2, g(z4) = 0, g(x3) = 2, g(x) = 0 for z € N(v3),
g(x) = 1 for © € D(x3) — C(x3) and g(x) = f(x) otherwise, when z3 is a support
vertex, and g(z3) = 1, g(x) = 0 for € N(v3), g(x) =1 for z € D(z3) — C(x3) and
g(z) = f(x) otherwise, when x3 is not a support vertex, is an IID-function of T of
weight less than i;(F). In either case, b;;(T) < 2.

According to Subcases 5.1, 5.2, 5.3 and 5.4, we may assume that the maximal subtree
rooted at each child of x4 either is a star of order at least three or a path Ps whose
center vertex is adjacent to x4 or a spider with maximum degree at least 3. Consider
the tree F' obtained from T by removing the edges x3z2 and let f be an i; F')-function
such that each child of x4 has positive weight under f or is Italian dominated by its
neighbor (such a property is possible seeing the subtrees rooted at any child of x4).
Clearly f(x1) + f(z2) = 2. If f(z3) > 1, then the function g defined on V(T') by
g(x1) =1, g(x2) = 0 and g(z) = f(x) otherwise, is an IID-function of T' of weight
less than w(f). Hence we assume that f(z3) = 0. If f(x4) = 0, then the function
gon V(T) by g(z3) = 2, g(x) = 0 for z € N(x3), g(x) = 1 for x € D(x3) — C(x3)
and g(x) = f(x) otherwise, when z3 is a support vertex, and g(z3) = 1, g(x) = 0
for x € N(z3), g(z) = 1 for x € D(z3) — C(z3) and g(x) = f(x) otherwise, when
x3 is not a support vertex, is an IID-function of T' of weight less than i;(F'). Hence
we assume that f(z4) > 1. Now, if x5 has a neighbor in V5 — {z4}, then define
the function ¢ defined on V(T) by g(z4) = 0, g(u) = min{2,1 + |L(u)|} for each
w € Clas), 9(@) = 0 for o € Uyec(ay Nr(u), g(x) = 1 for @ € Uyeciu (D) — C(u))
and g(x) = f(z) otherwise, is an IID-function of T of weight less than i;(F). If x5
has a neighbor in V; — {z4}, then define the function g defined on V(T) by g(z4) = 0,
g(u) = min{2,1 4 |L(u)|} for each u € C(x4), g(x) = 0 for x € Uyec(ay)Nr(u),
g(x) = 1for x € Uyec(a,)(D(u) —C(u)) and g(x) = f(x) otherwise, is an IID-function
of T of weight less than i;(F). Finally, if 25 has no neighbor in V; UV, — {a4}, then
we must have f(z4) = 2 (because of x5), and thus the function g defined on V(7))
by g(zs) = 1, g(z4) = 0, g(u) = min{2,1 + |L(u)|} for each u € C(z4), g(x) =0
for x € Uyec(zNr(u), g(x) = 1 for © € Uyeg(a,)(D(u) — C(u)) and g(z) = f(x)
otherwise, is an IID-function of T' of weight less than i;(F'). For each of the situ-
ations discussed above, we conclude that b;;(T) < 2, and this completes the proof. O
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