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Abstract: In this paper, we introduce a new family of the generalized k-Leonardo
numbers and study their properties. We investigate the Gaussian Leonardo numbers
and associated new families of these Gaussian forms. We obtain combinatorial identities
like Binet formula, Cassini’s identity, partial sum, etc. in the closed form. Moreover,
we give various generating and exponential generating functions.
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1. Introduction

In a recent study, Mikkawy and Sogabe [4] introduced a new family of k-Fibonacci
numbers F7(,,k) where n is of the kind sk 4 r. They presented several interesting prop-
erties of this new sequence and shown a relation with the classic Fibonacci numbers.
In [8], Ozkan et al. added some more results to this newly introduced sequence and
extended the study to a new family of k-Lucas numbers. In [9], Ozkan et al. studied
a new family of Gauss k-Lucas numbers and associated polynomials. A study on new
families of Jacobsthal and the Jacobsthal-Lucas numbers is presented by Catarino et
al. [3]. Recently, Kumari et al. [7] extended the study to Mersenne numbers and
investigated some new families of k-Mersenne and generalized k-Gaussian Mersenne
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numbers and associated polynomials. Some recent work in this direction can be seen
in [5, 10-12, 18-20].
Motivated by these works on a new family of Fibonacci and Fibonacci-like sequences,
in this paper, we introduce and investigate a new family of k-Leonardo numbers and
k-Gaussian Leonardo numbers.
Leonardo numbers {£,},>0 were recently investigated by Catarino and Borges [2]
which have a close connection with the Fibonacci and Lucas numbers. They presented
some interesting properties of Leonardo numbers. For n > 0, it is defined recurrently
as

£n+2 = £n+1 + £n + 1, with £0 = El =1. (1)

First few Leonardo numbers are 1,1,3,5,9,15,25,41,....

Alp and Koger [1] studied these Leonardo numbers, defined the matrix representa-
tion, and obtained some remarkable properties of them. A generalization of Leonardo
numbers was studied by Kuhapatanakul and Chobsorn [6] where they presented some
special properties of their generalized version of Leonardo numbers, for their gener-
alization they considered the recurrence relation £,19 = £,+1 + £, + N, where N
is any positive integer and initial values are same. For a recent study on Leonardo
numbers, their generalization, and properties, one can refer to [13-17].

The relation of the Leonardo numbers with the Fibonacci numbers is investigated as
L, =2F,1—1.

In homogeneous form, recurrence relation (1) can be written as

En—i—l = 2£n - En—Q- (2)

It is easy to see that the characteristic equation for the recurrence relation (2) is
23 — 222 + 1 = 0 and its roots are

1++5
o = 2 s

_1-V5
)

B and y=1.

For n > 0, the Binet formula for the Leonardo numbers £,, is given by

n+1l _ gn+l 1
£n:2(0‘ b

a—f V5

For Leonardo numbers, the generating function is

) -1 or L,= [2(a"t! — gt — \/5] (3)

1—t+t2
Hy=—"_.
G 1—2t+13

For n > r, r > 1, the Catalan’s identity is given as
E% - En—r£n+7" = En—r + £n+r - 2£n - (_l)nir(ﬁr—l + 1)2-
Setting » = 1 in the Catalan’s identity, we have the Cassini’s identity as follows:

Ei - £n71£n+1 =Ly 1~ Ly 2+ 4(_1)71,.
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2. Main work

Throughout the paper, we adopt the symbol Ny for NU {0}. We start with defining
the generalized k-Leonardo numbers.
2.1. Generalized k-Leonardo numbers

Definition 1. Let k be a natural number and n € Ng, then 3 unique s,r € Ng such that
n = sk +r, where 0 < r < k. Then the generalized k-Leonardo numbers L5 is defined by

LW = 1 [Z(asﬂ gty - \/5]’64 [2(a5+2 G A \/5] , (4)

where a = (1++/5)/2 and 8 = (1 — V/5)/2.

From Eqn.(3) and Definition 1, the generalized k-Leonardo numbers and Leonardo
numbers are related as

k —7r T
‘Cik)Jrr = E’; ‘Cerl' (5)

In terms of Fibonacci Numbers, it is given as
L) = (2F, 41 — )7 (20 — 1))

If k=1 then r = 0 and hence n = s. So, from Eqn. (5), we have £ =rc,.
For the case k = 2, we have r = 0, 1. Hence, the following relations are obtained for
k=2.

