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Abstract: Let kK > 1 be an integer, and let D be a finite and simple digraph with
vertex set V(D). A signed total Italian k-dominating function (STIkDF) on a digraph D
is a function f : V(D) — {—1,1, 2} satisfying the conditions that (i) >°,c N - () f(z) 2
k for each vertex v € V(D), where N~ (v) consists of all vertices of D from which arcs
go into v, and (ii) each vertex u with f(u) = —1 has an in-neighbor v for which f(v) =2
or two in-neighbors w and z with f(w) = f(z) = 1. The weight of an STIKDF f is
w(f) =2 vev(p) f(v). The signed total Italian k-domination number 7% (D) of D is
the minimum weight of an STIKDF on D. In this paper we initiate the study of the
signed total Italian k-domination number of digraphs, and we present different bounds
on %, (D). In addition, we determine the signed total Italian k-domination number
of some classes of digraphs.

Keywords: Digraph, Signed total Italian k-dominating function, Signed total Italian
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1. Terminology and introduction

In this paper we continue the study of signed total Roman domination and signed
total Italian domination in graphs and digraphs. For notation and graph theory
terminology, we in general follow Haynes, Hedetniemi and Slater [9]. Specifically,
let G be a graph with vertex set V(G) = V and edge set E(G) = E. The integer
n = n(G) = |V(G)| is the order of the graph G. The open neighborhood of vertex
vis Ng(v) = N(w) = {u € V(GQ) | wv € E(G)}, and the closed neighborhood of v
is Ng[v] = N[v] = N(v) U{v}. The degree of a vertex v is dg(v) = d(v) = |[N(v)|.
The minimum and mazimum degree of a graph G are denoted by §(G) = ¢ and
A(G) = A, respectively.

© 2024 Azarbaijan Shahid Madani University



340 Signed total Italian k-domination in digraphs

Cockayne, Dreyer, S.M. Hedetniemi and S.T. Hedetniemi [6] introduced the concept
of Roman domination in graphs, and since then a lot of related variations and gen-
eralizations in graphs and digraphs have been studied (see, [2-5]). In this paper we
continue the study of Roman and Italian dominating functions in graphs and digraphs.
If £ > 1is an integer, then Volkmann [13] defined the signed total Roman k-dominating
function (STRKDF) on a graph G as a function f : V(G) — {—1,1,2} such that
fINW)) = Xsenew f(@) = k for every v € V(G), and every vertex u for which
f(u) = —1 is adjacent to a vertex v for which f(v) = 2. The weight of an STRKDF f
on a graph G is w(f) = X, cv(q) f(v). The signed total Roman k-domination number
'thR(G) of G is the minimum weight of an STRKDF on . The special case k = 1
was introduced and investigated by Volkmann [10, 11].

If £ > 1is an integer, then Volkmann [15] defined the signed total Italian k-dominating
function (STIKDF) on a graph G as a function f : V(G) — {-1,1,2} having the
property f(N(v)) > k for every v € V(G), and each vertex u with f(u) = —1 is
adjacent to a vertex v with f(v) = 2 or to two vertices w and z with f(w) = f(z) = 1.
Note that in the case k > 2 or §(G) > 2, the second condition is superfluous. The
weight of an STIKDF fisw(f) = 3,y (g f(v). The signed total Italian k-domination
number 7%, (G) of G is the minimum weight of an STIKDF on G. The special case
k =1 was introduced and investigated by Volkmann [14].

The signed total Italian k-domination number exists when 6(G) > £. The definitions
lead to 7% ;(G) < 4% r(G). Therefore each lower bound of 7% ,(G) is also a lower
bound of 7* o (G).

