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Abstract:  One of the chief attractions of stochastic mixed-integer second-order cone pro-
gramming is its diverse applications, especially in engineering (Alzalg and Alioui, IEEE
Access, 10:3522-3547, 2022). The linear and nonlinear versions of this class of optimization
problems are still unsolved yet. In this paper, we develop a hybrid optimization algorithm
coupling branch-and-bound and primal-dual interior-point methods for solving two-stage
stochastic mixed-integer nonlinear second-order cone programming. The adopted approach
uses abranch-and-bound technique to handle the integer variables and an infeasible interior-
point method to solve continuous relaxations of the resulting subproblems. The proposed
hybrid algorithm is also implemented to data to show its efficiency.

Keywords: Mixed-integer programming, Stochastic programming, Nonlinear second-
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1. Introduction

The purpose of this paper is to study and solve two-stage stochastic mixed-integer
nonlinear second-order cone programming (SMINLSOCP for short), in which conic-
ity, uncertainty, integrality and nonlinearity all need to be faced and handled. See Fig-
ure 1 which shows conceptual relationships between SMINLSOCP and some special
cases. An important special case of SMINLSOCTP is stochastic mixed-integer (linear)
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2 Stochastic mixed-integer nonlinear second-order cone programming

second-order cone programming (SMISOCP for short). Both SMISOCP and SMINL-
SOCP are still algorithmically unsolved yet. Alzalg and Alioui [6] described some
application models leading to two-stage SMISOCP. The applications of SMISOCP,
which were the focus of [6], include random discrete facility location, portfolio op-
timization with CVaR and diversification constraints, stochastic joint uncapacitated
location-inventory problems, optimal infrastructure problems for electric vehicles
with battery swap technology, and optimal random berth allocation problems with
uncertain handling time.

If we pull out the integrality from SMISOCP, we get stochastic second-order cone
programming (SSOCP). SSOCPs are convex optimization problems and can be solved
in three different approaches or methods: Benders’ decomposition, deterministic
equivalence, and Lagrangian dual. In the Benders’ decomposition method, we divide
the stochastic program into stages in which variables from earlier stages are used
as constraints to solve the current subproblem. The work of Alzalg in [1, 3] (see
also Alzalg and Ariyawansa [7]) is based on this approach. In the deterministic
equivalence method, we use the extended form of the stochastic program to create
a huge one-stage problem with all constraints and all possible scenarios. The work
of Alzalg in [2] and that of Alzalg et al. in [8] are based on this approach. In the
Lagrangian dual method, we relax the so-called nonancipativity constraints and use
the barrier function method to improve the dual objective function’s smoothness so
that Newton search direction can be used. The work of Zhao [34] is based on this
approach.

If we pull out the conicity from SMISOCP, we get stochastic mixed-integer linear
programming (SMILP). SMILPs have also been studied widely; see for example
[21, 26, 27]. Some solution methods for solving SMILP can be found in [17, 22, 25, 28,
29, 33]. Most of these methods are, in general, based on a combination of Benders
decomposition and cutting-plane techniques and their modifications.

If we remove the uncertainty from SMISOCP, we get (deterministic) mixed-integer
second-order cone programming (MISOCP). One very straightforward way to de-
velop a method for solving MISOCPs is to use a branch-and-bound approach with
an interior-point method designed especially for second-order cone programs. To be
competitive in large-scale MISOCPs, it is important to reduce the number of nodes
in the tree by using relaxation and cutting techniques designed for MISOCPs and to
reduce the runtime at each node by using a second-order cone solver that can detect
infeasibility and warmstart; see [10-13, 15]. jCezik and Iyengar [18] discussed cut
generation for mixed-integer conic programming problems by extending some well-
known strategies for mixed-integer linear programs to mixed-integer conic programs,
including second-order cones. Atamtiirk and Narayanan [9] introduced rounding
cuts for MISOCPs by decomposing each second-order constraint into 2-dimensional
polyhedral set (see Vielma et al. [31]). Drewes [19] proposed a hybrid branch-and-
bound and branch-and-cut method for MISOCPs.

MISOCP is a subset of mixed-integer nonlinear programming (MINLP). For MINLPs,
Benson and Shanno [10] present an exact primal-dual penalty method for this class
of optimization problems by using an infeasible interior-point method to solve the
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MINLP: (Deterministic) mixed-integer nonlinear programming

MISOCP: (Deterministic) mixed-integer second-order cone programming
SSOCP: Stochastic second-order cone programming

SMILP: Stochastic mixed-integer linear programming

SMISOCP: Stochastic mixed-integer second-order cone programming
SMINLSOCP: = Stochastic mixed-integer nonlinear second-order cone programming

Allowing uncertainty and taking in conicity

Adding nonlinearity
Extending nonlinearity

Imposing integrality Admitting conicity

Allowing uncertainty

Figure 1. Conceptual relationships between SMISOCP and SMINLSOCP problems and other relevant optimization
problems.

resulting nonlinear subproblems and a branch-and-bound framework to handle the
integer variables. See also the work of Benson and Vanderbei [15] which explains
how to rewrite second-order cone and semidefinite problems so that they can be
solved with a general-purpose interior-point method for nonlinear programming.
In this paper, we develop a combined branch-and-bound and interior-point algorithm
for SMINLSOCPs, which uses a polynomial-time infeasible interior-point method for
the inner-level second-order cone subproblems and a branch-and-bound technique
for outer-level improvements. Our approach is suitable for the outer approximation
framework, where each second-order cone subproblem in a sequence may differ from
the others in a variety of ways due to its ability to handle any change to the problem.
In addition, if the problem is binary stochastic second-order cone programming, the
mathematical program with equilibrium constraints (MPEC) formulation is utilized.
The MPEC reformulation could be solved before the start of the branch-and-bound
code in order to prevent interrupting the algorithm’s flow. Nevertheless, the solution
of the continuous relaxation can serve as a “good warmstart” for solving the MPEC
reformulation and may aid in locating a local optimum with a lower objective function
value.

Warmstarting is the use of information obtained during the process of solving a prob-
lem to solve subsequent problems that are closely related. In the case of mixed-integer
nonlinear programming problems, warmstarting means setting the initial solution
(which has primal, dual, and slack variables) to the optimal solution of its parent.
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The major perceived difficulties of an interior-point method are the infeasibility de-
tection, the lack of warmstarting, and the handling of fixed variables. Also, using the
branch-and-bound approach may cause subproblems to become infeasible, so it is
important to detect these instances early and reliably. During the branch-and-bound
method, a problem’s lower and upper bounds may become the same. Since these are
fixed variables, the optimal set of Lagrange multipliers being unbounded.

This paper is organized as follows. In Section 2.2, we introduce some notations and
definitions related to the second order cone. We also introduce our problem for-
mulation in Section 2.2. Section 3 presents an overview of the resulting algorithm,
including a brief description of both the branch-and-bound method and the infeasible
interior-point method. In Section 4, we show how the cone constraint can be rewrit-
ten in a different way to make it smooth and convex. The inner- and outer-levels
algorithmic improvements are discussed in detail in Sections 5 and 6. In Section 7,
some numerical results on randomly generated SMISOCP problems are provided in
order to assess the performance of the proposed algorithm.

2. Problem formulation

In this section, we present some notations and definitions that will be used and
needed throughout the paper. Then we describe the SMINLSOCP problem formula-
tion and its deterministic equivalence.

2.1. The second-order cone: Notations and related definitions

We use ”,” and ”;” to adjoin matrices and vectors in a row and column, respectively.
To illustrate this, let and y be vectors, then

[ 5] =("y) = @y

We use &" to denote the Euclidean space R x R"~! whose vectors indexed from 0. For
any vector x € &" indexed from 0, we write ¥ for the sub-vector composed of entries
1 through n — 1, so x = (x; %).
The nth-dimensional second-order cone (also known as the Lorentz or quadratic
cone) is defined as

El 2 x=(x0;%) €E" 1 x0 > |7,

where [|-|| represent the Euclidean norm. Figure 2 shows the 3rd-dimensional second-
order cone &3.
The interior of this cone is the set

int & £ {x = (xp; %) € E" 1 xp > |17}

The cone & is pointed, closed, convex, and self dual (i.e., it equals its dual cone). In
fact, &} is considered one of the most important three symmetric cones (see [20]). If
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Figure 2. The 3rd-dimentional second-order cone &3 {(xo;xl;xz) S N JEZ}.

n is known from the context and x € &", we use x > 0 (respectively, x > 0) to indicate
that x € & (respectively, x € int &F).

As an important tool for our upcoming development, we associate with each x € &"
the arrow-shaped matrix, which is defined as

=T
Arw(x) [’;f ;01]'

Note that x > 0 (respectively, x > 0) if and only if Arw(x) is positive semidefinite
(respectively, Arw(x) is positive definite). We use e, = (1;0) for the identity vector in
&l

As another important tool for our development, we will use the Jordan multiplication
o: &% — &, which is defined as

]
xngeryox ] = Arw(x)y = Arw(x) Arw(y)e,.

xoy L |
It is known that (&}, o) is a Jordan algebra, and that it is a Euclidean Jordan algebra
under the standard inner product (see [20] for definitions).
The spectral decomposition of x € &" is a decomposition of x into its eigenvectors
(also called idempotent), denoted as c;(x) and cp(x), together with its eigenvalues,
denoted as A1(x) and A,(x). This decomposition is obtained as follows:

anl L)1 X e (A1 =X
x—(xo+IIXII)(§)(1, ”J_C“)"‘(XO IIxII)(Z)(L ||x||)'

A1(x) — Aa(x) —
cr(x) c2(x)

The values tr(x) £ A1(x) + A1(x) = 2xo and det(x) £ A1(x)A1(x) = x% —||x||* are called the
trace and determinant of x, respectively. We call x € &" invertible (or nonsingular)
if det(x) # 0 and call x! the inverse of x, which is defined as x™' £ A7 (x)c1(x) +
/lgl(x)cz(x) = %’(‘x), where R £ [(1,07); (0,-I)] is the reflection matrix in &". Note
that every positive definite vector in &" is invertible and its inverse is also positive
definite.
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The logarithmic barrier function f : int &} — Ris defined as f(x) = —In det(x). This
function will play an essential role in our algorithmic development.

