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Abstract: The transmission of a vertex ¢ in a connected graph J is the sum of
distances between ¢ and all other vertices of J. A graph J is called transmission
regular if all vertices have the same transmission. In this paper, we propose a new graph
invariant for measuring the transmission irregularity extent of transmission irregular
graphs. This invariant which we call the total transmission irregularity number (TTI
number for short) is defined as the sum of the absolute values of the difference of the
vertex transmissions over all unordered vertex pairs of a graph. We investigate some
lower and upper bounds on the TTI number which reveal its connection to a number
of already established indices. In addition, we compute the TTI number for various
families of composite graphs and for some chemical graphs and nanostructures derived
from them.
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1. Introduction

In this paper, all graphs are assumed to be simple, connected, and finite. Consider a
graph J with vertex set V(J) and edge set E(J). For ¢ € V(J), N7(s) denotes the
open neighborhood of the vertex ¢ in J and d (<) denotes the degree of ¢ which is
the order of N7(s). For ¢, € V(J), the distance d7(¢,<) is the length of a shortest
¢ —¢ path in J. The eccentricity €7(<) is the maximum amount of d(¢,s) for any
¢ € V(J). The maximum (minimum, resp.) amount of e7(s) for all ¢ € V(J) is
known as the diameter (radius, resp.) of J and shown by d(J) (r(J), resp.). For
¢ € V(J), the transmission (also called distance sum or status) ¢r(c) is the sum of
d7(t,¢) over all v € V(T). For each two distinct vertices ¢,¢ € V(J), n,(J) denotes
the number of vertices of J lying closer to ¢ than to ¢ and n¢(J) indicates the number
of vertices of J lying closer to ¢ than to ¢.

© 2024 Azarbaijan Shahid Madani University



2 A new measure for transmission irregularity extent of graphs

A graph invariant (also called topological indez) is a real number associated to a graph
that is invariant under isomorphism of graph.

A graph J in which dy7(¢) = ds(s) for every t,¢ € V(J) is called regular, otherwise
it is called #rregular. For measuring irregularity of graphs, Abdo et al. [1] introduced
the total irregularity of J as

(@)= Y a0 —ds@) =5 X lds0) - ds ()],

{t.s}CV(T) t,sEV(JT)

where the first summation is over all unordered vertex pairs of 7. We refer the reader
to [2-4, 6, 29, 30], for some recent researches on the total irregularity.

A graph J is called self-centered if € 7(1) = € 7(s) for every ¢, € V(J), otherwise it is
called non-self-centered. In order to quantify the non-self-centrality extent of graphs,
Xu et al. [28] proposed the non-self-centrality number of J as

ND= Y s -es6l=5 ¥ lest)—es)l.

{t.s3CV(T) L,sEV(T)

See, for example, [7, 15, 26, 29] for some recent results on the non-self-centrality
number.

A graph J in which n,(7) = n.(J), for every edge ts € E(J) is said to be distance-
balanced, otherwise it is called distance-unbalanced. In 2018, Dosli¢ et al. [13] proposed
a distance-based topological index namely Mostar indez as a measure for the distance-
unbalancedness extent of graphs. It is expressed by

Mo(J)= Y |n(J)—n(T),

EE(T)

in which the summation runs over all edges of J.

A graph J is said to be highly distance-balanced if for every pair of vertices t,¢ €
V(T), n,(J) = nc(J). In recent years, some measures for quantifying the highly
distance-unbalancedness extent of graphs, i.e., the difference of graphs from being
highly distance-balanced have been proposed. One of them is the total Mostar index
(also called distance unbalancedness index) which was introduced by Miklavica and
Sparl [21] in 2021 as

Mo(d) = Y ) - =5 ¥ |nd)-ni)]

{t.s}CV(T) t,sEV(T)

Another measure was proposed by Furtula [16] in 2022 as

2

NT(T) = > (n(J)—n())"

{t,s}EV(T)
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This index, due to the prominent rule of Nenad Trinajsti¢ in chemical graph theory
and particularly in the progress of distance-based topological indices, was named
Trinajstié index. See, for example, [9, 12, 17-19] and specially the recent survey [5]
for more details on the Mostar index and total Mostar index.
A graph J is transmission regularif tr 7 (1) = tr7(s), for every vertices ¢, € V/(J). To
provide a quantitative measure of transmission irregularity in transmission irregular
graphs, i.e., the deviation of a graph from being transmission regular, a structural
invariant named as transmission irreqularity was proposed by Sharafdini and Réti [24]
as

Irrr . (J) = Z [trz () — tra(s)].