Let now D be a finite and simple digraph with vertex set V(D) and arc set A(D).
The integer n = n(D) = |V(D)] is the order of the digraph D. The sets Nj}(v) =
Nt (v) = {z|(v,z) € A(D)} and N (v) = N~ (v) = {z|(z,v) € A(D)} are called the
out-neighborhood and in-neighborhood of the vertex v. Likewise Nj[v] = N*t[] =
N*(v)U{v} and N;[v] = N~[v] = N~ (v)U{v}. We write d},(v) = d*(v) = [N*(v)|
for the out-degree and dn(v) = d™ (v) = |N~(v)]| for the in-degree of the vertex v. If
X CV(D), then D[X] is the subdigraph induced by X. The minimum and mazimum
in-degree are 0~ (D) = §~ and A~ (D) = A~ and the minimum and mazimum out-
degree are 6T (D) = 6+ and AT(D) = AT. For an arc (z,y) € A(D), the vertex y is
an out-neighbor of x and z is an in-neighbor of y, and we also say that x dominates
y and y is dominated by x.

If £ > 11is an integer, then Volkmann [12] defined the signed total Roman k-dominating
function (STRKDF) on a digraph D as a function f : V(D) — {—1,1,2} such that
FINT(v)) = X pen-(u) f(z) = k for every v € V(D), and every vertex u for which
f(u) = —1 has an in-neighbor v for which f(v) = 2. The weight of an STRKDF f on
a digraph D is w(f) = >_,cv(p) f(v). The signed total Roman k-domination number
7k p(D) of D is the minimum weight of an STRKDF on D. Amjadi and Soroudi
(1], Dehgardi and Volkmann [7] and Volkmann [12] studied the signed total Roman
k-domination number in digraphs.

If £ > 1 is an integer, then a signed total Italian k-dominating function (STIKDF) on
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a digraph D is defined as a function f : V(D) — {—1, 1, 2} satisfying the conditions
that (1) f(N~(v)) > k for every v € V (D), and (ii) each vertex u for which f(u) = —1
has an in-neighbor v with f(v) = 2 or two in-neighbors w and z with f(w) = f(z) = 1.
Note that in the case k > 2 or 6 (D) > 2, the second condition is superfluous.
The weight of an STIKDF f is w(f) = >_,cv(p) f(v). The signed total Italian k-
domination number v¥,;(D) of D is the minimum weight of an STIkDF on D. The
special case k = 1 was introduced and investigated by Volkmann [16]. A ~% ,(D)-
function is a signed total Italian k-dominating function on D of weight 7% (D). For
an STIKDF fon D, let V; = Vi(f) ={ve V(D) : f(v) =i} for i = —1,1,2. A signed
total Ttalian k-dominating function f : V(D) — {—1,1,2} can be represented by the
ordered partition (V_1, V1, V2) of V(D).

The signed total Italian k-domination number exists when 6~ (D) > g The definitions
lead to vX, (D) < 4% n(D). Therefore each lower bound of v, ,(D) is also a lower
bound of v* (D).

For an integer ¢ > 1, a subset S of vertices of a digraph D is a total q-dominating
set if every vertex x € V(D) has at least g in-neighbors in S. The total g-domination
number y;4(D) is the minimum cardinality of a total ¢g-dominating set of D.

Our purpose in this work is to initiate the study of the signed total Italian k-
domination number in digraphs. We present basic properties and sharp bounds on
vk (D). In particular, we show that many lower bounds on ¥, (D) are also valid
for % (D). Some of our results are extensions of well-known properties of the signed
total Roman k-domination number and the signed total Italian domination number
Yst1(G) = vL,;(G), given by Volkmann [11, 13, 14].

The associated digraph D(G) of a graph G is the digraph obtained from G when each
edge e of G is replaced by two oppositely oriented arcs with the same ends as e.
Since Np, ) (v) = Ne(v) for each vertex v € V(G) = V(D(G)), the following useful
observation holds.

Observation 1. If D(G) is the associated digraph of a graph G, then v%;(D(G)) =
'thI(G) and 'thR(D(G)) = 7§tR(G)~

Let K,, and K be the complete graph and complete digraph of order n, respec-
tively. In [15], the author determines the signed total Italian k-domination number
of complete graphs.

