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Abstract: An Italian dominating function on a digraph D with vertex set V(D)
is defined as a function f: V(D) — {0,1,2} such that every vertex v € V(D) with
f(v) = 0 has at least two in-neighbors assigned 1 under f or one in-neighbor w with
f(w) =2. Aset {f1, f2,..., fa} of distinct Italian dominating functions on D with the
property that Zle fi(v) < 2 for each v € V(D), is called an Italian dominating family
(of functions) on D. The maximum number of functions in an Italian dominating family
on D is the Italian domatic number of D, denoted by dy(D). In this paper we initiate
the study of the Italian domatic number in digraphs, and we present some sharp bounds
for d; (D). In addition, we determine the Italian domatic number of some digraphs.

Keywords: Digraphs, Italian dominating function, Italian domination number, Italian
domatic number.
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1. Terminology and introduction

In this paper, D is a simple digraph with vertex set V' = V(D) and arc set A = A(D).
The order |V| of D is denoted by n = n(D). We write d},(v) = d*(v) for the out-
degree of a vertex v and dp,(v) = d~ (v) for its in-degree. The minimum and mazimum
in-degree and minimum and mazimum out-degree of D are denoted by 6~ = 6~ (D),
A~ = A=(D), §7 = 6T (D) and AT = AT(D), respectively. If uv is an arc of D,
then we also write u — v, and we say that v is an out-neighbor of v and w is an
in-neighbor of v. A digraph D is in-regular or r-in-regular when 6~ (D) = A= (D) =r
and out-regular or r-out-regular when §¥(D) = AT (D) = r. If D is r-in-regular and
r-out-regular, then D is called r-regular or reqular. For a vertex v of a digraph D, we
denote the set of in-neighbors and out-neighbors of v by N, (v) = N~ (v) and N}, (v)
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62 The Italian domatic number of a digraph

= Nt (v), respectively. In addition, N~ [v] = N~ (v)U{v} and N*[v] = N*(v) U{v}.
If X C V(D), then N} [X] = NT[X] = U,cx NT[v]. We write K} for the complete
digraph of order n. For notation and graph theory terminology in general we follow
Haynes, Hedetniemi and Slater [7].

A Roman dominating function on a digraph D is defined in [9] as a function
f: V(D) — {0,1,2} satisfying the condition that every vertex v with f(v) = 0 has
an in-neighbor u with f(u) = 2. The weight of a Roman dominating function f is
the value Evev(D) f(v). The Roman domination number of a digraph D, denoted by
vr(D), is the minimum taken over the weights of all Roman dominating functions on
D.

A set {f1, fa,..., fa} of distinct Roman dominating functions on D with E?Zl filv) <
2 for each v € V(D), is called in [5] a Roman dominating family (of functions) on
D. The maximum number of functions in a Roman dominating family on D is the
Roman domatic number of D, denoted by dr(D).

An Italian dominating function (IDF) on a digraph D is defined in [13] as a function
f: V(D) — {0,1,2} such that every vertex v € V(D) with f(v) = 0 has at least two
in-neighbors assigned 1 under f or one in-neighbor w with f(w) = 2. The weight of
an Italian dominating function f is the value w(f) = f(V(D)) = >_,cv(p) f(u). The
Ttalian domination number of a digraph D, denoted by ~;(D), is the minimum taken
over the weights of all ID functions on D. A ~;(D)-function is an Italian dominating
function on D with weight v;(D). An Italian dominating function f: V(D) — {0,1,2}
can be represented by the ordered partition (Vp, Vi, Va) (or (Vof , Vlf , sz ) to refer to
f) of V(D), where V; = Vif = {v € V(D): f(v) = i} for i € {0,1,2}. In this
representation, the weight of f is w(f) = |V1| + 2|Va|.

A set {f1, fo,..., fa} of distinct Italian dominating functions on D with the property
that Zle filv) < 2 for each v € V(D), is called an Italian dominating family (of
functions) on D (ID family on D). The maximum number of functions in an ID
family on D is the [talian domatic number of D, denoted by d;(D).

