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Abstract:  The folded hypercube FQ., is the Cayley graph Cay(Z},S), where S =
{e1,e2,...,en} U{u = e1 +e2+ -+ +en}, and ¢; = (0,...,0,1,0, ...,0), with 1
at the ith position, 1 < ¢ < mn. In this paper, we show that the folded hypercube
FQ, is a distance-transitive graph. Then, we study some properties of this graph. In
particular, we show that if n > 4 is an even integer, then the folded hypercube F@Q,, is
an automorphic graph, that is, F'Q,, is a distance-transitive primitive graph which is
not a complete or a line graph.
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1. Introduction

In this paper, a graph T' = (V, E) is considered as an undirected simple graph where
V = V(T) is the vertex-set and E = E(T') is the edge-set. For all the terminology
and notation not defined here, we follow [1, 3, 6].

Let n > 3 be an integer. The hypercube @, of dimension n is the graph with
the vertex-set {(z1,22,...,zn) | 2; € {0,1}}, two vertices (z1,z2,...,2,) and
(y1,Y2,--.,yn) are adjacent if and only if x; = y; for all but one i. As a topol-
ogy for an interconnection network of a multiprocessor system, the hypercube is a
widely used and well-known model. The hypercube @),, possesses many interesting
properties, for example, its regularity, diameter and connectivity all are n. Also, it is
bipartite and thus @,, is 2-colorable. Moreover it is highly semmetric, that is, @Q,, is
vertex and edge-transitive [1, 6, 22]. There are many invariants of @,,, for instance,
generalized hypercube, folded hypercube, twisted hypercube, augmented hypercube
and enhanced hypercube [2, 8, 22].
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2 On the distance-transitivity of the folded hypercube

As a variant of the hypercube, the n-dimensional folded hypercube proposed first
in [4]. The folded hypercube FQ,, of dimension n, is the graph obtained from the
hypercube @, by adding edges, called complementary edges, between any two vertices
r = (v1,%2,...,%,), y = (¥1,%2,...,2,), where 1 = 0 and 0 = 1. The folded
hypercube F'@Q,, has some interesting properties, for example although it is regular of
degree n+1 (while the hypercube @, is regular of degree n), its diameter is almost half
of the hypercube Q,, that is, [§] [4]. It can be shown that the hypercube @, is the
Cayley graph Cay(Z3, B), where B = {e1, ea,...,e,}, €; is the element of Z} with 1 in
the ith position and 0 in the other positions for, 1 < i < n. Also, the folded hypercube
FQ,, is the Cayley graph Cay(Z}5,S), where S = BU{u = e;+e3+- - -+e, }. Hence the
hypercube @,, and the folded hypercube F@Q,, are vertex-transitive graphs. Since @,
is Hamiltonian [9, 23] and it is a spanning subgraph of FQ,,, so FQ,, is Hamiltonian.
Some properties of the folded hypercube FQ,, are discussed in [5, 9, 11, 21, 24].

The graphs shown in Figure 1. are the folded hypercubes F'Q3 and FQ4

001

Figure 1. The folded hypercubes FQ3 and FQu

We say that the graph I' is distance-transitive if for all vertices u, v, x,y of I such
that d(u,v) = d(z,y), where d(u,v) denotes the distance between the vertices u and
v in T') there is an automorphism 7 in Aut(I') such that m(u) = z and 7(v) = y.
The class of distance-transitive graphs contains many of interesting and important
graphs. It is easy to see that the complete graphs K, and the complete bipartite
graph K, ,, are distance-transitive. Also, it is not hard to check that the cycle C,, is
distance-transitive. A more interesting example is the Petersen graph [6]. Another
interesting example is the crown graph [12, 13, 17]. The class of Johnson graphs
is one the important subclass of distance-transitive graphs [3, 13, 14, 18]. Another
family of examples is the hypercube Q,, [1, 3, 6]. Distance-transitive graphs have been
extensively studied from various aspects, by various authors and some of the works
include [7, 10, 14, 16].

The fact that the folded hypercube is an edge-transitive graph, is one of the main
results that has been shown in [9]. The result has been generalized in [11] by showing
that the folded hypercube is in fact an arc-transitive graph.
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In this paper we show, by an elementary and self-contained method, that the folded
hypercube is in fact distance-transitive and hence distance-regular. Then, we study
some properties of this graph. In particular, we show that if n > 4 is an even
integer, then the hypercube FQ,, is an automorphic graph, that is, F'Q,, is a distance-
transitive primitive graph which is not a complete or a line graph.