= @_ 1 n n 2
Ifr=0, EZ"_W[Q(“ gt - B = 2,
_ @ 1 " . . i
If r = 1, £2n+1 = (\/5)2 [(2(04 +1 ﬂ +1) - \/5) (2(0& +2 ﬂ +2) B \/5>:|
=LnLny1.

Theorem 1. The 2-Leonardo sequence {Eéi)ﬂ} satisfy the identity
£ =208 — Lol s
Proof. Form (5) and (2), we write
L2 = LoLoss = Ln(2Ly — L) = 2(L0)? — Lol o= 2L — LoL0 5. (6)

Hence the result is obtained. O
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For the case k = 3, we have r = 0,1,2. Thus, form (5)
L3 cr =0,
CSZ)H = L2L v =1, (7)
Cn/:%_H r=2.
Theorem 2. The 3-Leonardo sequence {L:gi)ﬂ} satisfy the identity
LY =208 20, .
Proof. We have
L) = L2 = L2(2L, — Loo) = 2L — L2L, o = 2L5) — L2L,, 5.
O

For k = 1,2,3,4,5, a list of the first few numbers of the generalized k-Leonardo
sequence is displayed in the following table.

nl L k=1k=2k=3k=4k=5k=6

ocP 1 1 1 1 1 1
SRV O T TS T T T |
2 2 3 1 1 1 11
32 5 3 1 1 1 1
a4 9o 9o 3 1 1 1
5% 15 15 9 3 1 1
6 £ 25 25 21 9 3 1
7 oa a5 a5 2 9 03
s P 61 81 75 81 21 9
9 £ 109 135 125 135 81 27
10 %8 177 225 225 225 243 81

Table 1. Generalized k-Leonardo numbers.

Theorem 3. Let s € Ny, for positive integer k, we have

W =rk and £ =208 e,

Proof.  For the first identity, if n = sk then r = 0, hence the result follows from (5).
For the second identity, from (5), we write ESZ)H = L£F=1L£, . and using recurrence
(2), we have

Lgll?-i-l = 5571(255 - ES—Q)
= 2Lk — kg,

2L — gkl .
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For k, s € N, the relation Egilk - Eil,? =Lk | — Lk is verified from (5).

Theorem 4. (Cassini’s identity) For n, k > 2, the Cassini’s identity for the generalized
k-Leonardo numbers L) is gien by

0 a#1
£(k) 2 C(k> [:(’ﬂ _ ) )
( sk+a—1) sk+a~sk+a—2 L§k72(£573 + 1 +4(_1)5)7 a=1.
Proof. We have

k k k —a a— —a pa —a a—
(W 2 =W e = (et pe 2 (ghrage, ) (ke e?)
=0, if a#1,

and for the case a = 1, we have

k k k
(G = L3 £80

sh1 (L£8)? = (LI Lo ) (Lo £571)

= L37LE — Lo L)

= £§k72(£5—1 —Ls 2+ 4(*1)5)
= £§k_2(£8_3 +1+4(-1)°) (using (1)).

O

Theorem 5. For the generalized k-Leonardo numbers {EEZO} where n is of kind sk +r,
we have

(1). S (" NEl, = La(Lapa — )R,
2). (=0 (L, = (D)L (2F)

Proof.  (1). We have
k—1 k—1
k—1\ . k—1\ oo
(e = () e
a=0 a=0
k-1
-1
—ey (M e
a=0

=L(Ls+ Lo41)" ! (using binomial theorem)
Lo(Loro —DFL (using (1)).
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(2). By a similar argument, we write

k—1 k—1
k—1 il %=1\ hana
S (U e, = e () e

a=0
k—1
k—1 a —a—

= L,Ls — Lo41]*!  (using binomial theorem)
= (—2)k’_1ACS(FS)k_1 (using L5 = 2F511 — 1).

O
Theorem 6. For k > 1, sum of generalized k-Leonardo numbers is given by
k-1 k k
Ls [,5 - Cs
>, = el 2 e, ®
a=0 ’
Proof. We have
k—1 *) k—1 k—1 C L1\@
k—a pa k s
D Liha = D LTLL =LY (T)
a=0 a=0 a=0 s
Lsp1/Ls)kF—1
_ gp(nlLt =1y
Lor/Ls— 1
_ Ek((ES-H)k - (£S)k L )
? (»Cs)k »Cerl - »Cs
_ ES((£s+l)k — (LS)}C)
£s+1 - £s '
Using the fact L5 = 2F;41 — 1, the proof is completed. O

3. Gaussian Leonardo numbers

First, we define and investigate the Gaussian Leonardo numbers and then we introduce
a new family of k-Gaussian Leonardo numbers.