We note that if D is a digraph, then v;(D) < yg(D) (see [13]), and the definitions
lead to d; (D) > dg(D) > 1.

In this paper we continue the study of Roman and Italian dominating functions and
domatic numbers in graphs and digraphs (see, for example, [1-4, 6, 8, 10-12]). We
initiate the study of the Italian domatic number in digraphs, and we present some
sharp bounds for d;(D). In addition, we determine the Italian domatic number of
some digraphs.

We make use of the following known results in this paper.
Proposition 1 ([9]). If D is a digraph of order n, then yr(D) <n — A1 (D) + 1.

Proposition 2 ([13]). Let D be a digraph of order n. Then vi(D) < n and v1(D) =n
if and only if A™(D), AT(D) < 1.
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Proposition 3 ([13]). If D is a directed cycle or a directed path of order n, then
v1(D) =n.

Proposition 4 ([13]). If D is a digraph of order n, then

v1(D) > [%-‘ :

2. Properties of the Italian domatic number

In this section we present basic properties and sharp bounds on the Italian domatic
number of digraphs.

Theorem 1. If D is a digraph of order n, then
’yI(D) . d[(D) S 2n.

Moreover, if y1(D) - di(D) = 2n, then for each Italian dominating family {fi, fo,..., fa}
on D with d = d;(D), each function f; is a vy1(D)-function and Ele fi(v) = 2 for all
v e V(D).

Proof. Let {f1, fa,..., fa} be an ID family on D such that d = d;(D) and let
v € V(D). Then

d'WI(D):Zd:W’I( i ; ; i < ) 2=2n

If v7(D) - df(D) = 2n, then the two inequalities occurring in inequality chain above
become equalities. Hence, for the ID family {fi, f2,..., fa} on D and for each i,
> vev(p) fi(v) = 71(D). Thus, each function f; is a v;(D)-function, and Z 1 filv) =
2 for all v € V(D). O

Since v7(D) > 2 for each digraph D of order n > 2, Theorem 1 implies the next result
immediately.

Corollary 1. If D is a digraph of order n, then dr(D) < d;(D) < n.

Theorem 2. If D is a digraph, then d;(D) = 1 if and only if A~ (D) <1 and D has no
directed cycle of even length.
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Proof.  Assume first that A= (D) > 2, and let w be a vertex with d~(w) > 2. Define
f,9: V(D) —{0,1,2} by f(z) =1 for each x € V(D) and g(w) = 0 and g(v) =1 for
v € V(D) \ {w}. Since d~(w) > 2, we observe that f and g are Italian dominating
functions on D with the property that f(x)+ g(z) < 2 for each € V(G). Therefore
{f,g} is an ID family on D and so d;(D) > 2. Assume next that D has a directed
cycle C' = v1vg - - - vpv1 for an integer p > 1. Then the functions f: V(D) — {0,1,2}

with f(v1) = f(vs) = -+ = flvgp-1) = 2, f(v2) = f(va) = -+ = [flugp) =0
and f(z) = 1 for each z € V(D) — V(C) and g: V(D) — {0,1,2} with g(v;) =
g(vg) = -+ = g(vgp-1) = 0, g(v2) = g(v4) = --- = g(vap) = 2 and g(x) = 1 for each

x € V(D) — V(C) are Ttalian dominating functions on D. This implies that {f, g} is
an ID family on D, and therefore d;(D) > 2.

Conversely assume that d;(D) > 2. Suppose to the contrary that A= (D) <1 and D
has no directed cycle of even length. Let f and g be two distinct ID functions of an
ID family on D. Since A~ (D) < 1, we note that Vof, VQf, V{, Vs # 0. By definition,
F(v) + g(v) < 2 for every vertex v. It follows that Vi/ ¢ V¢ and V¥ ¢ V. Since f is
an IDF, every vertex v € VJ C VOf has an in-neighbor in VQf . Likewise, every vertex
w € VQf C Vg has an in-neighbor in VJ/. Hence the bipartite subdigraph D’ with
vertex set V' UVY and the arcs of D between V5 and V¥ has minimum in-degree at
least 1. It follows that D’ has a directed cycle and, obviously, this directed cycle has
even length, a contradiction. O

Corollary 2. If P, is a directed path of order n, then di(P,) = 1. If C, is a directed
cycle of order m, then dr(Cr) =1 if n is odd and di(Cr) = 2 if n is even.

