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Abstract: In this paper, we introduce the zero-divisor associate graph I'p (R) over a
finite commutative ring R. It is a simple undirected graph whose vertex set consists of
all non-zero elements of R, and two vertices a, b are adjacent if and only if there exist
non-zero zero-divisors zi1,z2 in R such that az; = bza. We determine the necessary
and sufficient conditions for connectedness and completeness of I'p(R) for a unitary
commutative ring R. The chromatic number of I'p(R) is also studied. Next, we
characterize the rings R for which I'p(R) becomes a line graph of some graph. Finally,
we give the complete list of graphs with at most 15 vertices which are realizable as
I'p(R), characterizing the associated ring R in each case.

Keywords: Zero-divisor, Commutative ring, Chromatic number, Complete graph,
Line graph.
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1. Introduction

The study of algebraic structures using graph-theoretical tools has been an exciting
research area since the previous two decades. Several graphs have been defined over
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2 The zero-divisor associate graph over a finite commutative ring

various algebraic structures, which provided valuable insights into the interplay be-
tween the algebraic properties and graph-theoretical properties. Among such graphs,
the zero-divisor graph deserves special mention as it is significant from various per-
spectives. The concept of a zero-divisor graph was first introduced by Beck (cf. [1, 3]),
and the zero-divisor graph of a commutative ring was defined in its present form by
Anderson and Livingston [2]. Then, Redmond [13] generalized the zero-divisor graphs
for non-commutative rings. The richness of results obtained from the zero-divisor
graphs motivated the definition of several such graphs ([5-7, 16], for example) over
rings and other structures.

With the motivation of further exploring the set of zero-divisors of a ring, we here
introduce a simple undirected graph in the following way:

Definition 1. Let R be a finite commutative ring. The zero-divisor associate graph
I'p(R) over the ring R is a simple undirected graph (V, E) where V = R — {0}, and two
distinct vertices a,b are adjacent if and only if az; = bz2 for some non-zero zero-divisors
z1, z2 (not necessarily distinct) of R.

Clearly, T'p(R) is an empty graph when R is an integral domain.

The term ‘zero-divisor associate’ alludes to the concept of associate elements of a
ring. In this paper, we first characterize the rings R for which the graph I'p(R) is
connected, and show that I'p(R) is connected if and only if (Z(R))? # {0}. This, in
turn, shows that I'p (R) is connected for all commutative unital rings except local rings
of characteristic p or p? for some prime p. It is also shown that I'p(R) is complete
if and only if Ann(Z(R)) = {0}. The chromatic number of I'p(R) is found to be
|R| — |Ann(Z(R))|. Then, we characterize the rings R for which I'p(R) is realized as
the line graph of some graph. In the appendix, we completely characterize the graphs
having at most 15 vertices which are realizable as I'p(R).

Throughout this paper, S* denotes the non-zero elements of a set .S. For any ring
R, U(R) denotes the set of all units of R, Z(R) denotes the set of all zero-divisors
of R, and Ann(Z(R)) = {z € Z(R) | zz1 = 0 for each z; € Z(R)}. For any S C R,
S? is the set {zy | x,y € S}. Char(R) denotes the characteristic of the ring R. One
may see [4, 9] for general algebraic notations. The complement of the graph G is
denoted by G. Also, a <+ b denotes that the vertices a and b are adjacent. For other
graph-theoretical properties, we refer to [17].

2. Connectedness of the graph I'p(R)

In this section we mainly consider necessary and sufficient conditions for I'p(R) to
be connected. We begin with several lemmas, which lead us to the main result.