Proposition 1. ([15]) If K > 1 and n > 2 are integers such that 2n — 2 > k, then it
holds:

(i) If k > n, then v5;(K,) =k + 2.

(it) If k <n—1and n —k is odd, then v%;(K,) = k + 1.

(iii) If k <n —1 and n — k is even, then 7%, (K,) =k + 2.
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Using Observation 1 and Proposition 1, we obtain the signed total Italian k-
domination number of complete digraphs.

Corollary 1. If k> 1 and n > 2 are integers such that 2n — 2 > k, then it holds:
(i) If k > n, then v%;(K:) =k + 2.
(ii) If k <n—1and n — k is odd, then v%;(K}) = k + 1.

(iii) If K <n —1 and n — k is even, then v%;(K}) = k + 2.

Let Kp 4 and K, , be the complete bipartite graph and complete bipartite digraph
with partite sets X and Y, where | X| = p and |Y| =q.

Proposition 2. ([15] If Kk > 1 and ¢ > p > 2 are integers such that p > k/2, then
7§tI(Kp,q) = 2k.

Using Observation 1 and Proposition 2, we obtain the next result.

Corollary 2. Ifk > 1and g > p > 2 are integers such that p > k/2, then 7%, (K ,

) = 2k.

2. Preliminary results

In this section we present basic properties of the signed total Italian k-dominating
functions and the signed total Italian k-domination numbers in digraphs.

Proposition 3. Let £k > 1 be an integer, and let D be a digraph of order n with
§7(D) > [£]. If f = (V_1, V4, Va) is an STIKDF on D, then
(a) [Voal + Wil + [Va| = n.
() w(f) = il +2[Va| = [Val.
(c) If 6 (D) > [£] + ¢ with an integer ¢ > 0, then Vi U V5 is a total [2:E2]-dominating

set of D.

Proof. Since (a) and (b) are immediate, we only prove (¢). Suppose on the contrary,
that there exists a vertex v with at most [%] — 1 in-neighbors in V3 UV,. Then v

has at least
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and so at least [3f + §] in-neighbors in V_;. It follows that
3k + 2t 2t 1
k< f(N~ < 2 —1)=(Z4+Z
oo < 3([22] )28
Cp(FAuas N omo1_ 1
6 3 6 2

which is a contradiction. Consequently, V3 U V5 is a total f%}dominating set of
D. O

Corollary 3. If D is a digraph of order n and minimum in-degree 6~ > [£] 4+ s with an
integer s > 0, then v%,;(D) > 27, skt2sy (D) —n.
6

Proof. Let f = (V_1,V4,Va) be a~%,;(D)-function. Then it follows from Proposition
3 that

Vil +2[Va| = [Voa| = 2[Va| + 3|V2| —n
2|V1 U V2| —n Z 2"}/t(3kz251(D) —n.

’thI(D)

v

O

The digraphs ¢K3 and ¢Kj as well as ¢K3 show that Corollary 3 is sharp for £ =1
as well as for k = 2. The proof of the next proposition is identically with the proof
of Theorem 1 in [7] and is therefore omitted.

Proposition 4. Let & > 1 be an integer, and let D be a digraph of order n with
minimum in-degree §~ > k/2, maximum out-degree A" and minimum out-degree 6. If
f=(V-1,V1,V2) is an STIKDF on D, then

(i) (2AT = k)[Va| + (AY = k)[Vi| > (67 + k) [V_al.

(i) 2A% +0)|Va| + (AT +6) Vi = (6F + k)n.

(iif) (AT + 0 )w(f) = (67 = AT +2k)n + (67 — AT)[VA].
(iv) w(f) > (67 — 2A" 4 2k)n/(2AT +6T) + | V2.

3. Bounds on the signed total Italian £-domination number

We start with a general upper bound, and we characterize all extremal digraphs.

