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Abstract: For a graph G, we define a total k-labeling ¢ as a combination of an
edge labeling . : E(G) — {1,2,..., ke} and a vertex labeling ¢, : V(G) —
{0, 2, ..., 2ky}, where k = max {ke,2ky}. The total k-labeling ¢ is called a ver-
tex irregular reflexive k-labeling of G if any pair of vertices u, u’ have distinct vertex
weights wity,(u) # wie(u'), where wt,(u) = p(u) + Y €B(G) p(uu') for any vertex
u € V(G). The smallest value of k for which such a labeling exists is called the re-
flexive vertex strength of G, denoted by rvs(G). In this paper, we present a new lower
bound for the reflexive vertex strength of any graph. We investigate the exact values
of the reflexive vertex strength of generalized friendship graphs, corona product of two
paths, and corona product of a cycle with isolated vertices by referring to the lower
bound. This study discovers some interesting open problems that are worth further
exploration.

Keywords: Corona product, cycle, generalized friendship graph, isolated vertices,
lower bound, path, reflexive vertex strength, vertex irregular reflexive labeling

AMS Subject classification: 05C78, 05C38

1. Introduction

A graph G consists of a finite nonempty set V(G) of vertices and a set E(G) of
unordered pairs of vertices called edges. The symbol |V(G)] is known as the order
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and |E(G)| as the size of the graph G. The degree of a vertex v is the number of
edges incident with the vertex, which is denoted as deg(v) for v € V(G). Additionally,
the minimum degree among the vertices of the graph G is denoted by J(G) and the
maximum degree of the graph G is A(G). For other terminologies and notations that
are not defined in this paper, we refer to [7].

All the graphs considered in this paper are simple and connected. It is known that a
simple graph is impossible to become an irregular, which is to have distinct degrees
of vertices, but it is logical in multigraphs. Therefore, Chartrand et al. [6] overturned
this concept by introducing an irregular labeling, which consequently the simple graph
becomes irregular by replacing the multiple edges incident on every vertex of a multi-
graph with a positive integer set on the edges of a simple graph of order at least 3.
The minimum of maximal values is known as the irregularity strength of the graph
G, denoted as s(G).

Baca et al. [5] subsequently proposed irregular total labelings, i.e., a vertex irregular
total labeling and an edge irregular total labeling, which consider the vertex weights
and edge weights, respectively. In addition, we may refer to Gallian [9] for his com-
prehensive survey, which comprises the latest and most relevant articles on graph
labelings.

Definition 1. [5] For a graph G = (V, E), a labeling p : V(G) U E(G) — {1, 2, ..., k}
is a total k-labeling. The total k-labeling is an edge irregular total k-labeling if every two
different edges xy and x'y’ have distinct weights, wt,(zy) # wt,(z'y"), where

wt,y(zy) = p(z) + p(zy) + p(Y)-

Likewise, the total k-labeling is called a vertex irregular total k-labeling if every two different
vertices x and y have the distinct weights, wt,(z) # wt,(y), where

wtp(z) = p(@)+ Y play).

zy€E(G)

The minimum k for which such labelings exist is called the total edge irregularity strength of
G, denoted by tes(G) (resp. the total vertex irregularity strength of G, denoted by tvs(G)).

Inspired by the concepts of irregular labeling and irregular total labelings, Ryan et al.
[10] introduced the concept of vertex irregular reflexive labeling, in which the vertex
labels are represented as the vertex degrees contributed by the loops. They made two
observations, (a) the vertex labels are non-negative even integers, which represent the
fact that each loop contributes twice to the vertex degree, and (b) the vertex label 0
is permissible to represent a loopless vertex.

Definition 2. [10] A total k-labeling ¢ is a combination of an edge labeling ¢ : E(G) —
{1, 2, ..., ke} and a vertex labeling ¢, : V(G) — {0, 2, ..., 2k}, where k = max {ke, 2k, }.
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The labeling ¢ is called a vertex irregular reflexive k-labeling of G if any two different vertices
u and u’ have the distinct vertex weights, wt,(u) # wt,(u'), where

wto(w) = pw) + Y plud).

uu/ €E(G)

The smallest value k for which such a labeling exists is called the reflexive vertex strength
of G, and is denoted by rvs(G).