E€E(T)

Due to the fact that tr7(v) —trz(s) = ne(J) —n.(J), for each edge s € E(J) from
[10], one can easily verified that this invariant is equal to the Mostar index. Clearly,
Irrp.(J) =0 if and only if J is transmission regular.

Inspired by Abdo et al.’s definition for the total irregularity [1], Xu et al’s definition
for the non-self-centrality number [28], and Miklavi¢a and Sparl’s definition for the
total Mostar index [21], we propose here a quantitative measure for the transmission
irregularity of graphs. This measure which we call the total transmission irreqularity
number (TTI number for short) is defined for a graph J as

TTIT) = Y st =5 3 g )~ trs(s)]

{L,s}YCV(T) L€V (T)

Evidently, the value of TT1(J) equals zero if and only if 7 is transmission regular and
the higher values of the TTI number show the deviation of 7 from being transmission
regular. Indeed, the transmission irregularity Irrp,.(J) is the contribution of pairs of
adjacent vertices to the TTI number. Unlike the Irrp,(J), TTI(J) can be calculated
immediately from the sequence of the vertex transmissions (transmission sequence)
of J. The transmission sequence 7 (J) of J is a monotonic non increasing sequence
of the vertex transmissions. Assume that 7(J) has exactly k distinct elements ¢, >
to > .- >ty with l1,1s,- -+, as their respective multiplicities. Then we can express
the TTI number of J as

TTIT) = Y Ll(t, —to).

1<r<s<k

Remark 1. It should be noted that the total transmission irregularity number and the
total Mostar index are not equal in general. For example, for the path on 4 vertices, the
value of the TTI number is 8, while the value of the Mostar index is 6.

The aim of this research is to investigate certain mathematical properties of the TTI
number. We compute the values of the TTI number for some familiar graphs. More-
over, we give some bounds (upper and lower) on the TTI number which connects this
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invariant to some already established indices like the Wiener index [27], eccentric con-
nectivity index [25], total eccentricity, total irregularity, and transmission irregularity.
In addition, we study the TTI number for various families of composite graphs includ-
ing join, disjunction, symmetric difference, Indu-Bala product, lexicographic product,
generalized hierarchical product, Cartesian product, rooted product and corona prod-
uct and apply our formulae for computing the TTI number for some chemical graphs
and nanostructures.

2. Preliminaries

As usual, the notations P,, C,, K,, and K, are respectively used for the path,
cycle, complete graph, and empty graph on v vertices. One can easily check that,

TTI(C,) = TTI(K,) = TTI(K,) = 0.

Lemma 1. The TTI number of P, is given by

TTI(P,) = % if v is even, 2.1)
Y (212 -3) if v is odd. '
Proof. Label the vertices of P, as 1,2, -+, v, consecutively. For the ¢th vertex of
P,, we have
trp,(¢) =142+ ..+ (-1 +14+2+..+(v—x)
_sle=h w9 =c+1)
2 2
v+1
= —cv+1)+ ( 5 )
Then,
ITI(P,))= Y |trp,(1) —trp, (<)l
1<i<s<y
+1 +1
= > @t (73 @ =sorn+ (T3 )
1<i<s<y
= Y P=-d=@w+1D)(—9)
1<i<e<y
L%J v+1l—t v
S (X E-E-wane-9l+ > -2+ De-9))
=1 c=t+1 s=v+2—¢

v

+ Vi: YD)

=% ]+1s=t+1

Eq. (2.1) can be obtained after a direct calculation. O
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Lemma 2. Consider a graph J with v vertices. For any s € V(J),

2v=1)=dg(s) <trg(s) <dg () + (v =1 =dz(<))es ().

The equality holds in both sides if and only if e7(s) < 2.

Proof.  To prove the left hand side inequality for ¢ € V(J), we obtain

trz(s) = Z 1+ Z dy(t,¢) > Z 1+ Z 2

1SEE(T) 1SEE(T) wseE(T) WSEE(T)
=d7(c) +2(v—1—-dg(c)) =2(v —1) —ds(s).