The above notions and concepts are also used in the block sense as follows: Let
XE XX %), Y= (Y1 Yo - - -, Yr), Where x;, y; € E" for eachi=1,2,...,r. Then

(i) & 2EXE2 X xEV, &y 2ENXEPX---xEV,and intE,4 2 intE xintE? x
-~ xint8Y;

(i) Arw(x) £ Arw(x1) & Arw(xp) ® - - - ® Arw(x,) is the arrow-shaped in x € §,; !
(iii) x oy = (x1 0 y1; X2 0 Yo; -+ ; X, © ;) is the Jordan product in &,;
(iv) xTy £ xJy1 + x,y2 + -+ - + 1]y, is the inner product in &,;

(V) e = (eny;ny;---;€y,) is the identity of &, (its dimension will be clear from the
context);

provided that det(x;) # 0fori=1,2,...,r.
(vi) det(x) = [, det(x;) is the determinant of x € &,;

(vii) f(x) = —Indet(x) = — Y.7_; In det(x;) is the logarithmic barrier function of x €
int &,4.

If the block setting is known from the context and x € &,, we use x >, 0 to indicate
that x € &,,. This occurs if x is partitioned conformally as x = (x1,x, ..., x,) and each
x; € &" satisfies x; > 0 for i = 1,2,...,r. Similarly, we use x >, 0 to indicate that
x €int &,4.

We use O and I for zero and identity matrices respectively. We also write 1 for a
vector with all entries equal to one. The dimensions of O, I and 1 will be clear from
the context. For any mixed-integer vector x € ZF X R"* indexed from 1, we write ¥
for the integer sub-vector composed of entries 1 through p, and write ¥ for the real
sub-vector composed of entries p + 1 through #, so x £ (¥; ¥) € ZP x R""?. Finally, for
any strictly positive vector x € R", we definelnx = Y Inx;, x ™% = (xl‘1 st sxh),
and X £ Diag(x1,x2,...,x,). Thatis, X denotes the n X n diagonal matrix whose
diagonal entries are x1, x, ..., X;.

2.2. The SMINLSOCP problem formulation

Letm,n,p,q,] and d be positive integers. Letalso €1, {5, ..., ¢, d1,da, ..., ds be positive
integers with £ = Y7, f;and d = Y5_;d;. Leth: R" —» R and g : R" — R’ be
twice continuously differentiable functions, representing the constraint vectors of
the first and second stages, respectively. Let also f; : R" — R and f, : R" — R be
twice continuously differentiable functions, representing the first and second stage

) ) ) ) .| X O
L The direct sum of two square matrices X and Y is the block matrix X @Y £ [ ] .

oY
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nonlinear objectives, respectively. Our problem is defined with deterministic data
f1(-) and h(-) and with random data f»(-, w) and g(:, w) whose the realizations depend
underlying outcome w in an event space () with a known probability function IP.
Given this data, the two-stage SMINLSOCP problem has the form:

min fi(x) + E [p(x, w)]

st h(x) =0, (Y]
xeZF xR"P,

where x = (¥;¥) € ZF x R"7" is the first-stage decision variable, E [p(x,w)] =
fQ @(x, w)P(dw), and @(x, @) is the minimum value of the problem

min f(y, w)
st. glxy w) =0, )
yeZTxR" 1.

Here y = (jj; ) € Z7 xR"™1 is the second-stage decision variable. Whenp =g = 0 we
have the two-stage SSOCP problem, and when n = p and m = g we have a two-stage
stochastic integer programming problem.

We examine Problems (1) and (2) when the event space () is discrete and finite.

Let { fz(k)(y(k)), ¢®(x, y®) : k =1,...,K} be the set of the possible data of the random
data (fZ(yr C‘))r g(x, Y, w)) and let Ttk = I[)((fz(k)(y(k))r g(k)(x’ y(k))) = (fZ(y/ w)/ g(xr Y w))) be
the associated probability for k = 1,2, ..., K. Given this, Problems (1) and (2) can be
written as

min fi(x) + Tey mep® (x)
st h(x) >0, 3
xeZF xR"7P,

where p®(x), fork =1,2,...,K, is the minimum value of the problem

min f0(40)
s.t. g(k)(x, y(k)) >0, (4)
Y € 79 x R,

For more convenience, we redefine the function of Problem (4) as fz(k)(y(k)) =

T fék)(y(k)) fork =1,2,...,K. We write the SMINLSOCP problem (3, 4) as a large-scale
mixed-integer nonlinear second-order cone programming problem with finite event
space in primal standard form to get

min fix) + 200+ Py + o+ fOYH)

s.t. h(x) > 0,
gD (x, y0) = 0,
sV, y?) > 0,
. )
g0,y ™) > 0o,
X € ZF xR"7,
y, y@, Y0 e ZI xR
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We can also define
K
f(x, y(D,y(Z),...,y(K)) 2 A0+ Zfék) (y(k)),
k=1
and rewrite Problem (5) compactly as

min f(x, y(l), y(z), ey, y(K>)

s.t. h(x) >0,
g0 (x, y®) >, 0, k=12,...K (©)
x€ZP xR"P,
y® e 79 x R™ 4, k=1,2,...,K

Problem (6) (or Problem (5)) is an SMINLSOCP problem in the primal form with
a block diagonal structure. We will show that by exploiting the special structure of
Problem (6), the computational work can be significantly reduced, especially when
K is very large.

3. An overview of the proposed algorithm

In this section, we outline the proposed algorithm for solving Problem (6). We dis-
cuss two levels of iterations for our algorithm: Inner-level iterations and outer-level
iterations. In inner-level iterations, we solve a continuous relaxation of the bound-
modified problem. Here, we utilize the infeasible interior-point method developed
by Alzalg et al. [8] for SSOCP and that developed by Venderbei and Shanno in [30]
for nonlinear programming. In outer-level iterations, we apply a branch-and-bound
technique based on Nemhauser and Wolsey [32] to handle the integrality of decision
variables. We have chosen to include this section in order to define the framework
and notations for the algorithmic improvements discussed in Sections 5 and 6.

3.1. Outer-level iterations: A branch-and-bound technique

In order to handle the integrality of the integer sub-vectors %, ¥, i@, ..., 0, we
apply the branch-and-bound algorithm based on [32]. This algorithm builds a tree
in which each node is associated with a relaxation of (6). Instead of integrality
requirements, each node provides a set of lower and upper bounds foreach 1 <i < p,
1<j<g,and 1 <k < K. In other words, the root node has the property that the
constraints %; € Z or y;.k) €Z,for1<i<p,1<j<q,1<k<K arereplaced by the
bounds

L<x<uworl? <j®<al for1<i<pl<j<qgl<k<k

respectively, where [;, u; € R are (possibly infinite) lower and upper bounds of ¥; for
eachi=1,2,...,p, and lijk),ﬁﬁ.k) € R are (possibly infinite) lower and upper bounds

of yﬁ,") foreachj=1,2,...,gand k =1,2,...,K. In the branch-and-bound algorithm,
the user can specify three algorithmic elements to fine-tune the algorithm’s behavior.
These elements are:
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o The search strategy: This is the sequence in which the subproblems of the tree are
examined. Generally, three basic search strategies are considered to determine
the next node to branch from. "The best first” search strategy selects the node
with the least lower bound value among the available nodes. “The depth-
first” search strategy selects the active node with the lowest level in the tree,
breaking ties either arbitrarily or by finding the node with the least lower
bound value.”The breadth first” selects the active node with the greatest level in
the search tree by breaking ties arbitrarily or by finding the node with the least
lower bound value.

o The branching strategy: An important question is how to branch or how to split
a subproblem into smaller subproblems. The simplest scheme to branch the
feasible set is to pick an integer variable with a fractional value in the bound-
modified problem that can be solved in a recursive way at a node in the tree
that cannot be explored.

o The bounding strateqy (pruning rules): These rules use pruned regions of the
search space that are provably suboptimal. Solving the continuous relaxation
problem of any subproblem gives an upper bound on its objective function. On
very large models, an interior point approach may be best for solving the first
problem.

The search and verification phases are two important phases for each branch-and-
bound technique. In the search phase, the algorithm has not yet determined the
optimum solution. During the verification phase, the optimal solution has already
been found, but there are still unexplored subproblems in the tree that can be pruned.
Now, we define f* as the lowest value of the objective function among all feasible
solutions to (6), but if there is a feasible solution to our problem, we put f* = oo, so
we have three possible outcomes:

(i) The problem (6) has an optimal solution (x*,y™",y@", ..., y®") with #* € Z¥
and yW € Z7 fork =1,2,...,K. So, there is a feasible solution of our prob-
lem. Therefore, we do not pursue this node further (i.e., fathoming by integral-
ity). In this case, we update f* by letting it equal to f(x*,yV",...,y®") if
ety ) <

(ii) The problem has an optimal solution (x*,y™", @, ..., y®") but ¥* ¢ Z for
somei € {1,2,...,p},ory§.k)* ¢ Zforsomeje({l,2,...,gtandsomek=1,2,...,K.
If f(x*,y V", ..., y®") > f*, each feasible solution its descendant may yield to
(6) will have an optimal value that is at least as large as f(x*,y®",...,y®").
Therefore, we do not pursue this node further (i.e., fathoming by bounds). If
fler,yW, ..., y®") < f*, we produce two new children for this node. One
child has the bounds [; < &% < LxZ*J or Z(jk) < yj.")* < [y}")*J , and the other has

, e o 0] 0 _ )
the bounds [xl*] <X <u or [y]. W <y <.
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(iii) The problem at the generic node is infeasible, so the relaxation problem cannot
produce feasible solutions to (6) because it has infeasible solutions. Therefore,
we do not pursue this node further (i.e., fathoming by infeasibility).

