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Abstract: Let G = (V, E) be a simple connected graph. A perfect matching (or
Kekulé structure in chemical literature) of G is a set of disjoint edges which covers all
vertices of G. The anti-forcing number of G is the smallest number of edges such that
the remaining graph obtained by deleting these edges has a unique perfect matching
and is denoted by af(G). For every m € N, the mth power of G, denoted by G™, is
a graph with the same vertex set as G such that two vertices are adjacent in G™ if
and only if their distance is at most m in G. In this paper, we study the anti-forcing
number of the powers of some graphs.
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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). A matching M in
a graph G is a collection of edges of G such that no two edges from M share a vertex.
If each vertex of G is incident with exactly one edge in M, the matching M is called
perfect. In other words, all vertices in a perfect matching are saturated. Obviously,
only graphs on an even number of vertices can have perfect matching. The study of
perfect matchings has a long history in both mathematical and chemical literature.
For more details on perfect matching, we refer the reader to see [12].

If G is a graph that admits a perfect matching M, then a forcing set of M is a subset S
of M contained in no other perfect matchings of G. The minimum possible cardinality

* Corresponding Author

© 2024 Azarbaijan Shahid Madani University



498 On the anti-forcing number of graph powers

of the forcing set S over all forcing sets of M is called the forcing number of M and
denoted by f(G) or f(G, M).

The notions of a forcing edge and the forcing number of a perfect matching first
appeared in 1991 by Harary, Klein and Zivkovié ([7]). The root of these concepts
can be traced to the works [9, 13] by Randi¢ and Klein where the forcing number
was introduced under the name of “innate degree of freedom” of a Kekulé structure,
which plays an important role in the resonance theory in chemistry ([6]).

Over the past two decades, more and more mathematicians were attracted to the
study on forcing sets and the forcing numbers of perfect matchings of a graph. The
scope of graphs in consideration has been extended from polyhexes to various bipartite
graphs and non-bipartite graphs ([6]). Zhang, Ye and Shiu proved that the forcing
number of fullerenes has a lower bound three and there are infinitely many fullerenes
achieving this bound ([17]).

In 2007, Vukicevié¢ and Trinajsti¢ in [14, 15] introduced the anti-forcing number of a
graph G. For S C E(G), let G — S denote the graph obtained by removing S from
G. Then S is called an anti-forcing set if G — S has a unique perfect matching. The
cardinality of the smallest anti-forcing set is called the anti-forcing number of G and
denoted by af(G). An edge e of G is called an anti-forcing edge if G — e has a unique
perfect matching. Note that af(G) = |E(G)| if and only if G does not have any
perfect matching. A graph G is called odd and even graph, if the number of vertices
of G is odd and even, respectively.

Yang, Zhang and Lin proved that the anti-forcing number of every fullerene has a
lower bound four. They also showed that for every even n > 20 except n = 22 and
26, there exists a fullerene with n vertices that has the anti-forcing number four, and
the fullerene with 26 vertices has the anti-forcing number five ([16]).

Recently, Lei, Yeh and Zhang in [11] defined the anti-forcing number of a perfect
matching M of a graph G as the minimum number of edges not in M whose removal to
make M as a single perfect matching of the resulting graph and denoted by af(G, M).
By this definition, the anti-forcing number of a graph G is the smallest anti-forcing
number over all perfect matchings of G. They also proved that the anti-forcing number
has a close relation with the forcing number. In fact, for any perfect matching M of
a graph G, we have f(G, M) < af(G,M) < (A —1)f(G, M) where A denotes the
maximum degree of the graph G.

For every positive integer k, the k-power of G is defined on the V(G) by adding edges
joining any two distinct vertices x and y with distance at most k£ in G and denoted by
G* ([1, 10]). Equivalently, E(G*) = {zy : 1 < dg(z,y) < k}. The following lemma
follows from the definition of the power of graphs.

Lemma 1. [j] Let G be a connected graph of order n and diameter d.
(i) For every natural number t > d, G* = K,,.

(i) (Theorem 1 in [8]) Let k = mn where m,n € N. Then G¥ = (G™)".



N. Soltani, S. Alikhani 499

(i3) (Lemma 2.1 in [5]) Let © and y be two vertices of G. Then

dor(ay) = [ 2222 ).

The anti-forcing number of some specific graphs such as paths, cycles, friendships and
cactus graphs has studied in [3]. In this paper, we consider the anti-forcing number
of the powers of these graphs.

2. Anti-forcing number of power of specific graphs

In this section, we compute the anti-forcing number of the powers of some certain
graphs such as paths, cycles, friendship graphs and also some graphs that are of
importance in Chemistry. The following theorem gives the anti-forcing number of the
powers of even paths.