Proof. Theorem 2 implies d;(P,) = 1, d;(C,) = 1 if nis odd and d;(C,) > 2 if n is
even. Using Proposition 3 and Theorem 1, we obtain d;(C),) < 2 and thus d;(C,,) = 2
if n is even. L]

Proposition 5. Let D be a digraph of order n > 2. Then v;(D) = n and di(D) = 2 if
and only if A~ (D) = AT(D) =1 and D contains a directed cycle of even length.

Proof.  Assume first that v;(D) = n and d;(D) = 2. It follows from Proposition 2
that A=(D), AT (D) < 1. Since d;(D) = 2, Theorem 2 implies that D has a directed
cycle of even length and so A~ (D) = A*(D) = 1.

Conversely, assume that A=(D) = AT(D) = 1 and D contains a directed cycle of
even length. Proposition 2 leads to y;(D) = n, and Theorem 2 shows that d;(D) > 2.
Therefore Theorem 1 implies d;(D) < 2 and thus d; (G) = 2. O

Next we show that the upper bound in Corollary 1 is attained only for complete
digraphs.

Theorem 3. If D is a digraph of order n > 2, then d;(D) = n if and only if D is the
complete digraph on n vertices.
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Proof. Let D = K be the complete digraph on n vertices with vertex set
{v1,v9,...,v,}. Define the functions f;: V(D) — {0,1,2} by fi(v;) = 2 and
fi(vj) =0for j #iand 1 <4,j <n. Then f; is an IDF on D for each 1 < i < n such
that Y1, fi(v) = 2 for each v € V(D). Therefore {f1, fa, ..., fn} is an ID family on
D. Combining this with Corollary 1, we deduce that d;(K}) = n.

Conversely, assume that d;(D) = n. If n = 2, then the result is immediate. Assume
next that n > 3. Then «7(D) > 2 and it follows from Theorem 1 that v;(D) = 2. Let
{f1, f2,- -, fn} be an ID family on D. We deduce from Theorem 1 that f; is a v7(D)-
function for each 4, and 2?21 fi(v) =2 for all v € V(D). Since n > 3 and y;(D) = 2,
we conclude that for each 4, there exists a vertex x € V(D) such that f;(x) > 1.
Assume, without loss of generality, that f;(v;) > 1 for each i € {1,2,...,n}.
Suppose, without loss of generality, that there doesn’t exist the arc v,v1. If f,,(v,) =
2, then f,(v1) = fu(v2) = ... = fu(vp—1) = 0, and we obtain the contradiction
fa(N~[v1]) = 0. Therefore f,(v,) = 1 and thus f,(v1) = 1. Since fi(v1) > 1,
we deduce that fi(v1) = 1. As f; and f, are distinct, we deduce that fi(v,) = 0.
Since > fi(vn) = 2, there exists an index j € {2,3,...,n — 1} with f;(v,) = 1
and f;(v1) = 0. This leads to the contradiction f;(N~[v1]) < 1. This completes the
proof. [

Since dr(D) < dy(D), Theorem 3 and the first part of its proof lead to the next

result.

Corollary 3. (/5]) If D is a digraph of order n > 2, then dr(D) = n if and only if D is
the complete digraph on n vertices.

The upper bound on the product v;(D) - d;(D) leads to an upper bound on the sum
of these terms.

Theorem 4. If D is a digraph of order n > 2, then
v (D) +di(D) <n+2. (1)
Moreover, equality holds if and only if At (D) = A~ (D) =1 and D has a directed cycle of

even length or D is the complete digraph.