Theorem 1. Let D be a digraph of order n with 6~ (D) > [£]. Then 7%,(D) < 2n,
with equality if and only if & is even, 6~ (D) = g, and each vertex of D has an out-neighbor
of minimum in-degree.
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Proof. Define the function g : V(D) — {-1,1,2} by g(z) = 2 for each vertex
z € V(D). Since 6~ (D) > [£7], the function g is an STIKDF on D of weight 2n and
thus 7% (D) < 2n.

Now let k be even, 6~ (D) = 27 and assume that each vertex of D has an out-neighbor
of minimum in-degree. Let f be an STIKDF on D, and let « € V(D) be an arbitrary
vertex. Then z has an out-neighbor v with d~(v) = g Therefore the condition
f(N~(v)) > k implies f(z) = 2. Thus f is of weight 2n, and we obtain %, ,(D) = 2n.
Conversely, assume that 7% (D) = 2n. If k = 2p + 1 is odd, then §=(D) > p + 1.
Define the function h : V(D) — {—1,1,2} by h(w) = 1 for an arbitrary vertex w

and h(z) = 2 for each vertex € V(D) \ {w}. Then

h(N = > fl@)=2pp+1)-1=2p+1=k
z€N~(v)

for each vertex v € V(D). Thus the function h is an STIKDF on D of weight 2n — 1,
and we obtain the contradiction v%,;(D) < 2n — 1.

Let now k even, and assume that there exists a vertex w such that d~(z) > £ +1
for each z € NT(w). Define the function hy : V(D) — {-1,1,2} by hij(w) = 1
and hq(z) = 2 for each vertex x € V(D) \ {w}. Then hy (N~ (w)) > k, hay(N~(z)) >
2(5+1)—1=k+1 for each z € N*(w) and hy(N~(y)) > k for each y ¢ N*[w].
Hence the function hp is an STIKDF on D of weight 2n — 1, a contradiction to the

assumption 7%, ;(D) = 2n. This completes the proof. O

The proof of Theorem 1 also leads to the next result.

Theorem 2. Let D be a digraph of order n with 6~ (D) > [%4]. Then 7%z(D) < 2n,
with equality if and only if k is even, 6~ (D) = %, and each vertex of D has an out-neighbor
of minimum in-degree.

Observation 2. If D is a digraph of order n with 6~ (D) > k, then v¥,;(D) < 4% r(D) <
n.

Proof.  Define the function f : V(D) — {-1,1,2} by f(x) = 1 for each vertex
x € V(D). Since 6~ (D) > k, the function f is an STRKDF on D of weight n and
thus 75, (D) < 75r(D) < n. O

A digraph D is out-regular or r-out-regular if (D) = AT (D) = r. As an application
of Proposition 4 (iii) and (iv), we obtain the following lower bound on the signed total
Italian k-domination number.

Corollary 4. If D is a digraph of order n, minimum in-degree 6~ >
out-degree AT and minimum out-degree §*, then

g , maximum

26F 4+ 3k — 2A*
oy [2Esoan ]

2AT + 0+
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Proof. If D is an r-out-regular digraph, then the lower bound is an immediate
consequence of Proposition 4 (iii). Let now A% > §*. Multiplying both sides of the
inequality in Proposition 4 (iv) by AT — §* and adding the resulting inequality to
the inequality in Proposition 4 (iii), we obtain the desired lower bound. O

Since v¥, z(D) > +% (D), the lower bound of Corollary 4 is also valid for %, (D) (see
[7]). Corollary 4 and Observation 1 lead to the next known bound.

Corollary 5. ([13, 15]) If G is a graph of order n, minimum degree § > £ and maximum
degree A, then

20 + 3k — 2A
V(@) > A5 () > [7 }

2A+96

Examples 12 and 13 in [13] demonstrate that Corollary 5 is sharp and therefore
Corollary 4 is sharp too. The special case k = 1 of Corollary 4 can be found in [14].
A digraph D is r-regular if A=(D) = AY(D) =6 (D) =6"(D) =r.

Example 1. If H is a k-reqular digraph of order n, then it follows from Corollary / that
Ve (H) > n and thus v%;(H) = n, according to Observation 2.

