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Abstract: A graph G is said to be H-free if G does not contain H as an induced sub-
graph. Let S2(m) be a variation of double star S2 obtained by adding m(< n) disjoint
edges between the pendant vertices which are at distance 3 in S2. A graph having
integer eigenvalues for its signless Laplacian matrix is known as a Q-integral graph.
The Q-spectral radius of a graph is the largest eigenvalue of its signless Laplacian. Any
connected Q-integral graph G with @Q-spectral radius 7 and maximum edge-degree 8
is either K1 4[0K> or contains SZ(O) as an induced subgraph or is a bipartite graph
having at least one of the induced subgraphs S2(m),(m = 1,2,3). In this article,
we improve this result by showing that every connected Q-integral graph G having
Q@-spectral radius 7, maximum edge-degree 8 is always bipartite and Sf (3)-free.
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1. Introduction

All the graphs considered in this article are simple and undirected. Let G =
(V(G), E(@)) be a graph, where V(G) and E(G) denote the set of vertices and edges,
respectively. Let d(v) be the degree of a vertex v and N(v) be the neighborhood of
v € V(G). The Cartesian product G;00G2 obtained from the graphs G; and Gs is
a graph with vertex set V(G1) x V(G2), and two vertices (v1,v2) and (u1,uz) are
adjacent in G100G5 if and only if either v; = u; and v is adjacent to us in Gy or
vo = ug and vy is adjacent to u; in G1. A graph G is said to be H-free if H is not an
induced subgraph of G.
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(b) S%(m)

Figure 1.

Let D(G) be the diagonal matrix with D(G),, = d(v), for v € V(G). The signless
Laplacian Q(G) of G is defined by the matrix D(G) + A(G). The matrix Q(G) is
positive semidefinite and irreducible. The Q-eigenvalues and Q-spectral radius q(Q)
of G are the eigenvalues and largest eigenvalue of Q(G), respectively. A graph G is
called Q-integral if all the @Q-eigenvalues of G are integral. For some more studies
related to signless Laplacian and Q-integral graphs, see [2-4, 6, 10-14, 16].

We define a double star S2 by taking two disjoint copies of star graph K7 ,, and adding
an edge between the vertices of degree n. Let S2(m) be a variation of double star S?
obtained by adding m(< n) disjoint edges between the pendant vertices which are at
distance 3 in S2 (see Figure 1).

We use ¢/ = wv € E(G) to denote an edge having u,v as incident vertices and the
edge-degree e-degg(€’) is given by |N(u) U N (v)| — 2. The mazimum edge-degree of G
is denoted by e-degz®®. Simi¢ and Stani¢ [15] studied connected Q-integral graphs
with e-deg%®” < 4 and also gave partial results about the spectra of Q(G) for e-
dege = 5. Park and Sano [8] investigated on connected @Q-integral graphs G having
e-degi®® < 6 and gave a structural theorem when ¢(G) = 6. An improvement of this
result can be found in [7].

In 2022 [9], we studied connected Q-integral graph having e-deggt®* < 8 and gave
a structural characterization under the restriction ¢(G) = 7. We have shown that
G(# K1 40K5) must contain one of the four special subgraphs 83 (m) form = 0,...,3
(as shown in Figure 2) as an induced subgraph.

2. Preliminaries

Let n € N be any number. We use 0 and 1 to denote the matrices of appropriate
orders whose entries are all equal to 0 and 1, respectively. The multiset of all the
eigenvalues of N together with their multiplicities is called as the spectrum Spec(N) of
the matrix Ny, x,. The spectral radius of N is p(N) = max{|8| | B € Spec(N)}. The
least, second smallest, and the second largest eigenvalues of a matrix N are denoted
by Amin(N), As2(N), and \j2(N), respectively.

The principal submatrix of Q(G) corresponding to the vertices of H C V(G) is de-
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noted by @Q,(H). For any two distinct vertices u,v € V(G), the (u,v)-th entry of
Qp(H) is denoted by a,,. We use a_. and d(-) in place of a,, and d(z) when u,v and
z are suitable vertices within the context.

Proposition 1 ([1], Proposition 1.3.9). The number of connected bipartite compo-
nents of G is equal to the multiplicity of the Q-eigenvalue 0 in G.