The left hand side equality holds if and only if for each s ¢ E(J), d7(t,¢) = 2, from
which € 7(s) < 2. To prove the right hand side inequality, we have

trz(s Z 1+ Z dg(t,s) < Z 1+ Z ez (<)

SEE(T) SEE(T) SEE(T) SEE(T)
=dg(s)+ (v —1-dg(s))es(s).

The right hand side equality holds if and only if for each s ¢ E(J), €7(s) = 2, from
which e7(¢) < 2. O

Lemma 3. [14] Let J be a graph of order v and size pn. For any ¢ € V(J),

v—1<trgz(s) < l(V*l)(V‘F?)*,LL.

[\V]

The equality holds in left side if and only if e7(s) = 1 and the right bound is attained for
each p, v —1 < pu< (;)

3. Relation with other parameters
In this section, we give some bounds (upper and lower) for the TT1(J), where J is
assumed to be a graph including v vertices and p edges. The given bounds are usually

in terms of some structural parameter and/or certain already established indices of

J.
Theorem 1. If J has diameter at most 2, then

TTI(T) = irre(TJ).
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Proof.  Since d(J) < 2, by Lemma 2, trs(¢) = 2(v — 1) — dz(s). Now by definition
of the TTI number, we get

ITIT) =5 Y [|trg() —trg(s)]

L,seV(T)

> 1@ 1)~ ds() ~ (2~ 1) — ()]
LsEV(T)
=5 X s~ dg (O] =irn(J),

L,sEV(T)

DN | =

DN | =

from which the result follows. O

Theorem 2. If J has diameter at most 2, then
Mou(TJ) = irre(J).

Proof. Let t,¢ be a pair of distinct vertices in V(J). If ¢,¢ are adjacent, then
the vertex ¢ and all vertices of J other than ¢ which are adjacent to ¢ but not to
¢ are lying closer to ¢ than to ¢. Hence, n,(J) = dz(t) — [N(JT) N N(J)| and
ne(J) =dg(s) — [N(T) N N(T)|. If ¢, are not adjacent, then the vertex ¢ and all
vertices of J which are adjacent to ¢ but not to ¢ are lying closer to ¢ than to ¢. Hence,
n(J) =14+dg (1) = IN(T)NN(T)| and ne(T) = 14+dg(s) = [N(T) N Ne(T)|. Now
by definition of the total Mostar index, we have

MOt(j): Z |nL(j)_n§(l7)|

{t.s}CV(T)
= > (dg() = IN(T) NNT) = (d(s) = INAT) N Ne(T)])|
WEE(T)
+ > (1 +dg () — IN(T) N N(T)))
SEE(T)

— (1+dg(s) = IN(T) N N(T))|
= Y Jdg() —ds()|+ D |dg(t) —dg ()] = irr(G).

SEE(T) $EE(T)
This completes the proof. O

Combining Theorems 1 and 2 and considering the facts that for any graph 7,
Mo(J) = Irrr(J) and for any graph J with d(J) < 2, irr(J) = Mo(J) from
[12], we arrive at:

Corollary 1. If J has diameter at most 2, then

TTI(J) = Mo(T) = Irrr (T).
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The Wiener number [27], the first and the most famous distance-based invariant, is
formulated for a graph J as

W= Y s =5 Y ()

{L,s}YCV(T) SEV(T)

Here, a sharp upper bound on the TTI number in terms of the Wiener number is
given.

Theorem 3.
TTI(T) <vW(T) — v (v — 1) 4+ vp, (3.1)

with equality if and only if d(J) < 2.

Proof. By Lemma 2,

TTIT) =5 Y ltrs()— i (o)
L,seV(T)
g% S (trg() = 2w —1) = dg(c)))
L,seEV(T)

1
:5(2VW(j) —20% (v — 1) + 2vp)
oW (T) — (v — 1) + v
from which Eq. (3.1) follows. By Lemma 2 the equality happens in Eq. (3.1) if and
only if £ 7(¢) < 2 for all ¢ € V(J), from which d(J) < 2. O

The eccentric connectivity index () [25] and total eccentricity ((J) are among the
most famous distance-based graph invariants of 7 which are respectively defined as

I =Y. dg(©es(s), C(T)= D ez(s)

SeEV(T) SEV(T)

In what follows, a sharp upper bound on the TTI number based on the Wiener
number, eccentric connectivity index, and total eccentricity is presented.

Theorem 4.