Furthermore, Tanna et al. [10] extended this study by proving the minimum value of
the largest vertex weight among all vertices in a graph G. They also investigated the
exact values of the reflexive vertex strength for several graphs, such as prisms, wheels,
fan graphs, and baskets. Additionally, Alfarisi et al. [4] studied a vertex irregular
reflexive labeling on the disjoint union of gear and book graphs in 2020. Agustin
and her research team obtained the exact value of the reflexive vertex strength of
certain graphs with pendant vertices in [3], some almost regular graphs in [2], and
some regular and regular-like graphs in [1]. In 2022, Saleem et al. [12] obtained the
precise value of the reflexive vertex strength of generalized Petersen graph.

In this paper, we present a new lower bound on the reflexive vertex strength of
any graph. We then investigate the exact values of the reflexive vertex strength of
generalized friendship graphs, corona product of two paths, and corona product of a
cycle with isolated vertices by using the lower bound. Some interesting open problems
are included in this study for further research.

2. New lower bound of the reflexive vertex strength
Tanna et al. [13] derived a lower bound for the reflexive vertex strength of an r-

regular graph of order p as shown in Corollary 1. They verified this bound by prism
D,,, which is a 3-regular graph of order 2n for n > 3.

Corollary 1. [13] Let G be an r-regular graph of order p. Then

r+1

(@) > [Pﬁ]lw if p=0,1 (mod 4),
rvs = "p+r-" if p=2,3 (mod 4).

If a graph G has a vertex irregular reflexive labeling, then the vertices must have
distinct vertex weights.

Lemma 1. [13] The largest vertex weight of a graph G of order p and minimum degree §
under a vertez irreqular reflexive labeling is at least

1.p+d6—1ifp=0 (mod4) orp=1 (mod 4) and § =0 (mod 2) or p = 3 (mod 4)
and 6 =1 (mod 2),
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2. p+ 6 otherwise.

Whereafter, Agustin et al. [3] posed a lower bound on the reflexive vertex strength of
any graph with pendant vertices, such as the sunlet graph, helm graph, subdivided
star graph, and broom graph.

Lemma 2. [3] For any graph G of order p with minimum degree § and mazimum degree

A,
p+6—1
> | —.
rvs(G)ilr A+1-‘

Recently, Agustin et al. [1] introduced a lower bound for the reflexive vertex strength
of any graph as follows.

Lemma 3. [1] If any graph G of order p with miminum degree § and mazimum degree
A, then

[p+5—1"’ if p=0,1 (mod 4), § =0 (mod 2) or

A+l
rvs(G) > p =3 (mod4), d =1 (mod 2),
[%-‘ ,  otherwise.

We have observed that the exact value of the reflexive vertex strength of the sunlet
graph S,,, n = 0 (mod 4), as given in [3], contradicts Lemma 3. We provide a
counterexample below.

Example 1. By referring to Lemma 3, rvs(S4) > 3. But, the exact value of rvs(Sy) is 2
as illustrated in Figure 1.

Figure 1. A vertex irregular reflexive 2-labeling of the sunlet graph S;.

Therefore, in the following theorem, we show a new lower bound for the reflexive
vertex strength of any graph.
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Theorem 1. For a graph G with the minimum degree § and mazimum degree A,

s(@) > mgx{ Pzzzivi)fé ﬂ %}’

where vq represents the number of vertices of degree d as § < d <i < A, and

Pt if Zi=s vl — (04 9),
0, otherwise.

Proof. Let G be a graph with the minimum degree § and the maximum degree A,

and let vy represent the number of vertices of degree d as 6 < d < i < A. Assume

that r — max{[%—‘ +5i}, where 8; = 1 if (= 20H0=L — 1 (04 2),
otherwise 8; = 0. For a vertex irregular reflexive k-labeling on G, we note that
the smallest vertex weight among all the vertices of degree i is at least §, while the

largest vertex weight is at least (Zii:& vq) + 0 — 1. Additionally, the largest vertex

weight has at least one label of [m:&ﬁ%—‘ + 1 for @l:ﬁ% =1 (mod 2)

or [(232‘11‘11)—%6_1—‘ for (Zi‘:éij_dl)w_l # 1 (mod 2), where the vertex weight is defined
as the sum of a vertex label and its 4 incident edge labels. Therefore, the value k
is the minimum of the maximal edge labels or vertex labels of the graph G. It is

also called the reflexive vertex strength of G and is at least r. This gives rvs(G) >

max; { {%—‘ + 51} This completes the proof. O

Remark 1. For a graph G with the minimum degree § and maximum degree A, the sum
of the number of vertices of degree d as d goes from ¢ to A, ZdAz 5 Vd, is equal to the order
of the graph G, |V (G)].