Proof. If d;(D) < 1, then obviously v;(D) + d;(D) < n+ 1. Assume now that
dr(D) > 2. According to Corollary 1, we have d;(D) < n. Theorem 1 implies that

2n

(D) +di(D) < s

+d;(D).

Using the fact that the function g(x) = « 4 2n/x is decreasing for 2 < z < +/2n and
increasing for v/2n < x < n, this inequality leads to

fyI(D)—&—dI(D)§%+d;(D)gmax{n+2,2+n}:n+2, (2)
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and this is the desired bound.

If D is the complete digraph on n vertices, then (D) = 2 and by Theorem 3,
dr(D) = n. If ATY(D) = A=(D) =1 and D contains an even cycle, then it follows
from Proposition 5 that y7(D) = n and dy(D) = 2. Thus vy;(D) +d;(D) =n+ 2 in
both cases.

Conversely, let equality hold in (1). It follows from (2) that

n+2=7(D)+d(D) < +di (D) <n+2,

dr (D)
which implies that ~;(D) = 2n/d;(D) and d;(D) = 2 or d;(D) = n. If d;(D) = n,
then D is the complete digraph by Theorem 3. If d;(D) = 2, then v;(D) = n, and

it follows from Proposition 5 that A*(D) = A=(D) = 1 and D contains a directed
cycle of even length. This completes the proof. O

The Italian domatic number of a digraph may also be bounded from above by its
minimum in-degree plus 2.

Theorem 5. For every digraph D,
dr(D) <¢é (D)+2
and this bound is sharp.

Proof. If dr(D) < 2, then the bound is immediate. Let now dy(D) > 3 and let
{f1, f2, .-+, fa} be an ID family on D such that d = d;(D). Assume that v is a vertex
of minimum in-degree 6~ (D). Since the equality >  cy-(, fi(z) = 1 holds for at
most two indices i € {1,2,...,d}, we have

2d—2<z Z fz Z Zfl Z 2=2(6"(D) + 1).

i=1zeN— zEN~ [v] TEN—

This implies the desired bound d;(D) < §~ (D) + 2.

To prove sharpness, let £k > 2 be an integer. In addition, let D; be a copy of the
complete digraph K 5 with vertex set V(D;) = {v{,v5,... v}, 4} for 1 <i <k, and
let D be the digraph obtained from Ule D; by adding a new vertex v and the arcs
vl as well as viv for 1 < i < k. Define the ID functions fi, fo,..., frr2 as follows:

fi(v}) =2, fi(vfﬂ) =2if je{1,2,...,k} — {i} and f(z) = 0 otherwise (1 < i < k),

frer1(v) = 1,fk+1(vi+2) =2,if j€{1,2,...,k} and f(x) = 0 otherwise,
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and

frt2(v) = 17fk+2(v£+3) =2,ifj€{1,2,...,k} and f(x) = 0 otherwise.
It is easy to see that every f; is an IDF on D and that {fi, fa,..., fx42} is an ID
family on D. Since 6~ (D) = k, we deduce that d;(D) =§ (D) + 2. O

Since dr(D) < d;(D), Theorem 5, and the example in the proof of Theorem 5 yield
to the next result.

Corollary 4. ([5]) For every digraph D,

dr(D) <6~ (D) +2

and this bound is sharp.

3. Nordhaus-Gaddum type results

The complement D of a digraph D is the digraph with vertex set V(D) such that
for any two distinct vertices u,v the arc uv belongs to D if and only if uv does not
belong to D. Results of Nordhaus-Gaddum type study extreme values of the sum
or the product of a parameter on a digraph and its complement. We establish such
inequalities for the Italian domination number.

Theorem 6. For every digraph D of order n,
dr(D) +d;(D) <n+3.

If di(D) + dr(D) = n+ 3, then D is in-regular.

