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1. Introduction

The purpose of this paper is to develop a polynomial-time logarithmic-barrier
decomposition-based path-following algorithm for solving two-stage stochastic
quadratically constrained convex quadratic programming (SQCCQP) problem in
a Hilbert space.

Interior-point methods (also called barrier methods) are one of the most successful
class of algorithms to solve deterministic and stochastic optimization problems in
both finite and infinite-dimensional settings; see for example [1-3, 5-20]. In the de-
terministic case, Nesterov and Nemirovskii [16] used the notion of self-concordance
to solve different classes of a finite-dimensional optimization problems by interior-
point methods. Renegar [17] presented an infinite-dimensional extension of Nes-
terov and Nemirovskii’s work [16]. In addition, Faybusovich and Moore extended
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354 A path-following algorithm

path-following interior-point algorithms from infinite-dimensional linear program-
ming to infinite-dimensional convex quadratic programming problems in [12], and
more generally to infinite-dimensional quadratically constrained convex quadratic
programming in [11].

In the stochastic case, Zhao [20] proposed a logarithmic-barrier algorithm with Ben-
ders decomposition for solving two-stage stochastic finite-dimensional linear pro-
gramming. Cho [10] and Mehrotra and Ozevin [13] extended the work of Zhao [20]
to two-stage stochastic finite-dimensional convex quadratic programming. Alzalg [4]
made a natural step in this direction by extending the work of Zhao [20] to two-stage
stochastic infinite-dimensional linear programming.

Given the above brief literature review, the work in this paper can be viewed as an
extension of the work of: (i) Faybusovich and Moore [11, 12] from the deterministic
case to the stochastic case. (ii) Cho [10] and that of Mehrotra and Ozevin [13] from
the finite-dimensional Euclidean space to the infinite-dimensional Hilbert space. (iii)
Alzalg [4] from the linear case to the quadratic case. Based on the notion of the
self-concordance, we prove the polynomial complexity of the proposed algorithms,
and also show that this complexity is independent on the choice of the Hilbert space,
hence it coincides with the best-known complexity for the finite-dimensional case.
Our analysis follows the template in Alzalg [4].

This paper is organized as follows: In Section 3, we define the problem formula-
tion and make some assumptions. In Section 4, we compute the Fréchet derivatives
of the recourse function. Self-concordance properties of the recourse function are
given in Section 5 with proofs. The proposed logarithmic-barrier path-following
interior-point decomposition algorithm is presented in Section 6. Section 7 provides
a complexity analysis for the proposed algorithm. In Section 8, we apply the ob-
tained results on a concrete example from stochastic control. Section 9 contains some
concluding remarks. In Appendix A, we state some technical lemmas which are
required in proving the complexity results of the proposed algorithm. We end this
section by providing some notations that will be used in the sequel.

2. Notations

We write (H, (-, -)), or simply H, for a real Hilbert space with inner product (-, -), and
use || - || 2 V¢, ) for its corresponding norm. If G is a closed subspace of H, then
x € H is orthogonal to G, written as x LG, if (x, y) = 0 for all y € G. The set G* is the
orthogonal complement of G and is defined as

Gt£{xeH:x LG}
Let f : H — R be a smooth function and x € H, then the gradient V, f(x) is uniquely

determined as

D f(x)(&) = (Vaf(x), &),
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where D, f(x)(&) stands for the first Fréchet derivative of f at the point x evaluated
on &. The second derivative is given by

D2 f()(E Q) 2 DD f(R(ENQ),

where D2, f(x)(&) stands for the second Fréchet derivative of f at the point x evaluated
on (&, C). We can also define higher Fréchet derivatives in a similar way.

Let y,a1,ay,...,a, € H. Throughout this paper, we denote by “Ay” the vector in R™
whose ith—entry is the scalar (a;, y), fori = 1,2,...,m. For z € R", we also denote
by “A'z” the element Y., z;a; in H. Note that A maps the Hilbert space H onto
R™, while A" maps R™ into the Hilbert space H. For y € H and h = h(x) € R"
with x € H, we denote by “J.[h]y” the vector in R” whose ith entry is (V. h;(x), y) for
i=1,2,...,m. Forz € R", we also denote by “J[h]z” the element )", z;Vh;(x) in H.
If x e Hand 21, &, ..., &y are self-adjoint nonnegative definite bounded operators
on H, we denote by P[x] the vector in R” whose ith entry is &x fori =1,2,...,m.
For x,y € H, by “P[x]y” we mean the vector in R" whose ith entry is (Zx, y) for
i=1,2,...,m. Forz € R", by “P'[x]z” we mean the element Y, z; Z;x in H.

In summary, we have

(a1, y) (Vihi(x), y) (1%, y)
(a2, y) (Vihao(x), y) (Pox,y)

Ay=| . |eR", Jilhly = ) €eR", Plxly = ) eR",
(@, y) (Vihy(x), y) (P, y)

Atz 2 Zziai eH, Jlhz2 Z zVihi(x) e H, Plx]z 2 Zzi,@ix € H.
=1 i=1 i=1

The above operators enjoy pointwise operations. For example, but not limited to, it
is possible to define

(A + Tkl + PlxDy = Ay + Tx[hly + Plxly, 1)
and
(A + T + Pz 2 A'z + T Kz + Plxlz,
and so on. Note also that
() = (X ) = Y o) =t @
i=1 i=1

Similarly, we also have

(P'lxlz,y) = 2"Plaly and (Ti{h]z,y) = 2" Tlhly. 3)

Throughout the paper, we use R, to denote the set of all positive real numbers. We
write e for a vector with all entries equal to one. The dimension of e will be clear
from the context. For any vector z € R", we define Z = Diag(z1, 2y, ...,2zy). Thatis,
Z denotes the m X m diagonal matrix whose diagonal entries are z1,zy, ..., Zy.
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3. Problem formulation and assumptions

In this section, we write a formulation for the two-stage stochastic quadratically
constrained convex quadratic problem in a Hilbert space, followed by a logarithmic-
barrier formulation based on our settings. Then we make some assumptions.

Let G be a close subspace of a real Hilbert space (H,(:,-)). Letalso &;: H —» H,i =
0,1,...,my,and 2j(w) : H - H,j =0,1,...,my, be self-adjoint nonnegative definite
bounded operators on H. We consider the two-stage SQCCQP problem in standard
form:

min %(gzox, x) + {(ao, x) + E[p(x, w)]

1
st P+ @) <y i=12,..,m, )
x €@,

where xis the first-stage decision variable, ag, a1, . .., am, € H,bgp = 0,b1,b,,...,b,, €R,
and p(x, ) is the maximum value of the problem:

min %(Qg(a})y, ]/> + (wo(w), y>

1
st (@Y1 + @@), 1) < hi(@) = @), x), j=1,2,...,m, ®)

y€G,

where y is the second-stage variable, wo(w), w1(w), ..., W, (@), ti(w), ..., tm, (@) € H,
to(w) = 0,hp(w) = 0, and h1(w), ha(w), ..., hy,(w) € R. The realizations of the ran-
dom data wj(w), tj(w), hj(w) and 2j(w), for j = 0,1,...,my, depend on an underling
outcome w in an event space () with a known probability function IP.
Let pi(x) £ X Pix,x) + (aj,x) = b for i = 0,1,...,my, and g;(y, x, w) = H2j(w)y, y) +
(wi(w), )+({tj(w),x)=hj(w)forj=0,1,...,m,. Then(4)and (5) are written respectively
as
min po(x) + E[p(x, w)]
st pi(x)<0,i=1,2,...,my, (6)
x €@,
and
min go(y, x, w)
st. gqi(yxw)<0,j=1,2,...,my,
y€G.