Lemma 1. Let R be a finite commutative unital ring, such that Z(R) # {0}. Then
the set of vertices corresponding to U(R) (i.e., the set of all units of R) induces a clique in
I'p(R). Also, the set of vertices corresponding to Z(R)™ induces a clique in I'p(R).
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Figure 1. T'p(R) for R € {Z4,%6,Zo}

Proof. Let zy = 0 for all y € Z(R). If possible, let 3 uw € U(R) such that u < z
in Tp(R). Then uzy = zzy for some 21,29 € Z(R)*. This shows that uz; = 0,
contradicting that u is a unit. So z <+» u for any unit u of R. Next, let 3 z; € Z(R)*
with 2z # 0. Then for any unit u, we have that u(u='zz1) = z21. So z is adjacent

to every unit u of R. O

Lemma 2. Let R be a finite communtative unital ring, and z € Z(R)*. If zy = 0 for
all y € Z(R), then z is not adjacent to any unit w € U(R) in I'p(R). Else, z is adjacent to
every unit of R in T'p(R) .

Proof. Let zy = 0 for all y € Z(R). If possible, let 3 u € U(R) such that u + 2
in Tp(R). Then uzy = zzy for some 21,29 € Z(R)*. This shows that uz; = 0,
contradicting that u is a unit. So z «+» u for any unit u of R. Next, let 3 z; € Z(R)*
with zz; # 0. Then for any unit u, we have that u(u=1zz;) = zz;. So z is adjacent

to every unit u of R. O

Lemma 3. Let R be a finite commutative unital ring, and let uw € U(R) and z € Z(R)*.
Then in I'p(R), u <> z if and only if 1 <> z.

Proof. wu + z in Ip(R) if and only if uz; = 229 for some z1,20 € Z(R)*, i.e.,
1(uz1) = 2z(22), which happens if and only if 1 <» z. Hence the result. O

Example 1. Consider the finite commutative rings Za, Zs and Zg. It is seen that I'p(Z4)
and I'p(Zy) are not connected, but I'p(Zs) is connected (cf. Figure 1). It is interesting to
note that (Z(Z4))? = (Z(Zy))?* = {0}, but (Z(Zs))* # {0}. We next show that (Z(R))? #
{0} is, in fact, a necessary and sufficient condition for I'p(R) to be connected.

Theorem 1. Let R be a finite commutative unital ring. Then T'p(R) is connected if and

only if (Z(R))* # {0}.
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Proof. Suppose that (Z(R))? # {0}. By Lemma 1, we already have that the sets
U(R) and Z(R)* both induce cliques in I'p(R). Since R* = U(R) U Z(R)*, it then
suffices to show that u <+ z for some u € U(R) and z € Z(R)* to prove that I'p(R)
is connected. As (Z(R))? # {0}, 3 a,b € Z(R)* such that ab # 0. Noting that
1(ab) = ab, we have that the unit 1 is adjacent to the zero-divisor a. So the graph
I'p(R) is connected.

Conversely, let I'p(R) be connected. So we necessarily have z <+ u in I'p(R) for
some z € Z(R)* and u € U(R). Thus, by Lemma 2, zy # 0 for some y € Z(R), which
implies that (Z(R))? # {0}. This completes the proof. O

Corollary 1. The graph T'p(Zy,,) is connected if and only if n # 4 and n # p,p* for any
odd prime p.

Proof. Let I'p(Z,) be connected. Figure 1 shows that n # 4. If n = p for any odd
prime p, then Z, is a field and we arrive at a contradiction as I'p(Z,,) is a disjoint
union of more than one isolated vertices. If possible, let n = p? for some odd prime p.
Then (Z(Zy))? = {0}, which contradicts the connectedness of I'p(Z,,) (by Theorem
1). Thus, n # p,p? for any odd prime p. Conversely, let n # 4 and n # p,p? for any
odd prime p. Then either n = p"™ for some prime p (and m > 2), or n has at least
two distinct prime factors. In either case, (Z(Z,))? # {0}. So, by Theorem 1, the
graph I'p(Z,,) is connected. O

Theorem 2. Let R be a finite commutative unital ring. If R is either a local ring with
Char(R) # p,p* for any prime p, or a non-local ring, then T'p(R) is connected.