TTI(J) < (g)m - 28T —vW (D) +vp, (32)
<

with equality if and only if d(J) < 2.
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Proof. By Lemma 2,

1
ITI(J) =5 > ftra () = tra(s)|
L,sEV(T)
1
<5 Y |0+ w-1-dsW)s ) —trs ()]
L,s€V(T)
=5 v+ vl = DUT) — V() ~ W),
from which Eq. (3.2) follows and the equality holds if and only if d(J) < 2. O
Theorem 5.
TTI(J) < (%(y — 1w +2)—p) (;) —VW(T). (3.3)

The bound is attained for each p, v —1 < pu < (g)

Proof. By Lemma 3,

TTIT)= Y |trg() —trg(<)|
{e,s}EVI(T)

< Y GE-DEEY)—p ()

{,s}CV(T)

:(%(y —1)(v+2) - p) (’;) —vW(J),

from which Eq. (3.3) follows. By Lemma 3 the bound is attained for each p, v —1 <
p<(5): O

TTI(J) < <;> ((Z) — 1), (3.4)

with equality if and only if 7 = K.

Theorem 6.

Proof. By Lemma 3,

TTI(T) = Y, |trg(t) —try(s)l
{Ls}CV()

> (%(y—1)(y+2)—u—(y—1))

{L,s}CV(T)

= > (<;> -,

{t,s}CV(T)
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from which Eq. (3.4) follows. The equality holds in Eq. (3.4), if and only if for

each {t,c} C V(J), try(1) = 2 (v — 1)(v + 2) — p and trz(c) = v — 1, from which

J=K,. O

Applying Theorem 6, we can get a Nordhaus-Gaddum type result for the TTI number.

Corollary 2.

TTI(J) +TTI(JT) < (”) .

We introduce W) () as

In what follows, a sharp upper bound on the TTI(J) in terms of W(J) and W3 (7)
is obtained.

Theorem 7.

TTI(J) < J (’;) (20W@(T) — 4W(j)2)7 (3.5)

with equality if and only if J is a transmission regular graph.

Proof.  Applying Cauchy—Schwarz inequality yields:

TTIT)? =( > |trj(b)—trj(g)|)2

{,s}CV(T)

(

g(2) ST e - trg (O
;
<

<;> Z (tTj(L)2 +trz(s)? — 2tr 7 (L)tr (<))

L,s€V(T)

~(5) @) - awiz )

from which Eq. (3.5) follows. The equality holds in (3.5), if and only if for each
{t,s} C V(T), |trg(t) — trz(s)| is constant, from which we deduce that J is a
transmission regular graph. O

Here, we obtain a lower bound on the TTI number of a non-complete graph J based
on the order, size, and Wiener index of .
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Theorem 8. If J is non-complete, then

WWD(T) — AW (T)?
(5) —n '

TTI(T) > (3.6)

Proof. By Lemma 3, for every {¢,¢} C V(J),

N | =

ltrg (1) —tra(9) <

-1 +2)—m-—(v—1)= <’;>_u.

Hence

wWWO(T) =AW ()’ = > trg() —try(o)f
{t,s}CV(T)

“A(5)-m X e -t

{,s}CV(T)

~(3) - wrTI2)

from which Eq. (3.6) is concluded. The inequality in (3.6) is strict since J is a
non-complete graph. O

4. Composite graphs

In this section, we study the TTI number for various families of composite graphs. We
denote the components of each composite graphs by J; and J5. The order and size
of J, are depicted by v, and pu.., respectively, r = 1,2. For composite graphs three
or more components, the values of subscripts alter correspondingly. See, for example,
[2, 7-9, 22, 23] for more information on graph invariants of composite graphs.

The join or sum J1V Js is a graph with V(71 V. Je) = V(J1)UV (F) and E(JhVJ2) =
E()VE(J)U{ac:qa € V(M) € V(F)}

We first consider the join of the empty graph K; with an arbitrary graph J which is
called the suspension of J.