Theorem 1. Let Py be a path of order even k and 2 < m < k.

(i) If k =2m or k < 2m and d(Tk—m+1,Tm) < 2, then

af(P") = (k —m)(m —1).

(i3) If k < 2m and d(Tp—m+1,ZTm) > 2, then

|_2m72k—1J

af(P)=(k—m)(m—1)+ > (2m—k—2i).

i=1
(i1) If k > 2m, then

o) = | g | mlm = 1) 4 f (P

Proof.  Suppose that {vq,vs,...,v} is the vertex set of P/ and the set S has the
smallest cardinality over all anti-forcing sets of the graph P;"*. For every 1 <i < k—m,
there exist m possibilities to saturate the vertex v; and so to have an anti-forcing set
with the smallest cardinality, we put the edges v;v;11,V;Vi42, vy ViUm+i—1 in S. Thus
|S| = Zf;lm(m —1). Note that for every 1 < i < m, the edges v;V;,+; € M where M
is the unique perfect matching of P — S. If k = 2m, then

af (F") = [S] = Z(mfl):(k*m)(mfl):m(mfl)-
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Otherwise, assume that k£ < 2m. Then the vertices vVk_m11, Vk—m+2, - Um—2,
Um—1,Um are M-unsaturated. In this case, to have the smallest anti-forcing set, we
add the edges Vg _miVk—m-tit1s Vk—m+iVk—m4it2s s Vk—m+iUm—i 10 S where 1 < i <
LQ'”_QAJ It is easy to see that the number of these edges is 2m — k — 2i and so

k—m L%J

af(PP)=18]=> (m-1)+ > (2m—k-—2i).

i=1 i=1

Note that if there just exist two M-unsaturated vertices, then the second summation
is zero.

Now suppose that &k > 2m. Then the vertices vam11, Vom+t2, .. Vk—1, vk are M-
unsaturated. In this case, we should divide the graph F;* into subgraphs of order

2m. Then we have [%J subgraphs P; and a subgraph with & — 2m L%J vertices.
Since k — 2m L%J < 2m, so by the previous cases, we have the result. O

Remark 1. Clearly, the paths of order odd k does not have any perfect matching and so
af(Pf") = |E(Pf")|. It is easy to see that for every m < k — 1, there exist k — m pairs of
vertices which their distance in Py is m. So we have

m

af (F") = |[E(PI)| = [{zy : 1 < dp(w,y) <m}| =) (k—i) = mk - %(er 1).

1=1

Otherwise, Py is a complete graph of order k and so af(P;") = @

We need the following easy lemma to obtain a result for the anti-forcing number of
the powers of even cycles.

Lemma 2. Let G be a connected graph of order n. For every mi,ma € N, if m1 < ma,
then af(G™) < af(G™2).

Theorem 2. Let Cy be a cycle of order even k. Then for every m > 2,

kE8 arem) <

k(k — 2)
4 25

4

Proof. By Lemma 2, for every m > 2, af(C") > af(C?). Suppose that V(Cy) =
{v1, v2,v3, ..., v } and S7 has the smallest cardinality over all anti-forcing sets of graph
C?. So af(C?) = |Si1|. Clearly, we have four possibilities to saturate the vertex v;
and to have an anti-forcing set with the smallest cardinality, we shall put three edges
v1v9,v1v3 and vivg_1 into S7 and so the edge vivy € My where M; is the unique
perfect matching of C? — S;. Then there exist two edges vovs and vovy to saturate
the vertex vo. We should add the edge vovs into S; and so vovg, v3vs € My. As the
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same way, we can put the edge vgv7 into S7 and so vgvs, v7vg € My. By continuing
this method, we have

S1 = {U1v27 V13, V1Vg—1, V2V3, VU7, V10V11, V14V15, .-+ Uk—4vk—3}~

Hence |S1| = 341 and |M;| = 1 4 2] where [ is the number of edges vovs, vgvy,
V10V115 ---Vk—4Vk—3. In addition, for every even k, the number of edges in a perfect
k

matching of a graph of order £ is equal to 5. If % is odd, then g =1+ 2] and so

= %22 Thus we have |S;| = 341 = 3+ 572 = E410 Otherwise, there exists an edge

vg—2vk—1 that we shall add into M;. Thus |M;] =242l and so l = %. Therefore
|S1] =3+ % = % and so for every m > 2,

m k+8

af(C7) 2 af(@) = EE

Since the diameter of C is equal to g, so for every m > %, C}* is a complete graph
k
of order k. Thus the upper bound of af(C}") is equal to af(C?). Now assume
k
that S> has the smallest cardinality over all anti-forcing sets of graph C;. Thus
k
af(C2) = |S2|. Clearly, we have k —1 possibilities to saturate the vertex v;. Without
loss of generality, we assume that the edge vivy € My where Ms is the unique perfect
k