Proposition 2 ([8], Proposition 2.7). A connected graph G has d(v) < [q(G) — 1]
for any v € V(G), where q(G) is the Q-spectral radius of G. If G has a vertex v having
d(v) = q(G) — 1 and q(G) € Z", then G = K1 4c)—1-

The following results give bounds for the maximum edge-degree of a graph G.

Remark 1 ([9], Remark 3.2). For a connected edgeregular graph G, e-degec =
q(G) — 2.

Lemma 1 ([9], Lemma 3.3). Let G be a connected edge-non-reqular Q-integral graph.
Then q(G) — 1 < e-degi®® < 2¢(G) — 6.

Remark 2 ([9], Remark 3.4). There does not exist any connected edge-non-regular
Q-integral graph with ¢(G) < 4. Moreover, if ¢(G) = 5, then e-deg&*® = 4.

G BT

(¢) S3(2)  (d) 9 =8i(3) (o) K1aOK>

Figure 2.

The following remark is a consequence of the results (Remark 1, Lemma 1, Remark
2) stated above.

Remark 3. A connected @-integral graph G is edge-regular if and only if ¢(G) = 4.

Now, suppose G is any connected @Q-integral graph with e-degZ®® = 2¢(G) — 6.
e ¢(G) <3: There does not exist any such graph G.

¢ ¢(G) = 4: G must be one of the graphs C3,Cy, Cs, K1 3. Note that G(# Cs) is
bipartite and G(# Cg) is SZ(0)-free.
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e ¢(G) =5: G must be one of the graphs K 20K, K33 — e (the complement of
the graph K33 — e, where e is an edge). Note that both of them are
S2(1)-free.

e ¢(G) =6: G is bipartite and S3(2)-free.

Recently in [9], it was proved that Q-integral graph contains S7(m) (0 < m < 3) as
an induced subgraph when ¢(G) = 7.

Theorem 1 ([9], Theorem 4.1). Suppose G is a connected Q-integral graph having
q(G) =T7. If e-degt®® = 8, then one of the following hold.

(a) G = K174|:|K2.

(b) G is bipartite with at least one of Si(m)(m = 1,2,3), given in Figure 2, as induced
subgraph, and 1,6 € Spec(Q(Q)).

(c) G has S3(0) as induced subgraph, and 1,6 € Spec(Q(G)).

In this article, we show that a connected Q-integral graph G with ¢(G) = 7 and

max

e-degh® = 8 is bipartite and S (3)-free.

3. Main Result

For the rest of the article, G denotes a connected @Q-integral graph having ¢(G) = 7
and maximum edge-degree e-deg*” = 8. As a main result, we improve Theorem 1
by showing that G is bipartite, and if G # K; 4[JK> then it contains at least one of

S82(m), for m = 0,1,2 as an induced subgraph.

Theorem 2. (Main Result) Suppose G is a connected Q-integral graph having q¢(G) = 7.
If e-deg*® =8, then G is bipartite and S;(3)-free, where Si(3) is given in Figure 2.

Before we prove the theorem, we require the following notations.

For any S1,S52 C V(G) and S1 NSy = ¢, let Ag, g, be a matrix of order |S1| x |S2]
whose rows and columns corresponds to the vertices of S; and Ss, respectively. Let
the (u,v)-th element, a,,, for u € S1,v € Sy be such that

1, if uwv € E(G),
Qyy =
0, otherwise.

Thus, A% g, = As,.s. For brevity and clarity, we use 7o (resp. 73) to de-
note S7(0) (resp. S2(3)) in the rest of the article. Let 'y = V(vy) = V(y3) =
{z,y,1',2',3",4', 172" 3" 4"} be the subset of V(G). In the proof, we iteratively
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define I';11 =T, U S; where S; C V(G)\I';, i > 0. For I';;; obtained from the pair
(T';, S;), we have the principal submatrix

(3.1)

Qp(Tit1) = (QP(Fi) AFi7Si> .

AShFi QP(‘SZ)

We will use these notations repeatedly in rest of the paper with appropriate definitions
of I'; and §;, respectively. We use MATLAB to calculate the eigenvalues of matrices.