Consequently, the branch-and-bound technique partitions the feasible region sys-
tematically while searching for feasible solutions to (6). If each node in the tree has
been fathomed, Problem (6) has been resolved. Moreover, the optimal solution is
the feasible solution with the lowest objective function value for Problem (6). So,
the lowest objective function does not improve because the branch-and-bound tree
is descended. On the other side, when solving the SMINLSOCP with nonconvex
relaxation, a node’s solution may be worse than that of its children. This occurs
because an interior-point technique approaches only a local optimal solution, and
these solutions may be in different neighborhoods. In this paper, we restrict our
discussion and numerical testing to SMINLSOCPs with convex relaxations (i.e., the
objective function f is convex and the constraint functions #; and gﬁk), for1 <i<y¢,
1<j<d,and1 <k <K, are concave functions).

3.2. Inner-level iterations: An infeasible interior-point method

The described outer-level is based on repeatedly solving nonlinear second-order cone
relaxations of Problem (6) with the addition of the bound constraints on discrete
variables. We will use an infeasible interior-point method to solve a bound-modified
problem at each step of the branch-and-bound algorithm. We rewrite Problem (6) as
follows:

min f(x,y®,y@, ..., )

s.t. h(x) >, 0,
W, y®) >, 0, k=12,...,K 7)
I<i<u,
ﬂhswb§ﬂ®, k=1,2,...,K

We start by adding the slack variables s to the first second-order cone constraint and
zW 2@ . 2z to the second set of second-order cone constraints. We also add the
nonnegative slack vectors w € R” and v® € RY to the lower bounds on ¥ and j®,
respectively, and add the nonnegative slack vectors t € R?,7® € RY to the upper
bounds on ¥ and y<k>, respectively, for k = 1,2,...,K. This yields:

min ﬂanyQPHJ“n
st. h(x)-s=0,
§P@ y®) -0 =0, k=12,... K

¥-w=1I,

i+t=u, ®)
§® — o = [0, k=12,...,K

7 + 0 = @), k=12,...,K

5>, 0,20 >0, k=1,2,...,K

w,t,0®, 0 >0, k=12,...,K

It is worth noting that one or both of the bounds on # and §#® may be infinite, for each
k=1,2,...,K, respectively. If any of the bounds is infinite, the relevant constraint
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can be just omitted. We incorporate the slack variables in the objective function of
Problem (8) by adding logarithmic barrier terms and get:

min f(x,yD,...,y%) - u(In det(s) + In(w) + In(t) + ¥, (In det(z®) + In(®) + In(r®)))
st. h(x)—s=0,
g(k)(X,y(k))—Z(k) :0, k: 1,2,...,K,

i—-w=1I,
X+t=u,
y(k) —o® = k), k=1,2,...,K,
y(k) + 70 = k), k=1,2,...,K,

)
where y > 0 is a barrier parameter.
Let v,7,¢,9%,A®, and v®, k = 1,2,...,K, be the Lagrange multipliers (or dual
variables) for Problem (9). Following our notations in Subsection 2.1, the matrices
W,T,T,W,V®, A®,R® and Y® stand for the diagonal matrices whose diagonal en-
tries are the components of the vectors w,y,t,1,v®,A®, % and v®, respectively,
fork=1,2,...,K. Let Az(x) and Ax(x) be the transpose of the Jacobians of the con-
straint function h(x) with respect to ¥ and ¥, respectively. Let also Bi(x, y®), Bx(x, y¥),
By (x, y®) and Byw (x, y®) be the transpose of the Jacobians of the constraint func-
tion ¢®(x, y®) with respect to ¥, ¥, j® and #®, respectively, for each k = 1,2,...,K
(for ease of display, we will sometimes omit the use of function arguments). The
first-order optimality conditions of (9) are

Vef (e, y ™, ..., y®) = As(0)Tv - T, Belx, yO)T9®0 —y -y =
Vef(r,yD, ..., y0) = Ag(0)v — Ty Ba(x, y®)v® =
Vo £,y D, ..., y®) = By (x, y©) v — A0 — 0 =

~

~

-
=
»
&

Vwk)f(x,y(l),...,y(K))—By(k)(x,y(k))Tv(k) = U, k= 1,2,.. ,K,
sov—2ue = 0,
Wy -—pl =0,
Tp-ul =0,

Z(k) o S(k) - 2‘1@ =
V00 - 1 =

~
|
=
»
&=

R®p® —y1 =0, k=1,2,...,K
h(x)—s = 0,
g0, y®)-2z®0 =0, k=1,2,...,K
X—-w-1=0,
X+t—u =

~

0 — o0 — [0 =

0 4 70— g®

=

=12,...,K
=12,...,K

eR=NeN=R=N-NeNeRN-NeNNl il
=~
|
\
N
ke

=

We use Newton’s method to solve System (10). Let
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K
or 2 Vef(x,yD, ..., y®) = Ax(0)v = Xy Be(x, y®) W —y — g,
A 1 K T K k)\T
Ox = v)?f(xi y( )rry( )) _Ai(x) V_Zkzl Bi(x/y( )) 1/(k)/
009 2 Vw)f(x, y(l), ceey y(K)) - By(k) (x, y(k))TV(k) - A0 — v(k),
O_g(k) = Vy(k)f(x, y(l), ceey y(K)) - By(x) (x, y(k))TV(k),
and
A A -1 A -1
Ps = 2ue—sov, By = pw =y, Py = pt” -9,
ﬁz(k) S 2”6 — Z(k) o S(k), ﬁ}l(k) £ ‘uv(k) — A(k)/ ﬁv(k> [ur(k) — v(k)’
p = s—hx), o =l-i+w, T = u-—-t-%,
n(k) 2 k) _ g(x, y(k))’ C(k) 2 k) _ ]'/'(k) + U(k), x® A2 gl _ k) _ y(k)‘
Let also
-1 I
I I
-1 Arw(s)
-1 1
A I A I
c= -1 S H= Arw(zV) ’
-1 I
I I
-1 Arw(z0)
w-r
Ty
Arw(v)
YO A
ROy
D= Arw(8M) ,
‘ YR AK
REO (K
Arw(3%)
[I O O O -0 O
I O O O -0 O
A A O O .0 O Gir  Gir  Ggm  Gyo - Gggw Gy
Ox OX I o .0 O G Gu  Gyo  Gyo - Ggjw Gy
0O O I o .0 o G;‘gy(ll Ggy(l) G]‘/’(l)y(l) Gy(l)}“/(l) Gy(l)y(K) Gy(l)g(K)
J*|B, B By By -+ O O |/ and G £ | G0 Gy Gyogo Gyoga ... Guugn Gyoyw
:() O :O :O I O ij}'](‘@ Gjy(K) Gy(])y(K) Gg(l)}?(l() Gy(l()y(l() Gy(l()g(l()
O O O O . I O ijy(‘(' G}y(K) Gy(l)ﬁ(K) G!“/U)y(K) Gy(K)g(K) Gy(K)g(K]
By Bx O O © Byw Byw
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where the entries of the Hessian matrix G is obtained as follows fork =1,...,K:

14 K d
Grsloy®) = V3 Sy, y®) = Y vivii() - Y Y $0VE g0, ),
i=1 k=1 j=1
4 K d . .
Gusloy®) = V2 Sy, y®) = Y viVii) - Y Y sV P, y ),
i=1 k=1 j=1
d
k k
Gy (x,y®) = V;y(k)f(x, y(l),...,y(K))—ZS; )V;y(k)g;>(x, y®),
k
Gago (o y®™) = Vi fly s M—Zs V20800 ),
P
14 K d . .
Guelry®) = VA floy® . y®) = Y viViehi) = ), ) 9 VEg P ),
121 k=1 j=1
(k k
ny(k)(x’y(k)) = viymf(x/]/(l)/ oy - 2\9 )Vz (k)g( x,y®),
(k k
chy(k)(xry(k)) = Viy(mf(x,y(l), oY)~ ZS )Vz (k)g( )(x Y 9),

k
Gygi (o, y®) = V;k)y(k)f (x/y(l)r--wy(K))—ZS( )V2<k>y<k>8(»)(xry(k)),

1_

k k
Gym gt (x, yb) = V;(k)g(k)f(x' Y, y®) - Z 80y 2(k) (k)g( )(x y9),

k
Gym gt (x, y®) = j(k)y(k)f(x Y, y®) ~ Z o >Vj(k)j(k)g( )(x ).

We also define

[ Aw ] [ Ay ] [ By ] 0
T
L | A L | A R ym o | P R N Zym
DAy = Az | D= AW |, Ayy = y P = B [T @ | and 7y, = yt“’
Ao NG Ay 22 8 " ® oy
NG Av® LAY Bu NES g |
Az ] AWK ] | B | ’Y(K) ]
Note that the vectors Ay, Ay, Ayy, 74,7, and 7, are defined so that
DA, +HAy = 1y, D O H]|[A -
—GAy + JTA; = ryy, orequivalently, | O =G JT || Ay, | =] ey |- 11
y Yy q Y, Yy Y
CAP +JAxy = 14, C J] O Ay T4

System (11) is the KKT conditions and can be resolved clearly without producing any
additional fill-in. Thus, we omit As, Aw, At, Az®, Av®, Ar®, Ay, Ay, AA®, Av®, for
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., K, and obtain the reduced KKT system given in (12).

k=1,2,..