matching of C}? —S3. So we can put k& — 2 other edges into S3. The vertex vp can be
saturated by one of the edges vav3, Vavy, ..., VoUg_2 OF VoUE_1. Suppose that vovg_1 €
Ms. Then k — 4 other edges belong to Sa. As the same way, for every 1 < < % -1,
there exist k — 2 + 1 possibilities to saturate the vertex v; and to have an anti-forcing
set with the smallest cardinality, we shall put the edges v;v;y1,v;vit2, ..., V;V—; into
So. Therefore for every m > 2,

k
E_q

k , k(k—2
af(CF) < af (CF) = 182 = 3 (k —20) = "E2)
i=1
O
Remark 2. (i) The lower and uppor bounds of Theorem 2 are sharp.

(ii) Clearly, the cycles of order odd k does not have any perfect matching and thus
af(Cf") = |E(C{M)|. If m < |£], then there exist k pairs of vertices which their
distance in Cj is m and so af(C}") = mk. Otherwise, C}" is a complete graph and so

af(Cf") =k | £] where | £] is the diameter of Cj.

Here, we consider the anti-forcing number of the powers of friendship graphs. The
friendship (or Dutch-Windmill) graph F} is a graph can be constructed by joining
k copies of the cycle graph C3 with a common vertex. Some examples of friendship
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Figure 1. Friendship graphs Fb, F3, F4 and F}, respectively.

graphs are shown in Figure 1. Clearly, a friendship graph Fj has 2k + 1 vertices and
3k edges. Thus for every m € N, af(FJ*) = |E(F;")| and since the diameter of F}"
is equal to 2, so for every m > 2, F" is a complete graph of order 2k 4 1. Hence

af(F") = 2k* + k.

Here, we study the anti-forcing number of the powers of cactus graphs that are of
importance in chemistry. A cactus graph is a connected graph in which no edge lies
in more than one cycle. Consequently, each block of a cactus graph is either an edge
or a cycle. If all blocks of a cactus G are cycles of the same size i, the cactus is
i-uniform. A triangular cactus is a graph whose blocks are triangles, i.e., a 3-uniform
cactus. A vertex shared by two or more triangles is called a cut-vertex. If each triangle
of a triangular cactus G has at most two cut-vertices and each cut-vertex is shared
by exactly two triangles, we say that G is a chain triangular cactus. The number of
triangles in G is called the length of the chain. Obviously, all chain triangular cactuses
of the same length are isomorphic. Hence we denote the chain triangular cactus of
length k by Ty ([2]). An example of a chain triangular cactus is shown in Figure 2.
Clearly, a chain triangular cactus of length k£ has 2k + 1 vertices and 3k edges. So for
every m > 2,

af(Ty™) = |E(Ty)| = 3k 4+ 4(k — 1) + 4(k — 2) 4+ ... + 4(k — (m — 1))
=3k +4k(m —1) — 2m(m — 1)
=4km — k — 2m? + 2m.

By replacing triangles in the definition of triangular cactus by cycles of length 4, we
obtain a cactus whose every block is Cy. We call such a cactus, square cactus. Note
that the internal squares may differ in the way they connect to their neighbors. If
their cut-vertices are adjacent, we say that such a square is an ortho-square and if the
cut-vertices are not adjacent, we call the square a para-square ([2]). An ortho-chain
square cactus of length k, O, and a para-chain square cactus of length k, Qy, are
shown in Figure 3. The following theorem gives the anti-forcing number of the powers
of the ortho-chain square cactuses of length even k.
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Figure 2. A chain triangular cactus T} .

| U || b%%

Figure 3. An ortho-chain square cactus O and a para-chain square cactus Qy, respectively.

Theorem 3. Let Oy be an ortho-chain square cactus of length k. If k is even, then for
every m > 4,
af(OF) = af(O* 1) +9(k —m) + 15

and af(O}) = 10k — 4, af(O}) = 18k — 16.

Proof. Since k is even, so the order of O is odd. Thus we have
af(O)") = |[E(O")| = {zy : 1 < do, (w,y) < m}|
=Hay : 1 <do,(2,y) <m =1} + [{zy : do,(z,y) = m}|
= af(0y'") + Hay : doy (2, y) = m}|
For particular cases m = 2 and m = 3, the proof is easy and left to the reader.
Suppose that m > 4. We shall compute the number of pairs of vertices which their

distance is m. We label the vertices of O} with vy, vy, ...y Vay, Vyys Vg, -
as shown in Figure 4. We have the following cases:

’vyk+1

and v, , Vg, vy Uszy

1) d(vg,, VEmpiz ) =

2) d(vimvymw—l) =m,

3) (vfﬂmvzm+7:—3) 4) (qu Vi 1) =m,
5) d(vywuymH) =1m, 6) (Uyn Zmtie 2) =m,
7) d(vzmvrm+7:—1) =m, 8) (’Uzﬂvym+7) =m,

) d(Vz;, 02,4, 5) =M.