We examine (4) and (5) when Q is discrete and finite. Let { (t;k), w(()k), wﬁ.k), hg.k), Qék), Q;k)) :
1 < k < K} be the set of K possible realizations of random variables
(t](a))r ZUO(CU), ZUJ(CU), h](w)/ QO(C‘))/ Q](a))) Let also

A () (k) (k) k
i 2 P ((Brjm (@), Wisjem (@), Incjam (@), Q@) = (K2, @i, K2 20))
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be the associated probability for K =1,2,...,K. Then (4) and (5) can be written as

K
min  n() £ po() + Y pP(x)

' k=1 (7)
st pix)<0,i=12,...,m,

xeGqG,

where, fork =1,2,...,K, p®(x) is the minimum value of the problem

. L1
min  qP(y,x) 2 520y, ) + @, v

2
L1 .
s.t. q}k)(y, x) = E(Q;’()y, ¥+ (w;k), - h;.k) + (t;k),x) <0,j=1,2,...,my, ®)
y€G.

Along with Problem (8), we consider the (dual) problem

iy
max (0 + Y 200,
j=1

. my . (k (9)
s.t. Vqé )(y, x) + Z /\5. )Vq]. )(y, x) € G4,
=

A0 >0, yeG,

where A®) € R™ is the second-stage dual multiplier.
The logarithmic-barrier problem associated with (7) and (8) is

my K
min  7(x, p) = po(x) — p Z Ins; + Z p<k(x, )

i=1 k=1 (10)
s.t. pilx)+s=0,i=1,2,...,1m

s>0, xegG,

where u > 0is abarrier parameter and s = —p(x), and p(k) (x, u), foreachk=1,2,...,K,
is the minimum value of the problem

1y

min  p® ) £ @, x) - ) In 2
j=1

(11)

s.t. q;k)(y, X) + zg,k) =0,j=12,...,mp,

20 >0, yeg,

where z® £ —g®(y,x) for k = 1,2,...,K. Note that if for some k, Problem (10) is
infeasible, we define Y5, p®(x, u) £ co. The barrier problem associated with the
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(dual) problem (9) is the problem

max )(y X) + Z AW (k)(y X)+ U Z In A(k)
j=1

12
s.t. (k)(y x) + Z A(k)Vq<k)(y x) € G, 12

j=1
AR >0,yeG, j=1,2,...,m

In light of Propositions 2.6 and 2.7 (see also Corollary 2.4) in [11], the points y,z®
and A® are the optimal solutions of Problems (11) and (12) if and only if they satisfy
the following optimality conditions:

%(,@;k)y, )+ <w§k>, P+ =10 —a® %y, =12, ,m,
k k k k

(y, wl + 2Py + e (A§ >(wj. ) 4 gj. y))) =0,

7k 7 k) = e,

Z®, A0 5,

(13)

where the second equation follows by using the fact that
. k k 2NNCI k) ok by ok
y€G, while w+2! %Z{ (A0 + 20 29y) = vglP(y, x)+2 A9y, x) e G-

Problems (10) and (11) can be equivalently written as a deterministic infinite-
dimensional optimization problem

min  po(x) + i qék)(y, xX) — [i In s; + Z f In z ]

k=1 k=1 j=1
st pix)+s=0i=12,...,m
(k) k) _ P _ (14)
q; (y,x)+2z =0, j=1,2,...,m, k=1,2,..., K
xyeG,

5,20 >0,k=1,2,...,K

We define the following feasibility sets:

F1 2 {xeG: s=-p)>0};

FO@ 2 {yeG:z =—qW(y,x >0, fork=1,2,... K

7 2 reG:FPw 0}, fork=1,2.. K

Fo = N

F = {(x, ) X (y A, 7A@ )\(K)) -p(x) >0, =" (y,x) > 0,

(v V) v, + 212 AP, 0) =0, A0 >0, 1 <k <K,

k) ((k
<x, Vpo(x) + 21:1 ri Vpl(x) + Zk:l 27’21 A§ ¢ )> 0, r> 0}.

Here r € R™ is the first-stage dual multiplier.
Now, we are ready to make two assumptions:
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Assumption 1. The elements a1, a,, .. .,ay, are linearly independent in H, and for k =1,2,...,K,
the elements t%,#® t(k) ) w L w®

17 70 my ts Ty
linearly independent in H

are linearly independent in H, and the elements w, are

Assumption 2. The feasibility set F is nonempty.

Assumption 1 is important to ensure the operator invertibility. Assumption 2 means
that Problem (14) and its dual problem have strictly feasible solutions, which en-
sures that strong duality holds for first- and second-stage SQCCQP problems. This
indicates that each of the optimization problems (10)-(14) has a unique solution. It
is worth noting that for each given u > 0, Y&, p®(x, u) < oo if and only if x € F>.
Therefore, the optimal solutions of Problems (10) and (11) and that of Problem (14)
have a relationship that is described in the following remark.

Remark 1. The point (x(u), y(p),s,z,2z?, ...,z®) is the optimal solution of (14) if and only
if (x(w), s) is the optimal solution of (10) and (y(u),z®,z®@, ...,z%) is the optimal solution for
(11) for given p and x = x(u).

The next section shows such a relationship and computes the Fréchet derivatives
Dqin(x, u) and D2 1(x, u) which are required to calculate the Newton direction.

4. Derivatives of the recourse function

In this section, we compute the Fréchet derivatives D,1n(x, ) and D2 n(x, 1). In order
to do that, we first need to compute the Fréchet derivatives of the recourse function
p®(x, ) with respect to x.

Let (y,z®, A0) £ (y(x, u), z®(x, u), A®(x, u)). Differentiate (13) with respect to x, we
get

<Q;k)y,1)x (y,£>> + <w§-k),Dx v, £>> + (sz;k),£> —(tgk),cE), j=L2,...,m
(v 2PDuy e+ T2 (VAP &) +=@(k)y) WDy, 0)) = o,
k k k .
(vad®, €)1 + (viz, ) A0 = o, j=1,2,..,m,

(15)
for any & € H, where the second equation was obtained in view of the fact that

<DY <y/ ‘v> (w(k) + J(k)y + Z )\(k) k + g(k)y))> 0

due to the orthogonality relation.
Following our notations introduced in Subsection 2, System (15) can be written more
compactly as

—7 0,
0, (16)
0.

QPYID (y, &) + WOD, (y, &) + jx[ ]
(v, 20Dy, &) + (WO + @D [y])T:[A0 ¢ + QO [D(y, g>];\<k>)
7k Jx[ ,\(k)]g +A® jx[ ]
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Solving System (16), we get

De(w,&) = ~a0 QO]+ WO LW T O,
i ]e = —LOINOLOT R, (17)
Tx /\(k)]é = LONBLRTEE,

where
1
O 2 [Bg = Z(k)—lA(k)) 2
NO 2 NOGp) 21— L0 (@P[y] + W) 7201 (WP [y] + W)L, 18)
A0E £ ZP(x,u)E 2 (Q(k)’r[y] + w(k)’r) (k2 (Q(k)[y] + rw(k)) &t g[()k) &+ QWHEIAP),

for £ € H. Note that, based on Assumption 1, #%- is an invertible operator from the
Hilbert space H into itself, hence the operator Z®!- is well-defined.
Now we are ready to compute the Fréchet derivatives of p(x, ). Note that

my 1y

k) k k k k k) k
Z;A;)(h;)—aj,),m) - Z;W( @0y, y)+ @,y +20)
1= 1=

) np
< AL LA D
j=1 j=1 j=1
ny
- <wg<> S M A;k>g;k>y),y>
j=1
/ 3
(k) (k) (k) 5 (k)
(g’ y) - (2 v y)+ 204
=1
1 2
Z A0 < 2%, > 5 y A§k> < g§k>y, y>
=1
m ! 1 ny
- ® 0 _ (1,® ® 1y 0 om
= Z;z]. A]. <w y> <=@ vy —ZZ;‘A]. <Qj y,y>
= =

= umy — <wék), y> <£(k)y, y) i /\5,() <<Q](k)y/ y> .
j=1

Using the definition of p®(-,-) in (14), we have

1Mo
Z /\}k) ((t;k),x) _ h;k)) < g(k)y, Z A® < g(k)y y> +u Zln A®
i=1

my =
= (g’ )+ £ (20w ) -z 4 i) 0 AP
my anl
= p®(x, u) + Z;‘ lnz}k) —pmy + Zl‘ In A;k)
i= j=

my
= p®(x, ) — prmy + ”Z; In (zjk) A;m)
p

= p®(x, w) — uma + pmy In p = p®(x, ) — uma(1 - In ).
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It follows that

o

nlz 2

® _ ® (0 & o), _1 < 2® > ®) _

P =) A (<t], 2= ) (20y.v)-3 21 Dy, y)+ Y A 4 s (1-1n ).
1= =

=1

Using (13) and (15), we get

s = Fio(100) ) 5 (o)

(20D (1,8, ) -} Z Db (2B, y>

ZW <g<k>z>x .y, y> + ,12@ AP

B0 )-E o Gt} o)) 0000
_EZDXA;k><g;k>y,y>_ Dp(,@j z>x<y,z>,y>+u§@xA;k)A;k>l
B0 0.0 E o ) (41 .00

S a3 (9000 S -5)
B0 1) 500 )9, 00,50 )
S (o)

501 50 () (o)

(2D y,8),4) - zw(g 'Dea )

JiAg@ (D (19,2)) + @m W e+ :2214@ (20D, v) - (2P De (v,0).)