)8) MLV + (i

18) 1MV + i

R = 2d + 10

va-ama+ro

(217 ((y)8) - MIV

(2)MIv((1)8) M1V

(s)ymry(a),_mry

vam O:mm

ofionin_ onfionliey_

oo (g 4+ 02q — wlefig)— -

Wi — whonfioy—
1) 1)

s ofiof

(12)

- whtn hi¥o_

ho— (g whtny_ whroy_

whrn_ ¥o— ¥o—
it wh¥ey_ ¥o— (I +°q - ¥9)—
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The matrices Dy, Dy, Dyw, Do, k =1,2,...,K, that appeared in (12) are defined as

wT,

D, = TWT, D;
2 ROy R,

Dy 2 VOTA® D,

1> 1>

and the vectors §,%,{® and #9,k = 1,2,..., K, that appeared in (12) are defined as

0 % 0+Dyp, T =1-Dp,,
{b 2 C(k)+D;(%),Bu(k)/ &l 2 K(k)—D;)})ﬁ/\.

Once we get the search directions A¥, A¥, A%, Ay®, Av, and AS® from (12) by
applying block Gauss-Jordan elimination, we can get the step directions Ay, Ay,
AAB, AVB As, Aw, At, Az®, Av®, and Ar®, fork = 1,2,...,K, by using the following
formulas:

As = Arw_l(v)(ﬁs —so Av),

Az0 = ArwT1(90) (B9 - 200 0 ASW),

Aw = Ai-—g, Ao® = A W),

At = T-AR AR = B Ao,

Ay = Du(o-A%), MY = Dy (Cy - AFY),
AP = Dy(t+A%), A = D (R + AFR),

The algorithm is initialized with initial vectors x?, s©, y®, WO, {0 y® and r0,
fork =1,2,...,K, and the solution is approached iteratively through a sequence of
points obtained from the reduced KKT system (12) according to:

F0HD = 55<’>+“§]>A"“'</>r D = ¥ 4 aP AR,

= (k) = (k) O A ()0 < (k) ~ (k) ) A ()
i® = 0 +ap] AGRP g0 = 0 +apl AyoY”,
PU+D - +O¢l<j]>AV</>, S(k)</+1) _ S(k)<]> +a<]>AS(’<><’>,
y<]+1> - V<]> + a;;) AV<]>/ AGTD w0 adﬁ A/\(k)m,
P = o) +a;J>A¢<]>/ LD R +a<]>Av(k)<l>’
s = 5O +a;j>As</>, wit) = w4 a;] Aw'?,

D = () 4 al AR, 200 = 00 gD A0
R Gl +Oé:a]>Av<k)<]), ORAR R O +a;]>Ar(k)<]>,

where the superscripts indicate the number of iterations. Here 0 < a:,] ) < 1is the
primal steplength selected to assure that s7+1 >, 0,z20"" > 0, and that w+D, £+,
o®T 0T 50, Also, 0 < a;] ) < 1 s the dual steplength selected to assure that
VO > 0,807 50, and that yU*D, D, AR 07 5 0 A technique for
controlling the steplength is discussed in more details in [16] (see also [4, 5]). Addi-
tionally, at each iteration, the value of the barrier parameter y may be updated as a
function of (sov, W<J+1>7/<]+1>I T<]+1>17[J<]+1>) and (Z(k)<]> o 3®) Y0+ 3 G+1) R(k)l+1v(k)<]+1>).
When primal infeasibility, dual infeasibility, and average complementarity are all
less than a certain tolerance level, the algorithm determines that an optimal solution
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has been obtained. For Problem (7), the primal infeasibility, dual infeasibility, and
average complementary are as follow:

1>

Primal infeasibility max {llplee, lelles, lello, 11 leo, I P o, 1 Pllo

1>

Dual infeasibility max {llosllco Holoo, l19 0 o, Nl o}
slvrwTy +iTy Zf:l 2090 + Zf:l oBTA® + Z‘kK:l rOTy®

+2p K Kq Kq

1>

Average complementary

In the next section, we present different alternative formulations of the second-order
cone constraints. These formulations yield convex and smooth problems.

4. Nondifferentiability at optimality

The form of the second-order cone constraints given in Problem (6) does fit the
nonlinear paradigm. In this paper, we are using an interior point method where
the constraints need to be twice continuously differentiable but the Euclidean norm
fails that criterion. The inability of i(x) and ¢ (x, y®) to be differentiated may pose a
problem for any solver attempting to calculate the derivatives of constraint functions.
In practice, if i(x) = 0 and §®¥(x, y®) = 0 for k = 1,2,...,K, then the second-order
cone constraints will be nonsmooth.

The nonsmoothness that characterizes the second-order cone constraints can cause
problems in two cases: There exists an intermediate solution at a nondifferentiable
point, or a nondifferentiable point is where an optimal solution exists. It is easy to
handle the first case in an interior-point algorithm by randomly generating the initial
solution. Hence, the possibility of encountering a problematic intermediate solution
is eliminated, but avoiding nondifferentiability in optimal solutions is more difficult.
We discuss different ways to modify the second-order cone constraints in such a way
that the problem can be written as a smooth and convex one.

Consider any constraint of the form

Il < xo, (13)

where x £ (x9; X) € &". Benson and Venderbei [15] (see also [24]) describe different
alternate formulations of this second-order cone constraint. Now, we investigate
many different formulations for second-order cone constraints to produce a convex
and smooth problem. The first alternative is the perturbation procedure, where the
resulting second-order cone constraints are smooth, but they may not be equivalent
to the original constraints. The other are ways to rewrite the problem so that the new
formulation is equivalent to the original problem. In what follows, we first present
the mathematical setup of these treatments.

4.1. Smoothing by perturbation

Smoothing by perturbation is one way to ovoid the nondifferentiability problem by
introducing a positive constant into the Euclidean norm. In other words, we modify
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the basic constraint in (13) with

Ve + Izl < xo,

where € is a very small constant (typically around 107°). The perturbation provides a
second-order cone constraint and the resulting problem is smooth and convex. Even
if € might be small enough for the perturbation to be absorbed by the algorithm’s
numerical precision, this reformulation is not exactly the same as the original con-
straint. For this reason, we want to make the perturbation as small as possible. This
may necessitate experimenting with various choices until we find the smallest value
for which the algorithm can find the optimal solution to the problem. But it may take
a long time to solve the same problem more than once, especially if the problem is
large.

Nevertheless, resolving the same problem several times could be time-consuming.
As a result, we can remove the constant € from the second-order cone constraint
and replace it with a variable, say v. Thus, the second-order cone constraint can be

replaced with
Vo2 + [IxI* < xo,

where v > 0. The restriction on positivity of v lets us solve the problem without
losing any generality, and the strict inequality does not make much of a difference
for the interior-point method.

4.2. Smoothing by reformulation

In spite of the fact that the perturbation technique works quite well in reality, one
could say that it is advantageous to have a smooth problem as the original constraint.
Obviously, it would also be desirable to preserve the favorable property of convexity
in the problem. We present three different reformulation alternatives.

(i) Smoothing by squaring: The goal of this reformulation is to replace (13) with an

equivalent constraint. The simplest reformulation is

=112 2
P - 23

X0

0,

<
> 0.

The function that is incorporated into the nonlinear program is
y() £ I - x5, (14)

where y(x) represents a smooth function everywhere. However, it is not convex.
To see this note that its Hessian matrix is not positive definite:

vy(x):z[’fxo], vzy(x):z[é _01]
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As shown in [30], although the feasible region is convex, representing it as the
intersection of nonconvex inequalities can result in a slow convergence to dual
feasibility. Therefore, one would assume that this transform will not operate
well.

(ii) Convexification by exponentiation: Using y(-) defined in (14), we were able to

obtain a second-order cone constraint in a smooth manner. The nonconvexity
of y can be solved by composing it with a smooth convex function that maps
the negative halfline back onto itself. The exponential function is an example of
a convex smooth function. So, let us use ®(x) £ e’® — 1. To verify the convexity
of d(x), note that

Vd(x) = e'W/2 ,
—x
’ I+xx' —xox ’ X
2 = erW/2 0 = or®/2 T
V2O(x) = e T 1+xé] e (1+[_XO ][x Xo ])

From the last expression of Hessian matrix, we find that V2@ is positive definite.

Even though the exponential function provides a smooth and convex refor-
mulation, it does not behave well in practice because of scaling troubles. For
example, when ||X|| is with order 10, el ig very huge. So, this treatment is rarely
effective in practice.

(iii) Convexification by ratios: Another strategy for avoiding the problem of noncon-

5.

vexity during smoothing is to use

X
6(X) = x— — Xp.
To check a convexity of 6(x), note that

2 1%
Vb(x) = [ _x72||0x”2 -1 ]/
0
i _ I —x-1x _ I s
Vi = 24 —Txy! xazlolfll2 ] =2 [ —xg'x" ][I -5z ].

The Hessian here is a positive definite matrix. When an interior-point algorithm
is used, the strict inequality constraint on x¢ does not apply. In fact, for many
second-order cone programming problems, the affine formulation of x has only
a constant term, and the only nonsmooth region of ¢ is at xy = 0.

Inner-level algorithmic improvements

In [10], Benson introduces the exact primal-dual penalty method to mixed-integer
nonlinear programming problems, which incorporate the works of Benson and
Shanno [12] for linear programming and of that Benson and Shanno [13] for nonlinear
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programming. This method improves the efficiency of the interior-point algorithm
by permitting them to identify infeasible problems and warmstart. The latter is
the utilization of information obtained during the solution of a problem to solve
subsequent problems that are closely related.