In the following examples, we demonstrate the lower bound of the reflexive vertex
strength of prism Dy and sunlet graph Sig by referring to Theorem 1. In particular,
Example 3 clearly shows that Theorem 1 provides a better lower bound compared to
Lemma 2.

Example 2. Tanna et al. [13] proved that rvs(D4) > 3. Similarly, by using Theorem 1,
we also obtain rvs(D4) > 3 as shown below.

3
Let Dy has § = A = 3 and 3 < i < 3. Since zd=s?dF3°1 _ 848-1 % 1 (mod 2), then
B3 = 0. Hence, rvs(D4) > max; { [%] + 0} > 3.

Example 3. According to Lemma 2, rvs(S10) > 5. However, we obtain rvs(S1o) > 6 by
referring to Theorem 1, which shows that Theorem 1 is a better lower bound.
Let S1o has § =1, A =3, and 1 <17 < 3. We note that:

if {(2‘1’“”” 1= 11 - {91 =1 (mod 2), then f; =1,

2 2
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; {(Zi_lvd)Jrl -1
3

-‘ = ’710—‘ # 1 (mod 2), then 82 =0,

and if [(23—1 ”d)+1—11 _ [20

1 Z—‘ =1 (mod 2), then 83 = 1.

Hence, rvs(S10) > max; { [70-‘ +1, [?0] + 0, [%] + 1} > 6.

3. Generalized friendship graph

The generalized friendship graph fy, ., is a collection of m copies of cycles, each cycle
of order n, joined together with a common vertex. Fernau et al. [8] stated that
the friendship graph f,, n > 2, is a collection of n copies of triangles (or cycles of
order 3) with joining a common vertex, which is a special case of f, . The fim
is also known as a flower graph, where the cycles of f, ,,, are called “petals” of the
flower graph, see Ryjacek and Schiermeyer [11]. Additionally, the vertex set and
edge set of f, ,, are defined as V(fy ;) = {2, ] N <i<n-1,1<j<m}and

E(fom) = {za], zad |1 <j<m}u{ele v+1|1 <i<n-2,1<j<m}, respectively.

Theorem 2. Forn >3 and m > 2,

minDEL 11 ifm(n—1) +1 =3 (mod 6),
I'VS(fn m) - m(n—1)+1 .
[f-‘, ifm(n—1)+1# 3 (mod 6).

Proof.  Since fy, m has m(n—1)+1 vertices and nm edges, by Theorem 1, we obtain

M+1 if m(n —1) +1=3 (mod 6),
rvs(fo,m) > k =
(fi.m) [w] it m(n—1)+1%3 (mod 6).

Therefore, we prove that k is also an upper bound for rvs(f, ), where n > 3 and
m > 2. We define a total k-labeling ¢ of f, ,, as follows.

Case 1. m = 2.

() k, if k is even,
AT k1 ik s odd.

o(xj) =0, for1<i<n-—1.

9 k, if1<i<n-—1,kiseven,
p(z;) = . ) .
k—1,if1<i<n-—1,kisodd.
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(zz)) L ifi=1,
TT;) = e
¥ (2], ifi=n—1.
mEE ] i =1, ks even,
ﬁ%ﬂ,ﬁiszmm¢
plezi) =9 F -
%—‘7 if i =n—1, k is even,
_#"’ ifi=n—1,kis odd.
[%—" fl<i<n-2j=1,
olaal,) = [nt;—ﬂ, if1<i<n-—2 j=2,kis even,
Pﬂ%ﬁqvﬁlgignfzj:QJﬂmﬁd

Case 2. m > 3.

() = 0.
0, ﬁ1<z<n—11<3<( -] -1,
sp(xz): k, 1f1<z<n—1[ W<]<m k is even,
k-1, ifl1<i<n-—1, [Q_kl]ﬁjﬁmvkls(’dd-
_%J’ if1<j<[25]-1,
olazl) = _MJ’ if [-25] < j <m, kis even,
%J if [-25] < j <m, k is odd.
Pmmﬂ if1<j<[-2] -1,
olzal_|) = Pn 41— k—" if [-2£] < j < m, k is even,
Pm 142 ﬂ’ if [-2£] <j <m, k is odd.
[nmj 1)+1+ﬂ7 ifl1<i<n-—2 1<J<{ W_l
p(zizl, ) [n 1 (- 1)+1+1 k—‘,1f1<z<n—2{ -] <Jj <m, kis even,

{M—"lf1<z<n_2[ -] <7 <m, kis odd.