My ma

5] (k) _ (k) 4 (k)
Z;Af (Z)X<t]. x>) = Y A0,
=

Then the first Fréchet derivative of p® is D,p®(x, ) = TOIA®. Thus, for any & € H,
the gradient of p® is uniquely determined as

(Viplx, 1), &) = <7'(k)+)\(k), 5> — @7 (T(k)é)‘
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The second Fréchet derivative of p®(., ) is

3
IS

Dp (60 = Y (2:00) (1, )

BT

= (o)) (),

1]
sEM

,_.

forany &, C € H.
To sum up, the first and second-order Fréchet derivatives of p®(-, -) are

<¢<k>+ A®), 5) (fr(k)g)T A®),
(ro g (10fe) = () S0

D.p®(x, u)(&)
D2.pW(x, (&, Q)

(19)

Now we are ready to compute the Fréchet derivatives of n(x, i). By differentiating
pi(x) +s; = 0 with respect to x, we get

Dipi(x) = Di(=si(x))(&) = (=Vis;, &) =(Pix +a;, &),

for any & € H, as pi(x) = —si(x) = %(@ix, x)+<{a;,x)—"b;, fori=1,2,...,mq. Asaresult,
we have

Jxlp]l = Plx]é + AE, or equivalently J,[s] = —(P[x] + A)E,

for any & € H. Using (19), it follows that

K
Vysi(x
Danlx,p) = ag+ Pox — “Z 5i(%) ZDxp(">(x,y)
=1

si(x)
Vysi(x) X
= ag+ Pox— Z ; o Z(r(k)wk) (20)
= 110+Wox+yzal+(jx Z‘T(“A(k
i

Consequently, using (17), we also have

(Vysi(x), &) (Visi(x), C)

2
DZn(x, w)(E, Q) - 2()

I
—_—
—
3
+
*
3
»
|18
(%]
it
+

@ (@ + Pix, E) a; + Pix, O @D
+.“Z i i

i=1 57(x)
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forany &,C € H.
Note that

my

)3 ai+ Pix _ Y (st s 7)) = AT 4 PHags!

= s i-1

and that (see (1) - (3))

my . 1y
Z @i+ Zix, &) @i+ Zix, 0) Z (ﬂz C)+<S a, >(Jx C))

2
i=1 5; (%)

MH

Zf/ﬂx é>(u, C)+< 2P, 5>(Wx 0)

= (S’Zﬂé) AC+ (S’ZP[x]é) AC+ (5*25«5) Plx]C
+(s52P1e) Plaic

= (ATS2AL ) + (ATS2PIx]E, C) + (PTIXIS2AL, C)
+(PHx1S 2P, C)

= (A +PTx) S 2 (A + PIXD &, C).

Therefore, from (20) and (21), the first and second Fréchet derivatives of n(x, ) are,
respectively, given by

Dyn(x, p) = ag + Pox + p (A" + PHx])s Z Al Ch 22)

and

D2, 1)(E,0) = (P&, O+ p(PHE™, ) + (AT + PHx]) S72 (A + Plx]) €, C)
— i <T(k)+L(k)N(k)L(k)T(k)£, C> ,

k=1
(23)

for any &, C € H, or equivalently

D2, 1u)(&) = Poé + pPHEl™ + p (At + PT[x]) S2 (A + Pla]) €
K

_ Z FOLONOLOFE
k=1

for any & € H, where the matrices L® and N® k =1,2,...,K, are defined in (18).

5. Self-concordance analysis

In this section, we show that the recourse function 7(-, -) is a u-self-concordant func-
tion on ¥. Then we show that the set of all recourse functions forms a strongly
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self-concordant family with given parameters. These features are of high importance
because they yield a nice performance of Newton’s method and can guarantee a
polynomial time execution of the proposed algorithm. We point out that the corre-
sponding self-concordance analysis of Nesterov and Nemirovskii [16] for the finite-
dimensional setting is found in Renegar [17] (see also Renegar [18] and Faybusovich
and Moore [11] and Alzalg [4]) for the infinite-dimensional setting.

5.1. Self-concordance of the recourse function

We first introduce the definition of a self-concordant function. Nesterov and Ne-
mirovskii introduced this definition for finite-dimensional optimization (see Defini-
tion 2.1.1 in [16]). The definition is introduced below for optimization in a Hilbert
space (see also [17]).

Definition 1. Let C be an open nonempty convex subset of a Hilbert space H, and let f be
thrice Fréchet differentiable, convex mapping from C to R. Then f is called a-self-concordant
on C with a parameter a > 0 if for every x € C and £ € H, the following inequality holds

3/2

|23 fOE, &) < 2a72(Z2f(x)(E €)°.

An a-self-concordant function f on C is called strongly a-self-concordant if f tends to infinity
for any sequence approaching a boundary point of C. The parameter a is called the complexity
value of the self-concordant function f.

For any u > 0, x € 1 and £ € H, it is easy to verify the following properties of the
function 7(:, -).

Property 1. The function n(x, p) is continuous on R, X%, and convex on ¥ for fixed i1 € R,..

Property 2. The function n(x, u) has three Fréchet derivatives on %, which are continuous
on R, X ¥y and continuously differentiable in u € R,..

Property 3. Along any sequence {x; € o}, converging to the boundary of %o, the function
n(x, 1) tends to infinity.

Although Properties 1, 2 and 3 of 7(x, u) are essential, they are insufficient to assure
that Newton’s method used in the proposed algorithms performs well. To prove
that the recourse function is a self-concordant map, we first give with a proof the
following lemma.

Lemma 1. Forevery >0, x € 772(k) and & € H, we have that

ID2p(E & O < 257 (D2 p O, (&, 9)) (24)



A.A. Oulha, B. Alzalg 365

Proof Forany u >0,x€ 7_~2(k) and & € H, we define the uni-variate function
PU(t) £ DL x + E)(E, ).

Note that p®(0) = D2, p®(x, u)(&, &) and ¢®(0) 2 D3, p®(x, u)(&, &, ). So, to prove
that (24) is satisfied for p®(x, 1) on F.Y, it suffices to show that

3/2

6% (0)] < = ol

Let (y(1), z20(8), AV(1)) £ (y(u, x + £&), 20 (u, x + &), AP (u, x + £&)), NO(t) £ N®(u, x +
t&), L) £ LO(u, x + t&), and ZO(t) £ #®(u, x + t&). Then

(y,2%,A®) = ((0),z0(0), AD(0)), LY = LD (), 2 = %¥(0), and N® = N®(0).