5.1. The penalty technique within the interior-point method framework

In this paper, we extend the primal-dual penalty method for the two-stage SMINL-
SOCP problems. In these problems, warmstarting will directly correspond to the
initial solution setting (which has primal, dual, and slack variables) of an SMINL-
SOCP problem of the form (7) to the optimal solution within the branch-and-bound
approach. Since there are complementary conditions at the optimal solution, some of
the dual and slack variables vanish. In this case, the initialization variables are arbi-
trary and may adversely affect the algorithm’s performance at the current node. Note
that just reinitializing some variables may result in negative step directions for slack
and dual variables. Because the interior-point algorithm shortens the steplengths a;,
and a, to keep such variables strictly positive, the algorithm may still become stuck.
Traditional penalty methods, which only offer primal relaxations, may still get stuck
when used with a primal-dual interior-point method where the steplength a is based
on the dual iterates. However, they also have other desired properties, such as the
ability to detect infeasibility and regularizations that automatically meet constraints.
The primal-dual penalty method introduced in [12] for linear programming and in
[13] for nonlinear programming is a remedy that has been shown to work for warm-
starts. This approach relaxes the second-order cone and the nonnegative constraints
on the slack and dual variables and provides regularization for the matrix in the
reduced KKT system (12). Thus, the optimal solution of one problem may be utilized
to provide a warmstart for another, the regularization assures that the variables that
need to move actually do make progress, and the algorithm does not become stuck

due to the constraints.
The corresponding penalized problem to (7) has the form

. K
min  f(x,yD, ..., y®) + T & + L& + & + Zkzl(c!(k) Em + szévm + c}k)gm)

s.t. h(x)—s=0,
g0, y®)—z0 =0, k=1,2,...,K
¥—-w=1I,
X+t=u,
0 — o0 = [0, k=1,2,...,K
y(k) + 70 = o), k=1,2,...,K
s+& =0,
by —s >0, (15)
Z® + &5 >0, k=12,... K
bow —28 = 0, k=12,... K
_gw <w< b},,
& <t< bw,
& <v®<bly, k=12...K
=&,m < r® < bw, k=12...K
Ew &t &y, & 20, k=1,2... K
& =10, &9 =5 0, k=1,2...,K
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where, for k = 1,2,...,K, &, &, &, &w, & are the primal relaxation variables
corresponding to the polyhedral cones, &;, &0 are the primal relaxation variables
corresponding to the second-order cones, cs, ¢y, ¢ .0, Cw, C,w are the primal penalty
parameters, and b,,b,, by, byw,byw,b,w are the primal penalty parameters, respec-
tively.
In this new form of the primal-dual penalty problem, all slack variables rather than
the constraint functions and the bounds themselves are relaxed, as well as all upper
bounds are added to the slack variables.
Following the development of Section 2.2, we propose an algorithm to solve Problem
(15). The logarithmic barrier problem associated with (15) is

min f(x, y(l)’ ey, y(K)) + C;—Es + C;éw + C-trét + Z]If:l (C;k) éz(m + C;(b 5-0(10 + c:(k)ér<k))
—uln det(&s) — pln det(&s + s) — uln det(b, — s) — uIn(&Ey)
—uln(&y + w) — uln (b), — w)
—pln (&) — pln (& + 1) — pln(by — 1) — u Yo, (In det(E,0) + In det(E,x +2)
+In det(bgw —z)) — u YK (In (&) + In(Eyir + 0®) + In (bye — o))
—u YA (In (&) + In(Ew + r®) = uln (byw — 1))
s.t. h(x)—s=0,
¢W@, ) —z0 =0, k=1,...,K
¥—w=1I,
X+t=u,
O —o® =, k=1, K
PO+ =g, k=1, K,
(16)
where p is the barrier parameter, v, y, ¢, %, A®, v® for k = 1,2,...,K, are dual
variables associated with the relevant constraints
Following our notations in Subsection 2.1, the matrices Hs, By, B¢, E,m, Eyw, Epo,
By, By, By, Bsw, Byw, Byw, @y, Py, Py0 and @, stand for the diagonal matrices
whose diagonal entries are the components of the vectors &, Eu, &t Ew, Sy, S,
by, by, by, bgw, byw, byw, ¢y, Py, Pre and ¢,w, respectively, k = 1,2,...,K, where

Gy = 2u(E+9)7,  paw = 2u(Em +20)7T,
Oy = ulby—w), o = pbrw — M),
Py = ulby =071, G = by — 1)L

The first-order necessary conditions for the lagrangian function of (16) are written as:



H. Alioui, B. Alzalg 21

VefOo Y, .., y®) = Ay — T, B, y®)T 90—y~ = 0,
Vef(, y®, ..., y®) = A(0)v = ¥ Be(x, y®)T8® = 0,
Vo f(x, yh, ., y®) - By (x, yEr9® — A0 —® =0, k=1,...,K
Vymf(x, y(l), ey y(K)) - By(k) (X, y(k))TV(k) = 0, k= 1, ceey K,
(Ppy+v)o (& +5)—2ue = 0,
& o(cs—Py) —2ue = 0,
((]53(10 + S(k)) o (éz(k) + Z(k)) - 2/.16 =0 k=1,...,K
cfz(k> O(Cz(k) —(j)s(k))—‘ue = O, k=1,...,K,
(W + Ew)(y + d)}’) - /11 =0,
(T+E)W+py)—ul =0,
(V(k) + Ev(k))()\(k) + ¢A(k)) - [Jl =0, k=1,...,K
(R(k) + Er(k))(l)(k) + ¢U(k)) - [Jl =0 k=1,...,K
Ew(Cw — Y~ (z))/) - [Jl =0,
Bl —¢—¢y)—pul =0,
Ev(k)(Cv(k) - A(k) - qb/\(k)) - [Jl = 0, k = 1, .. ,K,
Eawl(cw —v® =) —pl =1, k=1,...,K
¢y o (& +5)—2ue = 0,
qb\g(k) o (5Z(k) + Z(k)) - Zye =0, k= 1,...,K
D, (b, —w)—ul =0,
q)lp(blp - t) - yl = O,
q))\(k)(b/\(k) - U(k)) — yl = O, k= 1, .. ,K,
(Dv(k)(bv(k) — V(k)) — ;11 = O, k= 1, v ,K,
hx)—s = 0,

P,y —z0 =0, k=1,...,K
¥+t—u =0,
¥i-w-1=0,

O +0—g® =0, k=1,... K
o —o® [0 =0, k=1,... K
17)

By applying Newton’s method and eliminating the search directions Aw, At, Ay, A,
A&, A&y, A&y, Ay, Ay, Ay, Ao, A0, AAO, Av®), AE i, A&y, A&y, Apgwr, A,
and A¢,w fork =1,2,..., K, we get the following reduced KKT system which arises
in the solution of the penalty problem (15):
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(18)

o7 1 T 1, 1
O:Nm. vm\m + C:r C:m.ﬂ QVM o:mm QEm *q g
Z
Wi T H + e Y wd whg wig xg 5q
‘disg+d ay | sy sy
ohip Qv\m< %Mm o Q&UI o Q&UI s of :EUI o :&UI %@UI %@UI
XA = IV + wfip| = v szm oo (g + weq — ofofig)— - olfofo_ onfihioy_ onfi¥oy ooy
who WiV :vwm whonfin_ whonfin_ e wfolio_ wfwhio_ whxoy_ wfi¥oy_
)~
ot @'q — AmvanQ + @hfo Q&Q Ewm :vmgmUI :vmgmUI cee EP:AUI A:KQ + 0%q — Sm:vmuvl E@UI :S.«UI
X0 xv Mm s .m_.m .m_.m M«\ gmm@l o:@qmul cee :vmmUI :ENUI roy— oy
2 - 07 + %o vy |18 g g Dy Mo- ori¥ey— e ol 0¥ — #o- (g +"q-*9)-|
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The matrices Dy, D, Dyw, Dy, E,F®, Hyand Hyw, k = 1,2, ..., K, that appeared in (18)
are defined as

Dv(k)
D,
E

1>

F®

1=

Hs

(T +©) (W +E0) + Zu(Co T - @)) " + 0,8, - W),

(% + @) T +E) + B - W = D)) +Dy(By 1)),

(((A® + @10) (VO + Ego) + B (Cor = AD = D)) + Dy (B — VY1),

= (X0 + D,0) TRD + By + B (Cor = YO = Do) )1+ Do (B — ROY ),

(Arw (chw + V)(ATw(cs = y) + Arw(E)Arw ™ (& + s)Arw(@))’l(Arw(gS)Arw-l(gs +5)Arw(@y))
+Arw(&s + s)( Arw(&s + s)Arw(q)v)) + Arw(&s + s)(Arw(qb,,)Arw(cs - ¢y) + Arw(és)Arw'l(Es +5)
Arw(py) + Arw (@, +v) + (Arw(E)Arw (& + s)Arw(¢V)7l)71Arw(<Ss +5),

(Arw(%m + 90) Arwlcan - dan) + Arw(Ean) Arw ™ (E + 20 Arw(g))

(Arw(E)Arw™ (& + Z0)Arw()) + Arw(Exn +20)(~Arw(E.p +20)Arw(gm))

+FArW(E + z(’”)(Arw((ps(k) VAW (C,0 — Pso) + Arw(E,w)Arw ™ (e + 20) Arw (o)

+ATW (P + SB) + (Arw(Em) Arw (e + z<‘<))Arw(¢>sm)’1 )71Arw(<§zm + 20y,

(Arw(qbv +)(Arw(e = ¢y) + Arw(E)Arw ™ (& + s)Arw(cps) )‘1 (Arw(E)Arw ™ (& +5)Arw(¢,)
+AIW(E + 5)(—Arw(, +s)Arw(¢,)) + Arw(gs +5)(Arw(gy) Arw(c, — ¢) + Arw(E)Arw ™ (&, +5)
Arw(¢p,) + (Arw(é;)Arw’](r,G +5)Arw(o, ) ) ,