2. Preliminaries

The graphs 'y = (V4,E;) and Ty = (Va, Ey) are called isomorphic, if there is a
bijection a : V3 — V5 such that {a,b} € E; if and only if {«(a),a(b)} € E; for all
a,b € V1. In such a case the bijection « is called an isomorphism. An automorphism
of a graph T is an isomorphism of I with itself. The set of automorphisms of I" with
the operation of composition of functions is a group called the automorphism group
of I and denoted by Aut(T).

The group of all permutations of a set V is denoted by Sym(V) or just Sym(n)
when |V| = n. A permutation group G on V is a subgroup of Sym(V'). In this case
we say that G acts on V. If G acts on V we say that G is transitive on V (or G
acts transitively on V) if given any two elements v and v of V, there is an element
B of G such that S(u) =v. If T is a graph with vertex-set V' then we can view each
automorphism of " as a permutation on V and so Aut(I') = G is a permutation group
on V.

A graph T is called vertez-transitive if Aut(I') acts transitively on V(I'). We
say that I" is edge-transitive if the group Aut(I") acts transitively on the edge-set E,
namely, for any {z,y}, {v,w} € E(T), there is some 7 in Aut(T"), such that 7({z,y}) =
{v,w}. We say that T' is symmetric (or arc-transitive) if for all vertices w,v,x,y
of T such that v and v are adjacent, and also, x and y are adjacent, there is an
automorphism 7 in Aut(T") such that 7(u) =  and n(v) = y. Note that if " is arc-
transitive, then it is edge-transitive. Also, it is not hard to see that every distance-
transitive graph is an arc-transitive graph. The automorphism group of a graph and
its action on the vertex and edge or arc sets of a graph have crucial roles in finding
some topological properties of the graph. Some recent works in this field include
[11, 14, 15, 17, 19).

Let G be any abstract finite group with identity 1 and suppose € is a subset of G
with the properties:

(zeQ=2"1eQ, (ii)1¢Q.

The Cayley graph T'=Cay(G, Q) is the (simple) graph whose vertex-set and edge-set
are defined as follows: V(I') = G, E(T') = {{g,h} | g~ 'h € Q}.

It can be shown that the Cayley graph I'=Cay(G, ) is connected if and only if the
set () is a generating set in the group G [1].

The group G is called a semidirect product of N by @, denoted by G = N % @, if
G contains subgroups N and @ such that: ()N <G (N is a normal subgroup of G);
(ii) NQ = G; and (iii) NN Q =1 [20].

It has been shown in [11] that if n > 3, then Aut(F@,,) is a semidirect product of N



4 On the distance-transitivity of the folded hypercube

by M, where N is isomorphic to the Abelian group Z§ and M is isomorphic to the
group Sym(n + 1).

3. Main results

Let I' = (V, E) be a graph with diameter D. For each vertex v of I' we let I';(v) =
{z € V| d(x,v) =1}, 0 <i < D.In other words I';(v) is the set of vertices of I which
are at distance ¢ from the vertex v. The stabilizer subgroup of v in A=Aut(T") denoted
by A, is defined to be the subgroup of automorphisms g of T" such that g(v) = v. We
have the following result.

Proposition 1. [1, 6] Let T' = (V, E) be a vertex-transitive graph with diameter D and
v be an arbitrary vertex of I'. Then I is a distance-transitive graph if and only if there is a
subgroup H of Aut(T')y=A, such that H acts transitively on every I';, 0 <i < D.

One of the interesting properties in the folded hypercube, concerning the distances
between vertices, is shown in the following result.

Proposition 2. LetI' = FQn. If1 <i < [%], then Ts(0)={v | w(v) =i} U {z | w(z) =
n—i+1}={v | w) =i} U{v+u| w) =i— 1},where w(v) is the number of 1s in the
n-tuple v (u=-e1 +---+en).