Definition 2. The Gaussian Leonardo sequence {GL, }»>0 is defined by the recurrence
relation

GL, =2GLy 1 —GLu g, n>3, (9)

with initials GLy =1 —14, GL; =1+ and GLy = 3 + 1.
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We should note that the Gaussian Leonardo numbers and Leonardo numbers are
related as

GLy = Lo +iLln_1. (10)

The first few Gaussian Leonardo numbers are 1 —¢, 1 4+4, 344, 5+ 3i, ....
The Binet type formula for the Gaussian Leonardo numbers is given by

an—i—l _ Bn—i-l a” — Bn
to= (=) -1 +il2(T=5) -1 =
g - +i12(5 3 (11)
5 1—-+5
where a = 2\[ and 8 = 2\[ are roots of the characteristic equation z3 —
202 +1=0.

Theorem 7 (Partial sum). For Gaussian Leonardo numbers, we have

n—1

LY GLy=GLup1 — (1+n)(1+1), (12)
a=0
n—1

2. ) GLoy=GLow 1+ (1—n)—i(l+n), (13)
a=0
n—1

3. Y GLoup1 =GLan — (14n)+i(l—n). (14)
a=0

Proof. To prove the results, we use the fact that £, = 2F,,;1 — 1 and Eqn. (10).
Thus, we have

ni GL, = ni[(m+1 —1) +i(2F, — 1)]
a=0 a=0

n—1 n—1
Q(ZFaHJriZFa) —n—in

a=0 a=0

n n—1
Q(ZFaJriZFa) — (1 +1)

a=0 a=0

= 2(Fpp2 — 1+ i(Fopy — 1)) —n(1+1)

= (2Fp2— 1) +i(2F41 — 1) — 1 —i — n(1 +14)
= L1 +iLyn — (1+n)(1+1)

= GLui1 — (1+n)(1+1).

For the second and third identities, a similar argument holds. O
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Theorem 8 (Casssini’s identity). Fora > 1,
GL2 —GL0s1GLa1 = Las + 1+ 8(—1)" +i(La—z + 1 +4(-1)"""). (15)
Proof. We have

GL2 —GLo11GLa
=(La+iLa—1)? = (Lay1 +iLa)(La—1 +iLa—2)
= (Le)? = (La—1)? +2iLoLa—1 — Lar1La—1 — iLay1La—s — iLaLa 1
+ LoLy o
[(La)? = La—1Lat1] — [(La=1)? = LaLas] + i[LaLa—1 — La+1La—2]
(Lot — Las+A(—1)") — (Lars — La_s +4(—1)""1)
i(LaLat — Lot1Las).

Using the Binet formula of Leonardo numbers and after some elementary calculation,

we write
LoLo 1 —Lay1La 2 =Ly 2+ 1+4(=1)"1 and from Eqn. (1), we have

Lo1—Lago+4(—1)" =Ly o+ Lo 3—4(-1)" =Ly 1 —2Lq 0+ La5+8(—1)"
=L4is5+1+ 8(—1)a.

Thus, Qﬁi —GLa1GLo 1 = Lo 5+1+8(=1)*+i(Ly_2+1+4(—1)2"1), as required.
O

In next theorems, we discuss various generating functions for the Gaussian Leonardo
numbers.

Theorem 9 (Generating function). The generating function for Gaussian Leonardo
numbers is

lfi)f(173i)t+(17i)t2.

_(
GL(t) = (1 —2t+13)

Proof. Let GL(t) be a generating function for the sequence {GL,}. We start with
the formal power series representation for a sequence as

GL(t) =GLo+GLit +GLoAZ + -+ GL " + ... (16)
Here,

2tGL(t) = 2GLot + 2G L1t + 2G Lot + -+ +2G Ly t" T - (17)
t3GL(t) = GLot> + GLIt  + GLoA® + -+ GLy st (18)
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From (16), (17) and (18), we find that

(1 =2t +t*)GL(t) = GLo + (GL1 — 2GLo)t + (GLy — 2G L1 )t
+(GLy — 2G Lo + GLY)> +
(1 =2t +t3GL(t) = GLo + (GL1 — 2GLo)t + (GLy — 2GL1)?  (using relation (9)).

Thus, using values of GLy,GL1,GLo in the above equation, we get

(1—4) — (1 —3d)t + (1 — i)t

GL(t) = (1—2t+13)

O

Theorem 10 (Exponential generating function (E(t))). For Gaussian Leonardo
numbers, we have

B(t) = =

v [(a Fi)e™ — (B + i)e‘”] — M1 +4).