= (Arw((f)‘w—) + S(k))(ArW(CZ(L) - (z)‘g(k)) + Arw(éZm)Arw_l(EZ(k» + Z(k))AI'W(¢Z(A) ))71 (Arw(gzm)

Arw ™ (& + 20 Arw(fn)) + Arw(Eo +20)(—Arw(En +20)Arw(gn)) + Arw(E.n +20)
(Al‘W(qﬁS(A))AI‘W(CZ(k) - ¢91k)) + Arw(ézm)Arw*l(éZ‘k, + Z(k))Al‘W((PS(k))

-1
+(AI‘W(§Z(k) )Arw’] (& + Z(k))AI‘W((f)S(k)) ) Arw(Em + Z(k)) +Arw™! ((7)3(1() + S(k)),

and the vectors B, B, By, B0, frw, and Bw, k = 1,2,...,K, that appeared in (18) are

defined as

Bs

By

By

Bw =

ﬁ A (k)

Buw

At each step a,

= 2pe = (@4 1) 0 (& +5) — (Arw (@, + V) (Arwe, - ) + ATW(EIATW T + DAW(D))
+AIW(E + 5)(Arw(@y)(Arw(cs — ¢,) + Arw(&)Arw ™ (&, + s)Arw(qs‘.))” )(gs o (cs = ),
= (C+@)NT+Ey) + Eo(Co T - 0y)1)
(1T + @) e = p(Cy =T = D) e = w) — (u(B, - W) e - o),
= (W + D) UT+E) +E(C - W - D))
(W + Dy) e = u(Cr = W = Dy) e — t) = (u(By — T) e - dy),
= 2pe — (oo + W) o (£ +20) — (Axw*1 (50 + W) Arw(ea — pym) + Arw(Eo)
Arw N (Ewm +20) Arw(pgw) )7 + Arw(E,w +2 k))(ArW((Ps(k))(ArW(CZ(k) — Psw)
Arw(En)Arw (€ +20)Arw(gan)) (& o (6 - 6,),
= ((A(k) +D0) VO + ) + B (Cotn — AP — (D/wl)*l)?l
(u(A® + %) e = (Cyo = AW = 1) e = o) — (u(Bro — VO) e~ i),
= (Y9 4+ By0) RO + E) + B (Cro = YO — B) 1)
(y(T + CDU“)) — 1(Cpy = YO — D)) T)e — r0)) — (p(B(k) —R®)-1p - q)l,m).

9 the steplength is chosen to ensure that all the primal relaxation
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variables are positive variables and also ensure that

S+ 4 g .-:<J+1> 0, wirD 4 é;j“) >0, #D 4 5§1+1> >0,

N N RN
b, — s s 0, by — w0, by — 41 > 0,

byw — Zg(il) >0, byw — 0D > 0, bw — D > 0,

(19)

Similarly, at each step a<] ) the steplengh is chosen to assure that all the dual relaxation
variables are positive and ensure that

YO+ +qb<“1> >, 0, y<]+1> +qb</+1> >0, ¢<,+1> +¢<;+1> >0,
(k) <1+1> (5] (j+1) <]+1>
Swy * ¢s<k) >s 0, A(m) +hy > 01 1+1) P > ? 0)
-0 >0, —y0HD — gt 5, ¢</+1> ¢<¢;+ 'S,
O+ D) k (+1)
G =93 s 0 e = /\(Iil) O UElil) ~ b >0

Newton’s method is used to solve the first-order conditions (17), while a line search
is used to ensure progress toward optimality and to update the value of u at each
iteration (see [13, 14]). We also need to look at the penalty parameters to make sure
that we have obtained a solution to the original SMINLSOCP problem or we can
show a certificate of infeasibility. We point out that the sparsity structure of the
reduced KKT system (18) resulting from the penalty problem (15) is similar that of
(12).

The primal-dual penalty method is the optimal choice for the warm-starting prob-
lems of the interior-point method. On each node, we can use the optimal primal, dual,
and slack variables of its parent as the initial solution and re-initialize the primal and
dual relaxation variables to help the original variables move toward an optimum.

5.2. Dynamic penalty parameters updates and a primal-dual algorithm

The most essential aspect of setting and updating the penalty parameters is to make
sure that they are larger than the components of the current subproblem for which
they act as upper bounds. Let (x*,yV",...,y®") be the optimal solution of an
SMINLSOCP subproblem with the corresponding optimal slack variables (s*, w*, t*,
z0",v®” 0"y and optimal dual variables (v*,y*,¥*, 30", v®") for k = 1,2,...,K.
The penalty parameters are obtained as follow:

b, = s*+x,, by = w*+Ku, by = 1+,
bs(k) 2 20 4 Kk, b/\(k) 2 0" 4 Ky pk), bv(k) 2 40" 4 Koy, 21
& = v+ +n, Cw =P+ ¢§9) + iy, ¢ = Pr+ ¢(O) + iy 1)
o = S®* 4 (i)( ot fgm, Com = AB* 4 (17(}‘0(2) +Hav, G 2 W 4 (P(?k)) + Arves
where
ks = max(h(x*),s*, 1), Kot £ max(w*,t*,1),
* * * *
Kzt = maX(g(k) (x*/ ]/(k) )/ Z(k) ’ 1)/ 0 40 = max(v(k) ’ r(k) 4 1)’
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and

fyy max(y*, ¥, Vaf(et, y*, ..., y® *) Ax(x*, y*)v*, 1), fi,

E max(v*, 1),
fawpn 2 max(A®", 00", Vo f(x*, ym* oo Y8, By (2%, y®)TOW", 1), Figo

max(9®*, 1).

1> 1>

The initial relaxation variables are chosen as follow:

o 10~*max(is, Kwt), O 10~*max(fiy, fi,y),

S - v -

O 2 max(l - #*,0) + 104 max(ks, Kur), O 2 10 *max(fy, iyy),

£§0> 2 max(¥* — u,0) + 10™*max(xs, Kur), q><,°> £ 10~*max(fiy, fiyy),

(Si?ki 2 104 max(ic,m , Koo, ¢><§<’Z) 2 10 *max(figw, Frmym), (22)
S 2 max(— ™", 0) + 10 max(i.m, Kunyo), qKAO(Z) 2 10~ max(figm, fiyoym),

Er 2 max(HP —a®, 0) + 10 * max(ic,w, ywwm), (f>< oo 2 10 *max(figw, fiywym)-

These settings are sufficient after warm-start to start the penalty approach without
moving the iterates too far from the current node. The relaxation is performed using
a variable, so if a larger relaxation is needed, the relaxation variables will move
accordingly.

Since the initial values of all penalty parameters might not be large enough to admit
the optimal solution, we also need a way to update them. Given the relaxation, there
is always an optimal solution for (15), and one way to update it in a static way is to
find the optimal solution and then increase the penalty parameters if the relaxation
variables are not close enough to zero. Even though this may require a lot of solutions,
it greatly increases the number of iterations needed to find the optimal solution.
Instead, we can use a dynamic updating strategy in which the penalty parameters are
checked and updated at the end of each iteration as shown in Algorithm 1, which
provides the details of the primal-dual penalty method with a dynamic update for
two-stage SMINLSOCP problem. Concerning the time complexity of Algorithm 1,
Section 5 in [8] discuses the polynomial convergence of this class of algorithms.

In the remaining part of this section we describe a termination criterion for infeasi-
bility. In the preceding discussion, we determined what can go wrong when warm-
starting an interior-point technique and presented the exact primal-dual penalty
method as an alternative. Another issue for developing the inner-level algorithm
within our framework was the efficient identification of infeasible nonlinear second-
order cone programming subproblems. The primal-dual penalty method, which is
provided as a solution for warm-starting, is also useful for detecting infeasibility. In
addition, the upper bounds on the slack variables ensure that there is always an op-
timal solution to (15). Consequently, a provably convergent nonlinear second-order
cone algorithm is guaranteed to find an optimal solution to Problem (15). If such
a solution satisfies that &, — a, Ew; > a,0r & > 4, for at leasti = 1,2,...,r and
j=12,...,porthatEw — a,&w > a,0réw — a for at leasti = 1,2,...,s and
j=1,2,...,q for ascalar a as ¢ —>7 00, Cyp; = oo] or ¢t; — 0o, for atleasti=1,2,...,r
and j =1,2,.. ,p,orcm — cm — oo, 0rcm — oo, foratleasti =1,2,...,s and

j=1,2,...,q, then the orlglnal problem is 1r1f9a/51ble
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Allowing a penalty parameter to be infinite is impractical. Still, a practical implemen-
tation is easy to make if the original objective function is removed and the penalty
term is the only one that is minimized. This is the same as letting all penalty param-
eters become infinite. So, a feasibility restoration phase that can be used is the same
one as Phase I of SNOPT? [23], and the resulting problem is

min C;-r'gs + C;ruéw + C;rét + Zle (C;r(k) éz(k) + C.Ur(k)év(k) + C;k) ‘Er(k))
s.t. h(x)—s =0,

g(x,y(k>)—z(k) =0, k=1,...,K
¥i—-w=1,
ij—o® =0, k=1,...,K
X+t=u,
y(k) + 740 = ﬂ(k), k=1,...,K
s+& 2,0,
b, —s >0, (23)
PALNS éz(k) >s 0,
by — 2 >, 0,
~&w SwW< by,
=& <t < bq;/
=&y v Dby,
=& <r<by,
Es, &m0 20, k=1,...,K
éwz ét/ év/ ér > 0.

The purpose of solving Problem (23) is to minimize infeasibility. It differs from
SNOPT in the sense that the slack variables continue to be bounded above by the
dual penalty parameters. As these parameters are updated regularly, we can always
find a feasible solution to (23). If the optimal objective function value is greater than
the infeasibility tolerance, a certificate of infeasibility can be returned.