Proof. Let v be a vertex in the hypercube @Q,. Let w(v) denote the weight of v,
that is, the number of 1s in the n-tuple v. Let 0 = (0,0,...,0) be the zero n-tuple
in Q,. It is easy to see that dg,(0,v) = w(v). Thus in the hypercube @, we
have Qn,(0) = {y € V(Q.) | w(y) = i}. We know that the diameter of the folded
hypercube FQ, is [5]. Now it is easy to check that if 1 <7 < [%], and w(v) =i or
w(v) = n—1i+ 1, then the distance between the zero vertex and v in F'Q,, is i. In fact
we can check that if ' = F'Q,, then I';(0)={v | w(v) = i} U{v +u | w(v) =i — 1},
where u = e; +e2 + -+ + ey, €; is the element of Zy with 1 in the jth position and
0 in the other positions for 1 < j < n. Note that if w(z) =j — 1,1 < j <[], then
wu+z)=n—(j—1)=n—j5+1, but dpg, (0,u+z) = j. O

We now are ready to prove the following important theorem.

Theorem 1. Let n > 4 be an integer. Then the folded hypercube FQ., is a distance-
transitive graph.

Proof. Let ' = FQ, and A=Aut(T"). Let v = 0. In the rest of the proof we need
some information about Ay, the stabilizer subgroup of the vertex 0 in the group A, and
its action on the vertex-set of I' explicitly. Note that the Abelian group Z7 is also a
vector space over the field F' = {0,1} and B = {ej, ea,...,e,} is a basis of this vector
space. It is easy to check that any n-subset of the set S = BU{u =e;+es+---+e,}
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is linearly independent over F' and hence it is a basis of the vector space Z5. Let T
be a subset of S with n elements and f : B — T be a one to one function. We can
extend f over ZY linearly to a mapping e(f), that is, if v = a1e1 + agsea + -+ + anen,
then e(f)(v) = a1 f(e1) + azf(ea) + -+ anf(e,). Thus e(f) is a non-singular linear
mapping of the vector space Z% into itself such that e(f)|p = f. Since B and T are
bases of the vector space Z%, hence e(f) is a permutation of Z%. Since e(f) is an
automorphism of the group Z3 which fixes the generating set S of the Cayley graph
FQ,, hence it is an automorphism of the folded hypercube F@Q,. Now it is easy to
check that, H ={e(f) | f: B— T, T C S,|T| =n, f is a one to one mapping},
is a subgroup of the stabilizer group of the vertex v = 0. (In fact, it is not hard to
show that H=A,.) The graph FQ, is a Cayley graph, thus it is a vertex-transitive
graph, hence by Proposition 1, it is sufficient to show that the action of H on the set
I';(0) = T; is transitive, where I';(0) is the set of vertices at distance i from the vertex
v =0. Let z and y be two vertices in I';. Then either w(z) = w(y) or w(x) # w(y).
First suppose that w(z) = w(y). Let © = eg, + - + e, and y = e, +
-+ 4+ e;,. There are vertices e,,...,eq, , and ey,,...,e, , in F@Q, such that
{€kys €k Cayse-sCa,  y=B={e1,ea,...,ent={€j,,. ... €, €y, .. €y, ,}. Let f
be the permutation on the set B which is defined by the rule, f(e,) =¢;,.,1 <r <4,
and f(ez,) =ey,,1 <1 <n—1i We now can see that e(f)(z) =y, where e(f) is the
linear extension of f to Z%. Note that e(f) € H.
Now suppose that w(z) # w(y). Without loss of generality we can assume that
w(z) =i and w(y) = n — i+ 1. By Proposition 2, there is a vertex y; in I';_; such
that w(y1) =i— 1 and y = v+ y1 (in fact y1 = y + u).
Let x = e, +---+ e, and y1 = e, +--- +¢e;,. There are vertices e,,,...,e,, , and
€yrs- s Cy, , iN FQ, such that {eg,,... ex, €0,,..., €4, ,}=B={e1,e2,...,e,} and
{u,ej,,..., €€y, =T, |T|=n,TCS.
Let f : B — T be a one to one function such thatf(eg, ) = u, f(er,) =€y, 2 <r <4,
fles,) =€y, 1 <r<n-—i.
Now it is clear that for the automorphism e(f) we have e(f)(z) = y. Now, since
e(f) € H, the result follows.

O

A block B, in the action of a group G on a set X, is a subset of X such that
Bng(B) € {B,0}, for each g in G. If G is transitive on X, then we say that the
permutation group (X, G) is primitive if the only blocks are the trivial blocks, that
is, those with cardinality 0,1 or |X|. In the case of an imprimitive permutation group
(X, G), the set X is partitioned into a disjoint union of non-trivial blocks, which are
permuted by G. We refer to this partition as a block system. A graph T is said to
be primitive or imprimitive according to the group Aut(T') acting on V(T') has the
corresponding property. In the sequel, we need the following definition.