Example 1 shows that Observation 2 and Corollary 4 are both sharp.

Example 2. If C, is an oriented cycle of length n, then Cy, is 1-reqular. Hence Example
1 implies vst1(Crn) = n. In addition, Theorem 1 leads to v2,;(Cy) = 2n. These are further
examples showing the sharpness of Corollary 4.

Theorem 3. If D is a digraph of order n with 6~ (D) > £, then
Ve (D) > k+2+45 (D) —n.
If in addition 6~ (D) — k is odd, then v%;(D) >k + 346 (D) — n.

Proof.  Let f be a v% ;(D)-function. Then there exists a vertex w with f(w) > 1. It
follows from the definitions that

'thI(D)

Yo f@)=fw+ Y fla)+ > @

z€V (D) 2N~ (w) z€V(D)—N~[w]
1+k—(n—d (w)—1)=k+2+d (w)—n
k+2+06 (D) —n.

>
>

Now assume that 6= (D) — k is odd. If there exists a vertex w with f(w) = 2 or a
vertex v with f(v) =1 and d~(v) > 6~ (D) + 1, then the inequality chain above leads
to v5 (D) > k+ 3 + 87 (D) — n. So assume that f(z) € {—1,1} for each vertex
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x € V(D), and each vertex y with f(y) = 1 has in-degree d~ (y) = (D). Let now u
be a vertex of minimum degree with f(u) = 1. Since 6~ (D) — k is odd, we observe

that
> fl@) >k+1

zEN~(u)
and thus

D) = D f@)=fw+ D f@+ > f@)

zeV(D) 2N (u) 2€V(D)—N-[u]
1+k+1—(n—d (u)—1)=k+3+d (u)—n
= k+3+6(D)—n.

Y

This completes the proof. O

Corollary 1 shows that Theorem 3 is sharp for k < n —1. If A= (D) > § (D) + 3,
then the next lower bound is an improvement of Theorem 3.

Proposition 5. If D is a digraph of order n with 6~ (D) > %, then
verr(D) > k+A7(D) —n.

Proof. Let w € V(G) be a vertex of maximum in-degree, and let f be a v¥,;(D)-
function. Then the definitions imply

VD) = > fla)= Y. f@ > f@)

z€V (D) zEN~ (w) IEV(D)fN*(w)
> k+ Y. f@zk—(n-A(D)
z€V(D)—N—(w)
= k+A(D)—n,

and the proof of the desired lower bound is complete. O

Theorem 4. Let k > 2 be an integer. If D is a digraph of order n with §~(D) > [£],
then

k
v5r(D) > k+3+ [5—‘ - n.

Proof. If §=(D) > [£] + 1, then Theorem 3 implies the desired bound. Let now
§7(D) = [£7, and let f be a +%,;(D)-function. We show that there exists a vertex
w with f(w) = 2. Suppose on the contrary that f(z) € {—1,1} for each vertex
z € V(D). Since 6~ (D) = [%] and k > 2, we obtain the contradiction

MEEEHEL

€N~ (u)
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for every vertex u of minimum in-degree. Hence there exists a vertex w with f(w) = 2,
and as in the proof of Theorem 3, it follows that

VD) = > f@)=fw+ D f@+ > f@)

zeV (D) z€EN~ (w) z€V (D)—N~[w]
>24+k—(n—d (w)—1)>k+34+6(D)—n
k
= k+3+ {-‘ —n.
2
O
Example 3. Let k> 2 andn > [£]+1 be integers. Let the digraph H consists of Hy =
KFEWH and further vertices vi,va,. .. ’Un—l—(§1 such that every vertex of Hi dominates v;
2

for1<i<mn-—1-Tk7

If k is even, then define the function g : V(H) — {—1,1,2} by g(z) = 2 for x € V(H1)
and g(vi) = =1 for 1 <i <n—1—[E]. We observe that g(N~(z)) = k for x € V(H:)
and g(N~ (vi)) = k+2 for 1 <i<n—1—[E]. Therefore g is an STREDF on H of weight
w(g) =k+3+[%] —n.