Proof of Theorem 2

Let G be as stated in the theorem with e-degfi®* = 8. By Proposition 2, the maximum
vertex-degree of G must be less than or equal to 5. In order to prove this theorem,
we observe that it is sufficient to show that

(a) G is y3-free, where 3 is given in Figure 2.
(b) G is bipartite whenever it contains the induced subgraph o.

We prove (a) by contradiction, that is, suppose s is an induced subgraph of G. By
Theorem 1, G is bipartite. Thus, 0,7 are simple Q-eigenvalues of G by Proposition 1
and Perron-Frobenius Theorem [[5], Theorem 8.4.4]. Since Spec(Q(G)) C Z, we have
As2(Q(G)) =1 and A\2(Q(G)) = 6. By Interlacing Theorem [[5], Theorem 4.3.17] on
eigenvalues, we have the following remark which will be used repeatedly to prove our
main theorem.

max

Remark 4. If G is a bipartite connected Q-integral graph having e-deg&®® = 8 and
q(G) = 7, then every principal submatrix Q,(H) of Q(G) corresponding to a set of vertices
H C V(Q) have A\s2(Qp(H)) > 1 and M\i2(Qp(H)) < 6.

Recall Ty = V(v3) = {x,y,1,2/,3",4',17,2"”,3", 4"} C V(G). Note that the subgraph
s is given by Figure 2(d) and its principal submatrix Q,(T'o) of Q(G) is given by

5 1 1 1 1 1 0 0 0 0
150 0 0 0 1 1 1 1
1 0d(1’) 0 0 0 1 0 0 0
1 0 0 d2) 0 o0 0 1 0 0
1 0 0 0 d@3) o 0 0 1 0
QTo)=[10 0 o o d(4’y o 0 0 0 (3.2)
0 1 1 0 0 0 d(1”) o 0 0
010 1 0 0 0 d2") o 0
010 0 1 0 0 0 d@3”’) o
010 0 0 0 0 0 0 d4")

where d(-) € {1,...,5}. We have the following 4 non-isomorphic choices for d(-) as G
has @-spectral radius 7:

Case 1. d(i') =3,d(3') = d(j") = 2;i = 1,2;j = 1,2,3;
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Case 2. d(1') =d(2") =3,d(2') =d(3') =d(1") = d(3") = 2;
Case 3. d(1') = 3,d(i') = d(j") = 2;i = 2,3;j = 1,2, 3;
Case 4. d(j') =d(j")=2;7=1,2,3.

To complete the proof, we show that all the four cases mentioned above are not
possible with the help of various claims. To this end, we begin by showing that the
first 3 cases are not possible in Claim 1 and all the remaining claims are used to show
that Case 4 can not hold true.

(a) Case 1 (b) Case 2 (c) Case 3 (d) Case 4

Figure 3.

Claim 1. Cases 1,2, and 3 are not possible.

Suppose either of the three cases hold true. Let N(1') = {z,1”,5"}, where 5" €
V(G)\ Ty and T’y = Ty U {5”}. With respect to each of the considered cases, the
subgraph on I'y along with the degrees of its vertices are given in Figures 3(a)-(c).
Note that the vertex 5” is not adjacent to any other vertex of I'y as the following
conditions on G has to hold, that is, G is bipartite, ¢(G) = 7, and d(2') = 2 (for
Cases 2,3).

However, for all the possible choices of d(-) in @,(T'1), we get either A\s2(Qp(T1)) <1
or p(Qp(T'1)) > 7, which contradicts Remark 4 or ¢(G) = 7. Hence, the cases 1, 2,
and 3 are not possible which proves our Claim 1.

Claim 2. Case 4 is not possible.

On the contrary, suppose Case 4 is true, that is, d(j') = d(5”) = 2;j = 1,2,3. The
subgraph of G corresponding to the vertices of I'y and their vertex degrees is as given
in Figure 3(d). Thus, the principal submatrix Q,(I'g) is

51111 1 000 0

15000 0 111 1

10200 0 100 0

SHISARE
QpTo)=|10000d4)000 0 (3.3)

011000 200 0

010100 020 0

01001 0 002 0

01000 0 00 0dd4")



J. Pervin, L. Selvaganesh 7

Claim 2.1. d(4') =d(4") = 2.