We define u®(#) 2 NO(HLOT®()E and u® £ 10(0).
We can easily show that N®* = N®. Then using (19) and (17), we have that

Drp®(, E)(E )
= <7'(k)’f jx[ )\(k)]g, §>
ny

— Z <7'(k)+L(k)N(k)L(k)7'(k) g, §>
=1
my

- Z <7‘(k)+L(k)N(k)2L(k)7'(k)5, 5)
=1

T
N® [ E)gk) é)

¢*(0)

hence ¢p®’(0) = 20Ty 0r.
In addition, since £;,i = 0,1,...,my, are self-adjoint nonnegative definite bounded
operators on H, we have that

)
(Q(k)[y] +W(k)) (Q(k>+[y] +W(k)+) (k)12 (Q(k)[y] +(W(k)) + Q(()Io + Z A;k) Q;k)
=1

(Q(k) [yl + (W(k)) 2W-1¢

IA

(@WIy] + W) 01,
for any & € H, where Z®¢& £ (Q(k)*[y] + W(k)*) L2 (Q(k)[y] +W (k)) &. Then we have

u(k)/

{Nac) 1.0Og (k) 5}’

{ L® _ 10 (W<k> + Q(k)[y]) Q(k)—l(w(k)+ + Q<k>+[y]) L(k)z}’ THE

L® — 10 (w<’<> + Q(k>[y]),@(k>—1(w<k>+ + Q<k>+[y]) L(m}’ TWg

L& _ L(k)r(w(k) + Q<k>[y])g/z<k>—1(w<k>+ + Qo [y]) .62

+L® (W<k> + Q(k)[y]) ojg(k)—l(w@*r + Q(k)+[y])(L<k> L& 4 o L(k))

(rw(k> + Q(k)[y]) gxk)—l(«W(kn + Q<k>+[y]) k2

—(w<’<> + Q(k)[y])g?(k)—l(w(k)’r + Q(k)+[y]) (L<k> L0 4 7k L(k)) ]'T(k)g

{L(k)/ - L(k)/(w(k) + Q<k>[y])g<k>—1(zw<k>+ +QWt [y]) (L(k> L& 4 L(k))}

i (w<k> + Q(k)[y]) j(k)—l((w(k)+ +Qk +[y])L<k>2)7-<k) <

%Loo/ L(k)( )+ Q(k)[y]) 70~ 1(w<k>+ + QO [y]) (LOLO” + L& L(k))} LR-1,0),

A

-1

&
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Since L® is symmetric matrix, it is easy to verify that N® is also symmetric. So,
(N (k)v)Tw =o' N®w for any v, w € R™, then for any & € H, we have

IA

This implies that

BT L0 (@y] + W) &
(N(k) L(k)‘TE) L®(Q ( ®[y] + rvy(k))
(LOTE)NOLO (@W[y] + W)
(LOTE) (1 -LO (@P[y] + W®)

(k) (Q(">[y] + rvv(k)) i3
(LOTE) (1- L9 (@W[y] + W) 01 (QWH[y] + WHH) L®)

() (Q(k)[y] + rw(k)) &

(L(k)r]'g) (L(k) (Q(k)[y] + w(k)) &

~L® (QW[y] + W) 701 (QU[y] + WD)
L2 (QW[y] + Wh)¢)

(L<k>r,~5) (L<k>(w(k>5 — LOp®) gpk)-1 %Wf)g) =0

&
3
O QW [y] + WOT) L)

iy
-
qb(k)’(o) < Z 2y ®" &)y (k)=1,(k) (25)
j=1

By (17), (18), (15) and (25), and using norm inequalities, we have that

1p®(0)

| < 2|u(k)TL(k>'L(k)—1u(k)/|

= |u®T (LOrL®-1 1 [0-1L07) u(k)‘

— |7 w1 (LOLO + LErL0) L(k)—luao‘

— |7 pe-1 (L<k)2)’ L(k)—luac)‘

— [T Ak (L<k>2)’ A(k)—1u<k>'

= |7 A1 (A ) AKY 4 Al A<k) A1 k)‘
= ofy®T (A(k> 1 A(k) A®Y AG)- u<k>|

< 2[u ;| (a%-1 A% )H

_ ZH_1/2||“<k)” H L® 15 H (since LO1 = 12701

= 2712 [u®|f} H L® 1L(")N(k k>5)H

= 2572 [u®; |(NOLOTOE) | (noting that u = NOLOT 0 )

= 2w 2 O] [u)
= o 12 ||u®|f] = 2p712 |¢,(k)(0)‘3/2’

as desired. The proof is now complete.

The following theorem plays a crucial role in this work.

Theorem 1. For every p > 0, the recourse function 1(x, ) is a p-strongly self-concordant function

on Fy.
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Proof First, we need to prove that the logarithmic barrier £(x) £ —u Z"“ In(—pi(x))
is a p-self-concordant barrier on #;. Note that the map £(x) is convex because
Ci(x) = —pIn(—pi(x)), fori = 1,2,...,my, is a convex function and the sum of convex
functions is convex. Now, due to [11, Section 3], using Taylor expansion of the
function ¢;(x), one can find that the nth Fréchet derivative of £;(x) is

ZYMﬂ@hnwm:yM—lﬂ(%+%)nzL
tl tZ

with £ < 0 < #] due to the convexity of pi(x + th), t € R. Therefore, the second and
third Fréchet derivatives of ¢;(x) are

D Li()( ) =

|

=
—_——
Tl =

—_

+
NHI:)I =
~——

Dixxgi(x)(h;h,h) 2#[— + l]

It follows that
|3 i) (, 1, )|

Il
N
=

—
ol

+
W=
~——

1l
N
N
™
i
A
I

~T) >
~——
I

;
2
2“( i=1 §

3
2
= out (# Y }2)
3
= 252 (| D260, h))?,

IA

fori = 1,2,...,my. This means that {;(x) is a u-self-concordant barrier on #; for
i=1,2,...,m. From [16, Proposition 2.1.1(ii)], we conclude that £(x) is a u-self-
concordant barrier on ¥7.

In light of Lemma 1, p®(.,-) is y-self-concordant on 1 for k = 1,2,...,K. It can
be also seen that py(x) is u-self-concordant on ;. Using [16, Proposition 2.1.1(ii)]
again, we conclude that 7(-, -) is a p-self-concordant function on #y. That is, for every
u>0,x € Foand & € H, the following inequality holds.

(D2, 1), & E < 2072 D2, ), 6))

This, together with Property 3, implies that for any fixed u > 0, the map n(-, u) is a
u-strongly self-concordant function on . The proof is complete. O

5.2. Parameters of self-concordance family

In this part, we use the result in the preceding subsection to demonstrate that the
set of functions {n(-, u) : p > 0} is a strongly self-concordant family with appropriate
parameters. First, we introduce the concept of a self-concordant family proposed by
Renegar [17] for the infinite-dimensional case based on Nesterov and Nemirovskii’s
definition in [16] for the finite-dimensional case.
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Definition 2. Let G be an open nonempty convex subset of Hilbert space H. Let also u € R
and f, : R, XG — Rbe a family of functions indexed by p. Let a1 (1), a2 (u), az(u), aa(u), as(u) :
R, — R, be continuously differentiable function on . Then the family of functions f,cr,, is
called strongly self-concordant with the parameters ay, a3, a3, au, a5, if the following conditions
hold:

(i) The function f, is continuous on R, X G, which are continuous on R, X G and contin-
uously differentiable with respect to pt on R,.

(ii) For any u € R,,, the function f, is strongly a;(u)-self-concordant.
(iii) For any (x, u) € R, X Gand only h € H
12 (oo 12
(@) |2 (Deful, 1)) — & (I as(@) Defur, O] < tala) (1 () (D2 fulx, B)(E €))
D2, fulx, 19(E,€) = £ (@) D fulx, 10(E, ©)] < as(W)DRful, 10(E, ).

To prove that the set of recourse functions is a self-concordant family, we need first
to give with proofs the following two lemmas.

Lemma 2. Forany u > 0,x € %1 and & € H, we have that

mp + kmz > 12
< —Tﬂxxn(x/ [J)(gl g) .