If k is odd, then define the function h : V(H) — {—1,1,2} by h(w) = 1 for one vertex
w € V(Hy), h(z) =2 for x € V(H1) \ {w} and g(v;) = —1 for 1 <i<n—1-T[%]. We
observe that h(N~(z)) > k for x € V(Hy) and h(N™ (v;)) =k+2 for 1 <i<n—1-[%].
Therefore h is an STREDF on H of weight w(h) = k+ 3+ [%] —n.

Hence Theorem /4 implies 'yf”(H) =k+3+ [g] —n in both cases and thus Theorem 4 is
sharp.

A set S C V(D) is a 2-packing of the digraph D if N~ [u] N N~ [v] = @ for any two
distinct vertices u,v € S. The maximun cardinality of a 2-packing in D is the 2-
packing number of D, denoted by p(D). Analogously to Theorem 4 in [7], one can
prove the next lower bound on the signed total Italian k-domination number.
Theorem 5. If D is a digraph of order n with 6~ (D) > g, then

vE1(D) > p(D)(k + 6~ (D)) — n.

Observation 1, Theorem 5 and the fact that v¥;(G) < 7% 5(G) lead to the following
known result.

Corollary 6. ([13]) If G is a graph of order n with 6(G) > £, then
ver(G) = p(G)(k + 5(G)) — n.

In [13], the author presents an infinite family of graphs achieving equality in Corollary
6. Thus Corollary 6 and Theorem 5 are sharp.
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The complement D of a digraph D is the digraph with vertex set V(D) such that for
any two distinct vertices u and v the arc (u,v) belongs to D if and only if (u,v) does
not belong to D. Using Corollary 4, one can prove the following Nordhaus-Gaddum
type inequality analogously to Theorem 6 in [7].

Theorem 6. If D is an r-regular digraph of order n such that r > £ and n —r — 1> %,

2
then
4kn

n—1"

’thI(D) + 'Vftl (ﬁ) >

If n is even, then 7% (D) + %, (D) > 4k(n —1)/(n — 2).

Let k£ > 1 be an integer, and let H and H be k-regular digraphs of order n = 2k + 1.
By Example 1, we have 7%, (H) = % ,(H) = n. Consequently,

— 4kn
’YEtI(H) + ’VftI(H) =2n=

n—1

Thus the Nordhaus-Gaddum bound of Theorem 6 is sharp.

4. Contrafunctional digraphs

The underlying graph of a digraph is that graph obtained by replacing each arc (u,v)
or symmetric pairs (u,v), (v,u) of arcs by the edge uv. A digraph is connected if its
underlying graph is connected. A rooted tree is a connected digraph with a vertex r
of in-degree 0, called the root, such that every vertex different from the root has in-
degree 1. A digraph D is contrafunctional if each vertex of D has in-degree one. In [8],
Harary, Norman and Cartwright have shown that every connected contrafunctional
digraph has a unique oriented cycle and the removal of any arc of the oriented cycle
results in a rooted tree.

We start with a general upper bound.

Theorem 7. Let D be a digraph of order n such that 6~ (D) > [%], and let ¢ be the
number of vertices z € V(D) with d™(z) = 0. Then v%,;(D) < v5r(D) < 2n — 3t, and if
k > 3is odd, then 7% (D) < 4% z(D) < 2n — 3t — 1.