The degree of the vertices 4’ and 4” can be at most 3, otherwise p(Q,(I'g)) exceeds
7. Let d(4") = 3 such that the distinct vertices 5”,6” € V(G) \ I'g are the other
neighbors of 4. Consider Sy = {5”,6”}, and define I'; = Ty U Sy. Here 5”,6” can not
be adjacent to any vertices of I'1 except 4’ as G is bipartite and d(i') = 2(i = 1,2, 3).
Thus, we have as; = agr; = asrer = 0(j € Ty \ {4'}). Now, the matrix Q,(T'1) is
given by

Qp N A ,
Q1) = () Gross ) (3.4)

where Q,(T) is given in (3.3), Ar, s, = A'ESO’FO,
d(s"” 0
Asry = (8888818888, @s0)=("C" ).

and d(4') = 3, 1 < d(4") < 3. Also, d(4"”) = 2, otherwise we get a contradiction to
As2(Q(G)) > 1 and ¢(G) = 7 by interlacing theorem. Therefore (d(4'),d(4")) = (3,2).
Let 4" be adjacent to a vertex 5 € V(G)\TI'y and S; = {5’} and 'y =’y USy. In this
case, 5 is not adjacent to 5", 6", otherwise either As2(Qp(I'2)) < 1 or Aj2(Qp(I'2)) > 6
or p(@Qp(I'2)) > 7. The principal submatrix corresponding to I's is

Qp(T1) Ar,,
Qp(I'2) = (Asl,rll QZEsSf)) (3.5)
where Q,(I'1) is given in (3.4) with d(4') = 3, d(4"”) = 2, and
Ag,r,=(000000000100), Qp(S1)=(d5)).

We have the following three choices for (d(5”),d(6"),d(5")) so that As2(Q,(T2)) > 1,
and A\2(Q,(T2)) < 6, p(Q,(T2)) < 7: (i) (3,2,4), (ii) (3,3,3), (iii) (3,2,3).

Suppose that 5 is adjacent to the vertices of So = {6',7'} C V(G)\T'2, where 6’ # 7’
and I's = T, U Sy. Therefore, we conclude the following to have As2(Q,(I's)) > 1 and

p(@Qp(T'5)) < T:
o (d(5"),d(67),d(5)) = (3,2,3);
® Agryy = Ag/jr = Ay = A/ jr = O(Z = ].7 ey 5,] = ]., e ,4, 6) in Qp(rg)

Hence, d(6”) = 2 and let S3 = {8’} C V(G) N N(6") \ {I's}, and define I'y =
I's U S3. Clearly, 8 is not adjacent to any vertices of I'y except 6” as G is bipartite,
d(3") =2(j = 1,...,4) and d(5"”) = 3; see Figure 4(a). For every possible choices
of (d(6"),d(7"),d(8")), we get either As2(Q@p(T'4)) < 1 or p(Q,(T4)) > 7, which is a
contradiction by Remark 4. Hence, d(4’) < 2 and by symmetric structure given in
Figure 3(d), we have d(4") < 2.

However, if any one of d(4'),d(4"”) < 2, then A;2(Q,(Ty)) given in (3.3) becomes less
than 1 which contradicts to Remark 4. Therefore, we conclude that (d(4'),d(4”)) =
(2,2) which completes the proof of Claim 2.1.
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assn € {0, 1}
(b) (c)

Figure 4.

Next, we look into the neighbors of 4’ and 4” in the subgraph induced by T'y = V' (v3).
Let 5',5" € V(G) \ Ty be the neighbors of 4" /4’, respectively. Since G is bipartite,
5 # 5. Let I'y = Ty U Sy, where Sy = {5,5”}. So, we get the subgraph given in
Figure 4(b) corresponding to the vertex set I't. The principal submatrix Q,(I'1) is

given by
5111110000 0 0
1500001111 0 0
1020001000 0 0
1002000100 0 0
tHHIHEER

QyT1)=f0110002000 0 0 (3.6)

0101000200 0 0
0100100020 0 0
0100000002 1
000000000 1d5) agsn
000001000 0agg d5")

Now, we claim the following about vertices 5" and 5”:

Claim 2.2. 5 is not adjacent to 5”.

Assume on the contrary that 5’ is adjacent to 5”. Since G is connected, d(5') > 3 or

d(5") > 3. Now, we look into all possible degree pairs for 5 and 5”.