Proof. We first observe that I'p(Zg x Z2) is connected. Next, let R % Zo X Zs. So
R is neither (isomorphic to) Zg x Zy nor local with Char(R) = p or p? for any prime
p. Thus, it follows from [Theorem 2.10, [2]] that the zero-divisor graph I'(R) is not
complete. This implies that 3 z,w € Z(R) such that zw # 0, and hence, we have
that (Z(R))? # {0}. Thus, by Theorem 1, I'p(R) is connected. O

Next, we consider the completeness of I'p(R). It is seen that I'p(Zg) is com-
plete but I'p(Zg) is not (cf. Figure 1 and Figure 2). It is interesting to observe
that Ann(Z(Ze)) = {0} and Ann(Z(Zs)) # {0}. We show in the next result that
Ann(Z(R) = {0} is indeed a necessary and sufficient condition for I'p(R) to be com-
plete.

Theorem 3. Let R be a finite commutative unital ring R. Then I'p(R) is complete if
and only if Ann(Z(R)) = {0}.

Proof. Let Ann(Z(R)) = {0}. Then if z € Z(R)*, 3 z; € Z(R)* such that zz; # 0.
Since 1(zz1) = z(z1), we have that 1 <+ z in I'p(R). It then follows by Lemma 3
that u > z for every u € U(R). As z was arbitrary, it follows that us <> 2o for any
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uz € U(R),z2 € Z(R)*. Since R* = U(R) U Z(R)*, this together with Lemma 1
implies that I'p(R) is complete.

Conversely, let I'p(R) be complete. Let z € Z(R)*. Clearly, z <» uforallu € U(R).
By Lemma 2, it then follows that zy # 0 for some y € Z(R). This shows that
z & Ann(Z(R)) and hence, we have that Ann(Z(R)) = {0}. O

~
oy

98]}
!

Figure 2. Tp(Zs)

Corollary 2. Letn € N—{1,2}. Then I'n(Z,) is complete if and only if n # p™ for
any prime p and m € N.

Proof. Let I'p(Z,) be complete. If possible, let n = p™ for some prime p and m € N.
By Corollary 1 and Figure 1, we then have that m > 2. So Ann(Z(Z,)) # {0},
which contradicts the completeness of I'p(Zy,) (cf. Theorem 3). Hence, n # p™ for
any prime p and m € N. Conversely, let n # p™ for any prime p and m € N. Then
n = pi'py? - pF for k(> 2) distinct primes p;’s. Consider any non-zero zero-divisor z

T1—81,,l2—S2

in Z,,. Clearly, z = p]*~*'p; ~-pr % where s; > 0fori=1,2,...,k,and s; >0
for some j € {1,2,...,k}. Since zp; # 0 for any t # j, we have that z & Ann(Z(Z,)).
This shows that Ann(Z(Z,)) = {0}. Hence, by Theorem 3, ' p(Z,) is complete. [J

Theorem 4. Let R be a finite commutative unital ring.

(i) If R is not a local ring, then T'p(R) is complete.

(i) If all the zero-divisors of R are nilpotent of order 2, then I'p(R) is complete if and only
if R is not local.

Proof. (i) Let R be a non-local ring. First, let R & Zs x F' for some finite field F'.
Then any element z of Z(R)* can be expressed either as (1,0r) or in the form (0, a)
for some a € F*. As 22 # 0, it follows that Ann(Z(R)) = {0}. Hence, I'p(R) is
complete by Theorem 3. Next, let R % Zs x F, for any finite field F. Since R is not
local, we have from [Corollary 2.7, [2]] that there is no vertex in the zero-divisor graph
I'(R) which is adjacent to every other vertex. This shows that Ann(Z(R)) = {0},
and so, I'p(R) is complete by Theorem 3.

(ii) If R is not local, then T'p(R) is complete by part (i). Conversely, let I'p(R)
be complete. So Ann(Z(R)) = {0} by Theorem 3. Since all elements of Z(R)* are
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nilpotent of order 2, we have that Ann(Z(R)) = {0} if and only if there is no vertex
in the zero-divisor graph I'(R) which is adjacent to all other vertices. It then follows
from [Corollary 2.7, [2]], that R is not local. This completes the proof. O

We now show that apart from Z(R)* and U(R), there is another important subset
of R which also induces a clique in I'p(R).