Definition 1. A graph ' = (V, E) of diameter D is said to be antipodal if for any
z,v,w € V such that d(z,v) = d(z,w) = D, then we have d(v,w) = D or v = w.
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Let I';(x) denote the set of vertices of I' at distance ¢ from the vertex . Let I" be a
distance-transitive graph. From Definition 1, it follows that if I'p () is a singleton set,
then the graph I' is antipodal. It is easy to see that the hypercube @, is antipodal,
since every vertex u has a unique vertex at maximum distance from it. Note that this
graph is at the same time bipartite. We have the following result [1].

Proposition 3. A distance-transitive graph T' of diameter D has a block X = {v}UT' p(v)
if and only if T is antipodal, where T'p(v) is the set of vertices of I at distance D from the
verter v.

Also, we have the following important result [1].

Theorem 2. An imprimitive distance-transitive graph is either bipartite or antipodal.
(Both possibilities can occur in the same graph.)

We have the following result.

Proposition 4. [25] The folded hypercube FQ, is a bipartite graph if and only if n is
an odd integer.

We now can state and prove the following fact concerning the folded hypercube F'Q,,.

Theorem 3. Let n > 4 be an integer. Then, the folded hypercube FQ, is a primitive
distance-transitive graph if and only if n is an even integer.

Proof. By Theorem 1, the folded hypercube F @, is a distance-transitive graph. If
n is an odd integer, then by Proposition 4, the folded hypercube F(Q,, is a bipartite
graph, thus by Theorem 2, it is imprimitive.
Let n be an even integer. Therefore, by Proposition 4, F@Q,, is not bipartite. Let
n = 2m. Thus the diameter of the F@Q, is m. Let v be a vertex in F'Q, such that
w(v) =m. Let t = u+v, where u = e; + e3+ -+ - + e,. Hence w(t) = m. This follows
that d(0,v) = d(0,t) = m, but d(v,t) = 1 # m. Hence FQa,, is not antipodal. Thus,
by Theorem 2, F'Qs,, is primitive.

O

Let T' = (V, E) be a simple connected graph with diameter D. A distance-regular
graph I' = (V| E), with diameter D, is a regular connected graph of valency k with
the following property. There are positive integers

bo = k,b1,...,bp_1;¢c1 =1,¢2,...,¢cp,

such that for each pair (u,v) of vertices satisfying u € T';(v), we have
(1) the number of vertices in I';_1 (v) adjacent to w is ¢;, 1 <14 < D.
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(2) the number of vertices in I'; 11 (v) adjacent to w is b;, 0 <3 < D — 1.

The intersection array of ' is ¢(T") = {k,b1,...,bp_1;1,¢2,...,cp}.

It is easy to show that if I" is a distance-transitive graph, then it is distance-regular
[1]. Hence, the hypercube Q,, n > 2 is a distance-regular graph. We can verify by
an easy argument that the intersection array of @, is

{n,n—1,n—-2,...,1;1,2,3,...,n}.

In other words, for hypercube @,, we have b, = n—1, ¢; =4, 1 <i <n—1, and
by = n, ¢, = n. In the following theorem, we determine the intersection array of the
Folded hypercube FQ,,.

Proposition 5. Let n > 3 be an integer and I' = FQ,, be the folded hypercube. Let
D denote the diameter of FQ.. Then for the intersection array of this graph we have
bi=n+1—14,0<i<D. ci=i, 1 <i <D (note that D=[%1]).

Proof. Nothing to what is stated in the proof of Proposition 2, the proof of the
theorem is straightforward.
O

An automorphic graph is a distance-transitive graph whose automorphism group acts
primitively on its vertices, and not a complete graph or a line graph [1].
Automorphic graphs are apparently very rare. For instance, there are exactly three
cubic automorphic graphs [1]. It is clear that for n > 3, the graph F@, is not a
complete graph. In the sequel, we show that if n > 4 is an even integer, then the
graph F'Q, is an automorphic graph. In the first step, we show that F'@Q,, is not a
line graph. In the rest of our paper , we need some information about the eigenvalues
of FQ,. We do not need the spectrum of F'Q,,, that is, all the eigenvalues of F'@Q,,.
Let T" be a graph with vertex set V(I') = V = {v1,va,...,v,} and edge set E = E(T").
The adjacency matrix A = A(T") = [a,;] of I' is an n X n symmetric matrix of O0s and
1s with a;; = 1 if and only if v; and v; are adjacent. The characteristic polynomial
of T" is the polynomial P(G) = P(G,z) = det(zI, — A), where I,, denotes the n x n
identity matrix. The spectrum of A(T") is also called the spectrum of I'. If the
distinct eigenvalues are ordered by A; > Ay > --- > A, and their multiplicities are
mi, Ma, ..., M,, respectively, then we write,