6. Outer-level algorithmic improvements

As discussed in Subsection 3.1 the concept of fathoming by bounds is one of pruning
the branch-and-bound tree. If any optimal objective function value is not better than
that of a feasible solution to Problem (6), then each node in the tree can be fathomed.
As a result, it is important to find feasible solutions to Problem (6) quickly using one
of the search techniques described in Subsection 3.1, as well as solutions with low
objective function values, in order to obtain a significant reduction in the size of the
branch-and-bound tree. Still, it is hard to find a balance between these goals, and the
performance of the algorithm can vary greatly from one problem to the next.

In this part, we suggest the following approach based on the use of equilibrium
constraints to find a feasible solution for binary SMINLSOCPs. The binary constraints

2 SNOPT is for Sparse Nonlinear OPTimizer; a software package for solving large-scale nonlinear optimization
problem.
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Algorithm 1: A primal-dual penalty algorithm with a dynamic update for two-stage
SMINLSOCP problem

B N

andfori=1,...,sand j=1,...,q:

1
1 07 - 09 >0, then 40" —10;
(GRAR » g+ o
f v]. —-0.9b () then b (k) «— 10b (k)’
/
1t A _ 00 >0 then b”f“ - 1017<f> ;
i NG vj (_
]
CRACERSRG I G+ </>
f Si +¢p9i(k) 0-952(k) >0, then Cz(.k) «— 10c (k)’
1
CNASEN o 0 G+ o
f A]. (v) >09¢c (k)’ then Cv(.k) — lOcv(k),
]
TRCKA r<’> >09c( ) then ¢V 1067 ;
j ,® ( joK
l ] ]
Step 5. Obtain a new step from the previous step:;
8
D — 0+ a;”Aﬂ”; D — X0+ a;]>A:?</>;
(A ) +a;/>Ay<;>,. g e g M;D AR,
WD e ) 4 al A RICRAC RPN +al? A
Y 0 a0, AP ane?,
P e g 4 a Ayt LRI o) +H;/>Av<k)<f>;
S g a;p A [0 V() i a;ﬁ AwD;
KD KD g a:p AKD, FONAEEE /N afﬁ Az
T B N P EA S G NI
£</+1> - §§1> +a}<}]>A§§/>; 5fg+1> o & +a<]>A£</>
(j+1) LN </>. (g+1) 1) <J> .
& e & e A }(m < %(k) Fay AL gy
(+1) i </> . 1+1) 7 <1> '
0 S TY A S T St Ay
Step 6. If (17) is satisfied within the tolerance 7, then STOP;
9 Return (x<7>, y(k)<]> , s</>, wih, t<1>,z(k)<]> , v(k)(]> , r(k)<]>) as the primal optimal solution;
10 Return (v<7>, S(k><]> , y</>, w</>, /\(k)(]) , v(k)(])) as the dual optimal solution;

Step 3. Update the penalty parameters, fori=1,...,

It S<]+1>

If w:
If t<l+l)

It V</+l> +¢<]> Ogcm >0,

Ensure: The tolerance 7 = 1078, the barrier parameter u = 0.3;
Result: Primal and dual optimal solutions of Problem (15);
Step 1. Compute the search directions by solving System (18);

096 > 0,

<J+1> - 090 1> >0,

o%if >0,

If ;/<]+1) + ¢<” >09¢ 7;

If W*” + ¢<” >0. 9c<f>

11 Else Set [ « [+ 1 and go to Step 1;

randj=1,...

then
then
then
then
then

then

Initialize: x = {0, s = s<0>,w = w<0>, t= t<0>, y= y(k)w) ,z(k) = z(k)«]), k) = v(k)<0>, &) = r<k)<0>, fork=1,..
Require: Penalty parameters as in (21), and relaxation variables as in (22);

Step 2. Choose primal and dual step-lengths zx;] ’ and a;j ’ that ensure (19) and (20);
P

b</+1> 10b<”
b<1+1> - 10b<’>
b“*” 10b$
<f”> 10c<vfi’;
5];'1) — 10055).;
Ef{+1> — 100?; ,

K

> Dynamic updating

> Dynamic updating
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are
#€l0,1), and ¥ €(0,1), forl<i<pl<j<ql<ks<Kk (24)

which can also be rewritten as
#(1-%)=0, and §71-§") =0, for1<i<pl<j<ql<k<K (25

In general, converting (24) into (25) is not recommended because the resulting prob-
lem is nonconvex, with each feasible solution leading to a local optimum of Problem
(6). Consequently, if a general-purpose nonlinear programming algorithm gives a
local optimum for the new problem, it can only claim to have established a feasible
solution for the original problem, not necessarily the optimal solution. Moreover,
the goal here is to find a solution that is feasible, using (25), which in turn may help
prune the tree. The constraints in (25) can be expressed with equivalent constraints,
specifically

—%(1-%)20, 20, and (1-%)>0, for1<i<p, (26)
and
700 -9 20, #1720, and (1-§7) 20, for <j<q. 7)

When all the discrete variables are forced to be binary, Problem (7) can be viewed as
an MPEC:
min f(x, y(l), ey y(K))

st. hi(x) =0, i=1,...,r,
Py =0, =15 k=1..K
—%(1-%)>0, i=1,...p 29)
S - 20, =1 k=12...,K
0<X¥ <1, i=1,...,p,
o< <1, i=1,...,0 k=12,...K

where Problem (28) differs from the SMINLSOCP problem (6) in only adding the
constraints in (26) and (27). To obtain the reduced KKT system, we will use the same
method described in the preceding development.

We denote the Lagrange multipliers of the constraints in (26) and (27) by 7t and 6®
and their slack variables by § and 2®. Following our notations in Subsection 2.1, the
matrices X, Y®, S, T1, Z® and ©® stand for the diagonal matrices whose diagonal
entries are the components of the vectors ¥, y<k>, 5 1, 2% and 6W, respectively, for
k=1,2,...,K

Define the vectors p, s, i®, B:w as

X1 -%+5 #®

ps - m, Bz

Y01 - ) 4 20,
uz™ — g,

e
1> 1>

1> 1>

=
[
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The reduced KKT system to be resolved at each iteration is shown in System (29).
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(29)

Q_NM\A@@TE/QN + ol N8V|[ (p2MIV (()8);-MIY g onfig xg *q
O(()8)Mav + o8V . . : . 4
) M/ () 2y (DMIV(()8),_ M1y whg whg xq xg
g(a),_may +d B
et v Emay(e),_may ooy
who o:w wig i - g oo
(g + ol 0Zen® + O ~ AT — 0¥ "'d ~ 2d + WMo T | Y orig o oy
. ) k k
wip WAV g ot ol
L
(1 + (ol 0Z@® + WO =~ AT = @¥A ~ @ a+ o | |V vig ot Wi
xp v iq o g % e g : Ho— ¥y —
g+, L+ - XO) - ¥a - 9" + 0 ¥ i - i v e G- elig-wo— (4 MD)-
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The matrices D, HD, H®, ..., H® that appeared in System (29) are defined as

D, — D; = 2IT+ (2X = DITIS 12X - I);
D,» — Dy —20® + 2Y® — ne®z®™"2Y® —1), k=1,2,...,K.

> 1>

T O

(k)

We point out that (29) has a similar sparsity structure to (18). This confirms that the
computational efforts to solve (28) and (7) are similar, and more importantly, that the
two problems can be seamlessly swapped. For large problems, an effort equivalent
to solving just one more nonlinear second-order cone relaxation can be well worth
the massive reduction in the number of nodes in the branch-and-bound tree.

7. Numerical results

In order to see how the proposed algorithm in this paper operates, we have imple-
mented it on a randomly generated mixed-integer stochastic programs over second-
order cones. In fact, we have not found well-defined test problems for SMINLSOCP
in the literature. However, we have constructed and solved particular problems in
which the nonlinear is involved. Due to the fact that the number of SMINLSOCPs
we have solved is limited, the results do not give the desired tendency. Therefore,
to avoid any incautious actions, we have decided to exclude them in this numerical
study. As mentioned in the introduction, both SMINLSOCP and its special case,
SMISOCEP, are still unsolved algorithmically. So, as an alternative, we have con-
structed and solved particular problems in which the objective function is linear
and all constraints are also linear. Because the obtained results on SMISOCPs show
the desired tendency, we have recorded them. In this section, we summarize these
preliminary numerical experiments.

We obtained our numerical results using MATLAB version R2022a on Windows 11th
operating system, which was carried out on a PC with Intel (R) Core (TM) i7-1165G7
at 2.80 GHz and 8 GB physical memory. As presented in Section 3, our approach
is principally a branch-and-bound code that writes a continuous relaxation of the
bound modified problem of the form (7) at any node in the branch-and-bound tree.
In our implementation, the random generated problem is an SMISOCP problem, in
which some coefficients are randomly generated with discrete distribution. More
precisely, we consider

min ¢'x + E [¢p(x,w)] where ¢(x, w) is min d(w)"y
st. Ax >0, the minimum value st. T(w)x + W(w)y =0, (30)
x € ZF X R"P, of the problem y€Z1 xR" M,

and E[p(x, w)] = fQ @(x, w)P(dw). If 1 = P(T(w), W(w), d(w)) = (T®, WH,dP) is the
associated probability, for k = 1,2, ..., K, the equivalent deterministic formulation of
Problem (30) is the problem:
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min c'x + mdOTyD 4 1 d@dTy@ 4 s+ d®TYE
s.t. Ax > 0,
Ty + WOy z 0,
(2) (2)1,2)
TOy + WOy z 0 @3
T, - WEyE > 0,
xeZP xR"P, y0ezixR" 1, y@ ez xR" 1, ... Yy e 71 x R" 1.