Evidently, k is the maximum value of rvs(f, ). We then prove that every vertex of
fn,m has a distinct vertex weight under the total k-labeling of ¢, as shown in Tables
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1 and 2. Specifically, the vertex weights are a set of positive integers {2,3,...,m(n—

1)+1}u {Z] Lo(xa]) + >t o(zzl )+ oz (z)}. Thus, the total k- labehng of ¢
is a vertex irregular reflexive labeling of f,, ,,, and k is the exact value of rvs(fy m),
where n > 3 and m > 2. The theorem holds.

Table 1. A summary of the vertex weights of fn,2 for n > 3.
m =
wty () 1<j< even k|k+ 1+ \_7”+1_kj (’7 [72"_21_1ﬂ
ol k| B+ [P 31+ (75
j=1 2
i=1 i=2 even k k+|'%1k'|+[%lkj
odd k|  k—1+[nE2=k] 4 |ni2=k|
wty(a)) i=1 i+1
2<i<n-2 j=2 even k k+(%¢*k]+("ﬂ+1*k"
odd k k—1+ [n,+mgk+1" + W’Jr;—k:"
j=1 n
i=n-—1 j=2 even k k+ [72"717“ + [72"]27ﬂ
odd k k— 14 [222E] 4 [20=12k)
Table 2 A summary of the vertex weights of f, ,, for n > 3 and m > 3.
m>3
7, J L/l (n—1G-1+2 j(n—1)+1
even k ([ 2 J + " 2 -D+
. 1<j< DG-1)+2-k j(n—1)+1—k
wt, () <j<m F,f’“l (L(n )(12 ) J + [J(n % 'D
A 17 L/ (n=1)(G—1)+2 j(n—1)+1
odd & ([o=ngmnee ]+ [eett])+
SO )
1<j<[-2]-1 L(nfl)(gfl)ﬁj + [(]‘*1)(72171)+2"
i—1 —1)42—k j—1 —1)42—k
i=1 (%1]<]<m even k k+"(] )(”2 . “+[(] )("2 = J
n— =
wte () odd k| -1+ [UDlslask] | Qb LISk |
1<j<[2]-1 [(1*1)(n;1)+1+z] + ((]71)(;*1)+ﬂ
. G-Dn-D+1rik] | [G=D@-D+i-k
2<i<n_2 (n251-|§]'<m even k k+{3 = i —|+’7‘7 n—i)+i “
odd k|k—1+ !’(J—l)(n—é)#»?ﬂ»i—k.l + !'(j—l)(n72l)+l+z—k.|
1<j< [,,?f1-‘ _1 "](n721)+1-| + "(j—l)(n;IH»n—l-‘
aogl <
odd k k—1+ P(nqgwf;\-‘l n ((_;71)(7,,;1)“.,%]
O
Example 4. Figure 2 illustrates the corresponding vertex irregular reflexive k-labelings

of f472 and f576.
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(a) (b)

Figure 2. (a) A vertex irregular reflexive 3-labeling of f4,2, and (b) A vertex irregular reflexive 9-labeling
of f5.6-

4. Corona product of graphs

In this section, we study the reflexive vertex strength of two families of corona product
of graphs, which are corona product of two paths and corona product of a cycle with
isolated vertices. In general, corona product of graphs G and H, denoted by G ® H,
is a graph obtained by taking a copy of G (with n vertices) and n copies of H, and
joining the i-th vertex of G to every vertex in the i-th copy of H.

4.1. Corona product of two paths

We can refer to the definition, vertex set, and edge set of the corona product of two
paths, denoted as P,, ® P,,, through Yoong et al. [14]. Since the following study only
considers P, ® P, for n > 2, the vertex set and edge set of P, ® P, are defined as
V(P,@P) ={z;,yl[1<i<n1<j<2}and B(P, O P) ={zyl[l<i<n1<
j<2}u {yfy{+1|1 <i<n,j=1}U{zx;11]1 <i<n— 1}, respectively.

Theorem 3. Forn > 2,

2t + 1, ifn=1 (mod 3),

rvs(Pn, © P2) = { [%—‘7 if n 2 1 (mod 3).