Here we compute the number of pairs of vertices which satisfy case 1. Since the
number of vertices with index z is k, so we have ¢ +m — 2 < k and thus 7 can choose
every element between 1 and & — m + 2. So there exist K — m + 2 pairs in case 1.
With similar approach, the number of pairs of vertices which satisfy another cases
isk—-m+2k—-m+3k—-m+1L,k—m+1Lk—-m+2k—m+1,k—m+1and
k —m+ 2, respectively and the result is obtained by adding these amounts and direct
substitution into above formula. O
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V, \4 v, V, \'A

X4 Xo X3 X4 X5 Xe Xk Xk
v, v, v, v, v, v, v, v v, v,
Y1 Y2 Y3 Ya Y5 Y6 Y7 Yk Yk Yk+1
V. V. V. V. V. V. V. V.
21 Z2 %3 %4 %5 % k1 %k

Figure 4. A labeled ortho-chain square cactus.

Corollary 1. Let Ok be an ortho-chain square cactus of length even k. Then for every
m >4,

af(O) = 9k(m — 1) — (mT_‘Q’)(gm +6)—16.

Proof. Let X,, := af(O}"). By Theorem 3, for every m > 4, we have X,, =
Xm-1+9(k —m) + 15. By solving this recurrence relation, we conclude that

m—3

)(18k — 9m — 6)
and X3 = 18k — 16. So the result follows. O

In the next theorem, we present the anti-forcing number of the powers of the para-
chain square cactuses of length even k.

Theorem 4. Let Qi be a para-chain square cactus of length k. If k is even, then
(i) for every even m >4, af(Qi) = af(Qy ") +5(k — Z) + 1 and af(Q}) = 10k — 4.
(ii) for every odd m >3, af(Q7) = af(Q7 ") + 4(k — |Z]).

Proof. Since k is even, so the order of @y is odd. Thus in the same way as proof
of Theprem 3, it is sufficient to compute the number of pairs of vertices which their
distance is m. We label the vertices of Q)" With vy, Vey, ..o\ Vays Vyys Vyyse v vy Vyppy
and v, , Vs, . . ., Vs, as shown in Figure 5. Then

(i) for every even m > 4, we have the following cases:
1) d(uxi,vx%+i)

3) d(vywvy%ﬂ)
5) d(vzi,vZ%H)

, 2) d(”zmvz%Jri)
4) d(vzwvl’%n)

)

= =m
= =m

)

m
m
m

The number of pairs of vertices which satisfy case 3 is k — 5 +1 and the number
m

of pairs of vertices which satisfy another cases is the same and equal to k — 3
So by adding these amounts, we have af(Q}") = af(Q7"™ ') +5(k — 2) + 1.

Clearly, if m = 2, then af(Q3%) = 10k — 4.
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v, \%
Vg Vi, X k-1 Xk
v, v, v, v, %
Y1 Y2 y3 Yk Yk+1
v, \% \ \
Z1 Z2 Zk-1 Zk

Figure 5. A labeled para-chain square cactus.

(ii) for every odd m > 3, we have the following cases:

1) d(vg,, vy ) =m, 2) d(vy,, vy ) =m,

[ Jrer L )

3) d(vyﬂsz%Jﬂ,) =m, 4) d(vzm UyL%J

+it1

There exist k — L%J pairs of vertices which satisfy each of these cases and we
have the result with similar approach.

O

With similar method that used in the proof of Corollary 1, we have the following
corollary which gives the anti-forcing number of the powers of the para-chain square
cactuses of length even k, directly.

Corollary 2. Let Qx be a para-chain square cactus of length even k.

(i) For every even m >4, af(Q7") = (2%2)k — (™52)(9m + 16) — 4.

(i1) For every odd m >3, af(QF) = (2% )k — (251) (9m — 11) — 4.

3. Conclusion

In this paper, we have considered the anti-forcing number of the powers of paths,
cycles, friendships and chain triangular cactuses. In particular, we have established
some formulas for the anti-forcing number of the powers of the chain square cactuses
of length even k. It would be interesting to obtain the anti-forcing number of the
powers of these graphs when their length is odd. Therefore we end this section by
the following problem.

Problem: Find the anti-forcing number of the powers of the chain square cactuses

of length k for when k is odd.
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