Theorem 9. Let J be a graph of order v and size p. Then

TTI(KAVT) =irr(T) +v(v —1) — 2u. (4.1)
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Proof. As the diameter of K1V 7 is at most 2, Theorem 1 implies

TTI(K\VJ) =irr(K,V.J) = > ldg,vr(t) — dg,v7 ()|
{t,s}CV(K1VT)

= > |ds@W+1) = (s + D]+ D |v—(ds(c)+1)]

{t.s}CV(T) seV(T)
= > |z —ds©)]+ > (v—1-dgs(c)
{,s}CV(T) seV(J)

=irry(J) +v(v —1) = 2p,

from which Eq. (4.1) follows. O

Star graph S,, Fan graph F,, wheel graph W,,, and Windmill graph D£”) are suspension

of K,_1, P,_1, C,_1, and mK,_;, respectively, where p K, _; is the union of u copies
of K,,_1. Applying Theorem 9 yields:
Corollary 3. Forv >4,
(i) TTI(S,) = (v - 1)(v — 2);
(i) TTI(F,) = v(v — 3);
(i) TTI(W,) = (v — 1)(v — 4);

(iv) TTI(DY) = p(p— 1) (v — 1)
By Theorem 1, for the v-gonal u-cone graph C,VK,, we have

Corollary 4.
TTI(C,VK,) =vu|lp—v+2|.

Now, we consider the join of two arbitrary graphs. Note that J3 V.7, is of diameter
at most 2. Now by Theorem 1 and the upper bound presented for irry (71 V. J2) in
Theorem 2 of [2], we get the following corollary.

Theorem 10. If 11 > vs, then
TTI(j1VJ2) S iTTt(Jl) —I— iTTt(JQ) + 1/2(1/1 — 1)(1/1 — 2)

In addition, the bound is best possible.

In Theorem 10, if J; is any tree of order v; and J5 is complete graph of order vs,
then the equality holds and hence the presented bound is best possible.

The complete p-partite graph K, ., ..., is a join of I_(,,l,l_(l,27 .-+, K, and according
to Theorem 1, we get:
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Corollary 5.

r=1s=r+1

The disjunction J1V J2 is a graph with V(71 V. J2) = V(J1) xV(Je) and E(J1VJ2) =
{(t1,2)(s1,%2) : t161 € E(J1) or taca € E(J2)}. Due to the fact that, J; V J» has
diameter at most 2, applying Theorem 1 and the upper bound for irr (J; V Jo)
obtained in Theorem 8 of [2] yield:

Theorem 11.

TTI(J V J2) <va(va® + 2ua)irre(J1) + vi (12 + 21 )irr(Jo).
The symmetric difference Jy & Jo is a graph with V(71 & J2) = V(J) X V(J2) and
E(J1® J2) = {(t1,t2)(s1,%) : 1151 € E(J1) or 1362 € E(J2),but not both}. As the
diameter of J1 ® J2 equals 2, Theorem 1 and the upper bound for irr(J; & J2) given
in Theorem 9 of [2] imply:
Theorem 12.

TTI(J ® J2) <ve (V22 + 4#2)iTTt(Jl) + 1 (Vl2 + 4u1)iTTt(j2)~

The Indu-Bala product J1{$J» is a graph made from two disjoint copies of J1 V. 72 by
joining each vertex in one copy of J> to its corresponding vertex in another copy of

Jo (see [20]).
Theorem 13. Ifuv1 > vs and J1 is not trivial, then
TTI(Ti$T) < 8irre(Th) + 16irr:(Ja) + Sva(vi — v1 + 1), (4.2)

In addition, the bound is best possible.

Proof. If¢ e V(J), then

troom)= Y. 1+ > 24+ > (1+2)+ Y, 3

E€E(J1) 1Ss¢E(J1) SeV(T2) seV(J1)
:djl(§) + 2(V1 —1- djl(g)) + 3V2 —|—31/1 = 5V1 —|—3l/2 — djl(C) — 2,

and if ¢ € V(7), then

traom(©)= Y, (1+2)+ > (2+3)+1+ Y (1+2)

LSEE(T2) 1S¢E(J2) eV (J1)
=3d7,(s) +5(v2 =1 —dg, (<)) + 1+ 3vy = 3v1 + bry — 2d g, (s) — 4.
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Now from definition of the TTI number, we have

TTI(leJQ) = Z |tTJ1<>J2(L) - tr31052(§)|
{t,s}CV(T10T2)

=8 Y |traen) - traemn(s)]
{t,6}CV(J1)

+8 Y |traesn) —traemn ()]
{4,s}CV(T2)

+4 Y Y |traenl) —traen(s)|

LeV(J1) seV(T2)