[{Dxnx, u) (&)}

Proof By differentiating (13) with respect to 1, we obtain

k k)7
(2w} (wl v ) o

2Oy W (0, o ® o0\ _ 2%
<y, +Z/\ (w]+g )ZAQ >_0, (26)

j=1

1l
o
K
-
Il
—
*
N
3
=
S

Z(k>A’ + A0z = ¢

Following our notations introduced in Subsection 2, System (26) can be written more
compactly as
Q(k)[y]y’ + W(k)y’ +z/ =0,
(v, 20y + (WOt + @OV + QP 1AB) = o,

ZOA + AWz = e
Solving System (26), we get
y/ - % - ((W(k)‘i' +Q(k}+[y])z(k)—1
A = LION®, 27

20 = (W 1 QIR0 (WHT 1 QWF[y]) 0L,

Differentiating (22) with respect to p and applying (27), we get

K mp K
Dix +a;
{(Daen(x, p))’ Z FOt RN, 4 Z % - _7 Z TOTLONe + (A" + P[x]) S e, (28)
k: i=1 ! k=1
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Now we define

1=
1>

STA+P]DE € R™M, M9
_LHNac)L(k)T(k) feR™,  Mby

(A" +P[x1)STI9 € H,
L gtpon®y, ¢ |,
m

ME
MBE

13
1>

and

MEE Z MIFMO &+ MM = Z TOLONOLOTOE + (AT +P[x]) S (A + Pl &,
k=1 =1

forany £ € H, 9 € R™ and v € R™. Then, using (2), we have

K
Y (MOIEMOg, &) + (MM, €)

k=1

(ME, &)

~

= ) (MO MO&+ (MO Me

(oTre = (xree),

where, for§ e H,9 e R™ and vy e R™,k=1,2,...,K, Y- and Y are defined as

MDE 4]
) . K
Ye 2 : € R™x---xR™xR™, and Y'| © |2 ZM(k)*vk + M9 € H.
M(K)E K—times K k=1
ME 9

Observe that the operator .#- = Y'Y is invertible from the Hilbert space H into itself,

-1
and hence its inverse operator .Z 1. = (Y*Y) - is well-defined on H.
Because £%;,i = 0,1,...,m;, are self-adjoint nonnegative definite bounded operators
on H, we also observe that

- P2, )(E, &) < p &, &) = p (Yo 1E = p(YHre, ), (29)
and that
K K
(2, )@Y = Y (MOTe, &) + (MPe &) = Y TMOs+eTMe = eTre = (Yhe,8),  (30)
k=1 k=1
where
e
e2| i |eR™ x-- x R xR,

N —
e
K—times
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Using (29) and (30), we obtain

(P} ((Zenw ) (2, 0)Y) < % ((r )™ om0 Ve 0) )
= %sTT(Y"Y)fl Tte (1)
< lsTs = l(1111 + Kmy).
u u

By (31) and using norm inequalities, we get

12w @F | < {22 0) (12w 2) A2 0 ) - 22 20E ©
< \/—%sz D2, X)(E, ).
The proof is complete. O

Lemma 3. Forany u > 0,x € %7 and & € H, we have that
’ m
{220 o | < —%Dixn(x,u)(é, £).

Proof Let (z®,A®,L®, 20, N®) £ (20 (x, u), A®(x, p), LO(x, w), 2P (x, u), NO(x, u)),
fix £ € H, and define u® 2 NOLOF7® & Then we have that

K
D2, )&, Q) = (P08, O + p (PHEN™, O+ (AT + P]) S (A+ PLD £,C) - ) u® ul

k=1

Using Lemma 1, we also have

K
(D2, (& 6)) = (Pl ) + (A +PTa]) S 2 (A + PLD &, ) = Y u® L0 (LO2) L0,

k=1

Note that
ubTLO (LO-2) [0y6 = 40 (z0-170) ™ (Z0-1A®Y (z0-1A0)"2 400
_—y (u! Z(k)Z)_l/ 2 (201 A(k))’ (4! Z(k)z)—l/z L
= T (z02) M (A1 70 — Z0702707) (z02) 1 0

= uly®’ (ABZ07 — 7O AG)
= pt u®’ (ZA(")Z(")’ - I) u® (using Z®A®r 4 ARZE = ¢ from (26))
' (2 uz®-1Z6 1)y ®

ot ”u(k)“ ”I 2uz®- z(k)’” (usmg definition of z®” from (27))
||u(k>|| He — 20z (WO 1+ QW) ZH (WO + QWHy])e H
= 1 WO - 2O, < S B,

IA
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where the last inequality follows from (26) and from the fact that || — 2NW|, <1,

which is due to  —2N® <.
Differentiating n(x, u)(&, £) with respect to u, we get

A

K
(D2 e o) | < 2 Y ubTu® — (PUEls™, ) + (AT + PRS2 (A+ PID E,T))

vE|

k
K
< 2 {Z B u® - (PHElT, )+ (AT + PRS2 (A + PR E,0))

< ROk E ).

The proof is complete. O
The result in the following theorem is now immediate and it is the most important

result in this work.

Theorem 2. The family of function {n(-, u) : u > 0} is a strongly self-concordant family with the
following parameters:

ar(u) = p, ax(p) = as(u) = 1, as(u) = %kmz as(w) = \41;72

Proof Condition (i) in Definition 2 is satisfied by Property 3. Theorem 1 satisfies
Condition (ii) and Lemmas 2 and 3 prove Inequalities (iiia) and (iiia). The result is
established. O

Families of functions having a property similar to that in Theorem 2 have nice features,
Most importantly, the parameters defining the self-concordant family allow us to
relate the rate at which the barrier parameter y is varied and the number of Newton
steps required to maintain the proximity to the central path of the perturbed problem.
The results in this section means that we can generalize the logarithmic-barrier de-
composition interior-point algorithm for the finite-dimensional case to the infinite-
dimensional case and keep a polynomial time execution of the proposed algorithm.
We will see that the obtained complexity estimates are similar to those in the finite-
dimensional setting.

6. The proposed algorithm

In Section 5, we have established that the recourse functions 7(-, 1) form a strongly
self-concordant family. We have also calcualted the Fréchet derivatives D,1(x, 1) and
D2, n(x, 1) in Section 4, which are required for computing the Newton direction:

Il>

Ax = —{VZ(x, W)} (Dxn(x, 1) — E(x))

—{Vixn(x, .U)}_l ([ﬂo + Pox+u Z i+ ‘@ix] - 5*(x)], (32)
i=1

si(x, )



372 A path-following algorithm

where &*(x) is the unique vector in G* such that Ax € G.
We can determine the measure of proximity of the current point x to the central path
by

56, 1) £\~ DA (x, p)(ax, ). (33)

Note that &* is the solution to the minimization problem

min {Vixn(x, y)}_1 (Din(x, 1) = &, Den(x, p) = &)
st. &eGt.

(34)

The solution of the minimization problem (34) is unique and can be characterized by

{Vian(x, u)}_1 (Dan(x, p) = &) €G,

hence cST(x) =feGt.
Note also that 6(-, -) in (28) vanishes at (x, i) if and only if

(59,2059, 20) = (x(u), s(), v, s@®; 5y ®, 2 ®),

provided that (x,s;y®,z;...;y®,z0) is a feasible solution for (14). Based on
the self-concordance analysis established in the preceding section, we propose a
logarithmic-barrier path-following interior-point decomposition algorithm for the
infinite-dimensional two-stage SQCCQP problem; see Algorithm 1 and Figure 1.
We initialize Algorithm 1 with xo € #7 as an initial first-stage feasible solution and
to > 0 as an initial value for the barrier parameter, and start it with € > 0 as the
required accuracy of the final solution, and y as the reduction parameter. We also
use f as a threshold for calculating the distance (which is 0) between the current
point x and the central path. If the current x is too far from the central path, i.e.,
0 > B, we use Newton’s method to identify a location near to the central path. The
value of i is then lowered by a factor y, and the procedure is repeated until the
value of p falls within the tolerance €. We can trace the central path as p approaches
to zero in order to find a strictly feasible e-optimal solution to Problem (10).