(1) (d(5),d(5")) € {(2,3),(3,3)}: Let 6’ € V(G) \ I'y be the remaining neighbor of
5”. Obviously, 5 is not adjacent to 6’ as G is bipartite. Define I'y = I'; U Sj,
where S7 = {5”}. Thus, the matrix Q,(T'2) is

_ (QpT1) Arys
@p(l2) = (ASLFl Qp(sll))’ (3.7)
where Q,(I'1) is given in (3.6) with d(5') € {2,3},d(5") = 3,as5» =1, and
Ag,r,=(00000000000 1), Qp(S1)=_(ds)).

Now (d(5'),d(5")) # (2,3), otherwise As2(Q,(I'2)) < 0.0669 < 1. Let d(5') = 3
and 6” € V(G)\T'g be the remaining neighbor of 5’. Define I's; = I'; U S5, where
Sy = {6"”}. For each admissible choices of d(-),a., we get a contradiction to
As2(@p(T'3)) > 1. Hence, (d(5'),d(5"”)) # (3,3). Therefore, (i) is not possible.
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(ii) ((d(5"),d(5")) = (4,4): Let S; = {6',7,6",7"} C V(G) \I'1 be a set of distinct
vertices in G and define T'y =T'; U S;. Assume that 5” (resp. 5) is adjacent to
6,7 (resp. 6”,7"”). The matrix Ag, r, and Q,(S1) are given by

d(G,) 0 Qgrgl!  Qglrll
1

| ) Qu(51) =

0 d(7/) Qprgtt  Qorgll

==O0O

Qgrglt  Qprglt d(G”) 0

Qglptr  Qorgl! 0 d(7”)

Here, ayj» = 0,Vi,j = {6,7} and d(7") = 3 in G to have A\s2(Qp(T2)) > 1
or Ai2(@p(T'2)) < 6 or p(Qp(T2)) = 7. Let So = {8,9'} C V(G) \T2 be a
subset of N(7") containing distinct vertices and define I's = I's U Sy. However,
As2(@p(T's)) < 1, which contradicts to Remark 4. Therefore, (d(5'),d(5")) #
(4,4).

(iii) (d(5),d(5")) € {(3,4),(3,5),(4,5),(5,5)}: Similar to (ii), it can be verified
using Remark 4 and ¢(G) = 7 that this subcase is not possible.

From above, we conclude that Claim 2.2 holds, i.e., ass» = 0 in Q,(I'1) given by
(3.6).

From Claim 2.2, the induced subgraph G[I'1] is as shown in Figure 4(b). Now, we
look into the degrees of d(5") and d(5").

Claim 2.3. d(5’) > 3 and d(5") > 3.
The claim holds otherwise As2(Q,(I'1)) < 0.9194 < 1, where Q,(T'1) given in (3.6).
Claim 2.4. (d(5'),d(5")) # (3,3).

Assume on the contrary that d(5') = d(5”) = 3. Let S; = {6',7,6",7"} C V(G) \
I'; be a set of distinct vertices in G such that 5 (resp. 5') is adjacent to 6,7’
(resp. 6”,7"), see Figure 4(c). The corresponding submatrix (,(I';) of the principal
submatrix Q,(I'z) in (3.1), where I'y = I';y U S} is given in (3.6) with ass» = 0, and
ASI;F17 Qp(sl) are

d(Gl) 0 Agrgrt  Qglrqprl
_ 0 d(7/) Qrrgrt Qrprgrr

)7 QP(SI) - Qgrglt  Qrprgl! d(6//) 0 : (38)
Qgrptt Qplgl? 0 d(7//)

Ag, 1, = (0

OO
OO

From ¢(G) = 7, Remark 4 on Q,(I's), we have a; j» = 0;i,j € {6,7} and d(6”) > 4.
Let S = {8,9,10'} C N(6"”) \ 'z be set of distinct vertices and I's = T's U Sy, see
Figure 4(d). However, for each choices of a._,d(-), we get a contradiction to Remark
4. Hence, (d(5),d(5")) # (3,3).

Claim 2.5. d(i) # 5 for i = 5',5".