Lemma 4. Let R be a finite commutative unital ring. Then R — Ann(Z(R)) induces a
clique in T'p(R).

Proof. By Lemma 1, both U(R) and Z(R)* induce cliques in I'p(R). If a € Z(R) —
Ann(Z(R)), then az # 0 for some z € Z(R)*. So, by Lemma 2, a < u for any
u € U(R). Since U(R) U (Z(R) — Ann(Z(R))) = R — Ann(Z(R)), this shows that
R — Ann(Z(R)) induces a clique in I'p(R). O

The above result helps us in determining the chromatic number of I'p(R).

Theorem 5. Let R be a finite commutative unital ring. Then x(Cp(R)) = w(T'p(R)) =
|R — Ann(Z(R))|.

Proof. Since R is a finite commutative unital ring, it can be expressed in the form
Ry X Ry X -+ X Ry, where the R;’s local rings and k € N. If £ = 1, then R is local
and hence, |U(R)| > |Z(R)| > |Ann(Z(R))|. Again, if k& > 2, then R is not local
and Ann(Z(R)) = {(0,0,0,---,0)}. So |[U(R)| = |U(R1) X U(Rg) X --- x U(Rg)| >
|Ann(Z(R))| in this case as well. By Lemma 1, Z(R)* induces a clique in I'p(R).
Let (Ann(Z(R)))* = {z1,22,--.,2m} and Z(R)* = {z1,22,. -, Zms Zm+t1s-- -, 2k}
We assign the colours c¢q,co,...,cx to the vertices z1,29,..., 2, respectively. Let
UR) = {ui,u2,...,Um, Umt1,...,U}. By Lemma 2, z; ¢ u, for any unit wu,
and for j = 1,2,...,m. So one can assign the colours ci,cs,...,c, to the ver-
tices w ug, ..., unm, respectively. Again, by Lemma 2, z; <> uy for any unit u, and
for j =m+1,m+2,...,k. So one can assign the colours cx41,Cx+2,. .-, Chtr—m
to the remaining vertices Um41,Um+2,.-.,%-. This shows that x(I'p(R)) < k +
r—m = |R — Ann(Z(R))|. By Lemma 4, w(I'p(R)) > |R — Ann(Z(R))|. So
w('p(R)) > |R — Ann(Z(R))|. Combining these results, we have that
W(Tp(R)) = |R — Ann(Z(R))|. O

Corollary 3.

[ n—p if n=p" for some prime p and m > 2
X(T'p(Zn)) = { n—1 otherwise .

Proof. If n = p™ for some prime p and m > 2, then |Ann(Z(Z,))| = p. Next,
let n = pi'py?---p.*, where k > 2 and the p;’s are distinct primes. Then Z, =
Lyrr X Ly X -+ - X Ly and hence, Ann(Z(Zy)) = {0}. So the result follows from

Theorem 5. O
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3. I'p(R) as a line graph of some graph G

In this section, we characterize those commutative unital rings R for which the
graph T'p(R) is realizable as the line graph of some graph G.

Definition 2. [12] Let G be a graph. Then the line graph of G is the graph L(G)
whose vertex set consists of the edges of G, and two vertices in L(G) are adjacent if the
corresponding edges in G have a common end-point.

Theorem 6. The graph I'p(R) is a line graph of some graph G if and only if one of the
following holds.

(i) Ann(Z(R)) = {0},

(i1) |[Ann(Z(R))| =2 and |Z(R) — Ann(Z(R))| = 2,
(#13) |Ann(Z(R))| > 2 and |Z(R) — Ann(Z(R))| < 1.

Proof. If one of the said conditions holds, then I'p(R) is a line graph as shown
below.

Case 1. Assume Ann(Z(R)) = {0}.