Proof.  Since A= (D) + 6~ (D) + 1 = n, Theorem 5 implies

dr(D)+d;(D) < (6 (D)+2)+ (6 (D)+2)

and this is the desired bound. If D is not in-regular, then A= (D) — 6~ (D) > 1, and

the inequality chain above leads to the better bound d;(D) 4 d;(D) < n + 2. O

For a lot of regular digraphs we will improve first Theorem 5 and then Theorem 6.

Theorem 7. Let D be a §-reqular digraph of order n with § > 1, and let n = p(§ +2) +r
with integers p > 0 and 0 <r <5+ 1. If1<r < (6+2)/2 0or (6+2)/2<r <d+1, then
dI(D) <4§+1.
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Proof. If 1 <r < (64 2)/2, then Proposition 4 implies that

o) [ - [2OER ] sy

042 0+2
Using Theorem 1, we obtain

2n <2p(5+2)—|—2r (6 +2)+5+2

dr (D) < =0+ 2,
i )_WI(D)_ 2p+1 2+ 1
and therefore d;(D) < § + 1 in this case.
If (6 +2)/2 <r <d+1, then Proposition 4 implies that
2n 2p(6 +2) + 2r
Dh>|l— | =|———Z—— | >2 2.
i )—[MJ { 512 Z o+
Using Theorem 1, we obtain
2 2p(8 + 2 2 2p(8 + 2 26 +2
dr(D) < ngp(+)+r p(+)+(+):5+2’
v1(D) 2p+2 2p+ 2
and therefore d;r(D) < § + 1 also in this case. O

Theorem 8. If D is a §-regular digraph of order n, then
d[(D) + d](ﬁ) <n+2

with exception of the cases that D is 4-reqular of order 9, 7-regular of order 18 or 16-regqular
of order 45.

Proof. Since D is é-regular, D is d-regular with § = n — 3§ — 1. Assume, without loss
of generality, that § < 4.

If § = 0, then it follows from Corollary 1 and Theorem 2 that d;(D)+d;(D) < n+1.
If § = 1, then Corollary 2 and Theorem 3 lead to d;(D) +d;(D) <2+n—1=n+1.
Thus let now § > 2 and n = p(6 4+ 2) + r with integers p > 0and 0 < r <5+ 1. If
r #0,(6+2)/2, then Theorem 7 implies d; (D) < §+1, and we obtain d;(D)+d;(D) <
n+ 2 as in the proof of Theorem 6. Next we discuss the cases r =0 or r = (§ +2)/2.
a) Let r = 0 and therefore n = p(J + 2). We observe that n = (6 +2) + (§ — 1) with
§—1>1.If §—1# (6§+2)/2, then Theorem 7 implies dr(D) < § + 1, and we obtain

dr(D)+dr(D) < n+2 as in the proof of Theorem 6. Let now § —1 = (§+2)/2. Then
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and thus n = 39 — 3. Hence p(d + 2) = 30 — 3, and this leads to p = 2. We deduce
that § =7 and n = 18.

b) Let r = (§ + 2)/2 and therefore n = p(§ + 2) + (§ + 2)/2. As in case a), there
remains the case that n = 36 —3. Hence (p+1/2)(0+2) =30 —3 =3(0+2)—9, and
this yields to p < 2.

If p =1, then we observe that § =4 and n = 9.

If p = 2, then we obtain § = 16 and n = 45. O

4. Open problems

We conclude by mentioning some conjectures suggested by this research.
Conjecture 1. If D is a d-regular digraph, then d;(D) <6+ 1.

The next conjecture is a consequence of Conjecture 1.

Conjecture 2. If D is a é-regular digraph of order n, then d;(D) +d;(D) < n + 1.

Conjecture 2 is valid for 6 = 0 and for 6 = 1. If n = py(§4+2)+ry with ry # 0, (§+2)/2
and n = py(8 +2) +ry with 79 # 0, (0 +2)/2, then Theorem 7 shows that Conjecture
2 is also valid. I even think that the bound in Conjecture 2 is valid for all digraphs.

Conjecture 3. If D is a digraph of order n, then d;(D) 4+ d;(D) < n+ 1.
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