Proof. Let P, ® P, have 3n vertices and 4n — 1 edges. We can obtain a lower bound
for rvs(P, ® P») using Theorem 1.

il 41, ifn=1 (mod 3),

vs(P, ® Py) > k =
( 2) P”S—H—‘, if n# 1 (mod 3).
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Furthermore, we show k is an upper bound of rvs(P, ® P») under a total k-labeling
© by distinguishing the following cases.

Case 1. n = 2.

o)) =2t —1), for 1 <i<2.

j 0, ifi=1,1<j<2,
e(y;) = . e .
27 —-1), iti=2,1<j<2.
e(ziy;) = e .
2, ifi=21<j5<2.

o(yty?) =i, for 1 <i<2.
o(z122) = 2.

Case 2. n > 3.

k—1, if n=0 (mod 3),
pwi) = ,
k, if n=1,2 (mod 3).

0, ifl<i<k—-11<j<2,
oy =< k-1, ifk<i<n, 1<j<2 n=0 (mod 3),
k, ifk<i<n 1<j<2 n=12 (mod3).

i—147j, ifl1<i<k—11<j<2,
pleyl) =3 k—1, ifk<i<n, j=1,
k, iftk<i<n, j=2.

i, if1<i<k-—1,
e(yiv?) =< 2(i—k)+3, if k<i<n,n=0 (mod 3),
204+ 1-k), if k<i<n,n=1,2 (mod 3).

k—2-51 ifiisodd,1<i<k—2,n=0 (mod 3),

k—3—'51 ifiisodd, 1<i<k-—3,n=12 (mod 3),

k—i—l—%, ifiiseven,2<i<k—1,n=0 (mod 3), or
iiseven,2<i<k—2 n=1,2 (mod 3),

i+k—n+2 ifk<i<n—-2,n=0 (mod 3), or
k—1<i<n—-2,n=1,2 (mod 3),

3, ifi=n—1,n=0 (mod 3),

2, ifi=n—-1,n=1,2 (mod 3).

o(riTiv1) =
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Through the total k-labeling ¢ of P, ® Ps, we obtain that k is the maximum value
of rvs(P, ® P). In the following, we create Table 3 to show that all vertices have
distinct vertex weights, i.e., {2,3,..., 2n+2}u{<p(xn)+§:§:1 (znyd)+o(Tn_12,) U
{o(z;) + 2521 o(ziy?) + p(xizi) + @(i12;)|2 < i <n—1}. Thus, the total k-
labeling ¢ is a vertex irregular reflexive k-labeling of P, ® P2 and k = rvs(P, © P),
where n > 2. This completes the proof.

Table 3. A summary of distinct vertex weights of P, ® P, for n > 2.

n=2 nz3
n =0 (mod 3) ‘TLEl,Q(mOd 3)
i=1 2+ 35 7 2k
i=2 4+32 2
2<i<k-—1 3k +i
wtp(w;)| 2<i<k—2 |1<j<2 3k +i
i=k 6k—n+1— k1
i=k—1 6k —n+1—£E2
k+1<i<n-2 5k 42 —2n+ 1
k<i<n—2 5k 4 2i — 2n + 2
i=n—1 4k+1
i=n 3k+1
i=1 i1
wtohl =2 li<j<of 2UFD
1<i<k-1 2i—1+47
k<i<n j=1 2i+1
j=2 2i 42

O

Example 5. Figure 3 shows the exact values of the reflexive vertex strength of P ©® P,
and Ps ® Ps.

The study of rvs(P, ® P,,) for n > 2 and m > 3 is still open for further extension of
work.

Problem 1. Determine the exact value of rvs(P, ® Py,) for n > 2 and m > 3, while the
lower bound of rvs(P, ® Pp,) is shown below.

nmtl 4, ifn=1 (mod 8), m = 3 (mod 8) or

n =3 (mod 8), m =1 (mod 8) or

tvs(Pn, © Pr) > n =5 (mod 8), m =7 (mod 8) or
n =7 (mod 8), m =5 (mod 8),

(%ﬂ] ,  otherwise.
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Figure 3. (a) A vertex irregular reflexive 2-labeling of P, ® P>, and (b) A vertex irregular reflexive
4-labeling of P5 ® Ps.