Let d(5"”) = 5 and Sy = {6',7,8,9} C (V(G) \T'1) N N(5”) be a set of distinct
vertices in G and define T'y = T'; U S, see Figure 5(a). We get a contradiction to
Remark 4 for Q,(I'z). Therefore, neither d(5') = 5 nor d(5"”) = 5.
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Claim 2.6. d(5'),d(5") # 4.

Assume on the contrary that the claim holds. From Claim 2.3-2.5, we have the non-
isomorphic choices for (d(5'),d(5")) as (3,4), (4,4).

24"
567

Figure 5.

Case 2.6.1. (d(5'),d(5")) = (3,4).

Let S; = {6/,7,8,6",7'} C V(G) \T'1 be a set of distinct vertices such that
{6’,7,8'} C N(5") and {6"”,7"} C N(5'), see Figure 5(b). Define I'y; = T'; U Sy,
and the principal submatrix @), (I'2) given by (3.1) contains @,(I'1) as given in (3.6).
Hence, each neighbor of 5’ can be adjacent to at most one vertex of {6,7/,8} in
S1, otherwise either A\s2(Qp(T'2)) < 1 or Aj2(@Qp(T'2)) > 6. Since G is bipartite, we
have the following non-isomorphic cases: (2.6.1.1) E(S1) = {6'6”,6'7"}, (2.6.1.2)
E(Sy) ={66",77"}, (2.6.1.3) E(S1) = {6'6"}, (2.6.1.4) E(S1) = ¢.

Now, we analyze these possible cases. Here, (2.6.1.1), (2.6.1.2) are not possible since
either /\SQ(QP(FQ)) <1lor )\lg(Qp(Fz)) > 6.

(2.6.1.3) E(S1) = {6'6"}: Degree of 6” is at least 4, otherwise A\s2(Qp(I'2)) <
0.9923 < 1. Let 6” be adjacent to the set of distinct vertices Sy = {9’,10'} C
V(G)\ Ty, and define T's = T's U S3. However, for all the admissible choices
of d() and a. in Q,(T's), either A\s2(Qp(T's)) < 1 or A2(Q,(I's)) > 6. Hence,
E(S1) #{6'6"}.

(2.6.1.4) E(S1) = ¢: Similar to (2.6.1.3), it can be verified that this case is not
possible using Remark 4 and ¢(G) = 7.

Therefore, Case 2.6.1 is not valid i.e., (d(5'),d(5")) # (3,4).
Case 2.6.2. (d(5),d(5")) = (4,4).

Let S; = {6',7,8,6",77,8"} C V(G) \ T'1 be a set of distinct vertices such that
{6’,7,8'}y C N(5"”) and {6”,7”,8"} C N(5'), see Figure 5(c). Define 'y = T'; U
Sy. Now, i € N(5)(i = 6,7,8) is adjacent to at most one vertex of {6',7' 8},
otherwise either A\s2(@Qp(T'2)) < 1 or A\j2(Q,(T'2)) > 6. Since G is bipartite, we have
the following non-isomorphic choices for E(S7): (2.6.2.1) E(S;) = {6'6"”,7'7",8'8"},
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(2.6.2.2) E(Sy) ={6'6",7'7"}, (2.6.2.3) E(S1) = {6'6"}, (2.6.2.4) E(S1) = ¢. Now,
we analyze these cases.

(2.6.2.1) E(Sy) = {6’6"”,7'7",88"}: This case is not possible, otherwise either we
get /\SQ(QP(FQ)) <1lor )\lQ(QP(Fz)) > 6 or p(Qp(FQ)) > 7.

(2.6.2.2) E(Sy) = {6'6",7'7"}: We have d(6"”) > 3, otherwise we arrive at a con-
tradiction using Remark 4. Suppose that S; = {9”} C N(6”) be such that
I's NSy = ¢ and define I's = I's U S5. Then for each possible submatrix
Qp(T3) in (3.1), we get N2(Qp(T'3)) > 6, which is a contradiction. Therefore,
E(Sy) # {6/6",7'7"}.