Then, by Theorem 3, I'p(R) = K|p—1 = L(Ky,|r|-1)-

Case 2. Suppose that [Ann(Z(R))| = |Z(R) — Ann(Z(R))| = 2.

Clearly, |Z(R)*| = 3 and the zero-divisor graph I'(R) is not complete. It
then follows from a list given in [14] that R is isomorphic to one of the rings
Zs, Zo|x]/(x3), Zy|x]/ (22, 2% — 2). For each of the said rings, I'p(R) = G5 = L(G3),
where G7 and G% are shown in Figure 3, respectively.

G G3
Figure 3. The graphs G} and G}

Case 3. Assume that |[Ann(Z(R))| > 2 and |Z(R) — Ann(Z(R))| < 1.
Let |U(R)] = m and |Z(R)*| = n. First, let Z(R) = Ann(Z(R)). Then
(Z(R))? = {0}. In this case, [p(R) & K., + K, & L(K;, + Ki,m). Next, let
|Z(R) — Ann(Z(R))| = 1. Then I'p(R) is isomorphic to Ky + K,,_1,4,, which is the
line graph of the graph G% shown in the Figure 4.

Conversely, let I'p(R) be the line graph of some graph G. If possible, let the ring R
satisfy none of the conditions (i)-(iii). Then we have two possibilities as shown below.

Case I. Suppose that |Z(R) — Ann(Z(R))| > 3 and |Ann(Z(R))| > 2.
We consider a vertex subset Vi = {z1,29,23,2,1}, where z € Ann(Z(R))*, and
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21, %2, 23 € Z(R) — Ann(Z(R)). The subgraph of I'p(R) induced by V; is isomorphic
to K5 — e (cf. Figure 5), which is a forbidden subgraph for a line graph [Theorem
1,[15]]. So we arrive at a contradiction.

Kok

m—-—2 m-—1 m n—1 n-—

Figure 4. The graph G

Case II. Let [Ann(Z(R))| > 3 and |Z(R) — Ann(Z(R))| = 2.

Here we consider a vertex subset Vo = {z1,29,23,24,u1,us}, where 21,29 €
Ann(Z(R))*, z3,24 € Z(R) — Ann(Z(R)) and u1,uz € U(R). In T'p(R), V2 induces
a subgraph isomorphic to G4 (cf. Figure 5), which is a forbidden subgraph for a line
graph (cf. [Theorem 1, . So we again reach a contradiction.

@<

Figure 5. Graphs G4 and K5 — ¢

Thus, I'p(R) is a line graph if and only if one of the conditions (i)-(iii) is satisfied.
O

Corollary 4. TI'p(Zn) is a line graph of some graph G if and only if n = 8 orn =

71,72

piips? - pk, where k > 2, p;’s are distinct primes and r; > 1Vi=1,2,...,k.

Proof. Since |Ann(Zs)| = 2 and |Z(Zg) — Ann(Zs)| = 2, it follows by Theorem 6
that I'p(Zsg) is a line graph. Next, let n = pi*p5* - - p;* for k(> 2) distinct primes
pi’s, where ry > 1 for t = 1,2,...,k. Then Ann(Z(Z,)) = {0} and so, I'p(Z,) is a
line graph. For all other values of n, it is easy to show that Z, satisfies none of the
three conditions mentioned in Theorem 6 and hence I'p(R) is not a line graph for
those values of n. This completes the proof. O
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Appendix: All zero-divisor associate graphs of at most 15 ver-
tices

We here give the complete list of graphs realizable as I'p(R) with number of vertices
at most 15. For this, we need to consider the local (i.e., those having a unique maximal
ideal) as well as non-local rings of order at most 16 (since I'p (R) has |R| —1 vertices).
Several lists given in [8, 10, 11, 14] help us list all such commutative unital rings,
following some routine calculations. In this regard, the following result particularly
helps in the characterization of the aforementioned local rings.