Proof. Using the Binet formula (11) of Gaussian Leonardo numbers, we have

oo

=7§g£nfj
—iw"“?”“) )+ i(p(C) )
: <2a~ﬂzﬂ”n.> >4

oo

(Z 7_267171')_%%]

= n=0 n=0

= [ 2 (et — BePt) — et} +i[a 2
(et — 665t) + i%(eo‘t — eﬂt) —ef(1+14)
[(a Fi)edt — (B + z‘)eﬁt] —et(1+4).

O

In order to obtain the exponential generating functions with even and odd-indexed
terms of a sequence {a,}, it is worth to note the following identity. Let E(t) =
fo:o an% be the exponential generating function for the sequence {a,}n>0. Then
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the exponential generating functions for even and odd-indexed sequences {as,}n>0
and {a2n+1}n>0, respectively, are

E(Vt) + E(—V1)
2

E(vi) - E(~V1)
20/t ’

Theorem 11. For the Gaussian Leonardo sequence, the exponential generating functions
for even and odd-indexed sequences GLo, and GLoy, 11, respectively, are

E,, (t)= and FE,,,.,(t) = (19)

Ege,, (t) = % ((a +14) cosh o/t — (8 + i) coshﬂ\/i) — cosh V(1 +14)

((a + ) sinh av/t — (8 + i) sinh B\/Z) — w

and EgL2n+1 (t)

-2
V5t
Proof.  Since we have

Et)+ E(—t) = [%(aeo‘t — BeP?) — et} +i {%(eat — Pty — et}
+ [%(ae*at — Be Pt — e*t} +i[%(e’°‘t A e’t}
= [%(2@ cosh at — 2 cosh t) — 2 cosh t]

2
+i [— (2 cosh at — 2 cosh 5t) — 2 cosh t}

V5

= [%(a cosh ait — 8 cosh St) — 2 cosh t}

4
+i [— (cosh at — cosh ft) — 2 cosh t]

V5

= % ((a + i) coshat — (B + ¢) cosh Bt) —2cosht(1 4+ 7).

Thus, from Eqn. (19), we get the desired result.

Similarly, evaluating (E(t)— E(—t))/2t and simplifying by replacing t by v/t according
to Eqn. (19), gives the exponential generating function for odd-indexed sequences
{G Lo }n>0 as follow:

B (1+i)sinh\/f.

((a +4)sinh avt — (B + i) sinh ﬂ\ﬁ) i

Eg£'2n+l (t) =

&‘w
<+

O

Theorem 12 (Catalan’s identity). For the Gaussian Leonardo numbers {GL,}, we
have

GL: ~ GLatGLary = La—b—z + Lasb—2 — 2La—z + (=1)*"712(Ly_1 +1)°
+ 7;(2£a£a71 - £a7b£a+b71 - La7b71£a+b)~
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Proof. From Eqn. (10), we have

GL: —GLavGLavy = (La+iLa1)? = (La—p +iLa—b-1)(Lass +iLasp—1)

= L2 L2 | +2iLeLo1— LapLats—iLabLotb1
—iLg—p—1Layt + La—p—1Latb-1

= (L2~ LotLars) — (L21 — La—p-1Latb-1)
+i(2LaLa—1— LavLavv-1 — Lab-1Latb)

= [La—t+ Lays —2La — (—1)*(Lo—1 +1)7]
~[La—p1 + Lagp—1 —2La1 — (=1)* "7 (Ly—1 + 1)
+i(2LoLa—1 — LavLayv-1 — La—v-1Latb)-

From Eqn. (1), we write £, — L,—1 = L4—2 + 1. Thus, the above equation simplified
as

GLY —GLoGLavy = La—t—2+ Latp—2 — 2La—z + (=1)*"712(Ly—1 +1)°
+ i(Q»Ca»Cafl - Acafb»caerfl - £a7b71£a+b)~

Thus, the required result is obtained. O
Theorem 13 (d’Ocagne’s identity). For a,b> 0, we have

GLas1GLy — GLLGLy 1 =8(—1) " By + L3 — Loz +i(2(=1)"Lp—ao+ Ly — La).
Proof. We have

GL,1GLy — GLGLp 11

= (Lay1 +iLa)(Ly +iLlp1) — (Lo +iLa1)(Lop1 +iLy)

= (Lat1Ly — LaLlps1) — (Laly—1 — La1Ly) +i(Lag1Lo—1 — La—1Lp41)

=2(=1)""(Ly—q1 + 1) + Lot — La1 — 2(=1)"(Lo—a—1 + 1) + Lo
—La2)+i(Lar1Lo—1 — La—1Lpy1)