We assume that the probability value 7t is absorbed by d¥Ty® (ie., dOTy®
md®Ty®) for k = 1,2,...,K. The modified continuous problem corresponding to
(31) is the problem:

min cTx + 0Ty GOTO e dRTY

st. Ax > 0,
Ty + W(l)y(l) > 0,
2) (2)1,2
T x + W@y > 0, 32)
T®)y + WKy® > b,
I<x<u, W<y <ag®, [@<y@<g®, K < y® < 0,

Table 1. Some input data for the SMISOCP problem (32) when K = 5.

A T T®@ TG T@ 7O
100 100 100 100 100 100
010 010 010 010 010 010
001 001 001 001 001 001
w® w@ w®) w® we®)
100 100 100 100 100
010 010 010 010 010
000 000 000 000 000

c 40 4@ 4G a4 4%
0.374 —-0.670 0.855 0.078 —-0.960 -0.523
—-0.586 0.175 0.732 0.892 -0.397 —0.482
0.902 —-0.250 0.584 —0.002 0.856 0.203

Firstly, we generate a list of numbers uniformly distributed between —1 and 1 to
obtain an initialization of x®, y®? s ;O 1O 90 =12 . K. All the slack
variables and multipliers (@, £9, v®, P00 O @ A0 0 k=12, K, are
initialized with a default vector of 1. For simplicity, we consider the sample case of
K = 5 scenarios for the SMISOCP problem (32). We consider iy =115 = --- = 715 = %
as the associated probabilities, and take the matrices A, T®, and W®, and the vectors

cand d® fork=1,2,...,5, to be as in Table 1.
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After running the generic primal-dual penalty approach, it converts (7) to (15) and
solves any relaxation until all nodes are fathomed. For Problem (32) in the branch-
and-bound tree, the root solution is reached after 40 iterations with CPU = 0.3125(s)
and the value of the objective function is 21.920. Table 2 presents the optimal solution
for (32). After obtaining this solution at the root node in the tree, we start by
pruning the branch-and-bound tree using a fathoming-by-bounds algorithm, which
is explained in Subsection 3.1. Any node in the tree can be fathomed if its optimal
objective function value is not better than that of a feasible solution to (32). Figure 3
shows a schematic generation of a branch-and-bound tree.

While using the penalty primal-dual method, we examine the performance of our
approach on warmstarting after variable bound perturbations. The importance of
the primal-dual interior point method is the ability to warmstart using the solution of
the initial problem (32) shown in Table 2 in order to solve a closely related (possibly
perturbed) problem.

As shown in Table 3, the branch-and-bound code can solve Problem (31) in a reason-
able time. We found that CPU = 1.5312(s) with the optimal objective function value
10.654.

Table 2. The optimal solution after applying the primal-dual penalty method when K = 5.

X y(l) y(Z) y(3) y(4) y(S)
0.990 0.597 0.721 0.928 0.874 0.746
-0.508 —-0.468 0.405 0.050 0.210 —-0.465
0.637 —-0.052 -0.213 0.021 0.587 —-0.036

v NG 9@ 90) 9@ 96)
0.751 0.941 -0.467 0.955 0.8431 0.891
0.177 —0.240 -0.301 —0.360 —0.360 -0.613
0.670 0.589 -0.318 —-0.805 0.562 0.191

Table 3. The optimal solution after applying the branch-and-bound method when K = 5.

X y(l) y(l) y(3) y(4) y(5)
1.000 1.000 1.000 1.000 1.000 1.000
1.000 —1.000 0.000 1.000 0.000 1.000
0.037 0.020 0.808 0.089 0.946 —-0.003

v o) 9@ 90) 9@ 96)
0.997 0.531 -0.573 0.866 0.8734 0.467
0.554 —-0.055 -0.072 —-0.304 -0.149 —-0.286

-0.822 0.311 -0.173 —-0.344 -0.227 -0.263

We also consider K scenarios of SMISOCPs, with K = 5,10,15,20, and 7, = %
is the associated probability for k = 1,2,...,K. We take A = Ipy, T® = Ijuy,
W® = I, while vectors ¢ € R" and d® e R™ are chosen randomly for
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Level 1

Level 2

% Optimalnode  ~——: Node expansion order

O Feasible node ot Optimal vector of x
© Fathomed node y8L: Optimal vector of y®

Figure 3. A schematic creation of a branch-and-bound tree while solving underlying subproblems (K = 5).

k = 1,2,...,K. The variables x0,y® 0 20 %0 9® k= 12 . K, are ini-
tialized with identity vectors e = (1;0) of appropriate dimensions, and variables
w0 v(k)w), r(k)«», 7/<O>, 1//<O>, A(k)«», v(k)«», k = 1,2,...,K, are initialized with default
vectors of ones, i.e., 1 with appropriate dimensions.

The solutions are reached and the numerical results of branch-and-bound-code are
recorded in Table 4. In our test problems, “CPU(s)” denotes the average CPU time
(in seconds) of 5 runs recorded, and “Iter” denotes the average number of iterations
of 5 runs recorded while obtaining approximate optimal solutions of the underlying
problem. Figures 4 and 5 visualize the numerical results in Table 4 for K = 5, 10, 15, 20.
Computationally, it is not possible to update penalty parameters an infinite number
of times. So, in the code, we updated the penalty parameter a certain number of times
before discarding the original objective function and minimizing the infeasibility. If
the penalty objective function is close to zero, the problem continues with the current
solution with the largest value of the penalty parameter encountered. Otherwise,
a certificate of infeasibility can be returned. We have excluded a small number of
problems that are unbounded or infeasible.

For nondifferentiability in the user-supplied at the optimal solution, our results show
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Table 4. Numerical results after applying the proposed algorithm on randomly-generated problems.

Problem size and number of realizations Inner-level performance Outer-level performance

nmp q Kn+Km p+Kg Iter CPU(s) Iter CPU(s)
5103 6 5 55 33 8.6 1.4187 4.0 1.4937
8 145 9 5 78 50 9.4 2.5281 6.6 1.9652
1118 7 12 5 101 67 12.2 2.6765 9.6 2.8531
1422 9 15 5 124 84 9.8 3.3639 8.4 4.1844
17 26 11 18 5 147 101 14.2 10.2531 12.4 12.9693
2030 1321 5 170 118 18.6 12.3181 15.8 16.7695
510 3 6 10 105 63 25.8 5.6625 412 6.0914
8 14 5 9 10 148 95 33.8 7.9156 46.2 16.3870
1118 7 12 10 191 127 34.2 13.0086 48.6 19.3718
1422 9 1510 234 159 54.2 7.2135 62.8 22.0031
17 26 11 18 10 277 191 524 15.3152 45.8 35.0062
20 30 13 21 10 320 223 60.8 20.4367 56.6 43.8759
510 3 6 15 155 93 47.0 12.6090 69.4 18.9134
8 14 5 9 15 218 140 61.2 19.0422 734 30.4730
11 18 7 12 15 281 187 68.4 14.4531 60.8 21.9968
1422 9 1515 344 234 84.2 17.8499 100.2 35.1898
17 26 11 18 15 407 281 68.4 19.7344 91.0 40.2656
20 30 13 21 15 470 328 81.6 28.5601 100.2 56.8956
510 3 6 20 205 123 93.0 19.725 914 36.4468
8 14 5 9 20 288 185 70.8 21.2656 90.6 19.3454
1118 7 12 20 371 247 100.0 26.9387 98.8 28.9565
1422 9 1520 454 309 132.2 25.5687 123.4 36.4937
17 26 11 18 20 537 371 130.4 46.6125 133.6 90.6613
20 30 13 21 20 620 344 180.2 65.9354 140.8 105.6543

also that a general-purpose solution works well for problems with second-order cone
constraints, especially when a perturbation or reformulation method is used to deal
with problems that are not smooth. The perturbation variable seems to work well
for problems with small blocks, but the ratio reformulation gives a much sparser
Hessian for problems with larger blocks and makes it clear how to solve them. So,
we used the ratio reformulation technique described in Section 4 to smooth out the
second-order cone constraints.

To sum up, the computational results in Table 4 and Figures 4 and 5 show that a hybrid
algorithm coupling branch-and-bound and primal-dual interior-point methods is
efficient overall. In all instances under study, we found that the number of iterations
never exceeds 190, and the CPU time never exceeds 110 seconds. Also, from our
results, it is clear that the average CPU time and number of iterations increase when
the number of scenarios K increases.
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Figure 4. A representation of the average number of iterations for the inner- and outer-levels using line graphs.

8. Concluding remarks

Two-stage stochastic mixed-integer nonlinear second-order cone programming
has many practical applications [6]. In this paper, we have developed a hybrid
optimization algorithm coupling branch-and-bound and infeasible primal-dual
interior-point methods for solving this class of optimization problems. To cut
down on the size of the branch-and-bound tree, we have used a method based
on constraints and equilibrium. We have addressed some challenging issues such
as setting and updating penalty parameters as well as detecting infeasibility. To
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Figure 5. A representation of the average CPU(s) of inner- and outer-level iterations using bar charts.

overcome non-differentiability at optimality, we have also described a reformulation
of the problem with second-order cone constraints in order to solve it using a
general-purpose interior-point algorithm for nonlinear programming. The proposed
algorithm has also been implemented to data and has proven its efficiency. Although
this framework is attractive from the decomposition and sparsity point of views
(especially for large problems), it should be incorporated within further work to
develop and enhance a deeper level of implementations. This includes introducing
heuristics for generating feasible solutions and developing a truly meaningful test
suite for warm-starting problems. We commend the interested researchers for
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continuing the work on this important class of mixed-integer optimization problems
to address such practical implementation issues in the proposed algorithm and to
look into other algorithms to solve them.

Conflict of interest. The authors declare that they have no conflict of interest.
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