Theorem 7. Let (R, M) be a finite commutative local ring with 1 and with unique
mazimal ideal M. Then |R| = p™" and |J(R)| = |M| = |Z(R)| = p""~ V" for some prime p
and n,r € Z.

Proof. Clearly, M = Z(R) = J(R). This shows that Z(R) forms an additive group.
So, by [Proposition 1, [10]], |R| = p™" and |J(R)| = |[M| = |Z(R)| = p™~Y" for some
prime p and n,r € Z. O

The corresponding zero-divisor associate graphs having at most 16 vertices are given
in the following tables given in this appendix.

Figure 6. The graph G5
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The Graph
No. of|The Ring R [(Z(R)*||Tp(R) Planarity
Vertices
1 Zo 0 K planar
2 Zs3 0 2K, planar
3 Za, L[]/ (x?) 1 K1+ Ko planar
3 Fyu 0 3K, planar
3 Zo X Lo 2 Ks planar
4 Zs 0 4K, planar
5 Ze 3 Ks not planar
7 T 0 7K1, planar
Gs (cf.
7 Zs, Za[z]/(x3), Za[z]/ (22, 2% — 2) 3 Figure 6) |not planar
7 Fg 0 7K, planar
7 Zalz,yl/(z,9)?, Zalz]/(2, )2 3 K3+ Ka planar
7 Zo X Fy 4 Ky not planar
7 Za X Ly, Lo x Zo[z]/(x2) 5 Ky not planar
7 Zio X Lo X T 6 Ky not planar
8 Zs3 X Zs3 4 Ksg not planar
8 Zs[x]/(z?), Zg 2 Kg + Ko not planar
8 Fg 0 8K planar
9 Zo X s 5 Ky not planar
10 711 0 10K planar
11 Zs x Fy 5 K11 not planar
11 73 X Ty, L3 X Lalz]/(x?) 7 Ki1 not planar
11 Zo X Lo X 73 9 K11 not planar
12 Z13 0 12K planar
13 Zio X L 7 Kis not planar
14 Z3 X Zs 6 Kia not planar
15 Fi6 0 15K, planar
T )@, 7o, Zalal] @ F 27, Za [0l (5 = 2,327, 30),
15 Zalz)/ (22 + 2z) 7 K18+ 6K |not planar
Zslx]/(2x, x2+4), Za[x]/(22), Za[x] [ (x® —22 -2, 222, 2),
15 Zalz,y]/ (x2,y? — zy) 7 K18+ 6K1|not planar
Z4[CL’, y]/(z27 y2—xy, $y—27 2$7 2y)7 Za [CL‘, y]/(xQ, y27 rY—
15 2,2z,2y), Zalx,y]/(z2,y?) 7 K18 + 6K1|not planar
15 Za[x]/(x? + 3z) 7 Kis not planar
Gs (cf.
15 Zs|x]/ (2x, 22)Za[z]/ (23,222, 22), Za[z,y]/ (23, 2y, y?) |7 Figure 6) |not planar
15 Zalx,y, 2]/ (x,y, 2)?, Zalz, y]/ (22,42, xy, 2z, 2y) 7 K7+ Kg |not planar
15 Fa[z]/(x2), Za[z]/(z® + = + 1) 3 K3 + K12 |not planar
15 Fq X Fy 6 Kis not planar
15 Zo x Fg 8 Kis not planar
15 Zy X Fy, Zo [x]/(xz) x Fy 9 Kis not planar
15 Za x s, Lo X La[x]/(x?), Za x Z4[z]/(2z, 2% — 2) 11 Kis not planar
15 Za x Lolz,yl/(2,9)2, Za x Za[z]/(2,2)2 11 Kis not planar
15 Za X Za, Za X La[x)/(22), Za[z]/(x?) X Za[x]/(x?) 11 K1,4 + 10K]|not planar
15 Zo X Lo X Fy 12 Kis not planar
15 Zo X Lo X Ly, Lo X Lo X Zz[x]/(xQ) 13 Kis not planar
15 Lo X Lo X Lo X L2 14 Kis not planar
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