=4(=1)""M(Ly—a—1 + 1) + (Lo—1 — Lo—2) — (La—1 — La—2)
+i(Lot1Lp—1 — Lo—1Lp11)
=8(-1)""Fy_y+ Lo-3 — Loz + i(Lar1Lo—1 — La—1Lbt1)-

By using the d’Ocagne identity of Leonardo numbers, we write
£a+1£b—1 - Ea—l£b+1 = 2(*1)a£b—a—2 + Eb - Ea-

Thus, the result is obtained. O
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3.1. k-Gaussian Leonardo numbers

Definition 3. Let kK € N and n € NU {0} then 3 s,r such that n = sk +7, 0 < r < k.
The k-Gaussian Leonardo numbers {Qﬂﬁk)} are defined by

et = [((" o) (s ]
L) () e

By the above definition, the relation between k-Gaussian Leonardo numbers and
Gaussian Leonardo numbers are observed as

gl =gctrgrr, ). (21)

Note that if £ = 1 then r = 0 and n = s, hence from the above equation we get
grM =gc,.

Similarly, if ¥ = 2 then » = 0,1 and k = 3 then r = 0,1,2. Thus the following
relations obtained.

For k=2,  GLY =GL2 and GLY. | = GL.GL..
For k=3, gL =gc3, 6l =6r26e,, and LY, =6L.602,,.

Also, the following identity satisfied.
6L =26LY —GL.GL, 5 and GLY,, =26 —GL26L, .
Since,

GLY | = GLGL 1 = GL(2GL, — GLy2) = 2(GL,)? — GLGL o
and GLY | = GL2GL, 1 = GLA(2GL, — GLy o) = 2GL2 — GL2GL, .

By a similar argument, we deduce the following general relation
(k) _ (k) k-1
gﬁsk-&-l - 2g£sk - g'cs g,CS,Q.
Theorem 14. Letk, s € N then we have gz:i’“ =gck.

Proof.  For r =0 we get n = sk, thus using Eqn. (21), result obtained. O]
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For k = 1,2,3,4,5, first few numbers of the k-Gaussian Leonardo sequence are dis-
played in the following table.

nlor® k=1 k=2 k=3 k=4 k=5
0o gc? 1 —2i —2-2i —4 4+ 4i
1 6e™ 14 2 22 —4i —4—4i
2 g£ 34 2 2+ 2 4 4—4i
3 6£% 543 244 —242i 4i 4+4i
4 6cl™ 945 8460  —2+6i —4 —4+ 4i
5 6£M 15490 124140 24140 844  —4—4i
6 gL 254150 164300 184260 —12+416i —12—4i
7 6L 4149250 30452 224540 —8444i —28+44i
8 gL 67441i 56+90i 1841060 28+ 96i —52 4 36i
9 gL 109+67i 904 156i —10+ 198i 12+ 1840 —68 + 124i

—_
[e=]

GL®) 177 4109 144 4 270 —6 4 350i —52 + 336i —12 + 316i

Table 2. k-Gaussian Leonardo numbers.

Theorem 15. Fork, s € N, we have GLY,, — L% =gk, —grh.

Proof. Tt can be easily proved using Eqn. (21). O

Theorem 16. (Cassini’s identity) The Cassini’s identity for the k-Gaussian Leonardo
numbers Qﬁ;k) is given by

k k k
(gﬁik)-&-a—l )2 - gﬁgklagﬁgkz&-a—Q

_ 0, a#1,
G L s+ 1+ 8(—1) F (Lo +1+4(=1)Y)], a=1

Proof.  From (21),

(GLGkam1)® = GLUL GG oy = (GLT T GLI)
—(GLYGL3,)(GLL 6L

s+1
=0, fora #1,

and for a = 1, we have

(g2 —acl) o) | = (9ckh? — gcktact, ot gk
=GL2% — gL 2GL 1GL,
=GLZ3(GLE — GL1GLs 1)
=GL 2L s+ 1+ 8(—1)° +i(LsLs 1 — Loy1Ls 2)]
= GLY Ly s+ 14+8(—1)° +i(Le_a+1+4(-1)*"1)],

as required. ]
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4. Conclusion

In summary, we presented a study on some new families of the k-Leonardo numbers
and the Gaussian Leonardo numbers, where the subscript n is considered to be of the
form sk + r with 0 < r < k. We discussed various combinatorial properties of these
new families and obtained ordinary (and exponential) generating functions, partial
sum, etc. of them in closed form.
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