4.2. Corona product of a cycle with isolated vertices

The corona product of a cycle with m copies of isolated vertices is denoted by C,, ®
mKy, where n > 3 and m > 1. When m = 1, the resulting graph is known as the
sunlet graph S,,, which has previously been studied by Agustin et al. [3]. In the
following study, we provide a proof for rvs(C,, ® mK;) for all n > 3 and m > 1.
Additionally, the vertex set V(C,, ® mK;) = {zz,yf |1 <i<mn1<j<m}and
an edge set E(C,, ® mK;) = {xlyf |1 <i<nl<j<mlU{zxi|1<i<
n—1}U{ziz,}.

Theorem 4. Forn > 3 and m is any positive integer,

=41, if nm =2 (mod 4)

[2],  if nm # 2 (mod 4).

rvs(Cn @ mK7) = {
2

Proof. Let C,, ® mK; have n(1 + m) vertices or edges. By Theorem 1,

2+ 1, if nm =2 (mod 4)

rvs(C,, O©mKy) > k =
[M2],  if nm # 2 (mod 4).

Therefore, we prove that k is also an upper bound for rvs(C,, @ mK;) under a total
k-labeling ¢ by dividing m into even and odd cases.

Case 1. m is even.

@@ﬁzﬂﬂy_{mUMiﬂgigwhlgjgm

k, if[2]+1<i<n, 1<j<m.

i Js if1<i<[3],1<5<m,
p(ziy;) = . . . .
m(i—1)—k+j, if [§]4+1<i<n, 1<j<m.
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o(r12,) = k.
o(ziriv1) =k, for 1<i<n-—1.

Evidently, k is the maximum value of rvs(C,, @ mK;) under a total k-labeling ¢. The
vertex weights of all vertices in C,, ® mK; for even m are summarized as follows. For
1 <5 <m,
(a) wy(x;) = {m(i—1) + Y11 (5) + 2k[1 < i < [2]}, and
wty () = {3k + 70, [m(i — 1) =k +j]|[5] +1 < <n}.

(b) wty(y]) = {m(i — 1) +j[1 <i <n}.

It is clear that all vertex weights of C,, ®mK; are distinct integers in {1,2,...,nm}U
(37 play]) + 2k} U {p(@i) + S0 pleyl) + 22 < @ < n— 1} U {3k +
Case 2. m is odd.

We distinguish the following situations.

Subcase 2.1. n,m =3 (mod 4) or n,m =1 (mod 4).

(a) n # 1 (mod 4) and m = 1.

i—1, ifiisodd, 1 <i <k,
o@) =¢y}) =13 i—2, ifiiseven, 1 <i <k,
k, ifk+1<i<n.

1, ifiisodd, 1<i<Ek,
o(ziyr) =< 2, if i is even, 1 < i < k,
i—k, ifk4+1<i<n.

p(r12,) = k.

o(zizip1) =k, for 1 <i<n-—1.
(b) n=1 (mod 4) and m = 1.

1—1, ifiisodd, 1 <i<k—1,
o) =py)=< i—2, ifiiseven, 1 <i<k—1,
k—1, if k<i<n.
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1, ifiisodd, 1<i<k—1,
e(zy;) =< 2, ifiiseven, 1 <i<k—1,
i—k+1, ifk<i<n.

p(r12,) = k.

o(rizip1) =k, for 1 <i<n-—1.

(¢) n,m=3.

p(x;) =0, for 1 <i<3.

o(y)) =2(i—1), for 1<i<3,1<;<3.
o(ziy))=i—1+j, for1<i<3,1<j<3.
p(z123) = 3.

p(rizip1) =3, for 1 <i<2.

(d) otherwise.

p(x;) =0, for 1 <i<n.

= { G Dm-D, HLi< T 1< <m,
Yyi) =
i k-1, if[-E]+1<i<n 1<j<m.

i— 147, if1<i<[E],1<ji<m,
m(i—1)—k+1+47 if [E]+1<i<n, 1<j<m.

ﬂm%)—{
o(r1z,) =k — 1.

o(r;zip1)=k—=1, for 1 <i<n-—1
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Subcase 2.2. n # 3 (mod 4), m =3 (mod 4) or n #Z 1 (mod 4), m =5 (mod 4).
o(z;) =0, for 1 <i<n.

, (i—1)(m—1), f1<i<[-E],1<j<m,
oly]) =

k, f[-E]+1<i<n 1<j<m.
j i—147, 1f1<z<[ 1, 1<j<m,
p(riy;) = .
m(i—1)—k+j, 1f[ ]+1<i<n 1<j<m.
o(r12,) = k.

olxxipr) =k, for1<i<n-—1.