Spec(I') = (Wi‘llé';igr) or Spec(T') = {A7", A0, .., A )
Let T’ be a graph with vertex set V' = {v1,vs,...,v,} and adjacency matrix A, and
the rows and columns of A are labeled by the set V. Let m be a permutation of the
set V. We know that 7 can be represented by a permutation matrix P, = P = (p;;),
where p;; = 1 if v; = m(v;), and p;; = 0 otherwise. It is a well known fact that 7 is
an automorphism of the graph T if and only if AP = PA [1].
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Let I' = (V, E) be a graph. The line graph L(I") of the graph T is constructed by
taking the edges of I' as vertices of L(I"), and joining two vertices in L(I') whenever
the corresponding edges in I' have a common vertex. Note that if e = {v,w} is an
edge of T, then its degree in the graph L(T') is deg(v) + deg(w) — 2. Concerning the
eigenvalues of the line graphs, we have the following fact [1].

Proposition 6. If ) is an eigenvalue of a line graph L(T'), then A > —2.

Therefore, if A < —2 is an eigenvalue of a graph I, then IT" is not a line graph.
In the proof of the following theorem, we need the following fact.

Proposition 7. LetT' = FQ,. Then the mapping o : V(I') = V(T'), a(v) = v, where
v® is the complement of v (v° = (&1, %2, ..., ¥n), when v = (x1,T2,...,%s), 1=0, 0=1), is an
automorphism of I' and the hypercube Q..
Proof. The proof is straightforward.

O

Using this result we show that, without having the spectrum of the folded hypercube
F@, in the hand, if n > 4, then F'@Q),, has an eigenvalue less than -2, hence it is not
a line graph.

Theorem 4. Ifn >4, then FQ, is not a line graph.

Proof. If ' = FQ,, then by Proposition 7, the permutation « : V(I') — V(T'),
a(v) = v°, where v is the complement of the set v, is an automorphism of the graph
I' and the hypercube @,,. Thus, if P is the permutation matrix of a, then we have
MP = PM where M is the adjacency matrix of the graph F@Q,.
It is not hard to check that the adjacency matrix of F'Q,, is of the form M = A+ P,
where A is the adjacency matrix of the hypercube @,. Since « is of order 2, then
P? = E where E = Ij, is the identity matrix of size h (h = 2"). Hence if p(x) = 22 -1,
then p(P) = 0. Thus, if p is an eigenvalue of the matrix P, then p(u) = 0, namely,
uw € {1,—1}. Since « is an automorphism of the graph @,, thus AP = PA. On
the other hand, the matrices A and P are symmetric, hence the matrices A and P
are diagonalizable, and therefore there is a basis B = {u1,...,u,} of R" such that
each u; is an eigenvector of the matrices A and P [6]. Therefore, if Au; = Aug,
then Mu; = (A + P)u; = Nu; + tiu; = (N + t;)u;, where t; € {1,—1}. Every
eigenvalue of the hypercube @,, is of the form n — 2i, 0 < i < n, [1]. Thus, for ¢ = n,
n—2n+1=-n+1,orn—2n—1= —n—11is an eigenvalue of the folded hypercube
FQ,. Nothing that n > 4, F@Q, has an eigenvalue § such that § < —3. Now, by
Proposition 6, the hypercube F'@Q,, is not a line graph.

O
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Theorem 5. Letn > 4 be an integer. Then the folded hypercube FQ,, is an automorphic
graph if and only if n is an even integer.

Proof. By Theorem 3, the folded hypercube F@Q, is a primitive distance-transitive
graph if and only if n is an even integer. By Theorem 4, F'Q),, is not a line graph. It is
clear that F'@,, is not a complete graph. We now conclude that the folded hypercube
FQ, is automorphic if and only if n is an even integer.

O
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