7. Complexity analysis

This part is devoted to presenting with proofs the time complexity of Algorithm 1.
Note that the proposed algorithm can be branched into two versions based on the
selection of y: The short-step algorithm and long-step algorithm. In the short-step
algorithm, the barrier parameter y is decreased by a factor y = 1 — 6/(my + kmy)'/?,
with 6 < 0.1 in each iteration. For the long-step algorithm, the barrier parameter is
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Algorithm 1: A logarithmic-barrier path-following interior-point decomposition
algorithm for the infinite-dimensional two-stage SQCCQP problem (10) and (11)

input €, 0, y, p.o, B, x0
ensure € >0, >0, y€(0,1), y0>0, B>0, e Fo
initialize p = p°, x = x°
while u > e do
fork=1,2,...,Kdo
solve (13) to obtain y, z®), A%
compute  Dq1(x, 1) and D2 7(x, 1) using (22) and (23)
compute £*(x) by solving (34)
compute Ax using (32)
compute d(x, i) using (33)
while 6 > f do
setx=x+0Ax
fork=1,2,...,Kdo
solve (13) to obtain (y,z(k), ARy
compute Dyn(x, 1) and Z)fxr](x, 1) using (22) and (23)
compute £*(x) by solving (34)
compute Ax using (32)
compute d(x, i) using (33)
sety =yu

BWON R

[ T T T O S O S

decreased by the constant factor y € (0, 1) which is independent of m1;, m;, and K. We
want to determine an upper bound on Itr, which is the number of Newton iterations
needed to find the point x*, such that at each complete iteration, the algorithm
performs an outer iteration which updates the parameter p by the factor y, this is
followed by an inner loop involving several inner Newton iterations. Hence, the
total number of Newton iterations needed by the algorithm is not more than

Itr = Ttroye X Itryn,

where Itry, and Itry, are upper bounds on the number of iterations performed by
the outer while loop (which reduce the parameter p) and the number of iterations
performed by the inner while loop, respectively.

First, we want to estimate Itr,; for both short- and long-step algorithms. Let p* be
the parameter at kth outer iteration, then we have

pe= = =M

where y is the update factor. Then p* < € if

YUl <e,

ol o

or equivalently
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Begin algorithm

Initialize
€ 6, ¥, ,uo, B, o

Ensure
e>0,60>0,
y € (0,1),
u >0 >0,
x* € 7 is feasible,
5" ") < x

Solve (13) to
obtain y,;"",ﬁ.“’

Compute Dy.nix, u)
and DZn(x, 1)

Compute £*(x)
by solving (34)

Compute Ax
using (32)

Compute bix, u)
using (33)

End algorithm

Figure 1. A flowchart of Algorithm 1.

and hence
10
Itrou < (ln(?)) In 7/71 +1.

For short-step algorithm, since y = In(1 — o/ Vmy + kmy) = —a/ Vmy + kmy, we have

0
Ttrow = 6(1) /s + Ky In %
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For long-step algorithm, since y = O(1) is a constant, we have

10

Itroue = 0(1) In =
Now, we need to estimate the number of inner iterations of Newton’s method using
two different merit function to measure the agreement of the progress of Newton’s
iterates. If the agreement is good, the merit function is small. We use 6(x, u) for
the short-step algorithm and the first-stage objective function 7(x, u) for the long
step algorithm. The following lemma estimates the reduction of the merit function,
which corresponds to [16, Theorem 2.2.3] in the finite-dimensional case. This lemma
is based on [11] for the infinite-dimensional case. More precisely, Item (i) is due to
[11, Proposition 3.4] and Item (ii) is due to [11, Proposition 3.3].

Lemma 4. Forany p > 0and x € 7, let x* £ x + Ax, Ax* be the Newton direction calculated at
x* and o(u, x*) £ \/—ﬁﬂixr](x, W) (Aax+t, Ax*). Then the following statements hold:

(i) If6 < 2 — V3, then 6(u, x*) < 6/2.

(ii) If6 > 2 — V3, then n(x, ) — n(u, x + 6 & x) = u(5 — In(1 + 5)), where @ = (1 - 6)".

In the remaining part of this section, we estimate the upper bound on number of
inner iterations of Newton’s method.

Complexity of short-step algorithm The short-step algorithm is executed as
follows. At the beginning of the kth iteration, x* is close to the central path because
it satisfies 5(uf, x) < B. After reducing the parameter y to u®*) = yu, we have that
5(uk,x) < 2B. Then one Newton step with step size 0 = 1 is taken to construct a
new point x*1 with 6(u¥, x) < B. We present the complexity result of the short-step
algorithm in the following theorem, for which the proof is based on Lemma 5 given
in Appendix A.

Theorem 3. Consider Algorithm 1. Let u° be an initial barrier parameter, € > 0 be the stopping
criterion, and B = (2 — V/3)/2. If the starting point x° is sufficiently close to the central path, i.e.,
5(u0, x°) < B, then the short-step reduces the parameter i at linear rate and terminates within

10
ﬁ( mq +Km2ln(?))

Proof Using Item (i) in Lemma 4, and Lemma 5, we find that Algorithm 1 reduces
the parameter u by the factor y = 1 — 0.1/ Vmy + km; at each iteration, and requires
only one Newton step in each inner loop (i.e., Itrj, = 1). The proof complete.
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Complexity of long-step algorithm Because iterates generated by the long-step al-
gorithm may be distant from x(u), the condition 6 < 2 — V3 could be violated, which
means that only Item (ii) in Lemma 4 can be used, hence we use 1 as our merit
function. The long-step algorithm is executed as follows. At the beginning of the
kth iteration, we have a point x*~! that is sufficiently near to x(u*~!) (which is the
solution to (10) for u = p*~1). When the barrier parameter is reduced from p*! to
pk = yuk1, where y € (0, 1), we search for a point x* that is sufficiently close to x(uF).
This produces a finite sequence of points py, pa, ..., pix € F1. We take x* to be Pltr- SO
we need to determine an upper bound on Itr, the total number of Newton iterations.
Let

¢ = nlx, 1) =, x(w)
be the difference between the minimum objective value n(u*, x(u¥~1)) at the beginning

of the kth iteration and the objective value n(u*, x(u¥)) at the end of kth iteration. We
present the complexity result of the long-step algorithm in the following theorem.

Theorem 4. Consider Algorithm 1. Let 1° be an initial parameter, € > 0 be the stopping criterion,
and B = 1/6. If the starting point x° is sufficiently close to the central path, i.e., 5(u°, x°) < B, then the
long-step algorithm reduces the parameter i at linear rate and terminates within

#0
% (m1 + sz In (?)) .

Proof First we need to find an upper bound on ¢(u*, x). Let u* = yu with y € (0,1)
and define

b2 6(x,u) % \/—%Dl‘ém(x, w)(Ax+, Ax*).
We show that if § < 1, then
N, x(uh) = n(u*, x) < O(my + Kma)u™. (35)

Note that

1
Pu,x) = nlu, x(w) = nx, p) = f Dy, x + TAx)(Ax")d.
0
Since x(u) is the optimal solution, we have

Din(u, x(@) = 0. (36)

Then, for any u > 0, by applying chain rule, using (36) and applying Mean-Value
Theorem, we get

P (x, 1)

1 (e, x(u) = 17 (x, @) = Dan(p, x()) (X' (1))
' (, x(w) =1 (x, 1) (37)
Dn(u, x(1) + wAx)(Ax).
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Now, we differentiate (37) with respect to u to get

¢ (1) = 1" (e, 1) = 1" (u,x(w) — D, () (' (W) (38)

We want to bound the terms —D,1(u, x(u)(x’ (1)) and ¢ (x, 1) in (38). By differentiating
®(x, u) with respect to u and using (28) and (15), we get
P u p t g g

(@9, vy + @,y > —¢ Inz® — e’ ZW-1z0r
= (o@(k)y + w(k) y)—e T Inz® — A0k (using (13))
= (2 k)y + w(k) y)y—e Inz®
_A® ((W(k n Q(k)[y]]) @(k)—1<fw(k)+ ¥ Q<k>+[y])z(’<>—1 (using (27))
= (Qék)y +wl,y > —e Inz®
FAB(WO 4 Q(k)[y]g( 0 (WO 4+ QWiLy])200-1)
= (Q(k)y +wl,y > e Inz® + A k)(W(k) + Q(k)[y])

= ( g‘)y + wg‘), y > —e Inz® 4 <Z (/\(k)w(k) +A k)Q(k)y) y’>

j=1

PN (x, )

ny

j
j_l

Note that N®2 = N®. Now, differentiating p®” with respect to u and using (28) and
(15), we get

p(k)//( w,x(1) = eT Z0)=1,(k)
= ¢ Z(k)—l(w(k) + Q(k)[y]) g)(k)—l((w(kﬁ + Q(k)’f[y])z(k)—l
= ¢ ZO-11R-1N®O 0-1,(k-1

Thus we have

PO ) 5 L0 = T =

and hence

Wwa»<{? (39)

We differentiate the optimality condition of the first-stage problem and get

X (1) = — (V2,2 (1Danu, x@)Y). (40)

It follows that

(Dan((u, @) (@) = ~ (V) ) (Den, x@)Y, (Dsen(us, x(u)))
(41)

pt(my + Kmy).