=8 > |5 30— dg (1) = 2) = (5v1 +3vs — diy (6) — 2)|
{t,s}CV(J1)

+8 > [(Bvr +5ve — 2dg, (1) — 4)
{1,5}CV(T2)
- (31/1 + by — 2dj2(§) — 4){
+4 Z Z }(5Z/1+3V2—d‘71(b)—2)
LeV(J1) seV(T2)
— (3v1 + 51y — 2d7,(c) — 4)]
=8 > |da©) —dn)]+16 > |dg(s) —dg ()]

{t.s}CV(71) {6,5}CV(T2)
+4 Z Z }21/1—2V2—djl(b)+2djz(g)+2‘
LeV(J1) seV(T2)
=8irri(J1) + 16irri(J2)

4 S 2 - 2w —dg () + 24 () + 2],
LEV(J1) €V (T2)

Evidently, d7, (¢) < v1 and dz,(s) < vo and under the constrain vy > vs, the double
SUIN 7, v (7,) DoceV () |2v1 — 205 — d 7, (1) + 2d 7, (s) + 2| is maximum whenever
has minimum sum of vertex degrees, i.e., J1 = T,,, where T,, is a tree on v vertices

and J> has maximum sum of vertex degrees, i.e., Jo» = K,,. Hence

Z Z |21/1—2V2—djl(b)+2dj2(§)+2‘

LeV(J1) seV(T2)

< Y > |2 — 2w —dr, (1) + 2dk,, (5) + 2|
LEV (T, ) SEV(Koy)

= Y Y 2m -2 —dr, (1) + 20— 1) + 2|

LeV(Ty) s€V(Kyu,y)
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= > Y |2-dp, O

LeV(Ty,) s€EV(Kyy)

=uy Z (2V1—dTU1(L))

L€V (Ty,)

=20ivy — 2us(vy — 1) = 20 (V7 — vy + 1),
from which
TTI(1OT2) < 8irry(J1) + 16irr(J2) + 8V2(l/12 —v+1).

If 71 is any tree of order vy and Js is complete graph of order vs, then the equality
in (4.2) holds. Hence the bound in (4.2) is best possible. O

The lezicographic product (also called composition) of J; and Ja, denoted by J1[J2],
is a graph with V(71 [72]) = V(J1) x V(J2) and E(J1[T2]) = {(e1,t2)(s1,2) @ t1s1 €
E(J), 2,52 € V(J2) U {(t1,t2)(s1,62) 1 t1 =<1 € V(T1), 252 € E(J2)}-

Theorem 14.
TTI(Ji[J2)) < v®TTI(J) + v’ Irr(J2),

with equality holds if and only if J1 is transmission reqular or J2 is regular.

Proof.  For (11,t2) € V(T1[T2]),

troag ()= > 1+ > 2+ > > dg(uia)

1262€E(J2) 1262¢ E(J2) 1€V (T1)\{t1} 2€V(J2)
=dz,(12) +2(v2 — 1 — d g, (e2)) + vatrg, (1)
=votr 7, (11) + 2(va — 1) — d 7, (12).

Then from the definition of the TTI number, we get

Z |tr\71[~72]((L1?L2)) 7t7’j1[\72]((§1’§2))|
(e152),(s1,52) €V (T1[T2])

=5 2 2 |letra(e) +20m - 1)~ dg,(12)
t1,61E€V(J1) t2,62€V (J2)
= (watrg, (q1) +2(v2 — 1) = d g, (c2)) |
Z Z ‘V2 (trjl (”1) - tTJ1 ((1)) + (djz (§2) — dj2 (Lz))‘

t1,61E€V(J1) t2,62€V (J2)

DO | =

TTI(h[J2]) =

N —

N | =
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Using triangle inequality, we obtain

> Yo [mltraw) - tra ()] +|da () — dg, (2)]]

11,51 €V (J1) t2,52€V (J2)
=v3TTI(J) + vi2Irr(Ja),

| —

TTI([J2]) <

in which the equality occurs if and only if J; is transmission regular or /5 is regular.
O

According to Theorem 14, for the open fence graph P,[Ps] and closed fence graph
Cy|P2], we reach to:

Corollary 6.

v2 (V2 —4)
TTIPP) =3 (2% ey
3

if v is even, TTI(C,[P]) = 0.
if v is odd,

The generalized hierarchical product J1(S) M J2 is a graph with V(J1(S) N J2) =
V(J) x V(F2) and E(J1(S) N Ta) = {(t1,t2)(s1,52) : t1 =<1 € S,1262 € E(J2)} U
{(t1,t2)(s1,%2) : t1s1 € E(J1),t2 = 2 € V(J2)}, , where S is a nonempty subset of
V(J1) (see [11]).