(2.6.2.3) E(S1) = {6'6"}: Here we have d(6"),d(6"”) > 3, otherwise A\s2(Qp(T'2)) <
0.9893. Let Sy = {9,9”} C V(G) \ 'z be such that 9’ (resp. 9”) is adjacent to
6" (resp. 6'). Since G is bipartite, we have 9" # 9”. Define I's = I's U S5. We
have N(9) N {7",8",9"} = ¢ = N(9")n{7,8,9'} and d(6") = 4, otherwise
we get a contradiction to Remark 4. Let S3 = {10’} C N(6”) \ I's and define
I'y =T3U 83, see Figure 5(d). Now for all the possible choices of d(-), we arrive
at a contradiction to Remark 4 for Q,(I's). Hence E(S1) # {6'6"}.

(2.6.2.4) E(S1) = ¢: Similar to (2.6.2.3), this case is not possible due to Remark 4,
q(G) =7, and bipartieness of G.

Therefore Claim 2.6 holds i.e., d() # 4 for all i = 5", 5".
Further from Claims 2.1- 2.6, we conclude that Case 4 does not hold. Finally from
Claim 1 and 2, we obtain that G is ~y3-free.

Next, we prove the second part of the theorem, namely (b), by contradiction. Let us
assume that G is non-bipartite and has an induced subgraph vp. Thus Apmin (Q(G)) > 1
by Proposition 1, and hence Apin(Qp(H)) > 1 for every H C V(G). The principal
submatrix corresponding to I'y is
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[eNoNoNoNeNel
[N eNoNel

o
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II)

There exist at least one 4,5 € {1,2,3,4} such that d(i'),d(j”) > 3, otherwise we get
a contradiction to the Remark 4 with Amin (Qp(I'0)) < 0.9317 < 1. Without any loss
of generality, let d(1’),d(1”) > 3 and Sy = {5',6',5"”,6"} C V(G) \ Ty be a set of
distinct vertices such that 5,6’ (resp. 5”,6") are adjacent to 1” (resp. 1’) in G. Thus
the principal submatrix Q,(I'1) where I'y =T'g U Sy, is given by

_ [ @p(To) Arg,
Qp(rl) - (ASo,:o QZ((JSSOO))a
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‘ Qqr5/ Qorgr QAglgl Qyuls!
QAqrg/ Qorgl Azlrgl Aylgl
Where ASQ,F(} - O‘ T Qor511 Qgrglr Qurglr
1

Qorglt Qgrglt QAylglt

Qq11500 Qorrgll Qgligl! Qullsl

1 Aottt QAgirsl Ayltrsl
1 Qorrgl QAalrgl Ayllgl
Qqrrgltt Qotrgll Qgligr! Qullglt

We have the following claims due to the fact that Amin(Qp(T'1)) > 1 and p(Q,(T1)) <
T

® a5 = Qg = A5rj = Aglj = 0, for 7 € FO \ {1”},j S FO \ {1/};

d(1') =d(1") =3, a5 = agyn = 0,i=5,6;
e d(i) > 3, for some i € {2/,3',4'}; say d(2) > 3.

Thus the matrix Ag, r,, @p(So) now becomes

(') agrgr

0[9/0]1]0 azrgr (6’
A507F0 = ( 1 0 )7 QP(SO) = A Od(G)

1 0

0

d(5 /) Qsgrrgtt
Agrrgtt d(G”)

Let 7 be a neighbor of 2 in G, where S; = {7} C V(G)\T'1, and thus I's = T'; U S;.
Now for all the choices of 1 < d(-) < 5and a.. € {0,1}, we get either Ayin(Qp(T2)) < 1
or p(Qp(T'2)) > 7, which contradicts to the fact that A;2(Q(G)) > 1 and ¢(G) = 7.
Therefore, G must be a bipartite graph if it contains 7 as an induced subgraph.

4. Conclusion

We have improved one of our earlier results from [9] on the structural characterization
of Q-integral connected graph G having ¢(G) = 7 and maximum edge-degree 8. We
have shown that G must be a bipartite graph. If G # K; 40K>, then G contains
one of the three graphs, namely SZ(m)(m = 0, 1,2) as an induced subgraph. Further,
0,1,6 and 7 are @Q-eigenvalues of G.

Thus, we conclude that whenever G ¢ {C3,Cq, K33 —e} is a connected Q-
integral graph with maximum edge-degree 2¢(G) — 6, then G is bipartite and
qu(G)_3(q(G) — 4)-free for ¢(G) < 7.
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