IAN I
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Combining (39) and (41) and using n”’(u, x) > 0 we have

¢ (x, 1) < (" (m + 2Kmy)).

Now, using (41), and applying Mean-Value Theorem, we have

[.l
o(u*,x) = ¢x, 1)+ Q" (x, Wt — p) +f f gb "(v, x)dvdt
< (5 +1In(1 = 8)) = Vmy + Kmy In(1 = 8)(u* — )

+(my + 2Kmp)(u* — ) Iny ™

Table 1. The short-step algorithm versus the long-step algorithm.

Features Short-step algorithm Long-step algorithm
Factor y y=1-06/ymy +my, 6>0 y€(0,1)

Merit function o(x, ) n(x, 1)

Number of inner iterations Itrj, = 1 Itry, = O(1)(my + Kmy)

Number of outer iterations Itroy: = O(1) Vmq + kmy 1r1(‘u0 /€) Ttrout = ln(‘u0 /€)

Aswe have already shown, Algorithm 1 reduces the barrier parameter, pi, Itry,: times,
such that Itre,: = O(In(u°/€)), each outer iteration has several inner Newton’s itera-
tions. Now we are looking for an upper bound of Itr;,. Assume that n(u*~1, 1) < g
and pf = yuk-1, and let

0a gl 2k, 5, ..

be the inner iterates that are generated in the kth loop. We choose § to be small
enough so that § < f < 1 at (u¥1, x¥*"!) (see Lemma 8). From (35), there is a positive
constant v such that

k

o, A1y =k, 1) = ek, x(uF) < v(my + Kmp)uk.

Assume that &' = §(u¥, %) > g, foralli=1,...,j—1,and denote 6 = § — In(1 + ) > 0.
Then
6<6 —In(1+6),i=0,1,...,j-1.

Note that, from Item (ii) in Lemma 4, we have
n(uk, #) <k, # + 0 A x) <k, &) — (6" — In(1 + 8")uk < n(ut, #) — out.

As a result
N, x(w)) < (b, &) < ek, 71 = jouk + n(uk, x(w).

Therefore j < e(m; +km;)/o, which means that 0 < § for any j > (1 +km;)o iterations.
Since o is a constant, we have Itry, = &(m; + km;). The proof complete.
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Theorems 3 and 4 are the counterparts of Theorems 4.1 and 4.2 in [15] as well as
Theorems 6.1 and 6.2 in [4]. One can see that the complexity results in Theorems
3 and 4 coincide with the best known ones for the finite-dimensional case. This
confirms that the time execution of Algorithm 1 is independent of the underlying
Hilbert space. We end this section with Table 1, which compares between the short-
and long-step versions of Algorithm 1.

8. An illustrative example

In this section, we give an example from stochastic control theory and solve it using
the algorithm proposed in Section 6. The notations in this section might be a bit
different from those in the other sections. The stochastic model under interest extends
the control design model problem (see [11], for example) by applying a relaxation on
its assumptions that include deterministic data to include random data.

Welet H = L}'[0, T] be set of all measurable square integrable functions on [0, T] with
valuesin R™. Fori=1,2,...,m;, we define

N Ry 0y dt+b
pra 5 [ (7 02050+ OB OUO)dt+ b,

where Z(t) (respectively, Z;(t)) is an my X m; (respectively, p1 Xp1) symmetric positive
definite matrix which depends continuously on ¢t € [0,T], for i = 0,1,...,m;, and
b € R™. The control objective function is to find (x, %) that minimizes the cost
criterion function given by

L1 T 1 T
polx,u) = fo (x" () Z0(Ox(t) + u (HZo(Bu(®)) dt.

Forj=0,1,...,my, we also define

T
0w fo (v 2t @)y + o) 7Pt e dt,

and 2)(t, w)) (respectively, .7j(t, ))) is an my X my (respectively, p» X p2) symmetric
positive definite random matrix which depends continuously on t € [0, T] and its
randomness depends on an underling outcome w in an event space Q) with a known
probability function P, for j =0, 1,...,m;.
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We consider the following closed subspaces of H:

x is absolutely continuous on [0, T],
(x,u) € LJ'[0, T x LY'[0,T] = x € L)*[0, T],x(0) = 0,

x(f) = A(H)x(t) + B(Hu(t)

forall t € [0, T]

y is absolutely continuous on [0, T],
(y,v) € Ly?[0, T x LY*[0,T] : i € L3?[0,T],(0) = 0,

i) = Wt 0)y(t) + D(t, w)olt)

forall t € [0, T]

1>

G(w)

where %(t) and y(t) are the time derivatives of the functions x(-) and y(-) with respect
to time t, A(t) (respectively, B(t)) is an m; X my (respectively, m; X p1) matrix which
depends continuously on t € [0, T], and W(t, w) (respectively, D(t, w)) is an my X 1
(respectively, m, X pp) random matrix which depends continuously on f € [0, T] and
its randomness depends on an underling outcome w in an event space Q2 with a
known probability function IP.

We are interested in a problem of the form:

min po(x, 1) + E[p(y, v, w)]
st.  pilx,u)<0,i=1,2,...,m, (42)
(x,u) €G,
where p(w, x, 1) is the minimum value of a problem of the form:
min  qo(y, v, w)

T
st qi(y0w) + fo (w;(w)y(t)+wj(m)Tv(t))dtShj((u)— fo

i=12,..., my,

T

(t]T @k +1] (a))u(t))dt, W

(v, 0) € Glw).

Assuming that the event space () is discrete and finite with K realizations, the dis-
cretization of q;(-, -, w) and G(w) are given by

L1 T T T .
qj.“(y, v)£ 5 fo (vt g§k>(t)y(t) +0() fj(k)(t)v(t))dt, for j=0,1,...,my,
and
y is absolutely continuous on [0, T],
G® 2 (y,0) € Ly?[0, T] x LY?[0,T] : y € Ly[0, T1, y(0) = 0,

7

y(t) = WOy (t) + DO (o(t)
forallt € [0, T]
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for k = 1,2,...,K, where W®(t) (respectively, D®(¢), Q(k)(t), k)(t)) is related to
W(t, w) (respectively, D(t, ), 2;(t, w),-j(t,w)) in the same way as w]k) is related

to wj(w) in Section 3. Given this, we have E[p(y,v,w)] = Yo, qo)(y, v), and the
discretization of (43) is:

min 4$(y,0)

(k) ! GH ol (k) ! (GH ol
st q; (y,v)+j(; [w].) y(t)+w§ v(t)]dtsh]. —j(; [tj) x(t)+t§.) u(t)]dt,

j:1,2,...,Tﬂ2,

(44)
(y,v) € GW.

Problems (42) and (44) are already on the form of Problems (6) and (8), respectively. In
this context, the following logarithmic-barrier problem is the counterpart of Problem
(14).