For v1,6 € V(J1), the distance d 7, (s)(t1, 1) between ¢; and ¢; through S is the length
of any shortest ¢1 — ¢; path in J; including some vertex s € S (s can be ¢; or ¢1).
Obviously, if 1; € Sor ¢ € S, then d g, (5)(t1,61) = d7,(t1,61). As an instanse, the zig-
zag polyhex nanotube TU Cg[2v, 2] is the generalized hierarchical product Ca, (S) M Py,
where S = {Ll, L3y .uy L2V_1} and V(Cgl,) = {Ll, L2, ...,LQD}.

For the sake of simplicity, we define

TTI(J:1(S)) = Yo tras) () = tras) ()],
{t1,61}CV (1)

where tr7,(s)(s1) = 22, ev(g) A7 (s)(t1,61). We say J1(S) is transmission regular if
for every 11,61 € V(J1), trg,(s)(t1) = trz,(s)(s1)-

Theorem 15. Let S be a nonempty subset of V(J1). Then
TTI(FT.(S) N Ja) < v2*TTI(T1) + vo(va — VTTI(T1(S)) + i TTI(J2),

with equality if and only if J1 and J1(S) are transmission reqular or Jo is transmission
reqular and for every 1,61 € V(J1) with trg s)(t1) < trz(s)(s1), we have trz (1) <
tra, (gl ) .
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Proof. For (11,t2) € V(J1(8) N J2),

trg, (s)ng (415 2))

= Z dg, (11,61) + Z Z (dgy(s)(t1,61) + d oz, (12, 52))

G eV(T) G1EV(J1) ©2€V (JT2)\{e2}
=trg, (11) + (va — Ditr g, (s)(t1) + vitrg, (ea).

Now by definition of the T'TI number, we obtain

TTI(J1(S) N J2)

> |tr 7, (s)n7s (415 02)) = trz,(s)ngs ((s1, 2)) |
(t1,t2),(s1,52)EV(T1(S)NT2)

= > S (tra () + (v2 = Dtrg,s) (1) + nitrg, (i2))
11,61€EV(J1) t2,62€V(T2)
— (tra (s1) + (v2 = Dtr g, sy (1) + vatr g, (s2)) |
1
2 > S tra(m) = tra () + (o = )(trg,s)(t) — trays) (1)
11,61€EV(J1) t2,62€V(T2)
+ v1(tr g, (12) — tra, (s2))|.

N = N |

According to triangle inequality,

TTI(7(S) N Je)

1
<3 > > ltra ) —tra ()] + (2 = D]trgys)(1) = trz,s)(s1)]
t1,51€V(J1) t2,62€V (J2)
+uiftra, (12) = tra, ()]
=0 ?TTI(J) + o2 (ve — VTTI(J1(S)) + vi3TTI(J),

with equality if and only if 77 and J1(S) are transmission regular or J» is transmission
regular and for every ¢1,¢1 € V(J1) with tr g, (s)(t1) < trz,(s)(s1), we have trz, (11) <
trg, (c)- O

The Cartesian product Ji X Ja, is a graph with V(J; x J2) = V(J1) x V(J2) and
E(Ji x J2) = {(t1,02)(s1,62) 1 t1 = c1 € V(T1), 262 € E(J2)} U {(e1,02)(s1,52) =
1161 € E(J1),12 = 2 € V(J2)}. One can extend the definition to more than two
graphs, straightforwardly. Evidently, if S = V(J71), then J1 x J2 & J1(S) N J2 and
by Theorem 15 we reach to:

Theorem 16.
TTI(T x Jo) < v2°TTI(Th) + vi*TTI(J2), (4.3)

with equality occurs if and only if J1 or J2 is transmission regular.
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The graphs P, x C, and C, x C}, are called Cy—nanotube and Cy—nanotorus and
denoted by TUC4(p, v) and TCy(p, v), respectively and the graph K, x K, is known
as Rook’s graph. Using Theorem 16, we arrive at:

Corollary 7.