We definitely prove that k is the maximum value of rvs(C,, ® mK;) under the total
k-labeling ¢, where m is odd. Additionally, the following summarizes the distinct
vertex weights of all the vertices.

(a) For n,m =1 (mod 4) or n,m = 3 (mod 4).

(i) fn=1,3 (mod 4) and m = 1, wt,(z;) = {i + 2k|1 < i <n}.
If n,m = 3, wt, {2]1 —14+/)+8[1<i<n1<j<m}
Ifn;é3andm7é13 wtp(z;) = {20k = 1) + XL (i -1+ )1 <i <
[E 1w1<j<m}andwt z;) = {2(k - 1) )+ mi = 1) =k + 1+
j]”m_JJrlgzgn,lgjgm}.

(i) If » = 1,3 (mod 4) and m = 1, wt,(y}) = {i]l < i < n}. Otherwise,
wty(y]) ={m(i—1)+jl1 <i<n,1<j<m}.

(b) For n #1 (mod 4), m =5 (mod 4), or n # 3 (mod 4), m = 3 (mod 4).
(i)w (z:) = {2k + X2, ('—1+j|1<¢<(mi]1<j<m}and
o) {2k—|—ZJ:1[ m(i—1)— k—|—j]” ] +1<i<n1<j<m}.
(i) wtg;(yi-‘) ={m(i-1)+jl1<i<n1<j<m}

It clearly shows that all vertices have different vertex weights, which is {1,2, ..., nm}U
{ X7 eleyl) + e(iwa) + w(xnwl } U {e(@) + X0 e(ryl) + plizisn) +
pleia:)|2 < i <n—1}U{p(@.) + 371, o(@nyd) + ¢(@n21) + @(2n_12,) }. Thus,
the total k-labeling ¢ is a vertex irregular reflexive k-labeling of C,, ©mK; and k is the
exact value of rvs(C,, ® mK;), where n > 3 and m > 1. This theorem is proven. [

Example 6. Figure 4 depicts the exact values of the reflexive vertex strength of Cs ©®4K;
and CG ®5K;.
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Figure 4. (a) A vertex irregular reflexive 10-labeling of Cs ® 4K1, and (b) A vertex irregular reflexive
16-labeling of Cg ® 5K;.

5. Conclusion

In this paper, we proved a lower bound on the reflexive vertex strength of any graph.
This bound is optimal when compared to previous lower bounds, as discussed in
Section 2. Using this lower bound, we successfully determined rvs(f, ) for n > 3
and m > 2, rvs(P, ® P3) for n > 2, and rvs(C,, ®mK;) for n > 3 and m > 1.
Moreover, this paper leads to some interesting open problems of a vertex irregular
reflexive labeling on other graph products, such as the join graph of K; with star
(denoted as K7 + K1 ,,), Cartesian product of two cycles (denoted as C,,0C,,), and
rooted product of two cycles (denoted as Cy, o Cp,). The lower bounds of the reflexive
vertex strength of these graphs are given by referring to Theorem 1.

Problem 2. Determine the exact value of rvs(K1 + K1,m) for m > 3, where

mil 41, if m =2 (mod 6),
[mEL], if m # 2 (mod 6).

rvs(K1 4+ Ki,m) > {

Problem 3. Investigate the exact value of rvs(C,,0Cy,) for n > 3 and

(i) m is odd.
mmtd 41, if n =2 (mod 10), m = 1 (mod 10) or
=4 (mod 10), m = 3 (mod 10) or
rvs(C,O0Cy,) > n =6 (mod 10), m = 7 (mod 10) or
n =8 (mod 10), m =9 (mod 10),

[%‘*‘3] ,  otherwise.
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(ii) m is even.

nmtS 41, if n=1 (mod 5), m =2 (mod 10) or

n =2 (mod 5), m = 6 (mod 10) or

rvs(CrOCH) > n =3 (mod 5), m =4 (mod 10) or
n =4 (mod 5), m = 8 (mod 10),

(%*3} ,  otherwise.

Problem 4. Study the exact value of rvs(C,, o Cy,) for n,m > 3, where

%+1, if n =1 (mod 3), m = 3 (mod 6) or
n =2 (mod 3), m =5 (mod 6) or
rvs(Cr 0 Cpy) > n =4 (mod 6), m =0 (mod 6) or
n,m =2 (mod 6),
[w-‘, otherwise.
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