K ny
min  f(x,u, u) =po + Z q(()k)(y, v) — [Z In(s;(x, u)) + Z lnz(k)]
k=1
T
st % f (xT(t),oz,-(t)x(t) + uT(t)%"l-(t)u(t))dt 45 4b=0,1<i<m,
0

® ' ey ®) gy ®T
q; (y,v) + y(t) + w v(t) dt + z hj - t]. x(t) + tj u(t) |dt,
0 0

1<j<m,1<k<K,
(x,u) € G, (y,0) € GV,

s,z}")>0,1si3m1,1sj3m2,1sksl<,

where p > 0is a barrier parameter. Here, s; = —p;(x(t), u(t)),i =1,2,...,m;, and

A T T T
20 2 19— gy, 00) - (wj.") y(t) + v(t))dt
- [ (t;k)Tx(t) + t;k)Tu(t))dt, j=1,...,m, k=1,...,K

Now, we compute the first and second derivatives of p(x, u, u) based on the results in
Section 4.

For the sake of simplicity, we drop the index time f and let & = (x,u) € 1 = {(x, u) €
G : s = —p(x, u) > 0}. The first Fréchet derivative of p with respect to « is

my @ K m
Pox + Z el ka Aj0t?
Dap(p, @) = B K g , (45)
Rt + Z i Z Aj(a)t®
=1 k=1 j=1
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or equivalently

K
Pox + u P [xls (o) - Z T (x)

Duply, @) = R . (46)

Rou + u2etuls~ (o) - Z 7O (1)
k=1

Next, for any (&, C) € H, the second Fréchet derivative of p with respect to « is

I8

D,(1P) (s)(t(“ )
D2, a)(&,0) =

J li:@ K m
]OCS'*'.UZ[(_ 2(0&)) kg]‘
RoC + ,ui [Z;—

k=1 j=1

or equivalently

K
e+ (P1x) 2 P - ) TONT A0
Z)czmp(ur a)(é/ C) = k=1

K
HoC+ u (RT]) S2RID L= Y TR [AOw)]c

k=1

7

where

T
liéf (' 2e+u &)t i=1,2,...,m
0

and more compactly

T
1 f (2IEI(®) + B[l dt
0
Using (17), we get

1~

Poé + p(PHx]) S (P]) 1 -

gkt R NE T EgR) &
Diap(u, @)(E,C) =

o~
Il

1

RoC + 1 (RYx]) S72 (RIx]) I - Z FLONOLOF®
k=1

, (47)

where the matrices L® and N®,k = 1,2, ..., K, are defined in (18).

The orthogonal complements of subspaces G and G® k=1,2,... K, are given by
[11]
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Gt = T : @ is absolutely continuous on [0, T], ®(T) =0

(o+A"0
B @

and @ € LJ[0, T]},
(48)

. T
GhL - o0+ W® o
D®'g

] : p is absolutely continuous on [0, T], o(T) =0

and ¢ € L3[0, T]}.

From (32), the Newton direction at the point & = (x,u) € H is of the form:

Aa = —{Dﬁap(y, 0‘)}_1 (Dap(ur a) - ﬁ*(a‘)) ’ (49)
B(a) € G .

If Aa =

é] € G, then by using (47) and (48) we have

Dap(i, @) = (@) = Diop(p, @) Aa, s €G.

=i

Let D,p(u, o) = [ }, then this is equivalent to

=i

—% = Jhp )+ PxIS ()],

5w, @)+ RY[x1S2(a)l, (50)

ool
2 &
|
=i
I

where
K

A, a) 2 Py + uPEs (a) - Z gt ONOL O
k=1

K
Ao, @) 2 Fo + p 7 (@) - ) THLONOLOT®,
k=1
We also have
E=AE+B;, &0)=0, o(T)=0. (51)

Now we need to solve (50)-(51) with respect to & and C. This problem is somehow
similar to the one arising in connection with the standard linear-quadratic control
problem (see[12]); the difference is that the constants [;, i = 1,2, ...,m;, are unknown.
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One can solve (50)-(51) by the numerical integration of Riccati equation that admits
unique solution in [0, T]. To see this, we find @ in the form

@(t) = K()E(E) + (),
and substitute @(t) and (51) in both equations of (50) to obtain

K+ KA + A"K + KB(t).#; (1, )B" (1)K — A (u, @) = 0, K(T) =0,
(1) = — (AT + KB(t)Aa(, @) 'BT (DK) y + & + 2T [x]S (o)l (52)
B (5 (w, )t + 5 (1, )T [u]S2(@)l), 1(T) = 0.

The first equation in System (52) is a matrix Ricatti differential equation which admits
unique solution in [0, T] under natural constraints on A and B, and the second
equation is a fundamental matrix for a linear time-dependent system. This brings us
to solve an m; X mj system of linear algebraic equation, and means that System (49)
can be efficiently solved.

9. Conclusion

In this paper, we have studied the two-stage stochastic convex quadratic pro-
gramming problem with quadratic constraints in Hilbert space and developed a
logarithmic barrier decomposition interior point algorithm for solving this class of
optimization problems. One of the chief attractions of this paper is that it explicitly
computes the expressions for the derivatives of the recourse function and completely
identifies the barrier parameters for the corresponding self-concordant family.
Based on a self-concordance analysis, we have analyzed the proposed algorithm
and have found that, given m; quadratic constraints in the first-stage problem, m,
quadratic constraints in the second-stage problem, and K number of realizations,
we need at most &((m; + Kmy)'/?In(u°/€)) Newton iterations in short-step version
of the algorithm to follow the first-stage central path from a starting value of the
barrier u° to a terminating value €, and need at most &' (m; + Kmy In(u°/€)) Newton
iterations in the long-step version class of the algorithm to follow the first-stage
central path. These complexity results coincide with the best known ones for
the finite-dimensional case, confirming that the time execution of the proposed
algorithm is independent of the underlying Hilbert space. As an example, we have
considered an application of these results to an important stochastic control problem
and have shown that the corresponding infinite-dimensional system can be obtained
to find the Newton-type search direction. This study extends the work of Alzalg
[4] for infinite-dimensional stochastic linear programming to infinite-dimensional
stochastic quadratically constrained convex quadratic programming.
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Appendices

A. Technical lemmas for the complexity proofs

In this appendix, we state without proofs some technical lemmas which were required
to prove Theorems 3 and 4 in Section 7. The proofs of the following lemmas are based
on Nestrov and Nemirovskii [16] for the finite-dimensional case and Faybusovich
and Moore [12] for the infinite-dimensional case.

In the proof of Theorem 3, we made use of Theorem 3.1.1 of Nestrov and Nemirovskii
[16] and Theorem 3.3 of Faybusovich and Moore [11], which are restated for our
setting in the following lemmas.
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1+ iy \/my+kmy

2 + K

Lemma 5. Let x(m;u,u*)

Iny~'. Assume that 6(x, ) < x and p* £ yu
satisfies xi(n, u, u*) <1 —0(x, u)/x. Then, d(u*,x) < x.

Lemma 6. Let u* = yu, where y = 1 — 6(x, )/ Vmy + Kmy and o < 0.1. Furthermore, let
B=(2— V3)/2. If (x, ) < B, then 5(u*, x) < 2.

In the proof of Theorem 4, we made use of the following lemma whose proof is
similar to that of [20, Lemma 7].

Lemma 7. Forany u > 0and x € F1, we denote Ax = x — x(u) and define

RERICANE \/—%Dixn(x, 1) (Ax*, Ax*). (53)

Forany u > 0and x € Fy, if § < 1, the following inequalities hold:

Olx, ) < #(1%5 +1In(1 - 5)), and

@' (x, w)| < = +(my + Kmy) In((1 - §).

Lemma 7 requires that § < 1. However, evaluation of § explicitly may not be possible.
Now we will see that § is actually proportional to §, which can be evaluated. The
following lemma is due to [15] and its proof follows from Propositions 3.4 and 3.8 in
[12] (see also [14, Lemma 5.5]).

Lemma 8. Forany u > 0and x € F,, we denote Ax £ x = x(u) and define 5 = 8(x, ) as in (53). If
0 <1/6, then 25/3 < & < 26.
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