Pt )] if v is even,
TTI(TUCs(p,v)) =

1
% if v is odd,

TTI(TCa(,v)) =TTI(K, x K,,) = 0.

By an inductive argument, we can extend Eq. (4.3) to a Cartesian product of any
desired number of graphs.

Corollary 8.
k
3 3 3 Z TTI(J.)
TTI(j1Xj2X...XJk)SV1 122 ¥ _IT’

with equality happens if and only if at most one of the components J1, T2, -+ , Tk is trans-
mission irregqular.

The Hamming graph H,, ,,,...
K,,, -, K, and by Corollary 8, we arrive at:

v, can be considered as the Cartesian product of K, ,

Corollary 9.

By considering J> as a graph rooted at p € V(J2), the rooted product or cluster
Ji{J>} is a graph constructed from a copy of J; and v copies of J5 by identifying
the rth vertex of J; with the root vertex p in the rth copy of Js, for r =1,2,... 1.
If S = {p} CV(J2), then J1{T} = J2(S) N J1 and Theorem 15 yields:

Theorem 17. Let Ji be non-trivial and J2 be rooted at p € V(J2). Then
TTI(T{T}) < v TTI(Th) + vi*TTI(Ja) + v12va(vn — )TTI(p|Ta), (4.4)

where TT1(p|T2) = 32, v cv(7) |d7, (1, p) — da (g,p)|. The equality happens if and only
if Jv is transmission regular and for every v,¢ € V(J2) with dg, (¢, p) < d7,(s, p), we have
trg, (1) <tray(s).
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The corona product Jy o Jo is a graph made from J; and v; copies of Ja with V(J; o
jz) = V(jl) U {V(sz) AN S V(jl)} and E(jl o JQ) = E(jl) U {E(ng) L L€
V(R)}U{wx : v € V(J),s € V(Ja,)}, where Jo, is a copy of Jo correspond to
L € V(J1). One can easily see that J; 0 Jo = J1{K1V 2}, where K1V 75 is supposed
to be rooted at the vertex of K. Now Theorem 17 yields:

Theorem 18. Let Ji be a non-trivial graph. Then
TTI(J1 0 J2) <(va + 1)°TTI(T) + viirr(J2) + v (nin® + vive — 2vs — 2p2),  (4.5)

with equality happens if and only if J1 is transmission regular.

The corona product of Ky and a given graph J is named the bottleneck graph of 7.
According to Theorem 18, we get:

Corollary 10. For a given graph J with v vertices and u edges,
TTI(K2 o0 J) = 4irri(J) + 8(v° — p).
In particular, for the bottleneck graph of path and cycle, we obtain:

Corollary 11. Forv >3, TTI(K20P,) =8w* - 1), TTI(K200C,) = 8v(v—1).

The corona product of a graph 7 and K is called the t-thorny graph of J and denoted
by J*t. Using Theorem 18, we arrive at:

Corollary 12. For a non-trivial graph J with v vertices,
TTI(TY) < (t+1)°TTI(T) + V2t(vt + v — 2),

with equality occurs if and only if J is transmission reqular.

In particular, the TTI number of the t—thorny cycle is given by:

Corollary 13. TTI(CL) = v2t(vt +v — 2).

Moreover, Theorem 18 implies:

Corollary 14. For a given graph J with n vertices,
TTI(J otKs) < (2t 4+ 1)*TTI(J1) + v t(4vt + 2v — 6),

in which t is a positive integer and the equality happens if and only if J is transmission
regular.
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In particular, for the flower graph with v petals, we obtain:

Corollary 15. TTI(C, o K3) = 61%(v — 1).

5. Conclusion

This paper is concerned with the introduction of a new graph invariant namely
the total transmission irregularity (TTI) number as an indicator for measuring the
transmission irregularity extent in transmission irregular graphs. We investigated
some mathematical properties of the new invariant such as computing its value
for some families of graphs, giving lower and upper bounds on the invariant and
its relation with some already established indices, and studying it for various
families of composite graphs and for some structures of mathematico-chemical
interest. Investigating other properties of the TTI number such as its extremal
values over various graph classes such as trees and c-cyclic graphs with given
parameter, its potential applications in chemistry and other scientific fields and
computing its values for various families of chemical graphs and nano-structures
are suggested for further studies. In particular, it would be interesting to find a
general relation between the TTI number and total Mostar index of connected graphs.
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