Proof. Let X C V(D) be the set of vertices with the property that d*(z) = 0 for
x € X. Define the function ¢g : V(D) — {-1,1,2} by g(x) = —1 for z € X and
g(xz) =2 for x € V(D) \ X. Since N~ (v) N X = 0 for each v € V(D), it follows that
gIN=(v) = X pen-(w 9(@) = 2[£] > k for each vertex v € V(D). As each vertex z
with g(z) = —1 has an in-neighbor v with f(v) = 2, we deduce that g is an STRkDF
on D of weight w(g) = 2(n —t) —t = 2n — 3t and thus 7% ;(D) <% (D) < 2n — 3t.
Let now k = 2p+1 > 3 be odd. Then [4] = p+ 1. Define the function h : V(D) —
{-1,1,2} by h(z) = —1 for z € X, h(w) = 1 for an arbitrary vertex w € V(D) \ X
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and h(z) = 2 for z € V(D) \ (X U{w}). Then h(N~(w)) = 3" c n-(u) (7)) = 2[5 =
2(p+1)=k+1and h(N~(v)) = ZmeN_(v) h(zx) > 2[%] —1=kforveV(D)\{w}.

Since k > 3, each vertex x with g(x) = —1 has an in-neighbor v with f(v) = 2.
Therefore h is an STRKDF on D of weight w(h) =2(n—t) —1—t=2n—3t —1 and
thus 7%, ; (D) < 4% (D) < 2n — 3t — 1 in this case. O

Example 3 demonstrates that Theorem 7 is sharp for k > 2.

Theorem 8. Let D be a connected contrafunctional digraph of order m. If ¢ is the
number of vertices x € V(D) with d(z) = 0, then 24 r(D) = v24;(D) = 2n — 3t.

Proof. Theorem 7 implies v2,;(D) <2 (D) < 2n — 3t.

Now let X C V(D) be the set of vertices with the property that d*(z) =0 for z € X,
and let f be a v2;(D)-function. Since every vertex of D has in-degree one, we observe
that f(x) = 2 for each vertex x with d*(z) > 1. Clearly, f(x) > —1 for z € X and
so w(f) >2(n—t)—t=2n— 3t. Consequently, 72, ,(D) =~%,;(D) = 2n — 3t. O

In view of Theorem 8, we see that the connected contrafunctional digraphs is a further
family of digraphs which show that Theorem 7 is sharp for k = 2.

Theorem 9. Let D be a connected contrafunctional digraph of order n. If X C V(D) is
the set of vertices with d*(x) = 0 for z € X, and Y the set of in-neighbors of X, then

'YstR(D) = 'YstI(D) =n-+ |Y| — 2|X|

Proof. First we note that the sets X and Y are disjoint. Define the function g :
V(D) — {-1,1,2} by g(x) = =1 for x € X and g(z) =2 for y € Y and g(u) =1
foru e V(D) \ (XUY). Then g is an STRDF on D of weight w(g) =n—|X|—|Y|+
2|Y|—|X| =n+ Y] —2|X| and thus 4 (D) < var(D) < n+ Y] — 2|X].
Conversely, let f be a v5:7(D)-function. Since every vertex of D has in-degree one,
we see that f(z) > 1 for each vertex € V(D) \ (X UY). In addition, if w € Y is
the unique in-neighbor of a vertex z1 € X with d*(z1) = 0 and z1, 22, ..., x, are all
out-neighbors of w such that d* (z;) =0 for 1 <i < p, then we observe that

p

Fw)+Y " flw) >2—p.

=1

Using this observation, we deduce that f(X UY) > 2|Y| — | X|. Combining this with
f(z) > 1 for each vertex x € V(D) \ (X UY), we obtain w(f) > n—|X|—|Y|+2|Y]|—
| X| = n —2|X| + Y], and s0 vs¢r(D) > vser(D) > n + |[Y] — 2|X|. Consequently,
2w (D) = 3r(D) = 0+ Y| - 2/X]. .
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Let C;, = viva...vpv1 be an oriented cycle of order p > 2, and let ui,ug,...,v, be p
further vertices such that v; dominates u; for 1 < ¢ < p. The resulting digraph H is
a contrafunctional digraph of order n(H) = 2p with | X| = |Y| = p. Hence it follows
from Theorem 9 that

Ystr(H) = yser(H) = n(H) + |Y| = 2|X| =2p+p—2p=p=2n(H) - 3[X].

This class of digraphs shows that Theorem 7 is sharp for k =1 too.
Note that Example 2 is a special case of Theorems 8 and 9.
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